arXiv:hep-th/0212037 v1 3 Dec 2002

MCTP-02-64 MIFP-02-07 PUPT-2066 hep-th/0212037

The Radion Mode in Consistent Brane-World Reductions

James T. Liu^{†1}, H. Lü^{⋆2} and C.N. Pope^{⋆2}

†Michigan Center for Theoretical Physics, University of Michigan Ann Arbor, MI 48109–1120, USA

⋆George P. and Cynthia W. Mitchell Institute for Fundamental Physics, Texas A&M University, College Station, TX 77843-4242, USA

†Department of Physics, Princeton University Princeton, NJ 08544, USA ABSTRACT

We construct consistent brane-world Kaluza-Klein reductions involving the radion mode that measures the separation of the domain-wall branes. In these new examples, we can obtain matter supermultiplets coupled to supergravity on the brane, starting from pure gauged supergravity in the higher dimension. This contrasts with previously-known examples of consistent brane-world reductions involving the radion, where either pure supergravity reduced to pure supergravity, or else supergravity plus matter reduced to supergravity plus matter. As well as considering supersymmetric reductions, we also show that there exist broader classes of consistent reductions of bosonic systems. These include examples where the lower-dimensional theory has non-abelian Yang-Mills fields and yet the scalar sector has a potential that admits Minkowski spacetime as a solution. Combined with a sphere reduction to obtain the starting point for the brane-world reduction, this provides a Kaluza-Klein mechanism for obtaining non-abelian gauge symmetries from the geometry of the reduction, whilst still permitting a Minkowski vacuum in the lower dimension.

1 Research supported in part by DOE grant DE-FG02-95ER40899 2 Research supported in part by DOE grant DE-FG03-95ER40917

Contents

1 Introduction 2

2 Consistent Reduction of a p-form and Radion 5

3 D = 7 Reduced to D = 6, N = (1, 0) supergravity with matter 8 3.1 The bosonic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 The fermionic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3 Lifting the dyonic string . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Further Supersymmetric Examples 15 4.1 D = 6 reduced to D = 5, N = 2 with vector multiplet . . . . . . . . . . . . 15 4.2 D = 5 reduced to D = 4, N = 1 with a chiral multiplet . . . . . . . . . . . 18

5 Extended Bosonic Examples 21 5.1 D = 7 reduced with SU(2) Yang-Mills in D = 6 . . . . . . . . . . . . . . . . 21 5.2 D = 6 reduced with SU(2) Yang-Mills in D = 5 . . . . . . . . . . . . . . . . 23 5.3 D = 5 reduced with an additional vector . . . . . . . . . . . . . . . . . . . . 23

6 Consistent Reduction of Scalar Potential and the Radion 24

A Conventions for differential forms 28

B S^2 reduction of gauged D = 7 supergravity 29

1 Introduction

In conventional Kaluza-Klein reductions, the internal space is taken to be compact with isometries, leading to lower-dimensional theories that comprise a finite number of massless modes, together with infinite towers of massive modes. In certain circumstances, it is possible to perform a consistent truncation of all the massive modes (meaning that setting the massive modes to zero is consistent with their equations of motion). In some cases, such as Kaluza-Klein reduction on a circle, torus, or other group manifold, there is a clear-cut group-theoretic reason for the consistency of the truncation, in that all the fields that are group singlets are retained, whilst all those that are non-singlets are discarded. Clearly, then, the retained fields cannot act as sources for those that are set to zero. In other cases, there are much more remarkable consistent reductions for which there is no fullyunderstood group-theoretic explanation. Examples of this kind include the reductions of D = 11 supergravity on S^4 or S^7, and the reduction of type IIB supergravity on S^5.

In the usual circle reduction from (D + 1) to D dimensions, retaining just the massless sector, the internal space (and the reduction ansatz) is assumed to have a U(1) isometry. A rather different kind of reduction has been considered recently, in which the D-dimensional world is viewed as the world-volume of a (D − 1)-brane (i.e. a domain wall) embedded in (D + 1) dimensions. Clearly, the one-dimensional transverse space no longer has a U(1) isometry; it is broken by the location of the domain wall, and by the warp-factor of the domain-wall metric. Thus the conventional Kaluza-Klein technique has to be modified for these new situations.

Firstly, it is necessary to examine whether gravity would indeed localise on the brane, so that one has a genuinely lower-dimensional theory. One way to achieve the localisation is by considering two branes, one located at each end of a finite interval. In such a scenario, the localisation of gravity is guaranteed, since the internal space is finite, and so the massive Kaluza-Klein tower will have a discrete mass spectrum. An alternative to this compactification is to make use of the fact that with the domain-wall warp factor, it is possible to to trap gravity even when there is only a single brane, with an extra dimension of infinite extent [1]. This is because although the extra dimension is infinite, its volume is finite owing to the warp factor. Using either the single-brane or double-brane scenario, it is possible to arrive at a lower-dimensional gravity theory on the brane. In fact, the equations of motion for the domain wall solution require only that the world-volume metric have vanishing Ricci-tensor, rather than the more stringent condition of vanishing Riemann tensor and hence Minkowskian spacetime. Furthermore, the domain-wall solution preserves a certain fraction of supersymmetry (typically^1_2 ). It follows that one would expect to find a supergravity theory with lesser supersymmetry trapped on the domain-wall world-volume. It has been shown in [2, 3, 4] that this can indeed be the case. The associated consistent reduction procedure is known as a brane-world Kaluza-Klein reduction.

In these examples, a pure supergravity theory was obtained on the brane, by using a modified, but nonetheless consistent, Kaluza-Klein procedure. It is of considerable interest to see whether matter supermultiplets can also arise through such brane-world Kaluza-Klein reductions. Generating matter using Kaluza-Klein is not always guaranteed. For example, in the Horava-Witten model, the E_8 × E_8 Yang-Mills fields of the heterotic string are not expected to come from a Kaluza-Klein reduction; rather, their existence is argued on the grounds of anomaly cancellation [5]. In the present paper, we shall consider examples where we can obtain matter supermultiplets from consistent brane-world Kaluza-Klein reductions.

In the reductions that we shall obtain in this paper, the breathing mode (i.e. the scalar that measures the “size” of the extra dimension) plays an important role. It can also be thought of as a “radion mode,” since in the double-brane picture it measures the relative separation of the two branes in the transverse dimension. In fact consistent brane-world Kaluza-Klein reductions involving the radion mode were first introduced in [3]. In those examples, which include the reduction of the massive IIA theory to D = 9, and the reduction of gauged D = 8 pure supergravity to D = 7, the radion mode becomes the dilaton of the pure supergravity multiplet in the lower dimension. A further example of a consistent brane-world reduction involving the radion mode was then obtained in [6]; in that case the starting point was gauged five-dimensional N = 2 supergravity coupled to a hypermultiplet, and the radion became the scalar member of a chiral matter multiplet in four dimensional N = 1 supergravity.

In this paper, we shall obtain various examples of consistent brane-world reductions involving the radion, which give rise to lower-dimensional supergravities (with a halving of supersymmetry) coupled to matter multiplets. We begin in section 2 with a general discussion of the circumstances under which we can obtain a consistent brane-world reduction of a bosonic theory comprising gravity, a dilaton with an exponential potential, and a p-form field strength. We find that a consistent reduction is possible if there is a specific relation between the dilaton coupling to the p-form and the dilaton coupling in the exponential potential. We make extensive use of these general results in the subsequent sections, when we consider consistent reductions of gauged supergravities. Our first supergravity example, in section 3, starts from gauged N = 2 supergravity in D = 7. We show that a consistent brane-world reduction is possible in which we obtain ungauged N = (1, 0) chiral supergravity in D = 6, coupled to a chiral tensor multiplet. The radion mode in this reduction forms the scalar member of the chiral tensor multiplet. (The brane-world reduction to give pure N = (1, 0) chiral six-dimensional supergravity was obtained in [2].) Solutions in the six-dimensional theory can then be lifted back to D = 7. We consider the BPS dyonic string, and demonstrate that in D = 7 it leads to a bending of the domain walls.

In section 4, we obtain further supersymmetric consistent brane-world reductions to ungauged supergravities plus matter. In one of these, we obtain five-dimensional supergravity with a vector multiplet, starting from six-dimensional gauged N = (1, 1) supergravity. In fact this, and the above reduction from D = 7, are the first examples where supermatter as well as supergravity is obtained in consistent brane-world reductions of pure supergravity theories. In a further example, we obtain four-dimensional N = 1 supergravity with a chiral multiplet, starting from gauged D = 5 supergravity with a single vector multiplet.

In section 5 we consider some extended bosonic systems for which we can obtain consistent brane-world reductions. Of particular interest are cases where the starting point is the bosonic sector of a gauged supergravity in which we now augment the previous braneworld reductions by including SU(2) Yang-Mills fields. We find that consistent brane-world reductions are possible in which we end up with these Yang-Mills fields in the lower dimension, but still in a theory where there is no cosmological term or scalar potential. The higher-dimensional gauged theories can themselves be obtained by S^3 reduction of ungauged supergravity in a yet higher dimension. We therefore have the intriguing situation that we can view the S^3 plus brane-world reduction as a (3 + 1)-dimensional reduction scheme in which non-abelian Yang-Mills emerges from Kaluza-Klein reduction, without any cosmological term or scalar potential being generated. The (3 + 1)-dimensional reduction can viewed as a reduction on a singular cone over S^3.

In section 6 we consider the brane-world reductions of bosonic theories with additional scalars as well as the dilaton in the higher dimension. Such theories typically arise as subsectors of gauged supergravities. We find that under appropriate circumstances we can obtain consistent brane-world reductions in which all the extra scalars are retained. The scalar potential in the lower dimension is related to that in the higher dimension, but with a modification which means, in particular, that it admits a Minkowski spacetime vacuum.

2 Consistent Reduction of a p-form and Radion

We begin by deriving a general result for a consistent Kaluza-Klein brane-world reduction of a (D + 1)-dimensional theory comprising a metric, a dilatonic scalar and a p-form field strength. In the class of theory we shall be considering, the dilaton has a scalar potential which is a single exponential function:

L̂ = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ −^1_2 e^{γ ϕ̂} ^∗F̂ ∧ F̂ + g^2 e^{a ϕ̂} ^∗1l . (1)

It will frequently turn out to be convenient to parameterise the constant a in the scalar potential in terms of a quantity Δ, where^1

a^2 ≡ Δ + 2D D − 1 = Δ + 2 + 2 D − 1 . (2)

The equations of motion for this theory,

R̂_{AB} =^1_2 ∂_Aϕ̂ ∂_Bϕ̂ + 1 2 (p − 1)! ( F̂^2_{AB} − (p − 1) p (D − 2) F̂^2 η_{AB} ) − g^2 D − 1 e^{aϕ̂} η_{AB} , ^ ϕ̂ = γ 2p! e^{γ ϕ̂} F̂^2 − a g^2 e^{aϕ̂} , (3)

d(e^{aϕ̂} ^∗F̂ ) = 0 ,

do not admit an AdS_{D+1} “vacuum” solution, but they do allow a domain wall, given by

dŝ^2 = W 4 (D−1) Δ dxμ dx μ + W 4D (D−1) Δ dy2 , e^{ϕ̂} = W^{− 2a}Δ , F̂ = 0 , (4)

where W is a linear function of the transverse coordinate y;

W = 1 + m y , m^2 = −^1_2 Δ g^2 . (5)

(For an actual domain wall one would replace y by |y|. Since our focus here is on the Kaluza-Klein reductions rather than the properties of the wall itself, it is preferable for our present purposes to omit the modulus sign, which would lead to additional delta-function contributions in the curvature.)

