arXiv:hep-th/0212206 v2 11 Jun 2003

hep-ph/0212206 IFT-02/42

December 2002

Deconstructing 5D supersymmetric U(1) gauge theories on orbifolds

Adam Falkowski^1, Hans-Peter Nilles^2, Marek Olechowski^1, Stefan Pokorski^1

1 Institute of Theoretical Physics, Warsaw University Hoża 69, 00-681 Warsaw, Poland

2 Physikalisches Institut der Universität Bonn Nussallee 12, 53115 Bonn, Germany

afalkows@fuw.edu.pl, nilles@th.physik.uni-bonn.de,
      olech@fuw.edu.pl, pokorski@fuw.edu.pl

Abstract We investigate deconstruction of five dimensional supersymmetric abelian gauge theories compactified on S_1/Z_2, with various sets of bulk and matter multiplets. The problem of anomalies, chirality and stability in the deconstructed theories is discussed. We find that for most of the 5d brane/bulk matter assignments there exists the deconstructed version. There are, however, some exceptions.

Higher dimensional gauge theories offer interesting new tools to understand the roots of the Standard Model. Among other things, compactification on orbifolds is a very efficient mechanism of reducing symmetries. Moreover compactification on orbifolds is a simple mechanism to generate chirality in four dimensions. Another important virtue of higher dimensional theories is the possibility of localizing wave functions in extra dimensions. This can explain the hierarchy of various physical parameters, e.g. fermion masses, as a result of a small overlap of wave functions localized at different positions in extra dimensions. However, gauge theories in more than four dimensions are non-renormalizable and some quantum problems cannot be addressed in an unambiguous way.

It has recently been demonstrated [1, 2] that the physics of higher dimensional gauge theories can be reproduced in certain four dimensional theories with enlarged gauge symmetry. For example, the correspondence exists between five dimensional gauge theories with the gauge group G and four dimensional gauge theories with the gauge group G replicated N times, G × G × · · · × G. The four dimensional theory is referred to as ‘latticized’ or ‘deconstructed’ and can be viewed as a renormalizable completion of the latter. A more general view on deconstruction is that, inspired by higher dimensional gauge theories, one arrives at a class of purely 4d renormalizable gauge theories that offer (and often generalize) similar benefits to those of higher dimensional gauge theories.

Recently, some attention has been focused on 5d supersymmetric U(1) gauge theories compactified on the orbifold S_1/Z_2 (or more generally on the question of anomalies, localization and stability which is most easily studied in the U(1) case). In this letter we investigate how similar properties appear in deconstruction. As a by-product of this discussion we clarify some aspects of the correspondence between the geometrical space in 5d and the ‘group product space’ in 4d.

We begin with recalling the construction of 5d supersymmetric U(1) gauge theories on orbifolds. The 5d Abelian gauge theory in a flat background in the N = 1 superspace formalism [3, 4, 5, 6] reads:

S_{5g} = ∫ d^4xdy {[ 1 2 W^αW_α + h.c. ] F + [( ∂_5V − 1 √ 2 ( Φ + Φ^† ) )_2] D } . (1)

In the above, V = (A_μ, χ, D) is the N = 1 vector multiplet and Φ = (^{1√}_2 Σ + i^{1√}_2 A_5, Ψ, G) is a chiral multiplet, singlet under U(1), which completes the vector multiplet to the 5d N = 2 multiplet.

The action for a bulk matter multiplet (called hypermultiplet) charged under U(1) is given by: S_{5h} = ∫ d^4xdy [ H^†e^{2g5qV} H + H̃^†e^{−2g5qV} H̃ ] D + ∫ d^4xdy [√ 2g_5H̃ΦH + H̃∂_5H + h.c. ] F (2) where H = (H, ψ, F ) and H̃ = (H̃, ψ̃, F̃ ) are two chiral multiplets in fundamental and antifundamental representation of the gauge group that make up one 5d hypermultiplet.

