arXiv:hep-th/0212182 v2 17 Jan 2003

The anomalous dimension of the composite operator A^2 in the Landau gauge

D. Dudal^∗, H. Verschelde^†

Ghent University Department of Mathematical Physics and Astronomy, Krijgslaan 281-S9, B-9000 GENT, BELGIUM

and S.P. Sorella^‡

UERJ - Universidade do Estado do Rio de Janeiro, Rua São Francisco Xavier 524, 20550-013 Maracanã, Rio de Janeiro, Brazil.

January 17, 2003

Abstract

The local composite operator A^2 is analysed in pure Yang-Mills theory in the Landau gauge within the algebraic renormalization. It is proven that the anomalous dimension of A^2 is not an independent parameter, being expressed as a linear combination of the gauge β function and of the anomalous dimension of the gauge fields.

∗Research Assistant of The Fund For Scientific Research-Flanders, Belgium. †david.dudal@rug.ac.be, henri.verschelde@rug.ac.be ‡sorella@uerj.br

1 Introduction

Nowadays an increasing evidence has been reported on the relevance of the local composite operator A^a_μA^{aμ} for the nonperturbative regime of Yang-Mills theories quantized in the Landau gauge. That this operator has a special meaning in the Landau gauge can be simply understood by observing that, due to the transversality condition ∂_μA^{aμ} = 0, the integrated mass dimension two operator (V T )^{−1} ∫ d^4xA^a_μA^{μa} is gauge invariant, V T being the space-time volume. Lattice simulations [1] have indeed provided strong indications for the existence of the pure gluon condensate ⟨ A^a_μA^{aμ} ⟩ , confirming its relevance for the infrared dynamics of Yang-Mills. Also, the monopole condensation in compact QED turns out to be related to a phase transition for this condensate [2].

Recently, a renormalizable effective potential for ⟨ A^a_μA^{aμ} ⟩ has been obtained in [3] by using the local composite operator (LCO) technique [4]. This result shows that the vacuum of pure Yang-Mills theory favors a nonvanishing value of this condensate, which provides effective masses for the gluons while contributing to the dimension four condensate ⟨αF^2⟩ through the trace anomaly. It is worth remarking here that this mass has a pure dynamical origin and manifests itself without breaking the gauge group. Both features are indeed expected in a confining gauge theory, being in agreement with the Kugo-Ojima criterion for color confinement [5].

An important ingredient in the analysis of the effective potential for the gluon condensate is the anomalous dimension γ_A2 of the operator A^a_μA^{aμ} . Till now, γ_A2 has been computed up to three loops in the MS renormalization scheme [6]. The available expression for γ_A2 shows rather interesting properties concerning the operator A^a_μA^{aμ} in the Landau gauge. It turns out indeed that, besides being multiplicative renormalizable, its anomalous dimension can be expressed as a combination of the gauge β function and of the anomalous dimension γ_A of the gauge fields, according to the relation

γ_A2 = − ( β(a) a + γ_A(a) ) , a = g^2 16π^2

, (1.1)

which can be easily checked up to three loops [6]. This feature strongly supports the existence of some underlying Ward identities which should be at the origin of eq.(1.1), meaning that γ_A2 is not an independent parameter of the theory.

The aim of this paper is to provide an affirmative answer concerning the possibility of giving a purely algebraic proof of the relation (1.1), which extends to all orders of perturbation theory. Our proof will rely only on the use of the Slavnov-Taylor identity and of an additional Ward identity, known as the ghost Ward identity, present in the Landau gauge [7]. Furthermore, according to [7], it turns out that also the anomalous dimension γ_c of the Faddeev-Popov ghosts can be written as a combination of β and γ_A, namely

2γ_c(a) = β(a) a − γ_A(a) . (1.2)

Both relations (1.1) and (1.2) can be used as a very useful check for higher order computations in Yang-Mills theories quantized in gauges which reduce to the Landau gauge when the gauge parameters are set to zero, as in the case of the nonlinear Curci-Ferrari gauge [6].