The domain-wall “vacuum” can be thought of as a background solution around which a Kaluza-Klein brane-world reduction can be performed. In fact, we can do much better than merely describing linearised fluctuations; in appropriate circumstances we can obtain a fully

1Δ is preserved under toroidal dimensional reduction, as discussed in [7].

consistent Kaluza-Klein embedding that is exact to all non-linear orders. Specifically, we find that we can obtain a consistent reduction if the constants γ and a in (1) are related by γ = − 2(p − 1) (D − 1) a . (6)

We find that the reduction ansatz is given by^2

dŝ^2 = W 4 (D−1) Δ e2α φ ds2 + W 4D (D−1) Δ e−2(D−2) α φ dy2 , e^{a ϕ̂} = W^{− 2a} 2 Δ e^{2(D−2) α φ} , F̂ = F . (7)

It is useful to record that in the obvious vielbein basis ê^a = W^{2/((D−1) Δ)} e^{α φ} e^a, ê^0 = W^{2D/((D−1) Δ)} e^{−(D−2) α φ} dy, the torsion-free spin connection and the components of the Ricci tensor turn out to be given by

ω̂_{0a} = −(D − 2) α W^− 2 (D−1) Δ e−α φ ê0 − 2m (D − 1) Δ W 2D+(D−1) Δ (D−1) Δ e(D−2) α φ êa , ω̂_{ab} = ω_{ab} + α W^− 2 (D−1) Δ e−α φ (∂ bφ ê^a − ∂_aφ ê^b) , R̂_{00} = (D − 2) α e^{−2α φ} W^2D−1 φ , R̂_{0a} = m α (D − 2) W^2D−1 e^{(D−3) α φ} ∂_a φ , (8) R̂_{ab} = W^2D−1 e^{−2α φ} ( R_{ab} − (D − 1)(D − 2) α^2 ∂_aφ ∂_bφ − α φ η_{ab} )

− m^2 D − 1 W^{2D−1} e^{2(D−2) α φ} η_{ab} . Substituting (7) into the higher-dimensional equations of motion (3), we obtain Ddimensional equations of motion for the metric, the p-form F and the radion φ, which can be derived from the Lagrangian

L = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^−

2(p−1) (Δ+4) α a^2 φ ∗F ∧ F , (9) where F = dA and we have chosen

α^2 = a^2 2(D − 2) (D − 1) (Δ + 4)

, (10)

so that the radion is canonically normalised. Note that the relation (6) between γ and a is essential in order that the y-dependence in the various higher-dimensional equations of motion balances properly, giving rise to consistent lower-dimensional equations of motion.

2Here, and throughout the paper, we shall place hats on the higher-dimensional fields, which depend, a priori, on the lower-dimensional coordinates x^μ and the extra coordinate y. Unhatted fields live in the lower dimension, and depend only on the x^μ coordinates.

In the above consistent reduction, a p-form in (D + 1) dimensions is reduced only to a p-form in D dimensions. Since a p-form is dual to a (D + 1 − p) form in the original (D + 1)-dimensional theory, there is dual description in terms of a p̃ = D + 1 − p form field Ĝ ≡ eγ^^ϕ ^∗F̂ , for which the reduction ansatz is

Ĝ = W^4_Δ G ∧ dy , (11)

where the lower-dimensional field strength G is a (p̃ − 1)-form. This field is related by dualisation to the previous p-form field F in D dimensions in the usual way, namely G = e^− 2(p−1) (Δ+4) α a^2 φ ∗F . (12)

Thus an equivalent statement about the circumstances under which a consistent braneworld reduction of (1) can be performed is that γ must be related to a by γ = − 2(p − 1) (D − 1) a , or γ = 2(D − p) (D − 1) a . (13)

In the first case, the p-form field strength is reduced according to F̂ = F , while in the second case the reduction of the p-form F̂ is instead performed using

F̂ = W^4_Δ F ∧ dy . (14)

In this case the resulting D-dimensional Lagrangian is given by

L = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e

2(D−p) (Δ+4) α a^2 φ ∗F ∧ F , (15)

where α is again given by (10), and now F = dA is a (p − 1)-form.

The consistent brane-world reduction that we have derived here makes essential use of the radion field φ that characterises the scale in the y direction transverse to the lowerdimensional spacetime. Such brane-world reductions involving the radion mode were first introduced in some of the consistent brane-world reductions obtained [3]. One of these was a reduction of massive type IIA supergravity to give N = 1 ungauged supergravity in D = 9, and the other was a reduction of gauged supergravity in D = 8 to give ungauged N = 2 supergravity in D = 7. A further example of a consistent brane-world reduction involving the radion mode was obtained in [6], where the five-dimensional theory resulting from a generalised Calabi-Yau reduction from D = 11 was further reduced to give N = 1 supergravity plus a chiral scalar multiplet in D = 4.

In subsequent sections, we shall make use of the results that we have obtained here in order to construct consistent brane-world reductions of various gauged supergravity theories.

It turns out that for all the examples we shall consider, the scalar potential in the higherdimensional gauged theory is of the single exponential form in (1), with the constant a given by (2) with Δ = −2. In these cases, it follows from (2) and (6) that we have a consistent reduction if either

a^2 = 2 D − 1 , γ = −(p − 1) a , and Â = A , (16)

yielding the D-dimensional Lagrangian

L = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^{−2(p−1)(D−1) α φ} ∗F ∧ F , (17)

where F = dA is a p-form, or else if

a^2 = 2 D − 1 , γ = (D − p) a , and Â = W^{−2} A ∧ dy , (18)

yielding the D-dimensional Lagrangian

L = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^{2(D−p)(D−1) α φ} ∗F ∧ F , (19)

where F = dA is a (p − 1)-form. In each case the metric and dilaton reduction ansatz is

dŝ^2 = W^{− 2D−1} e^{2α φ} ds^2 + W^{− 2DD−1} e^{−2(D−2) α φ} dy^2 , e^{a ϕ̂} = W^{2D−1} e^{2(D−2) α φ} , (20) and α^2 = 1 2(D − 2) (D − 1)^2

. (21)

3 D = 7 Reduced to D = 6, N = (1, 0) supergravity with matter

In this section, we shall carry out in detail the consistent brane-world reduction of a gauged N = 2 seven-dimensional supergravity.^3 Gauged N = 4 supergravity can be obtained via a consistent S^4 reduction from D = 11 [8, 9], and the N = 2 theory can be obtained as a truncation of this. In the process, the SO(5) Yang-Mills fields of the N = 4 theory are truncated to SU(2). Explicit expressions for the S^4 reduction were obtained in [10]. The bosonic field content comprises the metric, a dilaton ϕ̂, a 4-form field strength F̂_{(4)} , and the

3We use the convention where the allowed supersymmetries in D = 7 are N = 2 and N = 4. Thus, the N = 2 theory has half of maximal supersymmetry.

SU(2) Yang-Mills fields F̂^i_{(2)}. There is a scalar potential which is the sum of three different exponentials of the dilaton ϕ̂, of the form

V = 2g^2_1 e^{− 2√10 ϕ̂} + 2g_1 g_2 e^{3√10 ϕ̂} −^1_4 g^2 e^{8√10 ϕ̂} . (22)

This has a stationary point, and hence the theory admits an AdS_7 “vacuum” solution. Note that the two constants g_1 and g_2 have interpretations as the SU(2) gauge coupling and a topological mass term respectively.

A consistent brane-world reduction that yielded just ungauged chiral N = (1, 0) supergravity in six dimensions was constructed in [2]. It could be viewed as a fully non-linear generalisation of a linearised Kaluza-Klein reduction around the AdS_7 vacuum. In the bosonic sector, the resulting six-dimensional theory comprised just the metric and a self-dual 3-form. In the present paper, we wish to extend the scope of the brane-world reduction, so that we obtain N = (1, 0) supergravity coupled to an N = (1, 0) matter multiplet. Specifically, we shall show how we can obtain the tensor matter multiplet comprising an anti-self-dual 3-form plus a scalar field. In order to do this, we shall employ the reduction scheme derived in section 2. This reduction requires that there be only a single exponential in the sevendimensional theory, and that it be related to the dilaton coupling for the 4-form F̂_{(4)} in the specific way discussed in section 2. In fact we find that this can be achieved by setting the topological mass term g_2 to zero.^4

3.1 The bosonic sector After setting g_2 = 0 and relabeling g_1 = g, the seven-dimensional bosonic Lagrangian becomes

L̂_7 = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ −^1_2 e^{− 4√}10^{ϕ̂} ^∗F̂_{(4)} ∧ F̂_{(4)} −^1_2 e^{2√}10^{ϕ̂} ^∗F̂^i_{(2)} ∧ F̂^i_{(2)} +^1_2F̂^i_{(2)} ∧ F̂^i_{(2)} ∧ Â_{(3)} + 2g^2 e^{− 2√10 ϕ̂} ^∗1l , (23)

where F̂_{(4)} = dÂ_{(3)} and F̂^i_{(2)} = dÂ^i_{(1)} +^1_2 g ϵ_{ijk} Â^j_{(1)} ∧ Â^k_{(1)} . It is evident that the 4-form dilaton coupling with γ = −^4√_{10} and the scalar potential with a = −^2√_{10} satisfy the second of the two criteria in (13), implying that we can obtain a consistent reduction of the 4-form F̂_{(4)} to give a 3-form in six dimensions.^5 If we dualise the 4-form field strength to a 3-form, the

4The theory with g2 = 0 also arises as the Scherk-Schwarz group-manifold reduction of ten-dimensional type I supergravity on S^3 , truncated to the pure N = 2 supergravity sector [11]. By contrast, the theory where g1 is instead set to zero arises from the generalised reduction of D = 11 supergravity on T^4 [12].

5Note that the constant a is given by Δ = −2 in (2). In fact in all our examples, the strength of dilaton coupling in the scalar potential is characterised by Δ = −2.

resulting Lagrangian can be obtained from the SU(2) Scherk-Schwarz reduction of N = 1 supergravity in D = 10 [11].

From the formulae in section 2, we are therefore led to the following brane-world reduction ansatz for the seven-dimensional theory:

dŝ^2_7 = W^{− 25} e^{2α φ} ds^2_6 + W^{− 125} e^{−8α φ} dy^2 , e^{− 2√10 ϕ̂} = W^{25} e^{8α φ} , (24) Â_{(3)} = W^{−2} A_{(2)} ∧ dy , Â^i_{(1)} = 0 .

where α = −1/(10 √ 2), W = 1 + m y, and m^2 = 2g^2. Substituting this into the equations of motion following from (23), we find that we obtain a consistent Kaluza-Klein reduction, resulting in six-dimensional equations that can be derived from the Lagrangian

L_6 = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^− √ 2 φ ∗F_{(3)} ∧ F_{(3)} , (25)

where F_{(3)} = dA_{(2)} . This is precisely the bosonic sector of six-dimensional N = (1, 0) supergravity coupled to an N = (1, 0) tensor matter multiplet. The supergravity multiplet comprises the metric and the self-dual part of F_{(3)} , and the tensor multiplet comprises the “radion” φ and the anti-self-dual part of F_{(3)} .