The pure 5d supersymmetric U(1) gauge theory on S_1/Z_2 is non-anomalous. This is because all fields of the gauge multiplet are U(1) singlets. But in models with a charged hypermultiplet the orbifold projection leaves only one chiral zero-mode and so the 4d effective theory is anomalous. This anomaly manifests itself in a peculiar way in the full 5d set-up, namely, half of the anomaly is localized at each fixed point [7]:

∂_αJ^α = 1 2 [δ(y) + δ(y − πR)] Q (3) where Q is the standard anomaly of the 4d effective theory (analogous anomalies for more complicated orbifolds are discussed in ref. [8]). This anomaly can of course be cancelled by adding another hypermultiplet with the zero mode of opposite charge. Another option is to add a chiral multiplet of opposite charge at one of the fixed points which also contribute to localized anomalies. Both possibilities lead to non-anomalous zero-mode spectrum but in the latter case, due to the factor 1/2 in eq. (3), the 5d current still looks anomalous, ∂_αJ^α = 1 2 [−δ(y) + δ(y − πR)]Q. However, this would-be anomaly can be removed by adding a local Chern-Simons counterterm [9, 10, 11] and does not lead to any inconsistencies of the theory. Hence, to have a non-anomalous 5d model of this type it is enough to insist on non-anomalous spectrum of the zero-modes.

It is well-known that 4d supersymmetric theories with U(1) gauge symmetry allow for the presence of the ξ[V ]_D term in the action. In 5d models the situation is different as the symmetries (N = 2 in the bulk and N = 1 on the boundaries) allow only for FI terms localized at the boundaries [12], ∫ d^4xdyD[ξ_0δ(y) + ξ_πδ(y − πR)]. If we insist that supersymmetry is not spontaneously broken, the vacuum configuration must satisfy the D-flatness condition: ∫ dy [ ξ_0δ(y) + ξ_πδ(y − πR) + g_5q(H^2 − H̃^2) ] = 0 . (4)

If the gauge symmetry is to stay unbroken, the hypermultiplet scalars cannot receive any vevs. Then, from the D-flatness condition it follows that the FI terms satisfy:

ξ_0 + ξ_π = 0 . (5)

The condition (5) translates into vanishing of an FI term in the 4d effective theory. The effect of such FI term in the 5d picture is to induce an expectation value of the gauge multiplet scalar Σ according to the equation: ⟨Σ⟩ = 1 2 ξ_πϵ(y) . (6)

If only the gauge multiplet were present, the vev of Σ would have no effect whatsoever on the low-energy effective theory. In the presence of a bulk hypermultiplet, the vev of Σ induces the hypermultiplet kink-mass term: W = √ 2g_5ΦHH̃ → Mϵ(y)HH̃ (7) with M =^1_2 g_5ξ_π . Such a kink-mass leaves the zero-mode massless while it shifts the tower of the massive KK modes, m^2_n = M^2 + (n/R)^2 for n > 0. It also disturbs the profiles of the wave functions, in particular, it leads to an exponential localization of the zero-mode:

H^{(0)} = √ M 2 (e^{M πR} − 1) e^{M |y|} . (8) Depending on the sign of M, the zero-mode is localized either on the y = 0 or y = πR brane.

It was found in ref. [9, 13] that in 5d localized FI terms can be generated dynamically. More precisely a bulk hypermultiplet with the zero-mode of charge q generates the operator Dg q 2 { Λ^2 16π^2 [δ(y) + δ(y − πR)] + ln Λ^2 64π^2 [δ^{′′}(y) + δ^{′′}(y − πR)] + . . . } . (9)

It has contributions localized at the orbifold fixed points which are quadratically sensitive to the cut off scale Λ. Besides, there are logarithmically divergent contributions that depend on the thickness σ of the brane. If σ is of the order of Λ^{−1} then we expect that the δ^{′′} terms are subleading. On the other hand a brane chiral multiplet of charge q_0, located at y = 0, generates just the standard FI term Dgq_0^{Λ2}_{16π2} δ(y) localized at y = 0. This raises the question about stability of various configurations of matter fields in the 5d set-up. As we discussed previously we should concentrate on those configurations for which the sum of charges Tr q of the massless modes vanishes. Thus we can consider the following examples of just two massless fields with opposite charges:

• Two bulk hypermultiplets with the zero-modes of opposite charges. This configuration is perfectly stable, as the operators of eq. 9 generated by the two hypermultiplets cancel.