The work is organized as follows. In Sect.1 we give a brief account of eqs.(1.1) and (1.2) by making use of the available three loops expressions. Sect.2 is devoted to their algebraic proof.

2 The anomalous dimension of the operator A^2 in the Landau gauge

In order to give a short account of the relations (1.1) and (1.2), let us recall the three loop expressions of the gauge β function and of the gauge and ghost fields anomalous dimensions γ_A and γ_c, as given in [6]. They read β(a) a = − 11 3 (Na) − 34 3 (Na)^2 −

2857 54 (Na)^3 , (2.3)

γ_A = − 13 6 (Na) − 59 8 (Na)^2 +

(648ς(3) − 39860)

1152

(Na)^3 , (2.4) and γ_c = − 3 4 (Na) − 95 48 (Na)^2 −

(1944ς(3) + 63268) 6912

(Na)^3 , (2.5) where N is the number of colors corresponding to the gauge group SU(N). Making use of the relation

γ_A2 = − ( β(a) a + γ_A(a) ) , (2.6)

for the anomalous dimension of A^a_μA^{aμ} one gets, up to the third order,

• first order γ^{(1)}_A2 = − ( β^{(1)} a + γ^{(1)}_A ) = 35 6 (Na) . (2.7)

• second order

γ^{(2)}_A2 = − ( β^{(2)} a + γ^{(2)}_A ) = 449 24 (Na)^2 . (2.8)

• third order

γ^{(3)}_A2 = − ( β^{(3)} a + γ^{(3)}_A ) = ( 75607 864 − 9 16 ς(3) ) (Na)^3 . (2.9)

Expressions (2.7), (2.8), (2.9) are in complete agreement with those given in^1 [6]. Concerning now the ghost anomalous dimension γ_c in eq.(2.5), it is straightforward to verify in fact that the relation

2γ_c(a) = β(a) a − γ_A(a) , (2.10)

holds. This equation expresses the nonrenormalization properties of the ghost fields in the Landau gauge and, as shown in [7], follows from the ghost Ward identity. Although we are considering only pure Yang-Mills theory, it is worth mentioning that eqs.(2.6) and (2.10) remain valid also in the presence of matter fields, as one can verify from [6].

1Notice that the anomalous dimension γ_O for A^2 given in [6] is related to γ_A2 in eq.(2.6) by γ_A2 = −4γ_O.

3 Algebraic proof

In this Section we provide an algebraic proof of the relation (2.6). We shall make use of a suitable set of Ward identities which can be derived in the Landau gauge in order to characterize the local operator A^2. Let us begin by reminding the expression of the pure Yang-Mills action in the Landau gauge

S = S_{Y M} + S_{GF +F P} (3.11) = − 1 4 ∫ d^4xF^a_{μν} F^{aμν} + ∫ d^4x ( b^a∂_μA^{aμ} + c^a∂^μD^{ab}_μ c^b ) , where D^{ab}_μ ≡ ∂_μδ^{ab} + gf^{acb}A^c_μ . (3.12) To study the operator A^a_μA^{aμ}, we introduce it in the action by means of a set of external sources. It turns out that three external sources J, η^μ and τ^μ are needed, so that

S_J = ∫ d^4x [ J 1 2 A^a_μA^{aμ} + ξ 2 J^2 − η^μA^a_μc^a − τ^μs(A^a_μc^a) ] (3.13) = ∫ d^4x [ J 1 2 A^a_μA^{aμ} + ξ 2 J^2 − η^μA^a_μc^a + τ^μ∂_μc^ac^a + g 2 τ^μf^{abc}A^a_μc^bc^c ] , where s denotes the BRST operator acting as sA^a_μ = −D^{ab}_μ c^b sc^a = g 2 f^{abc}c^bc^c sc^a = b^a sb^a = −Jc^a sJ = 0 sη^μ = ∂^μJ sτ^μ = η^μ . (3.14)

It is easy to check that

s (S_{Y M} + S_{GF +F P} + S_J) = 0 . (3.15)

According to the LCO procedure [3, 4], the dimensionless parameter ξ is needed to account for the divergences present in the vacuum Green function ⟨A^2(x)A^2(y)⟩ , which are proportional to J^2.