In the next subsection, we shall show that the consistent reduction we have performed here can be extended to include the fermionic sector, and thus that we can obtain the full N = (1, 0) supergravity coupled to the tensor multiplet, via the brane-world reduction.

3.2 The fermionic sector The bosonic Lagrangian (23) of the previous subsection has a supersymmetric completion [13], given up to quartic terms in the fermions by

L̂^{fermion} 7 = −^1_2 ^̄ψ^i_M γ̂^{M N P}D̂_Nψ̂_{P i} −^1_2 ^̄λ^iγ̂^MD̂_Mλ̂_i −^1_{16} [^1_{12} ^̄ψ^i_Mγ̂^{M N ABCD}ψ̂_{N i} + ^̄ψ^{A i}γ̂^{BC}ψ̂^D_i ]e^{− 2√10 ϕ̂}F̂_{ABCD} −^i_4^√_2 [^1_2 ^̄ψ^i_Mγ̂^{M N AB}ψ̂_{N j} + ^̄ψ^{A i}ψ̂^B_j ]e^{1√10 ϕ̂}F̂_{AB i}^j +^1_{48}^√_5 (^̄λ^iγ̂^Mγ̂^{ABCD}ψ̂_{M i})e^{− 2√10 ϕ̂}F̂_{ABCD} −^i_4^√_{10} (^̄λ^iγ̂^Mγ̂^{AB}ψ̂_{M j} )e^{1√10 ϕ̂}F̂_{AB i}^j −^1_2^√_2 (^̄λ^iγ̂^Mγ̂^Aψ̂_{M i})∂_Aϕ̂ +^1_{320} (^̄λ^iγ̂^{ABCD}λ̂_i)e^{− 2√10 ϕ̂}F̂_{ABCD} −^{3i}_{40}√_2 (^̄λ^iγ̂^{AB}λ̂_j)e^{1√10 ϕ̂}F̂_{AB i}^j −^1_4 ge^{− 1√10 ϕ̂} ^̄ψ^i_μγ̂^{μν}ψ̂_{ν i} −^1_2^√_5 ge^{− 1√10 ϕ̂} ^̄ψ^i_μγ̂^μλ̂_i −^3_{20} ge^{− 1√10 ϕ̂}^̄λ^iλ̂_i. (26)

The fully gauge-covariant derivative D̂_μ is defined as, e.g. D̂_Mϵ̂_i = ^∇_Mϵ̂_i +^i_2 gÂ_{M i}^jϵ̂_j (27)

where Â_{M i}^j is given by Â_{M i}^j ≡ Â^k_M (−σ^k)_i^j . This results in a field strength given by F̂_{M N i}j = ∂_MÂ_{N i}j +^i_2 gÂ_{M i}kÂ_{N k}j − (_M ↔_N ). The supersymmetry transformations are given by [13]

δψ̂_{M i} = [D̂_M +^1_{160}(γ̂_M^{N P QR} −^8_3 δ^N_Mγ̂^{P QR})e^{− 2√10 ϕ̂}F̂_{N P QR} −^1_5^√_2 gγ̂_M e^{− 1√10 ϕ̂}]ϵ̂_i +[^i_{20}^√_2 (γ̂_M^{N P} − 8δ^N_Mγ̂^P )e^{1√10 ϕ̂}F̂_{N P i}^j ]ϵ̂_j , δλ̂_i = [−^1_2^√_2γ̂^M ∂_M ϕ̂ +^1_{48}^√_5 e^{− 2√10 ϕ̂}F̂_{M N P Q}γ̂^{M N P Q} +^{1√}_{10} ge^{− 1√10 ϕ̂}]ϵ̂_i +[−^i_4^√_{10} e^{1√10 ϕ̂}F̂_{M N i}^jγ̂^{M N} ]ϵ̂_j , (28) for the fermions, and δϕ̂ = −^1_2√_2^̄ϵ^iλ̂_i , δê^A_M =^1_4^̄ϵ^iγ^Aψ̂_{M i} , δÂ_{M N P} = e^{2√10 ϕ̂}[^3_4 ^̄ψ^i_{[M} γ̂_{N P ]}ϵ̂_i +^1_2√_5 ^̄λ^iγ̂_{M N P} ϵ̂_i], δÂ_{M i}^j =^{i√}_2 e^{− 1√10 ϕ̂}[(^̄ψ^j_Mϵ̂_i −^{1√}_5 ^̄λ^jγ̂_Mϵ̂_i) −^1_2 δ_i^j (^̄ψ^j_M ϵ̂_k −^{1√}_5 ^̄λ^kγ̂_Mϵ̂_k )], (29) for the bosons. Here, the supersymmetry transformation parameter ϵ̂_i is normalized according to

[δ_1, δ_2]Ξ =^1_4 (^̄ϵ^i_2γ̂^Mϵ̂_{1 i})∂_M Ξ + (general coordinate) + (local Lorentz) + (gauge) , (30) where Ξ represents any of the fields in the theory.

The D = 7 spinors are symplectic-Majorana, with i, j = 1, 2 being an Sp(1) ≡ SU(2) index. We take a convenient basis where all D = 7 Dirac matrices are antisymmetric, obeying {γ^A, γ^B} = 2η^{AB}. The Majorana condition is simply ^̄λ^i = ϵ^{ij}λ̂^T_j , and the Majorana flip relation reads ^̄χ^iγ_{M1M2···Mn}ψ̂_i = (−)^n ^̄ψ^iγ_{MnMn−1···M1}χ̂_i (31) (the triplet combination picks up an additional sign). This spinor convention is most convenient for reduction to D = 6, as the D = 7 symplectic-Majorana spinors reduce trivially to their six-dimensional counterparts. Furthermore, an additional D = 6 Weyl condition may be imposed consistent with this Majorana condition, as will be seen below.

To reduce the fermions, we first examine the Killing spinors of the domain wall background, given by (24) with φ and A_{(2)} set to zero. Inserting this solution into (28), we find δλ̂_i =^{1√}_{10} gW^{15} (1 + γ^7)ϵ̂_i, δψ̂_{y i} = −^1_5^√_2 gW^{−1}γ^7(1 − 10g^{−1}W γ^7∂_y )ϵ̂_i, δψ̂_{μ i} = −^1_5^√_2 gγ_μ(1 + γ^7)ϵ̂_i, (32)

which leads to a half-BPS solution with Killing spinors given by ϵ̂_i = W^{− 1}10 ϵ^{(−)}_{0 i} . Here, ϵ^{(−)}_0 is a constant six-dimensional symplectic-Majorana-Weyl spinor with the chiral components defined by ϵ^{(±)} = P^{(±)}ϵ ≡^1_2 (1 ± γ^7)ϵ. (33) Hence γ^7, the Dirac matrix in the y direction, provides the chirality operator on the brane. This generation of chirality from a non-chiral theory is a novel feature of this class of braneworld reductions, and was previously investigated in Refs. [2, 3, 4]. Note that, were there to be a modulus sign in W , the projection would instead be P^{(±)} =^1_2 (1 ± γ^7sgn y). This provides an obstruction to having globally well-defined Killing spinors, unless the gauge coupling constant g changes sign as well, thus compensating for the sign change in ∂_y W [14, 15].

Using the Killing spinors of the background as a guideline, it is then straightforward to reduce the D = 7 fermions. There is one important feature of the consistent reduction that needs mention, however. Given that the bosonic sector is that of a (1, 0) supergravity multiplet coupled to a (1, 0) tensor multiplet, one must identify two chiral spinors, ψ^{(−)}_{μ i} and λ^{(+)}_i , in six dimensions. However a straightforward reduction of ψ̂_{M i} would suggest the presence of an additional unwanted spin-1/2 field ψ^{(+)}_{y i} . The resolution of this puzzle is that both λ̂ and ψ_{y i} transform identically (up to factors), given the bosonic ansatz (24). Thus they may be consistently set equal to one another. As a result, we obtain the reduction ansatz on the fermions ψ̂_{μ i} = W^{− 1}_{10} e^1_2^{αφ}[ψ^{(−)}_{μ i} +^1_{10} γ_μλ^{(+)}_i ] , ψ̂_{y i} = −^2_5 W^{− 11}_{10} e^{− 9}_2^{αφ}γ^7λ^{(+)}_i , λ̂_i = 2_{√5} W^1_{10} e^{− 1}_2^{αφ}λ^{(+)}_i , ϵ̂_i = W^{− 110} e^{12 αφ}ϵ^{(−)}_i . (34)

Although γ^7 has a definite eigenvalue when acting on definite chirality spinors, we nevertheless retain it here and in the equations below to avoid ambiguity in our choice of sign conventions.

Substitution of this ansatz into the D = 7 fermion transformations, (28), yields the D = 6 transformations

δψ^{(−)}_{μ i} = [∇_μ −^1_{48} e^{− 1√2 φ}F_{νρσ} γ^{νρσ}γ_μγ^7]ϵ^{(−)}_i , δλ^{(+)}_i = [−^1_2^√_2 γ^μ∂_μφ +^1_{24} e^{− 1√2 φ}F_{μνρ}γ^{μνρ}γ^7]ϵ^{(−)}_i , (35)

while substitution into the bosonic transformations, (29), yields

δφ = −^1_2^√_2ϵ̄^{i (−)}λ^{(+)}_i , δe^α_μ =^1_4ϵ̄^{i (−)}γ^αψ^{(−)}_{μ i} , δB_{μν} =^1_2 e^{1√2 φ}(ϵ̄^{i (−)}γ_{[μ}γ^7ψ^{(−)}_{ν] i} +^1_2ϵ̄^{i (−)}γ_{μν} γ^7λ^{(+)}_i ) . (36)

Furthermore, consistency of the bosonic ansatz, (24), is maintained under supersymmetry, as we have verified that fields initially set to zero remain so under their variations. We see that these transformations are simply those of ungauged N = (1, 0) supergravity^6 in six dimensions [16] with supergravity multiplet (e^α_μ, ψ^{(−)}_{μ i} , B^{(+)}_{μν} ) and tensor multiplet (B^{(−)}_{μν} , λ^{(+)}_i , φ).

Additionally, consistent reduction of the fermion equations of motion following from (26) results in six-dimensional equations of motion that may be derived from the Lagrangian

L^{fermion}

6 = −^1_2ψ̄^i_μγ^{μνρ}∇_ν ψ_{ρ i} −^1_2λ̄^iγ^μ∇_μλ_i −^1_8 [^1_6ψ̄^i_μγ^{μναβγ}γ^7ψ_{ν i} − ψ̄^{α i}γ^βγ^7ψ^γ_i ]e^{− 1√2 φ}F_{αβγ} −^1_8 [^1_3ψ̄^i_μγ^{μαβγ}γ^7λ_i − ψ̄^{α i}γ^{βγ}γ^7λ_i]e^{− 1√2 φ}F_{αβγ} −^1_2√_2 (ψ̄^i_μγ^αγ^μλ_i)∂_αφ +^1_{48} (λ̄^iγ^{αβγ}γ^7λ_i)e^{− 1√2 φ}F_{αβγ}. (37)

Along with the bosonic Lagrangian, (25), this reproduces the ungauged six-dimensional (1, 0) model [16], up to four-fermion terms.