• Two 4d chiral multiplets of opposite charges localized at the fixed points. If both multiplets live at the same fixed point, the generated FI terms of course cancel. If they live at different fixed points then localized FI terms satisfying the condition (5) are generated.

• One bulk hypermultiplet of charge q together with one brane chiral multiplet of charge −q localized at y = 0. In such a case the operator Dg q 2 { Λ^2 16π^2 [−δ(y) + δ(y − πR)] + ln Λ^2 64π^2 [δ^{′′}(y) + δ^{′′}(y − πR)] } (10)

is generated. As a result, the profile of the hypermultiplet zero-mode is modified so that for large Λ it is sharply localized at y = 0 where the chiral multiplet lives. This spontaneous localization is partly due to the kink-mass for the hypermultiplet generated by the terms in (10) proportional to Λ^2 (such terms alone would lead to an exponential profile). On top of it, the δ^{′′} terms may lead to further localization of the zero-mode in a region around y = 0 with the thickness σ given by that of the fixed point brane. In addition to the localization of the zero mode, the massive Kaluza–Klein modes become very heavy with masses above the cut off scale. In such a way a bulk field effectively

U(1) U(1) U(1) U(1)

Φ_1 ΦN−1

Figure 1: The quiver diagram of the model

becomes a brane field: it is localized at a brane and it has no massive modes (below the cut off).

The above simple example can be generalized to more complicated situations with more than two multiplets. In general there can be three types of fields: brane chiral multiplets at y = 0 with the U(1) charges q_0; brane chiral multiplets at y = πR with charges q_π; bulk hypermultiplets with zero mode charges q_B. Such a model is anomaly free and can have unbroken supersymmetry if ∑ q_0 + ∑ q_π + ∑ q_B = 0 . (11)

Not all such models are stable. In some cases the bulk fields get localized and effectively change to brane fields. It has been shown in ref. [13] that the bulk fields are stable if the zero-mode charges sum up to zero not only globally but also locally: ∑ q_0 + 1 2 ∑ q_B = 0 , ∑ q_π + 1 2 ∑ q_B = 0 . (12)

These two conditions correspond to the part of the FI terms (9) proportional to Λ^2. In case the δ^{′′} terms are not subleading we must ensure cancellation of logarithmically divergent contributions to the FI terms. Then there is an additional stability condition: ∑ q_B = 0 . (13)

Later we will compare 5d models with models obtained in deconstruction. Such comparison should be performed at the level of the effective 4d models. Thus, one needs a criterion to distinguish the bulk fields from the brane fields from the 4d point of view. The existence of massive KK modes is such a criterion: a brane field has only the zero mode while a bulk field has a zero mode and a tower of massive modes (with masses below the cut-off or the deconstruction scale).

In the remainder of this letter we discuss the issue of FI terms, anomalies and localization in the deconstruction set-up. It has been suggested in ref. [2] (and in [14] for a supersymmetric case) that the physics of gauge theories on orbifolds can be realized in deconstruction if the quiver diagram of the 4d model is of the ‘aliphatic’ type, see Fig. 1. More precisely, deconstruction of 5d supersymmetric U(1) gauge theory involves N U(1) gauge multiplets V_p and N − 1 chiral multiplets Φ_p (called link-Higgs) charged as (Q, −Q) under the p-th and p + 1-th gauge group, respectively. Note that such choice of the charges introduces ‘orientation’ in the group product space. The vacuum expectation values of the link-Higgs bosons break the product group down to the diagonal subgroup and it is below the scale set by these vevs where the correspondence holds.