3.1 Ward identities

In order to translate the BRST invariance (3.15) into the corresponding Slavnov-Taylor identity [8], we introduce two additional external sources Ω^a_μ and L^a coupled to the nonlinear BRST variation of A^a_μ and c^a S_{ext} = ∫ d^4x [ −Ω^{aμ}D^{ab}_μ c^b + L^a g 2 f^{abc}c^bc^c ] , (3.16)

with

sΩ^a_μ = sL^a = 0 .

The complete action

Σ = S_{Y M} + S_{GF +F P} + S_{LCO} + S_{ext} . (3.17)

turns out thus to obey the following identities:

• The Slavnov-Taylor identity

S(Σ) = 0 , (3.18)

S(Σ) = ∫ d^4x ( δΣ δA^a_μ δΣ δΩ^{aμ} + δΣ δL^a δΣ δc^a + b^a δΣ δc^a + ∂_μJ δΣ δη_μ + η^μ δΣ δτ^μ − Jc^a δΣ δb^a )

(3.19)

• The Landau gauge condition δΣ δb^a = ∂_μA^{μa} , (3.20)

and the antighost Ward identity δΣ δc^a + ∂_μ δΣ δΩ^a_μ = 0 , (3.21)

• The ghost Ward identity [7, 8]

G^aΣ = Δ^a_{cl} , (3.22)

where G^aΣ = ∫ d^4x ( δΣ δc^a + gf^{abc}c^b δΣ δb^c − τ_μ δΣ δΩ^a_μ ) , (3.23) and Δ^a_{cl} = ∫ d^4x ( gf^{abc}Ω^b_μA^{cμ} − gf^{abc}L^bc^c + η^μA^a_μ ) . (3.24)

Notice that expression (3.24), being purely linear in the quantum fields, is a classical breaking. It is remarkable that the ghost Ward identity can be established also in the presence of the external sources (J, η^μ, τ^μ). As we shall see, this identity will play a fundamental role for the algebraic proof of the relation (2.6).

3.2 Algebraic characterization of the general local counterterm

We are now ready to analyse the structure of the most general local counterterm compatible with the identities (3.18) − (3.22). Let us begin by displaying the quantum numbers of all fields and sources, namely

A^a_μ c^a c^a b^a L^a Ω^a_μ J η^μ τ^μ Gh. number 0 1 −1 0 −2 −1 0 −1 −2 Dimension 1 0 2 2 4 3 2 3 3

(3.25)

In order to characterize the most general invariant counterterm which can be freely added to all orders of perturbation theory, we perturb the classical action Σ by adding an arbitrary integrated local polynomial Σ^{count} in the fields and external sources of dimension bounded by four and with zero ghost number, and we require that the perturbed action (Σ + εΣ^{count}) satisfies the same Ward identities and constraints as Σ to the first order in the perturbation parameter ε, i.e.

S(Σ + εΣ^{count}) = 0 + O(ε^2) , δ(Σ + εΣ^{count}) δb^a = ∂^μA^a_μ + O(ε^2) ,

( δ δc^a + ∂_μ δ δΩ^a_μ ) (Σ + εΣ^{count}) = 0 + O(ε^2) ,

G^a(Σ + εΣ^{count}) = Δ^a_{cl} + O(ε^2) . (3.26)

This amounts to impose the following conditions on Σ^{count}

B_ΣΣ^{count} = 0 , (3.27)

B_Σ = ∫ d^4x ( δΣ δA^a_μ δ δΩ^{aμ} + δΣ δΩ^{aμ} δ δA^a_μ + δΣ δL^a δ δc^a + δΣ δc^a δ δL^a +b^a δ δc^a + ∂_μJ δ δη_μ + η^μ δ δτ^μ − Jc^a δ δb^a ) , and δΣ^{count} δb^a = 0 , (3.28)

δΣ^{count} δc^a + ∂_μ δΣ^{count} δΩ^a_μ = 0 , (3.29)