3.3 Lifting the dyonic string The six-dimensional supergravity with tensor matter multiplet that we have obtained via brane-world reduction admits a BPS dyonic string solution. By reversing the steps of the brane-world reduction we can therefore obtain a BPS solution in the seven-dimensional gauged supergravity. Of course, this can be further lifted to ten-dimensions, since the seven-dimensional gauged supergravity arises from an S^3 Scherk-Schwarz reduction of type I supergravity.

6One also sees that these transformations match the appropriate truncation of the N = (1, 1) transformations given below in Eqs. (42) and (43).

The dyonic string solution in six dimensions is given by

ds^2_6 = (H_e H_m)^{− 12} (−dt^2 + dx^2) + (H_e H_m)^12 (dr^2 + r^2 dΩ^2_3) , e √ 2 φ = H_m H_e , H_e = 1 + Q r^2

, H_m = 1 + P r^2

, (38) F_{(3)} = 2P Ω_{(3)} − dt ∧ dx ∧ dH^{−1}_e ,

where Ω_{(3)} is the volume form of the 3-sphere in the transverse space. Lifting to D = 7, we therefore obtain the solution

dŝ^2_7 = W^{− 2}5 ( H^{− 25}_e H^{− 35}_m (−dt^2 + dx^2) + H^{35}_e H^{25}_m (dr^2 + r^2 dΩ^2_3) ) + W^{− 12}5 H^{− 25}_e H^{25}_m dy^2,

e^{− 1√10 ϕ̂} = (W H_e H_m ) 1_5

, (39) F̂_{(4)} = W^{−2} (2P Ω_{(3)} − dt ∧ dx ∧ dH^{−1}_e ) ∧ dy .

This seven-dimensional solution can be interpreted as the intersection of a membrane and a string, living in the world-volume of a 5-brane (domain wall). The corresponding harmonic functions are H_e, H_m and W respectively. In the standard Randall-Sundrum I scenario, there are two distinct domain walls, with a separation L in the vacuum state. Turning on the radion mode will bend the walls locally, giving them a space-time position dependent separation. In this particular BPS solution corresponding to the six-dimensional dyonic string, the separation length is given by L ∼ (H_m H_e ) 1_5 = ( r2 + P r^2 + Q

) 1_5 . (40)

In the case P = Q, corresponding to the self-dual string, the radion mode decouples and the separation is a constant. For P > Q, the two domain walls are convex, being closest at large r, with their greatest separation occurring at r = 0. In the limit Q −→ 0, which is a purely magnetic string, the separation at r = 0 becomes infinite. Conversely, if P < Q the domain walls are concave, being closest at r = 0. The separation at r = 0 becomes zero in the limit of a purely electric string, when P −→ 0. This demonstrates that a BPS configuration can connect the visible world and the hidden brane, in the Randall-Sundrum I scenario.

It is worth remarking that a scalar potential characterised by Δ = −2, such as we have here, is capable of trapping gravity in a Randall-Sundrum II model [17, 18, 19].

4 Further Supersymmetric Examples

4.1 D = 6 reduced to D = 5, N = 2 with vector multiplet Our starting point is the six-dimensional gauged N = (1, 1) supergravity. The bosonic fields in this theory comprise the metric, a dilaton ϕ, a 2-form potential A_{(2)} , and a 1-form potential B_{(1)}, together with the gauge potentials A^i_{(1)} of SU(2) Yang-Mills. The theory can be obtained from a consistent local S^4 reduction of massive type IIA supergravity [20]. The bosonic Lagrangian [21], converted to the language of differential forms, is [20] L̂_6 = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ −^2_9 g^2 X^{−6} +^8_3 g_1 g_2 X^{−2} + 2g^2_1 X^2 ^∗1l

−^1_2 X^4 ^∗F̂_{(3)} ∧ F̂_{(3)} −^1_2 X^{−2} ( ^∗Ĝ_{(2)} ∧ Ĝ_{(2)} + ^∗F̂^i_{(2)} ∧ F̂^i_{(2)} ) (41) −Â_{(2)} ∧ (^1_2 dB̂_{(1)} ∧ dB̂_{(1)} +^1_3 g_2 Â_{(2)} ∧ dB̂_{(1)} +^2_{27} g^2 Â_{(2)} ∧ Â_{(2)} +^1_2F̂^i_{(2)} ∧ F̂^i_{(2)}) , where X ≡ e^{−ϕ̂/(2√2)}, F̂_{(3)} = dÂ_{(2)}, Ĝ_{(2)} = dB̂_{(1)} +^2_3 g_2 Â_{(2)}, F̂^i_{(2)} = dÂ^i_{(1)} +^1_2 g_1 ϵ_{ijk}Â^j_{(1)} ∧ Â^k_{(1)} , and here ^∗ denotes the six-dimensional Hodge dual. (We have rescaled fields and coupling constants relative to the expression in [20], to make explicit the gauge coupling g_1 and the mass parameter g_2.)

In addition, the fermions comprise a symplectic-Majorana gravitino ψ̂_{M i} and spinor λ̂_i. The (1, 1) supersymmetry transformations are

δψ̂_{M i} = [D̂_M −^1_{48} X^2F̂_{ABC}γ̂^{ABC}γ̂_M γ^7 −^1_4^√_2 (g_1X +^1_3 g_2X^{−3})γ̂_M ]ϵ̂_i −^1_{16}√_2 (γ̂_M^{AB} − 6δ^A_Mγ̂^B)X^{−1}(Ĝ_{AB}δ_i^j + iγ^7F̂_{AB i}^j )γ^7ϵ̂_j , δλ̂_i = [−^1_2^√_2γ̂^M ∂_M ϕ̂ +^1_{24} X^2F̂_{M N P} γ̂^{M N P} γ^7 +^1_2^√_2 (g_1X − g_2X^{−3})]ϵ̂_i +^1_8√_2 X^{−1}(Ĝ_{M N} δ_i^j + iγ^7F̂_{M N i}^j )γ̂^{M N} γ^7ϵ̂_j , (42) for the fermions, and δê^A_M =^1_4^̄ϵ^iγ^Aψ̂_{M i} ,

δϕ̂ = −^1_2^√_2^̄ϵ^iλ̂_i , δB̂_M =^1_2√_2 X(^̄ϵ^iγ^7ψ̂_{M i} −^1_2^̄ϵ^iγ̂_M γ^7λ̂_i) , δÂ_{M N} =^1_2 X^{−2}(^̄ϵ^iγ̂_{[M} γ^7ψ̂_{N ] i} +^1_2^̄ϵ^iγ̂_{M N} γ^7λ̂_i , δÂ_{M i}^j =^i√_2 X[(^̄ϵ^jψ̂_{M i} +^1_2^̄ϵ^jγ̂_M λ_i) −^1_2 δ_i^j (^̄ϵ^kψ̂_{M k} +^1_2^̄ϵ^kγ̂_M λ_k)] (43) for the bosons. Our convention for symplectic-Majorana spinors parallels that given above for the D = 7 case. In particular, the Majorana flip relation is identical to (31). Additionally, we follow the same normalization as (30). Here, as in seven dimensions, the gauge covariant derivative acting on an Sp(1) spinor is defined as D̂_Mϵ̂_i = ^∇_Mϵ̂_i +^i_2 g_1Â_{M i}^j , where Â_{M i}j ≡ Âk_M (−σk)_ij , so that F̂_{M N i}j = ∂_M Â_{N i}j +^i_2 gÂ_{M i}kÂ_{N k} j − (_M ↔_N ).

For our brane-world reduction, we shall take the mass parameter g_2 to zero, and relabel g_1 as g, giving L̂_6 = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ + 2g^2 X^2 ^∗1l −^1_2 X^4 ^∗F̂_{(3)} ∧ F̂_{(3)} −^1_2 X^{−2} ( ^∗Ĝ_{(2)} ∧ Ĝ_{(2)} + ^∗F̂^i_{(2)} ∧ F̂^i_{(2)} ) (44) −Â_{(2)} ∧ (^1_2 dB̂_{(1)} ∧ dB̂_{(1)} +^1_2F̂^i_{(2)} ∧ F̂^i_{(2)}) , with Ĝ_{(2)} = dB̂_{(1)}, F̂^i_{(2)} = dÂ^i_{(1)} +^1_2 g ϵ_{ijk}Â^j_{(1)} ∧ Â^k_{(1)} . From section 2, we are then led to make the reduction ansatz dŝ^2_6 = W^{− 12} e^{2α φ} ds^2_5 + W^{− 52} e^{−6α φ} dy^2 , e^{− 1√2 ϕ̂} = W^12 e^{6α φ} , Â_{(2)} = W^{−2} A_1 ∧ dy , B̂_1 = B_1 , Â^i_{(1)} = 0 , (45)

with α = −1/(4 √ 6) and W = 1 + √ 2gy. Substituting into the equations of motion that follow from (44), we find consistent five-dimensional equations of motion that can be derived from the Lagrangian L_5 = R ∗1l−^1_2 ∗dφ∧dφ−^1_2 e^{− 4√6 φ} ∗F_{(2)} ∧F_{(2)} −^1_2 e^{2√6 φ} ∗G_{(2)} ∧G_{(2)} −^1_2 A_{(1)} ∧dB_{(1)} ∧dB_{(1)} , (46) where F_{(2)} = dA_{(1)} and G_2 = dB_{(1)}. This is the bosonic sector of ungauged N = 2 fivedimensional supergravity, coupled to a vector multiplet whose bosonic fields are φ and B_1.

This identification of the resulting theory with five-dimensional N = 2 supergravity may be confirmed by reducing the fermionic sector. Applying the procedure outlined in section 3 to the present fermions, we find the appropriate reduction to be ψ̂_{μ i} = W^{− 1}_3 e^1_2^{αφ}[ψ^{(−)}_μ +^1_{2√6} γ_μλ^{(+)}] , ψ̂_{y i} = −^3_{2√6} W^{− 9}_8 e^{− 7}_2^{αφ}γ^6λ^{(+)} , λ̂_i =^3_{√6} W^1_8 e^{− 1}_2^{αφ}λ^{(+)} , ϵ̂_i = W^{− 1}8 e^12^{αφ}ϵ^{(−)} , (47) where the ‘chirality’ is determined by the projection P^{(±)} =^1_2 (1 ± γ^6). For the moment, we retain the six-dimensional form of the spinors and Dirac matrices. The reduction of the fermion transformations, (42) yields

δψ^{(−)}_{μ i} = [∇_μ −^1_{24} (γ_μ^{νλ} − 4δ^ν_μγ^λ)( √ 2e^{1√6 φ}G_{νλ} − e^{− 2√6 φ}F_{νλ}γ^6)γ^7]ϵ_i , δλ^{(+)}_i = [−^1_4 γ^μ∂_μφ +^1_8√_3 (e^{1√6 φ}G_{μν} + √ 2e^{− 2√6 φ}F_{μν} γ^6)γ^{μν}γ^7]ϵ_i , (48) while the reduction of the boson transformations, (43) yields

δe^α_μ =^1_4ϵ̄^iγ^αψ_{μ i} , δφ = −^1_2ϵ̄^iλ_i , δA_μ =^1_2 e^{2√6 φ}(^{2√}_6ϵ̄^iγ_μγ^6γ^7λ_i −^1_2ϵ̄^iγ^6γ^7ψ_{μ i}) , δB_μ = −^1√_2 e^{− 1√6 φ}(^1√_6ϵ̄^iγ_μγ^7λ_i −^1_2ϵ̄^iγ^7ψ_{μ i}) . (49)

Again, we find that this reduction is consistent.