The correspondence to gauge theories in a flat background is realized by assuming universal values of the gauge coupling and link-Higgs vevs, g_p = g, v_p = v (nonuniversal values correspond to 5d gauge theories in warped backgrounds [15, 16, 17]). For deconstruction of SU(M) gauge theories, arbitrary link-Higgs vevs are flat directions of the scalar potential. This is no longer the case for deconstructing U(1). Note first that now FI terms for every gauge group are consistent with the symmetries, as in deconstruction we have only N = 1 supersymmetry. Adding the FI terms ∑ p 2ξ_p[V_p]_D results in the scalar potential: V = 1 2 g^2 [ (Q|Φ_1|^2 + ξ_1)^2 + (Q|Φ_2|^2 − Q|Φ_1|^2 + ξ_2)^2 + · · · + (−Q|Φ_{N −1}|^2 + ξ_N )^2 ] . (14)

The first thing to see here is that if all the FI terms were set to zero, the minimum of this potential would be at ⟨Φ_p⟩ = 0 (corresponding to an unbroken product gauge group) and there would be no energy range where the deconstruction model could match the 5d gauge theory. This situation is different from the 5d case, where the presence of FI terms is by no means necessary. Secondly, the minimum with unbroken supersymmetry satisfies:

Q⟨Φ_1⟩^2 = −ξ_1 , Q⟨Φ_2⟩^2 = −ξ_1 − ξ_2 , . . . Q⟨Φ_{N −1}⟩^2 = −ξ_1 − ξ_2 − . . . − ξ_{N −1} = ξ_N . (15)

As we are interested here in models with universal link-Higgs vevs we must further constrain ξ_2 = . . . = ξ_{N −1} = 0, thus we must forbid the appearance of FI terms in all except the boundary gauge groups. In such a case the existence of a supersymmetric minimum requires the (fine-tuning) condition on the FI terms and additional conditions on their signs:

ξ_1 + ξ_N = 0 , Qξ_1 < 0 . (16)

(From the above it follows that Qξ_N > 0.) The former condition is clearly the analog of eq. (5) which ensures that the FI term in the effective low-energy theory vanishes. The latter has no corresponding condition in the 5d theory, which again signals that the role of FI terms in deconstruction cannot be exactly mapped on the 5d theory. At this stage the FI terms are introduced ‘by hand’. Once their magnitude is chosen, the deconstruction scale is unambiguously determined, thus the arbitrariness in choosing the FI terms translates into arbitrariness of choosing the cut-off scale of the 5d theory. Observe that the FI terms generated by the link fields (which give nonzero net charges for the first and the last groups) can not be used to break the product gauge group because they do not satisfy the second of the conditions (16).

5d gauge theories on S_1/Z_2, without matter, are of course anomaly free as all the fields in the gauge supermultiplet are U(1) singlets. However in deconstruction the link-Higgs multiplets are chiral and are charged under U(1), which implies that the problem of anomalies has to be reconsidered. Indeed, the deconstruction model as it stands is inconsistent as the U(1) gauge symmetries are anomalous. There are two kinds of anomalies: mixed anomalies [21] of the neighboring groups and boundary anomalies [14], that is the anomalies of the first and the N-th group. The anomalous variation of the action can be written in the superspace formalism as: δL_{an} = −^i_{12π2} Q^2 ∑_{N −1} p=1 ∫ d^2θ Λ_p ( W^α_{p+1}W_{α,p+1} − W^α_{p−1}W_{α,p−1} − 2W^α_p W_{α,p+1} + 2W^α_p W_{α,p−1} ) −^i_{12π2} Q^2 ∫ d^2θ (Λ_1 W^α_1 W_{α,1} − Λ_N W^α_N W_{α,N} ) + h.c , (17)

This variation can be cancelled by adding a local polynomial in the link-Higgs and the gauge fields, the so-called Wess-Zumino (WZ) terms. In deconstruction we should impose an additional constraint that, in the continuum limit, the WZ terms match some 5d invariant term. A natural candidate [20] for the continuum limit is the 5d Chern-Simons (CS) term. With such constraint, in order to cancel the mixed anomalies we can choose any of the family of WZ terms parametrized by C:

L_{SW Z} = −^1_{24π2} Q^2 ∫ d^2θ log(Φ_p/v) [ (C − 1)W_{α,p}W^α_p + (C − 1)W_{α,p+1}W^α_{p+1} + (C + 2)W_{α,p}W^α_{p+1} ] −^C_{24π2} Q^2 ∫ d^4θ [ (V_pD_αV_{p+1} − V_{p+1}D_αV_p)(W^α_p + W^α_{p+1}) ] + h.c. (18)

that in the continuum limit yield the 5d CS term L_{CS} = −^{CQ2}_{12π2} ϵ_{αβγδϵ} [A_α∂_βA_γ ∂_δA_ϵ]. However cancellation of the boundary anomalies uniquely sets C = 0 in eq. (18). Therefore the continuum limit of the deconstructed theory is a 5d theory with no CS term, as it should be in the absence of matter.

Note however, that cancelling anomalies via the WZ terms leaves non-zero Trq in the boundary groups, which generates additional FI terms at the one-loop level. The resulting shift of the FI terms may result in instability of the model. We shall return to the question of stability of various deconstructed 5d configurations at the end of this letter.

Now we turn our attention to the physics of a 5d hypermultiplet realized in deconstruction. In order to mimic hypermultiplets one introduces [14] two sets of chiral multiplets, H_p = (H_p, ψ_p) and H̃_p = (H̃_p, ψ̃_p) (later called ‘replicated multiplets’), with charge Q and −Q with respect to the p-th gauge group. The most general renormalizable superpotential with mass terms and couplings independent of p is the following W = N −1∑

p=1 √ 2λH̃_pΦ_pH_{p+1} − N∑ p=1 mH̃_pH_p . (19)

The Yukawa coupling λ should be fine-tuned to the gauge coupling, λ = g, in order to match the N = 2 supersymmetric interactions of the 5d theory. Furthermore, the fine-tuning of the mass parameter m to the link-Higgs vev, m = gv, leads to the similar spectrum and interactions as those of a 5d bulk hypermultiplet without a kink-mass term. Note also that, with such set of links, we can only reproduce hypermultiplets with charge Q. If we allow for non-renormalizable interactions in the superpotential all rational charges are allowed.

When deconstructing orbifold theories, one has to set either H̃_N ≡ 0 or H_1 ≡ 0. The first choice results in the zero mode of charge Q under the diagonal group while the second yields the zero mode of charge −Q. This way one introduces chirality in the matter sector. In 5d gauge theories chirality appears due to the Z_2 symmetry (or boundary conditions in the ‘downstairs picture’) which removes some of the degrees of freedom from the spectrum. Z_2 acts differently on left- and right-handed fermion components and, in particular, it leaves in the spectrum only one chiral component of the zero mode. In deconstruction we have neither Z_2 nor boundaries to define the boundary conditions and chirality must be introduced ‘by hand’. For the case without matter multiplets this step is fairly straightforward. Going from the periodic to the aliphatic quiver diagram consists in removing one chiral multiplet Φ_N which results in an odd number of chiral fermions in the theory (N gauginos and N − 1 link Higgsinos). Thus the intuitive step of turning the ‘circle’ into a ‘line’ automatically introduces chirality as well. When the replicated matter fields H_p, H̃_p are present one can apparently remove many different chiral multiplets to introduce chirality. However these possibilities are not equivalent and only removing H̃_N or H_1 yields, in the deconstruction phase, the spectrum and interactions similar to those of the 5d case. For example, the other intuitive possibilities - removing H̃_1 or H_N - yield the low-energy spectrum which does not correspond to any 5d model. The difference can be seen already at the level of the superpotential (19). By removing H̃_N (or H_1) we remove just one mass term from the superpotential while by removing H_N (or H̃_1) we remove one mass term and also one Yukawa coupling term.

Thus the two ‘boundaries’ of the group product space are by no means equivalent. This is obviously counterintuitive to any geometric interpretation of the group product space. Moreover it once again illustrates the fact that, in case of orbifold theories, the correspondence between 5d and deconstruction holds at the level of the effective low-energy theory only for some specific choices made during construction of the model.