G^aΣ^{count} = 0 . (3.30) From equations (3.28) and (3.29) it follows that Σ^{count} does not depend on the Lagrange multiplier field b^a and that the antighost c^a enters only through the combination ^Ω^a_μ = ( Ω^a_μ + ∂_μc^a ) . As a consequence, Σ^{count} can be parametrized as follows

Σ^{count} = S^{count}(A) + ∫ d^4x (a_1 2 f^{abc}L^ac^bc^c + a_2 ^Ω^a_μ∂^μc^a + a_3f^{abc} ^Ω^a_μA^b_μc^c + a_4 2 ξJ^2 )

+ ∫ d^4x (a_5 2 JA^a_μA^{aμ} + a_6η^μA^a_μc^a + a_7 2 τ^μf^{abc}A^a_μc^bc^c + a_8τ^μ∂_μc^ac^a ) , (3.31)

where a_i, i = 1, ..8, are free parameters and S^{count}(A) depends only on the gauge fields A^a_μ. From the ghost Ward identity condition (3.30) it follows that

a_1 = a_3 = a_6 = a_7 = 0 , (3.32) a_8 = −a_2 .

The vanishing of the coefficient a_1 expresses the absence of the counterterm f^{abc}L^ac^bc^c. Also, a_3 = 0 states the nonrenormalization of the ghost-antighost-gluon vertex, stemming from the transversality of the Landau propagator and from the factorization of the ghost momentum. As shown in [7], these features are related to a set of nonrenormalization theorems of the Landau gauge. Furthermore, the vanishing of a_6 implies the ultraviolet finiteness of the operator A_μc. It is easy to check indeed that at one loop order the 1PI amputated Green function ⟨A_μ(x)c(x) A_ν (y)c(z)⟩_{1P I} with the insertion of A_μc is not divergent, due to the transversality of the Landau propagator. These finiteness properties extend to all orders, due to the ghost Ward identity (3.22). It remains now to work out the condition (3.27). Making use of the well known results on the cohomology of Yang-Mills theory [8, 9], it turns out that the condition (3.27) implies that the coefficient a_5 is related to a_2, a_5 = a_2 , (3.33)

and that S^{count}(A) can be written as

S^{count}(A) = ρS_{Y M} (A) + a_2 ∫ d^4xA^a_μ δS_{Y M} (A) δA^a_μ , S_{Y M} (A) = − 1 4 ∫ d^4xF^a_{μν} F^{aμν} , (3.34)

where ρ is a free parameter. In summary, the most general local counterterm compatible with the Ward identities (3.18) − (3.22) contains three independent parameters ρ, a_2, a_4, and reads

Σ^{count} = ρS_{Y M} (A) + a_2 ∫ d^4xA^a_μ δS_{Y M} (A) δA^a_μ + ∫ d^4x ( a_2 ( Ω^a_μ + ∂_μc^a ) ∂^μc^a + a_4 2 ξJ^2 + a_2 2 JA^a_μA^{aμ} − a_2τ^μ∂_μc^ac^a ) . (3.35)

It is apparent from the above expression that the parameters ρ and a_2 are related to the renormalization of the gauge coupling g and of the gauge fields A^a_μ, while the parameter a_4 corresponds to the renormalization of ξ. It should be remarked also that the coefficient of the counterterm JA^a_μA^{aμ} is given by a_2. This means that the renormalization of the external source J, and thus of the composite operator A^a_μA^{aμ}, can be expressed as a combination of the renormalization constants of the gauge coupling and of the gauge fields. As we shall see in the next section, this property will lead to the eq.(2.6).

3.3 Stability and renormalization constants

Having found the most general local counterterm compatible with all Ward identities, it remains to discuss the stability [8] of the classical starting action, i.e. to check that Σ^{count} can be reabsorbed in the starting action Σ by means of a multiplicative renormalization of the coupling constant g, the parameter ξ, the fields {ϕ = A, c, c, b} and the sources {Φ = J, η, τ, L, Ω}, namely

Σ(g, ξ, ϕ, Φ) + εΣ^{count} = Σ(g_0, ξ_0, ϕ_0, Φ_0) + O(ε^2) , (3.36) where, adopting the same conventions of [6]

g_0 = Z_gg , (3.37) ξ_0 = Z_ξξ , ϕ_0 = Z^{1/2}_ϕ ϕ , Φ_0 = Z_ΦΦ .