Finally, to make connection to the D = 5, N = 2 supergravity, we rewrite the fermions in terms of natural five-dimensional spinors. To do so, we first note that the expressions in (48) and (49) are trivial under Sp(1), and hence the symplectic-Majorana spinors may be combined into ordinary six-dimensional Dirac spinors. Then we may choose a decomposition of the Dirac matrices as, e.g.

γ^μ = γ̃^μ × σ^1, μ = 0, 1, . . ., 4 , γ^6 = 1 × σ^3 , γ^7 ≡ γ^{01234}γ^6 = 1 × σ^2 . (50)

Here, γ̃^μ are a set of 4 × 4 Dirac matrices for D = 5. Note that ‘chiral’ spinors under P^{(±)} may be written as χ^{(+)} = ( χ 0 ) , χ^{(−)} = ( 0 χ ) . (51)

Each five-dimensional Dirac matrix flips P^{(±)} chirality, and furthermore, we have γ^7χ^{(±)} = ±iχ^{(∓)}. As a result, Eqs. (48) and (49) take on the five-dimensional form

δψ_μ = [∇_μ +^i_{24} (γ_μ^{νλ} − 4δ^ν_μγ^λ)( √ 2e^{1√6 φ}G_{νλ} − e^{− 2√6 φ}F_{νλ})]ϵ , δλ = [−^1_4 γ^μ∂_μφ −^i_8^√_3 (e^{1√6 φ}G_{μν} + √ 2e^{− 2√6 φ}F_{μν} )γ^{μν} ]ϵ , δe^α_μ =^1_4ϵ̄γ^αψ_μ , δφ = −^1_2ϵ̄λ , δA_μ = −^1_2 e^{2√6 φ}(^{2i}√_6ϵ̄γ_μλ −^i_2ϵ̄ψ_μ) , δB_μ =^{1√}_2 e^{− 1√6 φ}(−^{i√}_6ϵ̄^iγ_μλ −^i_2ϵ̄ψ_μ) , (52)

where we have now dropped the tildes on the five-dimensional Dirac matrices. After transforming to a Dirac normalization and taking λ → −iλ, these transformations agree with those of N = 2 supergravity coupled to a single vector multiplet, as given below in (63).

One can construct BPS solutions (strings or black holes) in five dimensions, and then lift them back to D = 6. Again, the bending of the domain walls will be convex or concave according to the relative sizes of the two charges carried by F_{(2)} and G_{(2)}.

4.2 D = 5 reduced to D = 4, N = 1 with a chiral multiplet In this example, we shall take as the starting point the five-dimensional N = 2 gauged supergravity coupled to a vector multiplet. In general, this N = 2 theory is described by very special geometry [22, 23], and we begin with a brief outline of some relevant facts. For the coupling of supergravity to n vector multiplets, in addition to the graviton ĝ_{M N} and gravitino ψ̂_M , one introduces n + 1 vector potentials Â^I_{(1)}, as well as n scalars ϕ̂^i and gauginos λ̂^i. Of the n+1 vectors, the N = 2 graviphoton is given by the linear combination Â_{(1)} = V_I AI_{(1)}, where the V_I are a set of constants related to the gauging.

The bosonic Lagrangian takes the form L̂_5 = R̂ ^∗1l − G_{ij} ^∗dϕ̂^i ∧ dϕ̂^j + 2g^2 V ^∗1l − G_{IJ} ^∗F̂^I_{(2)} ∧ F̂^J_{(2)} −^1_6 C_{IJK}Â^I_{(1)} ∧ dB̂^J_{(1)} ∧ dB̂^K_{(1)} , (53) where the constants C_{IJK} specify a homogeneous cubic polynomial V = 1 6 C_{IJK} X^I X^J X^K . (54) Here, the n + 1 quantities X^I are functions of the n scalar fields ϕ^i, and are required to satisfy the condition V = 1. The quantities G_{IJ} and G_{ij} in the Lagrangian are given by G_{IJ} = −^1_2 ∂_I ∂_J log V | |_{V=1} , G_{ij} = ∂_iX^I ∂_j X^J G_{IJ} | |_{V=1} , (55) and the potential, which arises from the gauging has the form V = V_I V_J (6X^I X^J −^9_2 G^{ij} ∂_iX^I ∂_j X^J ) . (56) For a more complete treatment, see [22, 23].

In terms of a single five-dimensional Dirac spinor, the N = 2 supersymmetry transformations are δψ̂_M = [D̂_M +^i_8 (γ̂_M^{N P} − 4δ^N_M γ̂^P )X_IF̂^I_{N P} +^1_2 gγ̂_M X^I V_I ]ϵ̂ , δλ̂_i = ∂_iX^I [−^1_4 G_{IJ} γ̂^{M N}F̂^I_{M N} +^{3i}_4 γ̂^M ∂_M X_I +^{3i}_2 gV_I ]ϵ̂ , δê^A_M =^1_2^̄ϵγ^Aψ̂_M , δÂ^I_M =^1_2 G^{ij} ∂_iX^I^̄ϵγ̂_Mλ̂ −^i_2 X^I^̄ϵψ̂_M ,

δϕ̂^i =^i_2 G^{ij}^̄ϵλ̂_j . (57)

The supersymmetry transformation parameter ϵ̂ is normalized according to [δ_1, δ_2]Ξ =^1_2 (^̄ϵ_2γ̂^Mϵ̂_1)∂_M Ξ + · · · , (58) and the gauge covariant derivative acting on a charged spinor is given by D̂_M = ^∇_M −^{3i}_2 gÂ_M = ^∇_M −^{3i}_2 gV_IÂ^I_M . (59)

With these preliminaries out of the way, we now focus on the model on hand, namely gauged supergravity coupled to a single vector multiplet (i.e. n = 1). This model is obtained by taking C_{112} = C_{121} = C_{211} = 1, and by specifying the gauging according to

gV_1 = √ 2 6 g_1, gV_2 = 1 6 g_2 . (60) A convenient scalar parametrization preserving V = 1 is then X^1 = √ 2e^{− 1√6 ϕ̂}, X^2 = e^{2√6 ϕ̂} . (61) We furthermore define F̂^1_{(2)} = Ĝ_{(2)} = dB̂_{(1)}, and F̂^2_{(2)} = F̂_{(2)} = dÂ_{(1)}. The Lagrangian of the bosonic sector is then given by

L̂_5 = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ + (2g_1g_2 e^{1√}6^{ϕ̂} + g^2_1 e^{− 2√}6^{ϕ̂}) ^∗1l −^1_2 e^{− 4√6 ϕ̂} ^∗F̂_{(2)} ∧ F̂_{(2)} −^1_2 e^{2√6 ϕ̂} ^∗Ĝ_{(2)} ∧ Ĝ_{(2)} −^1_2Â_{(1)} ∧ dB̂_{(1)} ∧ dB̂_{(1)} , (62) with supersymmetry transformations

δψ̂_M = [D̂_M +^i_{24} (γ̂_M^{N P} − 4δ^N_M γ̂^P )( √ 2e^{1√6 ϕ̂}Ĝ_{N P} + e^{− 2√6 ϕ̂}F̂_{N P} ) +^1_{12}γ̂_M (2g_1e^{− 1√6 ϕ̂} + g_2e^{2√6 ϕ̂})]ϵ̂ , δλ̂ = [−^i_4γ̂^M ∂_Mϕ̂ +^1_8√_3γ̂^{M N} (e^{1√6 ϕ̂}Ĝ_{M N} − √ 2e^{− 2√6 ϕ̂}F̂_{M N} ) −^i_2^√_6 (g_1e^{− 1√6 ϕ̂} − g_2e^{2√6 ϕ̂})]ϵ̂ , δê^A_M =^1_2^̄ϵγ^Aψ̂_M , δϕ̂ = i^̄ϵλ̂ , δÂ_M = e^{2√6 ϕ̂}(^2√_6^̄ϵγ̂_Mλ̂ −^i_2^̄ϵψ̂_M ) , δB̂_M = √ 2e^{− 1√6 ϕ̂}(−^{1√}_6^̄ϵγ̂_Mλ̂ −^i_2^̄ϵψ̂_M ) . (63) The explicit embedding in eleven dimensional supergravity of this AdS_5 supergravity coupled to a vector multiplet was given in [24].

For our present purposes, we shall set g_2 = 0 and relabel g_1 as g. The resulting theory has a domain wall as its vacuum solution instead of AdS_5. As shown in appendix B, this domain wall supergravity can be obtained from the S^2 reduction of the seven-dimensional domain-wall supergravity (23) discussed in section 3. From the results in section 2, we are led to make the following Kaluza-Klein reduction ansatz: dŝ^2_5 = W^{− 2}3 e^{2α φ} ds^2_6 + W^{− 8}3 e^{−4α φ} dy^2 , e^{− 2√6 ϕ̂} = W^{23} e^{4α φ} , Â_{(1)} = χ W^{−2} dy , B̂_{(1)} = 0 , (64) where α =^1_6 and m^2 = g^2 (so that W = 1 + gy). Substituting into the equations of motion following from (62) (with g_1 = g, g_2 = 0), we obtain a consistent reduction of the bosonic fields to a four-dimensional system whose equations of motion can be derived from the Lagrangian L_4 = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^{2φ} ∗dχ ∧ dχ . (65) This is precisely the bosonic sector of four-dimensional N = 1 supergravity coupled to a chiral scalar multiplet.

The fermionic reduction may similarly be obtained following the method developed in section 3. Defining here the four-dimensional chirality projection P^{(±)} =^1_2 (1 ± γ^5), the appropriate reduction on the fermions is given by ψ̂_μ = W^{− 1}_6 e^1_{12}^φ[ψ^{(+)}_μ −^i_6 γ_μλ^{(−)}] , ψ̂_y =^i_3 W^{− 7}_6 e^{− 5}_{12}^φγ^5λ^{(−)} , λ̂ =^1_{√6} W^1_6 e^{− 1}_{12}^φλ^{(−)} , ϵ̂ = W^{− 16} e^{112 φ}ϵ^{(+)} . (66) The reduction of the five-dimensional supersymmetry transformations, (63), yields δψ^{(+)}_μ = [∇_μ −^i_4 e^φ∂_μχγ^5]ϵ^{(+)} , δe^α_μ =^1_2ϵ̄^{(+)}γ^αψ^{(+)}_μ , (67) for the four-dimensional supergravity multiplet, and δλ^{(−)} =^1_2 γ^μ[i∂_μφ − e^φ∂_μχγ^5]ϵ^{(+)} ,

δφ = −^i_2ϵ̄^{(+)}λ^{(−)} , δχ =^1_2 e^{−φ}ϵ̄^{(+)}γ^5λ^{(−)} . (68) for the matter fields. Again, we have verified that this is a consistent reduction on the fermions. This confirms our identification of the reduced theory as N = 1 supergravity coupled to a chiral multiplet. Standard techniques may be used to rewrite the four-dimensional Weyl spinors in terms of Majorana ones.