Removing the anti-fundamental chiral multiplet H̃_N leads to an anomaly localized at the N-th site of the group product space, similarly, removing H_1 yields an anomaly of U(1)_1. Below the deconstruction scale the anomaly of the diagonal group globally matches the anomaly of the effective model obtained from the 5d theory with one hypermultiplet. But above that scale the situation looks different than in 5d, where half of the anomaly is localized at each fixed point. This difference originates from the fact that in the deconstruction set-up the group product space is oriented and gives an oriented line in the aliphatic case while both fixed points of the orbifold are equivalent.

It is possible to calculate the spectrum and the mode decomposition of the matter fields H and H̃. The case with m = gv was studied in [14] and the correspondence to the 5d massless bulk hypermultiplet spectrum was shown. We shall see that m ≠ gv corresponds to a bulk hypermultiplet with a kink-mass term.

First, there is one combination of the H_p multiplets which remains massless in the deconstruction phase. This is readily understood as we have an odd number of chiral matter multiplets in the theory so at least one chiral multiplet must remain massless. The zero-mode profile is

H^{(0)} = √ (m/gv)^2 − 1 (m/gv)^{2N} − 1 N∑ p=1 ( m gv )_{p−1} H_p (20)

for the zero-mode of charge +Q and

H̃^{(0)} = √ (gv/m)^2 − 1 (gv/m)^{2N} − 1 N∑ p=1 (gv m )_{p−1} H̃_p (21)

for the zero-mode of charge −Q. For m < gv the +Q ( −Q) zero-mode is localized near the first (N-th) site, while for m > gv it is localized near the N-th (first) site .

The remaining combinations of H and H̃ multiplets become massive. Their masses organize themselves into a tower according to the equation

m^2_n = g^2v^2 [ (1 − m gv )^2 + 4 m gv sin^2 ( nπ 2N )] , (22)

while the decomposition of the n-th level massive mode is (only formulae for the case of +Q zero mode are given)

H^{(n)} = √ 2 N gv m_n N∑ p=1 [ 2 sin ( nπ 2N ) cos (mπ 2N (2p − 1) ) + (m − gv) sin (nπ N ) p ] H_p , (23)

H̃^{(n)} = √ 2 N N −1∑

p=1 [ sin (nπ N ) p ] H̃_p . (24)

For n ≪ N and |m − gv| ≪ gv the mass formula (22) becomes m^2_n ≈ (m − gv)^2 +^{n2 π2}_{N 2} g^2v^2 which is precisely the spectrum of a 5d hypermultiplet with the kink-mass M = (m − gv) for a compactification radius 1/R = πgv/N. Thus the quantity (m − gv) is related to the vev of the 5d singlet field Σ, which generates a kink-mass term in 5d, see eq. (6). In this sense the vev v of the links in deconstruction and the vev of the Σ in 5d are related, m − g⟨Φ⟩ → ⟨Σ⟩. The correspondence of the spectra holds for M ≪ gv, that is for a kink-mass much smaller than the deconstruction scale (interpreted as the cut-off Λ of the 5d theory). For M ∼ gv the massive spectra of the 5d and the deconstruction models differ significantly. This could be expected, as deconstruction can reproduce the features of the 5d theory only much below Λ.

One can also easily verify that the eigenmode decomposition is analogous as in the 5d case. In this sense the correspondence between the physical space and the group product space holds for deconstruction of orbifold theories. Although the high-energy details are different in the two theories, the 5d KK mode profiles can be mapped onto mode decomposition in deconstruction and the precision of the mapping is of the order of the ‘lattice spacing’ Δy = (gv)^{−1}.

In 5d scenarios, apart from bulk hypermultiplets one often considers chiral multiplets localized at the Z_2 fixed points. It is rather intuitive that the corresponding objects in deconstruction are chiral multiplets charged under the first or the N-th group. Furthermore such multiplets should not be coupled via the link-Higgs fields to multiplets living at other sites; otherwise such multiplets would be removed from the low-energy spectrum.