As already mentioned, the parameters ρ and a_2 are related to the renormalization of g and A^a_μ, according to

Z_g = 1 − ε ρ 2 , (3.38)

Z^{1/2}_A = 1 + ε ( a_2 + ρ 2 ) . Concerning the other fields, it is almost immediate to verify that they are renormalized as follows

Z_b = Z^{−1}_A , (3.39) and Z_c = Z_c = Z^{−1}_g Z^{−1/2}_A . (3.40) Similar relations are easily found for the sources. In particular, for the source J and for the parameter ξ one has

Z_J = Z_A2 = Z_g Z^{−1/2}_A , (3.41) and Z_ξ = 1 + ε (a_4 + 2a_2 + 2ρ) = (1 + εa_4) Z^{−2}_g Z_A . (3.42)

We see therefore that the relation

γ_A2 = − ( β(a) a + γ_A(a) ) , (3.43)

follows from eq.(3.41). Concerning now the eq.(2.10) for the ghost anomalous dimension, it is a direct consequence of eq.(3.40).

Summarizing, we have been able to give a purely algebraic proof of the relationship (2.6). This means that the anomalous dimension γ_A2 of the composite operator A^a_μA^{aμ} is not an independent parameter for Yang-Mills theory in the Landau gauge.

4 Acknowledgments

D. Dudal would like to thank J. Gracey for sharing his results on the possible existence of the relations (1.1) and (1.2) prior to the publication of [6]. The Conselho Nacional de Desenvolvimento Científico e Tecnológico CNPq- Brazil, the Fundação de Amparo a Pesquisa do Estado do Rio de Janeiro (Faperj) and the SR2-UERJ are acknowledged for the financial support.

References

[1] Ph. Boucaud, A. Le Yaouanc, J.P. Leroy, J. Micheli, O. Pène, J.

Rodríguez-Quintero, Phys. Lett. B493 (2000) 315;

Ph. Boucaud, A. Le Yaouanc, J.P. Leroy, J. Micheli, O. Pène, J. Rodríguez-Quintero, Phys. Rev. D63 (2001) 114003;

Ph. Boucaud, J.P. Leroy, A. Le Yaouanc, J. Micheli, O. Pène, F. De Soto, A. Donini, H. Moutarde, J.

Rodríguez-Quintero, Phys.Rev. D66 (2002) 034504.

[2] F.V. Gubarev and V.I. Zakharov, Phys. Lett. B501 (2001) 28;

F.V. Gubarev, L. Stodolsky and V.I. Zakharov, Phys. Rev. Lett. 86 (2001) 2220.

[3] H. Verschelde, K. Knecht, K. Van Acoleyen, M. Vanderkelen, Phys. Lett.

B516 (2001) 307.

[4] H. Verschelde, Phys.Lett. B351 (1995) 242;

H. Verschelde, S. Schelstraete, M. Vanderkelen, Z.Phys. C76 (1997) 161.

K. Knecht and H. Verschelde, Phys. Rev. D64 (2001) 085006. [5] T. Kugo and I. Ojima, Massive Gauge Boson Implies Spontaneous Breakdown of the Global Gauge Symmetry: Higgs Phenomenon and Quark Confinement, Print-79-0268 (Kyoto), KUNS-486, Feb 1979. 41pp.

[6] J. A. Gracey, Phys.Lett. B552 (2003) 101.

R.E. Browne, J.A. Gracey, Phys.Lett. B540 (2002) 68-74. [7] A. Blasi, O. Piguet and S.P. Sorella, Nucl. Phys. B356 (1991) 154; [8] O. Piguet and S.P. Sorella, Algebraic Renormalization, Monograph series m28, Springer Verlag, 1995.

[9] G. Barnich, F. Brandt and M. Henneaux, Phys. Rept. 338 (2000) 439.