5 Extended Bosonic Examples

In this section, we show that it is possible to enlarge the bosonic ansätze of the previous consistent reductions in sections 3 and 4, to obtain bosonic reductions that yield larger numbers of fields from the same higher-dimensional starting points. Although these larger bosonic reductions are still fully consistent, we find that they are no longer the bosonic sectors of supergravities in the lower dimensions. In other words, although the bosonic sectors of the higher-dimensional supergravities admit enlarged consistent reductions that retain more lower-dimensional fields, it is not possible to make corresponding enlarged consistent reductions in the fermionic sectors. Nonetheless, the fact that the bosonic sectors admit enlarged consistent reductions is of interest in its own right.

5.1 D = 7 reduced with SU(2) Yang-Mills in D = 6 In this enlarged consistent reduction, we begin with the same seven-dimensional Lagrangian (23) that we used in section 3, but we now include the SU(2) Yang-Mills fields as well, which were previously set to zero in (24). From the results in section 2, we see that a consistent reduction for the Â^i_{(1)} potentials should be possible, with the reduction ansatz given by Â_i = A_i . (69)

It is easy to verify that within the bosonic sector, the entire reduction, with ansatz given by (24) except that Â^i_{(1)} = A^i_{(1)} instead of Â^i_{(1)} = 0, is consistent, and the resulting bosonic Lagrangian in D = 6 is given by

L_6 = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^− √ 2 φ ∗F_3 ∧ F_3 −^1_2 e^{1√2 φ} ∗F^i_{(2)} ∧ F^i_{(2)} +^1_2 F^i_{(2)} ∧ F^i_{(2)} ∧ A_{(2)} , (70)

where F_{(3)} = dA_{(2)} and F^i_{(2)} = dA^i_{(1)} +^1_2 g ϵ_{ijk} A^i_{(1)} ∧ A^k_{(1)}.

We have obtained a lower-dimensional theory that includes SU(2) Yang-Mills fields, but where nevertheless there is no scalar potential. This result is rather surprising. The D = 7 gauged supergravity itself can be obtained from N = 1, D = 10 supergravity, which is ungauged, by reduction on S^3. Thus by combining a standard Scherk-Schwarz group manifold reduction with an additional stage of brane-world reduction, we can obtain a theory with non-abelian Yang-Mills fields coming from the geometry of the internal space, and yet this lower-dimensional theory has no cosmological term.

At first sight the Lagrangian (70) appears to be precisely the bosonic sector of D = 6 (1, 0) supergravity coupled to a tensor multiplet together with an SU(2) adjoint vector multiplet. However, this is in fact not the case. One way to see this is to note that, while the lower-dimensional theory has no potential, the original D = 7 gauged supergravity has gravitini charged under this same SU(2) (which is in fact the Sp(1) symmetry of the symplectic Majorana spinors). Dimensional reduction along the lines of (69) can never remove the charge of the gravitini. Thus, were the resulting theory to be supersymmetric, one would end up with a D = 6, N = (1, 0) gauged supergravity without a scalar potential. The fact that there are no known theories of this form immediately provides a hint that the reduction cannot be supersymmetric.

Of course, one may entertain the possibility that such a class of gauged (or ‘partially gauged’) supergravities might in fact exist. Thus it is worth examining the supersymmetry of the extended reduction in some detail. Since the domain wall vacuum preserves N = (1, 0), we are still concerned with only a chiral supersymmetry, parameterized by ϵ^{(−)}_i . However, now additional chiralities show up in the fermion reduction. Relaxing (34) to include both chiralities of the D = 6 spinors (but retaining the connection between ψ̂_{y i} and λ̂_i, which is still consistent), we obtain, in addition to (35) with ∇_μ replaced by D_μ and (36), the transformations

δψ^{(+)}_{μ i} = [^i_{16} e^{12√2 φ}(γ_μ^{αβ} − 6δ^α_μ γ^β)F_{αβ i}^j ]ϵ^{(−)}_j , δλ^{(−)}_i = [−^i_8 e^{12√2 φ}F_{μν i}^j γ^{μν} ]ϵ^{(−)}_j , (71) δA_{μ i}^j =^i_2 e^{− 12√2 φ}[(ψ̄^{j (+)}_μ ϵ^{(−)}_i −^1_2λ̄^{j (−)}γ_μϵ^{(−)}_i ) −^1_2 δ_i^j (ψ̄^{k (+)}_μ ϵ^{(−)}_k −^1_2λ̄^{k (−)}γ_μϵ^{(−)}_k )] .

At first, this is quite intriguing, as this suggests that the SU(2) vectors are in fact grouped into a spin-^3_2 multiplet. Essentially, since the gauge fields were superpartners of the gravitini in D = 7, they remain superpartners of spin-^3_2 matter in the reduced D = 6 theory. However, this identification presupposes the existence of an abelian vector which is lacking in the reduction, as the spin-^3_2 multiplet consists of the fields (ψ^{(+)}_{μ i} , A_{μ i}^j , A_μ, λ^{(−)}_i ).

Another way to see that this reduction cannot be supersymmetric is to note that the presence of ψ^{(+)}_{μ i} and λ^{(−)}_i yields the D = 7 transformations

δĝ_{μy} =^1_4 W^{− 7}5 e^{310√2 φ}ϵ̄^{i (−)}γ^7(ψ^{(+)}_{μ i} +^1_2 γ_μλ^{(−)}_i ) , δÂ_{μνρ} = −^3_4 W^{−1}e^{12√2 φ}ϵ̄^{i (−)}(γ_{[μν} ψ^{(+)}_{ρ] i} −^1_6 γ_{μνρ}λ^{(−)}_i ) . (72)

So although both ĝ_{μ y} and Â_{μνρ} are set to zero in the reduction ansatz (24), this structure cannot be maintained under supersymmetry transformations in the presence of these additional fields. Consistency of the reduction under supersymmetry then requires the vanishing of A_{μ i}^j , ψ^{(+)}_{μ i} , and λ^{(−)}_i . Nevertheless, the form of (72) suggests a possible further generalization of the reduction ansatz to include a vector arising from an appropriate linear combination of the dual of Â_{μνρ} and an off-diagonal metric component ĝ_{μy} . This possibility is currently under investigation.

5.2 D = 6 reduced with SU(2) Yang-Mills in D = 5 Analogously, the SU(2) Yang-Mills fields in the D = 6 Lagrangian (44) can also be consistently reduced. The complete reduction ansatz is given by (45), except that now Â^i_{(1)} = A^i_{(1)} instead of being set to zero. The resulting Lagrangian in D = 5 is given by

L_5 = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^{− 4√6 φ} ∗F_{(2)} ∧ F_{(2)} −^1_2 e^{2√6 φ} ( ∗G_{(2)} ∧ G_{(2)} + ∗F^i_{(2)} ∧ F^i_{(2)} )

−^1_2 A_{(1)} ∧ ( dB_{(1)} ∧ dB_{(1)} + F^i_{(2)} ∧ F^i_{(2)} ) , (73)

where F_{(2)} = dA_{(1)}, G_{(2)} = dB_{(1)} and F^i_{(2)} = dA^i_{(1)} +^1_2 g ϵ_{ijk} A^j_{(1)} ∧ A^k_{(1)}.

5.3 D = 5 reduced with an additional vector The vector B_{(1)} in section 4.2 can also be included in a consistent reduction, with the ansatz given by (64) except that B̂_{(1)} = B_{(1)}. The resulting Lagrangian is now given by

L_4 = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 e^{2φ} ∗dχ ∧ dχ −^1_2 e^{−φ} ∗G_{(2)} ∧ G_{(2)} +^1_2 χ G_{(2)} ∧ G_{(2)} , (74)

where G_{(2)} = dB_{(1)}.

At first sight, this is exactly the bosonic Lagrangian of N = 1 supergravity coupled to a vector and a chiral multiplet. On the other hand, this runs into a similar difficulty with supersymmetry as found above in section 5.1. Were supersymmetry to be valid, somehow, one again runs into a problem identifying the superpartner to the vector as either spin-^1_2 or spin-^3_2 . In this case, the generalization of (66) yields the additional transformations

δψ^{(−)}_μ =^i_8^√_2 e^{− 12 φ}G_{αβ}γ^{αβ}γ_μϵ^{(+)} , δλ^{(+)} =^1_8√_3 e^{− 1}2^φG_{αβ}γ^{αβ}ϵ^{(+)} , (75)

which is suggestive of both spin-^1_2 and spin-^3_2 simultaneously. Note here that the possibility of consistently setting λ^{(+)} to be proportional to γ^μψ^{(−)}_μ will not work, as the latter is kinematically vanishing. Similarly, one finds by supersymmetry that both ĝ_{μy} and Â_μ cannot be consistently set to zero unless both ψ^{(−)}μ and λ^{(+)} are absent. So we again conclude that the extend reduction ansatz here is inconsistent with the inclusion of the fermions.

Unlike for the extended D = 7 to D = 6 case, however, (which lacks even the requisite bosonic fields for supersymmetry) here the bosonic sector has a natural supersymmetric fermionic completion. It just so happens that the extended domain wall reduction does not yield this natural completion, and instead gives rise to the inconsistent set of fermions given by (75). The fields that we have identified, namely ψ^{(−)}_μ , λ^{(+)} and B_μ, is suggestive of a vector multiplet coupled to a spin-^3_2 multiplet (which is indeed the case for the N = 2 theory in five dimensions). So from this point of view, there is in fact a missing second vector that would complete this coupled set of multiplets. Presumably this missing vector may be identified as an appropriate linear combination of ĝ_{μy} and Â_μ. Denoting this vector field strength as K_{μν} , we speculate that it would correct the transformations, (75), so that G_{μν} would be replaced by, for example, G_{μν} + K_{μν} and G_{μν} − K_{μν} in the spin-^3_2 and spin-^1_2 equations, respectively. If this were the case, the additional matter would separate cleanly into independent supermultiplets.