The correspondence can be seen in a more formal way. Consider a multiplet P charged under the i-th U(1) group only. This means it couples to the i-th gauge field, for example: S = ∫ d^4xiqgP^†∂_μP A_{μ,i} . (25) When the mode decomposition of the gauge field is inserted, this coupling becomes: S = ∫ d^4x N −1∑

n=0 √ 2 N iqgP^†∂_μP A^{(n)}_μ η_n cos n(2i − 1)π 2N , (26)

where η_n = 1/( √ 2^{δn0}). Now, recall that the analogous coupling of the chiral multiplet localized at the brane at y = y_i to the KK tower of the 5d gauge field is: S = ∫ d^4x ∞∑ n=0 1 √ πR iqg_5P^†∂_μP A^{(n)}_μ η_n cos ny_i R . (27)

We can see that in deconstruction a multiplet at the i-th site couples analogously as a brane field at the brane position y_i =^{i−1/2}_{gv} . In particular, a multiplet at the first site corresponds not exactly to the boundary multiplet at y = 0 but to the brane multiplet at y =^1_{2gv} . Thus in deconstruction the fixed point is resolved only up to the distance scale Δy =^1_{gv} . One of the consequences of this is that it is not possible to reproduce the effects of the δ^{′′} terms present in the 5d FI terms (9). Only exponential localization may take place in deconstruction while in 5d models also a sharp δ–like localization is possible.

We are now ready to discuss the question of stability of various configurations of ‘bulk’ and ‘brane’ matter multiplets which yield a non-anomalous spectrum of the zero modes, similarly as it was done in the 5d case. We start with the example of one replicated (H_p, H̃_p) multiplet with the +Q charged zero mode (the +Q charged zero mode is obtained by removing H̃_N ) and one brane multiplet P with charge −Q living at the N-th site. In such configuration, the opposite in sign anomalies are localized at both ends of the group product space (we assume that the mixed and boundary anomalies from the links are already cancelled by eq. (18)). Such globally vanishing anomaly can be cancelled via a WZ term but in the case at hand we need a different WZ term than that of eq. (18) since we do not want new mixed anomalies to be produced. It is straightforward to see that the WZ term of the form

L_{SW Z} = −^D_{24π2} Q^2 ∫ d^2θ log(Φ_p/v) [ W_{α,p}W^α_p + W_{α,p+1}W^α_{p+1} + W_{α,p}W^α_{p+1} ] −^D_{24π2} Q^2 ∫ d^4θ [ (V_pD_αV_{p+1} − V_{p+1}D_αV_p)(W^α_p + W^α_{p+1}) ] + h.c. (28) reduces in the continuum limit to the CS term L_{CS} = −^{DQ2}_{12π2} ϵ_{αβγδϵ} [A_α∂_βA_γ ∂_δA_ϵ] and yields only boundary anomalies. Thus adding this WZ term to that of eq. (18) and choosing the constant D appropriately we can cancel any boundary anomalies that globally sum up to zero. Since the continuum theory contains the CS term, supersymmetry dictates that it also contains nonminimal kinetic terms [4]. In consequence, in order to ensure the correct 5d Lorentz invariant continuum limit, the Kahler potential in deconstruction must also be supplemented with nonminimal terms, see ref. [21].

However cancellation of anomalies does not necessarily imply the stability of the configuration. If, locally, the charges do not sum to zero, the FI terms will receive corrections at one loop. These corrections will respect the relation ξ_1 + ξ_N = 0 and supersymmetry will stay unbroken. However, as the absolute value of the FI terms are shifted, the link-Higgs vevs are shifted too and the fine-tuning between the m parameter and gv no longer holds. In the case at hand the net charge in the N-th group is negative, thus ξ_N will decrease and we obtain m > gv at one loop. This result in an analogous effect as that noticed in ref. [13], namely, in spontaneous localization of the zero-mode of H at the site where P resides. Note however that the similar configuration, with P living at the first site is perfectly stable, and so it does not correspond to any 5d configuration.