6 Consistent Reduction of Scalar Potential and the Radion

So far we have considered brane-world reductions involving p-forms, and a dilaton ϕ̂ with a running potential. The consistency of these reductions requires turning on the radion, and equating the dilatonic and radionic degrees of freedom. In this section, we show that we can also obtain consistent brane-world reductions for systems comprising a set of additional scalars as well as the dilaton. Specifically, our starting point is the (D + 1)-dimensional theory described by the Lagrangian L̂ = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ −^1_2 ^∗dΦ̂_i ∧ dΦ̂_i + g^2 e^{a ϕ̂} V (Φ̂_i) , (76)

where Φ_i denotes an additional set of scalars, with a potential V (Φ_i) that has a stationary point V_0. Clearly, the solution admits a domain wall solution (4) with m^2 = −^1_2 Δ g^2 V_0. We find that the scalars Φ̂_i can be consistently reduced into this domain wall world-volume spacetime, provided that a = √ 2/(D − 1), corresponding again to Δ = −2. The reduction ansatz is given by

dŝ^2 = W^{− 2D−1} e^{2α φ} ds^2 + W^{− 2DD−1} e^{−2(D−2) α φ} dy^2 , e^{a ϕ̂} = W^{− 2a} 2 Δ e^{2(D−2) α φ} , Φ̂_i = Φ_i . (77)

We find that the resulting Lagrangian of the lower-dimensional theory is given by

L = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_2 ∗dΦ_i ∧ dΦ_i + g^2 e^{2(D−1) α φ} (V (Φ_i) − V_0) , (78)

where α^2 = 1/(2(D−2)(D−1)^2). Thus we see that the coupling of the dilaton ϕ in the lower dimensional scalar potential is of the form √ 2/(D − 2), again corresponding to Δ = −2.

Scalar potentials of the type appearing in (76), with a dilaton coupling Δ = −2 in the scalar potential, typically arise in gauged supergravities, such as those that come from S^3 reductions of ungauged supergravities, where the higher-dimensional 3-form field strength is taken to be proportional to the volume of the S^3.

General S^3 reductions of this kind were derived in [25]. Starting in D dimensions from the Lagrangian L̂_D = R̂ ^∗1l −^1_2 ^∗dϕ̂ ∧ dϕ̂ −^1_2 e^{−b ϕ̂} ^∗F̂_{(3)} ∧ F̂_{(3)} , (79)

where b^2 = 8/(D − 2), it is shown in [25] that the following Kaluza-Klein ansatz gives a consistent S^3 reduction:

dŝ^2_D = Y^{1D−2} ( Ω^{2D−2} ds^2_{D−3} + g^{−2} Ω^{− D−4D−2} T^{−1}_{ij} Dμ^i Dμ^j ) , e √_{(D−2)/2 ϕ̂} = Ω^{−1} Y^{(D−4)/4} , F̂_{(3)} = F_{(3)} +^1_6 ϵ_{i1 i2i3 i4} ( g^{−2} U Ω^{−2} Dμ^{i1} ∧ Dμ^{i2} ∧ Dμ^{i3} μ^{i4} (80) −3g^{−2} Ω^{−2} Dμ^{i1} ∧ Dμ^{i2} ∧ DT_{i3j} T_{i4k} μ^j μ^k − 3g^{−1} Ω^{−1} F^{i1 i2}_{(2)} ∧ Dμ^{i3} T_{i4j} μ^j ) , where

μ^i μ^i = 1 , Ω = T_{ij} μ^i μ^j , U = 2T_{ik} T_{jk} μ^i μ^j − Ω T_{ii} , Y = det(T_{ij} ) , (81)

and the indices i, j, . . . range of 4 values. Here, a summation over repeated SO(n+1) indices is understood. The gauge-covariant exterior derivative D is defined so that

Dμ^i = dμ^i + g A^{ij}_{(1)} μ^j , DT_{ij} = dT_{ij} + g A^{ik}_{(1)} T_{kj} + g A^{jk}_{(1)} T_{ik} , (82)

where A^{ij}_{(1)} denotes the SO(4) gauge potentials coming from the isometry group of the 3-sphere, and F^{ij}_{(2)} = dA^{ij}_{(1)} + g A^{ik}_{(1)} ∧ A^{kj}_{(1)} . (83) Thus the lower-dimensional fields appearing in the Kaluza-Klein Ansatz comprise the metric ds^2_{D−3}, the six gauge potentials A^{ij}_{(1)} of SO(4), the ten scalar fields described by the symmetric tensor T_{ij} , and the 2-form potential A_{(2)} , whose (Chern-Simons modified) field strength is F_{(3)} . The resulting (D − 3)-dimensional equations of motion can be derived from the Lagrangian [25] L_{D−3} = R ∗1l −^1_2 ∗dϕ ∧ dϕ −^1_4 ~T^{−1}_{ij} ∗D ~T_{jk} ∧ ~T^{−1}_{kℓ} D ~T_{ℓi} −^1_2 Y^{−1} ∗F_{(3)} ∧ F_{(3)} −^1_4 Y^{− 12} ~T^{−1}_{ik} ~T^{−1}_{jℓ} ∗F^{ij}_{(2)} ∧ F^{kℓ}_{(2)} − V ∗1l , (84) where Y ≡ exp(− √ 8/(D − 5) ϕ), ~T_{ij} ≡ Y^{−1/4} T_{ij} (implying that det( ~T_{ij} ) = 1), and the potential V is given by V =^1_2 g^2 Y^12 ( 2 ~T_{ij} ~T_{ij} − ( ~T_{ii})^2 ) . (85) The 3-form field strength F_3 is given by

F_{(3)} = dA_{(2)} +^1_8 ϵ_{ijkℓ} (F^{ij}_{(2)} ∧ A^{kℓ}_{(1)} −^1_3 g A^{ij}_{(1)} ∧ A^{km}_{(1)} ∧ A^{mℓ}_{(1)} ) . (86)

The scalars ~T_{ij} parameterise the coset SL(4, R)/SO(4).

Focusing first on the scalar sector of this theory, we see that there is a dilaton ϕ with exponential coupling in the scalar potential that is exactly of the strength Δ = −2 that we required for our consistent brane-world reduction in this section. The nine scalars described by the unimodular symmetric tensor ~T_{ij} correspond to the scalars Φ_i in our earlier general discussion. In fact we can see that the strengths of the dilaton coupling to F_3 and F^i_{(2)} in (84) are also exactly what we found to be necessary in section 2 in order to obtain consistent brane-world reductions of these fields too. Thus we can start from the theory (79) in D dimensions, perform a consistent S^3 reduction to obtain (84) in (D − 3) dimensions, and then perform a further brane-world consistent reduction, ending up with a theory in (D − 4) dimensions that comprises the metric, a radion φ, nine scalars ~T_{ij} parameterising SL(4, R)/SO(4), a 3-form F_{(3)}, and the six SO(4) Yang-Mills fields F^i_{(2)} . The lower dimensional Lagrangian is given by L_{D−4} = R ∗1l −^1_2 ∗dφ ∧ dφ −^1_4 ~T^{−1}_{ij} ∗D ~T_{jk} ∧ ~T^{−1}_{kℓ} D ~T_{ℓi} −^1_2 e^− √ 8 D−6 φ ∗F_{(3)} ∧ F_{(3)} − 1 4 e^− √ 2 D−6 φ ~T −1 ik ~T^{−1}_{jℓ} ∗F^{ij}_{(2)} ∧ F^{kℓ}_{(2)} − V ∗1l , (87)

where the scalar potential V is given by

V =^1_2 g^2 e √ 2 D−6 φ ( 2 ~T_{ij} ~T_{ij} − ( ~T_{ii})^2 + 8 ) . (88)

It is interesting to note that we have started from the theory in D dimensions described by the Lagrangian (79), where there is no gauging and no Yang-Mills fields, and we have ended up in (D − 4) dimensions with the theory described by (87), where we have SO(4) Yang-Mills fields, and a set of scalars with a non-trivial scalar potential. However, remarkably, the scalar potential in the (D − 4)-dimensional gauged theory admits Minkowski spacetime as a solution. It is quite unusual in Kaluza-Klein reductions that one can end up with non-abelian gauge theories coming from a reduction on a compact space with isometries, and yet still have a Minkowski vacuum solution.

It is of interest therefore to examine the geometry of the 4-dimensional internal spaces that combine the S^3 reduction and the brane-world reduction. This can be seen most clearly by just looking at the “vacuum” solution, where the S^3 is undistorted and the solution in (D − 3)-dimensional gauged theory is taken to be the domain wall. Retracing the steps described above, we see therefore that this domain-wall solution lifts back to give

dŝ^2_D = W^{− 2D−2} dx^μ dx_μ + W^− 2(D−1) D−2 dy^2 + g^{−2} W^{− 2D−2} dΩ^2_3 . (89)

If we define a new coordinate r in place of y, by setting W = g^2 r^2, the D-dimensional metric becomes

dŝ^2_D = (g r)^{4D−2} dx^μ dx_μ + (g r)^− 2(D−4) D−2 (dr^2 + r^2 dΩ^2_3) . (90)

(Here we have used the relation m^2 = 4g^2, which follows from the relation given below (76).) The metric (90) can be recognised as the near-horizon limit of the (D − 5)-brane in D dimensions:

dŝ^2_D = ( 1 + Q r^2

)_−^2_{D−2} dx^μ dx_μ + + ( 1 + Q r^2 )^{D−4}_{D−2} (dr^2 + r^2 dΩ^2_3) , (91)

where Q = g^{−2}.

The “internal” four-dimensional metric in the vacuum solution (90) can be seen to be singular at r = 0, on account of the conformal factor (g r)^{−2(D−4)/(D−2)} that multiplies the flat 4-metric dr^2 + r^2 dΩ^2_3. (An exception, of course, arises if D = 4, since then the entire metric is “internal,” and is merely the Euclidean metric itself.) Another way to view the internal geometry is by introducing a new radial coordinate ρ, related to r by g ρ = (g r)^{2/(D−2)}. The metric (90) then becomes

dŝ^2_D = (g ρ)^2 dx^μ dx_μ +^1_4 (D − 2)^2 dρ^2 + ρ^2 dΩ^2_3 . (92)

Again, we see that the internal 4-metric is in general singular, describing a cone over S^3, with D = 4 being the exceptional case where the metric becomes non-singular.

Finally, we remark that the “anomaly term” term L_{anom} = −(D − 26) m^2 e √_{2/(D−2) ϕ} in the D-dimensional non-critical string effective action also has a Δ = −2 coupling strength. It is easy to verify that one can perform a consistent brane-world reduction on the theory described by (79) together with the additional contribution L_{anom}. A particularly interesting case is the 27-dimensional non-critical bosonic string, which can then be reduced to give a critical string in 26 dimensions by means of this brane-world reduction.

Acknowledgements

We are grateful to Ergin Sezgin for useful discussions.

APPENDICES

A Conventions for differential forms

Our conventions for differential forms are as follows. A p-form ω has components ω_{μ1···μp} such that ω = 1 p! ω_{μ1···μp} dx^{μ1} ∧ · · · ∧ dx^{μp} . (93) The Hodge dual in n dimensions is defined by ∗(dx^{μ1} ∧ · · · ∧ dx^{μp} ) = 1 (n − p)! ϵ_{ν1 ···νn−p}^{μ1 ···μp} dx^{ν1} ∧ · · · ∧ dx^{νn−p} , (94) which implies that the components of the dual ∗ω, defined by ∗ω = 1 (n − p)! (∗ω)_{ν1···νn−p} dx^{ν1} ∧ · · · ∧ dx^{νn−p} , (95) are given by (∗ω)_{ν1 ···νn−p} = 1 p! ϵ_{ν1 ···νn−p}^{μ1···μp} ω_{μ1 ···μp} . (96) We therefore have that ∗ω ∧ ω = 1 p! ω_{μ1 ···μp} ω^{μ1···μp} ∗1l , (97) where ∗1l = √ −g dx^0 ∧ dx^1 ∧ · · ·dx^{n−1} (98) is the volume form, and we are taking ϵ_{012···} = + √ −g. Thus a Lagrangian with fields normalised so that e^{−1} L = R −^1_2 (∂ϕ)^2 − 1 2p! F_{μ1 ···μp} F^{μ1 ···μp} , (99) can be written instead in terms of the n-form

L = R ∗1l −^1_2 ∗dϕ ∧ dϕ −^1_2 ∗F ∧ F . (100)

B S^2 reduction of gauged D = 7 supergravity

In this appendix, we address the question of whether the D = 5, N = 2 gauged supergravity coupled to a vector multiplet discussed in section 4.2 can also be obtained from an S^2 reduction of the D = 7, N = 2 gauged pure supergravity discussed in 3.1.

At the level of the bosonic sector, the following ansatz, which was considered in general in [26], gives a consistent reduction of the seven-dimensional gauged supergravity (23) to D = 5:

ds^2_7 = e^{− 25} √ 2 3 ϕ ds^2_5 + 2 λ^2 e^{35} √ 2 3 ϕ dΩ^2 , ϕ̂ = √ 3 5 ϕ F̂_{(4)} = 2 λ^2

F_{(2)} ∧ Ω_{(2)} , F̂^3_{(2)} = 2 λ Ω_{(2)} + G_{(2)} , F̂^1_{(2)} = 0 = F̂^2_{(2)} . (101) The resulting five-dimensional equations of motion are those of the bosonic sector of fivedimensional gauged supergravity coupled to a vector multiplet, described by (62) with g_2 = 0 and g^2_1 = 2g^2 +^1_2 λ^2 . (102) Note that the lower-dimensional “cosmological constant” g^2_1 is the sum of contributions from both λ and g. This implies that there is a 1-parameter family of ways of obtaining the same five-dimensional bosonic theory, with different proportions of the contributions to the lower-dimensional cosmological term coming from the curvature of the reduction 2-sphere versus the already-present cosmological term in the seven-dimensional gauged theory. In fact in one extreme, we can take λ = 0, which amounts to making a T^2 reduction of the D = 7 gauged theory. At the other extreme, we can take g = 0, which amounts to an S^2 reduction of the ungauged D = 7 theory.

The situation changes somewhat when we include the fermionic sector in the reduction. We find that for the general case with g and λ both non-zero, we cannot obtain a consistent five-dimensional supersymmetric theory. In fact this can be illustrated by considering a simple known supersymmetric solution of the five-dimensional gauged theory, namely the domain wall that preserves half of the D = 5 supersymmetry. In D = 5 this is given by ds^2_5 = W^{− 2}3 dx^μ dx_μ + W^{− 8}3 dy^2 , e^ϕ = W^− √ 2 3 , (103) where W = 1 + m y and m = g_1. Lifting this to D = 7 using (101), we find dŝ^2_7 = W^{− 2}5 (dx^μ dx_μ + 2 λ^2 dΩ^2) + W^{− 12}5 dy^2 , e^− 1√ 10 ϕ̂ = W^15 , F̂^3_{(2)} = 2 λ Ω_{(2)} . (104)

To illustrate the issue of supersymmetry, it suffices to consider just the dilatino transformation rule given in (28). In the background (104), the dilatino variation gives

δλ̂_i =^{1√}_{10} W^15 [_{1√} 2 m γ̂^5 ϵ_i + g ϵ_i +^i_2 λ (σ_3)_i^j γ̂^{67} ϵ_j ] , (105)

where the y direction is denoted by “5” and the two directions on S^2 are denoted by “6” and “7.” We see that to get preserved supersymmetry, we must have m = √ 2 (±g ±^1_2 λ) . (106)

This is compatible with (102) only if g = 0 or λ = 0.

In general, one may search for a fermion reduction by substituting the bosonic ansatz, (101), into the supersymmetry transformations (28). For the dilatino, we find δλ̂_i = −i √_6 5 e^{15}

√_2 3 ϕ[ −^i_4 γ^μ∂_μϕδ_i^j −^1_8^√_3 γ^{μν} ( e^{12}

√_2

3 ϕG_{μν} (σ^3)_i^j + √ 2e^− √_2

3 ϕF_{μν} (iγ^{67})δ_i^j )

+^i_2√_6 (√ 2g +^1√_2 λ(iγ^6γ^7)(σ^3)_i^j ) e^{− 12}

√_2 3 ϕ] ϵ̂_j , (107)

which may be compared with the corresponding D = 5 dilatino transformation of (63). A more direct comparison may be obtained by converting the spinors into their natural five-dimensional counterparts, following (50). However, even at present, it is clear that for the reduced dilatino to transform properly, one requires (up to an overall sign) m = √ 2[g +^1_2 λ(iγ^6γ^7)(σ^3)] (108)

(where this notation refers to the eigenvalues of the Dirac matrices on the reduced spinor parameter ϵ). This confirms (106), and furthermore indicates that the sign is dependent on the orientation of the S^2.

The supersymmetry of several breathing mode sphere reductions was considered in Ref. [27]. There it was conjectured that breathing mode reductions could be consistent, at least in the case of reduced supersymmetries. In the examples of Ref. [27], contributions to the lower-dimensional potential were similarly quadratic, as in (102), while contributions to the “superpotential” were linear, as in (108). However, unlike the present case, in those examples, the potential and superpotential comprised more than a single exponential, thus allowing the functional relationship between potential and superpotential to be satisfied for arbitrary values of the parameters. Furthermore, the earlier examples were all for sphere reduction of ungauged supergravities. From this point of view, the obstruction to having a consistent reduction on the fermions is similar to that discussed for the bosonic examples of section 5. Namely, turning on the graviphoton F̂^3_{(2)} (even when restricted to the sphere direction) gives rise to inconsistencies in the fermion sector.

References

[1] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83, 4690 (1999), arXiv:hep-th/9906064.

[2] H. Lü and C.N. Pope, Branes on the brane, Nucl. Phys. B598, 492 (2001), arXiv:hepth/0008050.

[3] M. Cvetič, H. Lü and C.N. Pope, Brane-world Kaluza-Klein reductions and branes on the brane, J. Math. Phys. 42, 3048 (2001), arXiv:hep-th/0009183.

[4] M.J. Duff, J.T. Liu and W.A. Sabra, Localization of supergravity on the brane, Nucl.

Phys. B605, 234 (2001), arXiv:hep-th/0009212.

[5] P. Horava and E. Witten, Heterotic and type I string dynamics from eleven dimensions, Nucl. Phys. B460, 506 (1996), arXiv:hep-th/9510209.

[6] J.L. Lehners and K.S. Stelle, D = 5 M-theory radion supermultiplet dynamics, arXiv:hep-th/0210228.

[7] H. Lü, C.N. Pope, E. Sezgin and K.S. Stelle, Stainless super p-branes, Nucl. Phys.

B456, 669 (1995), hep-th/9508042.

[8] H. Nastase, D. Vaman and P. van Nieuwenhuizen, Consistent nonlinear KK reduction of 11-D supergravity on AdS_7 ×S^4 and selfduality in odd dimensions, Phys. Lett. B469 (1999) 96, hep-th/9905075.

[9] H. Nastase, D. Vaman and P. van Nieuwenhuizen, Consistency of the AdS_7 × S_4 reduction and the origin of self-duality in odd dimensions, Nucl. Phys. B581 (2000) 179, hep-th/9911238.

[10] H. Lü and C.N. Pope, Exact embedding of N = 1, D = 7 gauged supergravity in D = 11, Phys. Lett. B467, 67 (1999), arXiv:hep-th/9906168.

[11] A.H. Chamseddine and W.A. Sabra, D = 7 SU(2) gauged supergravity from D = 10 supergravity, Phys. Lett. B476, 415 (2000), arXiv:hep-th/9911180.

[12] H. Lü and C.N. Pope, Domain walls from M-branes, Mod. Phys. Lett. A12, 1087 (1997), arXiv:hep-th/9611079.

[13] P.K. Townsend and P. van Nieuwenhuizen, Gauged seven-dimensional supergravity, Phys. Lett. B 125, 41 (1983).

[14] E. Bergshoeff, R. Kallosh and A. Van Proeyen, Supersymmetry in singular spaces, JHEP 0010, 033 (2000) arXiv:hep-th/0007044.

[15] M.J. Duff, J.T. Liu and K.S. Stelle, A supersymmetric type IIB Randall-Sundrum realization, J. Math. Phys. 42, 3027 (2001) arXiv:hep-th/0007120.

[16] H. Nishino and E. Sezgin, The complete N = 2, D = 6 supergravity with matter and Yang-Mills couplings, Nucl. Phys. B 278, 353 (1986).

[17] D. Youm, Solitons in brane worlds, Nucl. Phys. B 576, 106 (2000) arXiv:hepth/9911218.

[18] D. Youm, Bulk fields in dilatonic and self-tuning flat domain walls, Nucl. Phys. B 589, 315 (2000) arXiv:hep-th/0002147.

[19] M. Cvetič, H. Lü and C.N. Pope, Domain walls with localised gravity and domainwall/QFT correspondence, Phys. Rev. D 63, 086004 (2001), arXiv:hep-th/0007209.

[20] M. Cvetič, H. Lü and C.N. Pope, Gauged six-dimensional supergravity from massive type IIA, Phys. Rev. Lett. 83, 5226 (1999), arXiv:hep-th/9906221.

[21] L.J. Romans, The F (4) gauged supergravity in six dimensions, Nucl. Phys. B269, 691 (1986).

[22] M. Gunaydin, G. Sierra and P.K. Townsend, The geometry of N = 2 Maxwell-Einstein supergravity and Jordan algebras, Nucl. Phys. B 242, 244 (1984).

[23] M. Gunaydin, G. Sierra and P.K. Townsend, Gauging the D = 5 Maxwell-Einstein supergravity theories: more on Jordan algebras, Nucl. Phys. B 253, 573 (1985).

[24] M. Cvetič, M.J. Duff, P. Hoxha, J.T. Liu H. Lü, J.X. Lu, R. Martinez-Acosta, C.N.

Pope, H. Sati, T.A. Tran, Embedding AdS black holes in ten and eleven dimensions, Nucl. Phys. B558, 96 (1999), arXiv:hep-th/9903214

[25] M. Cvetič, H. Lü and C.N. Pope, Consistent Kaluza-Klein sphere reductions, Phys.

Rev. D62, 064028 (2000), arXiv:hep-th/0003286.

[26] M.S. Bremer, M.J. Duff, H. Lü, C.N. Pope and K.S. Stelle, Instanton cosmology and domain walls from M-theory and string theory, Nucl. Phys. B 543, 321 (1999) arXiv:hepth/9807051.

[27] J.T. Liu and H. Sati, Breathing mode compactifications and supersymmetry of the brane-world, Nucl. Phys. B 605, 116 (2001) arXiv:hep-th/0009184.