The other examples of matter field configurations discussed in the 5d case also have their analogues in deconstruction. Two chiral multiplets living at the different fixed points translate into one chiral multiplet living at the first site and one chiral multiplet of opposite charge living at the N-th site. Similarly as in the previous case, FI terms generated at one loop will shift the link-Higgs vev and may lead to spontaneous localization of any replicated multiplets present. Another example is the case with two replicated multiplets (H_p, H̃_p) and (G_p, G̃_p). As discussed, non-anomalous zero-mode spectrum is obtained by removing H̃_N and G_1. The net charge in the boundary group vanishes. For example, in the first group, the −Q charge of G̃_1 is balanced by the +Q charge of the link Φ_1. Therefore, the configuration with two hypermultiplets of opposite zero-mode charges is stable, similarly as in 5d. The situation changes if we introduce the second pair of replicated multiplets (H^′_p, H̃^′_p) and (G^′_p, G̃^′_p) of opposite zero-mode charges. This step leads to non-zero, opposite in sign anomalies localized at the two endpoints of the group product space. One can cancel these anomalies via WZ terms, but again one loop corrections will destabilize the FI terms. The resulting shift of the link-Higgs vevs leads to localization of the zero-mode of H, H^′ and G,G^′ at the opposite endpoints. This situation is obviously different than in the 5d case. We would like to stress that these differences are not related to the δ^{′′} term present in the 5d models. Such term is just absent for arbitrary number of hypermultiplet pairs with opposite signs (it is multiplied by a coefficient proportional to the sum of all hypermultiplet charges).

More generally, one can formulate the condition for the stability of the bulk fields in various ‘bulk-brane’ configurations in deconstruction. Formulated at the level of the theory above the deconstruction scale it says that charges of all chiral multiplets have to cancell out locally in the group product space. We can also easily rephrase this condition in terms of the effective theory below the deconstruction scale. Denoting by q_1 (q_N ) the charges of chiral multiplets living on the first (N-th) site and by q_+, q_− the positive and negative (relatively to the sign of

Q) charges of the zero modes of the replicated multiplets, the stability conditions are ∑ q_− + ∑ q_1 + Q = 0 , ∑ q_+ + ∑ q_N − Q = 0 . (29)

As in the 5d case, they are more restrictive than merely the condition for anomaly cancellation ∑ q_− + ∑ q_+ + ∑ q_1 + ∑ q_N = 0. These two conditions ensure the cancellation of quadratically divergent contributions to the FI terms in the boundary groups and are direct analogoues of the two conditions in eq. (12). We have checked by explicit calculation that, in the deconstruction framework, finite and logarithmically divergent contributions to FI terms are subleading with respect to quadratically divergent ones. This could be expected, as deconstruction provides a regularization in which the brane thickness (set by the lattice spacing) is larger than the inverse cutoff scale of the theory, σ ∼^1_{gv} > Λ^{−1}. Therefore an analogue of the condition (13) does not appear in deconstruction.

Note however the the two conditions (29) are not exactly the same as the two first conditions in (12). The bulk hypermultiplets in 5d enter in a fully symmetric way. This is not the case in deconstruction where the positively charged bulk fields are related to some of the brane fields while the negatively charged bulk fields are related to the remaining brane fields. This difference is due to the orientation of the group product space which is determined by charges of the link fields. For some aspects of the theory the end points of the aliphatic quiver diagram can be interpreted as the end points of the orbifold but for other aspects they lose this interpretation. Then they are related rather to the two possible signs of the U(1) charges.

In summary, we have investigated deconstruction of 5–dimensional U(1) gauge theories compactified on S^1/Z_2 with various sets of bulk and matter multiplets. We found that for most configurations of multiplets the 5d theory has its deconstructed version. There are however also some exceptions.

In both theories localized FI terms and localized anomalies (localized in the 5–th dimension or in the group product space, respectively) are generated for general sets of bulk and brane matter multiplets. If such would be anomalies sum up to zero in the effective 4d theory they can be cancelled by local counterterms without changing the low energy spectrum. In 5d theories the Chern–Simons terms can be used for that purpose. In deconstruction the corresponding mechanism consists in adding Wess–Zumino terms.

In both types of models the necessary condition for unbroken supersymmetry is the same as the condition for absence of anomalies: the sum of charges (in deconstruction, under the diagonal group) of all zero modes must be zero. Another similarity between the 5d and deconstructed models is that in both cases the localized FI terms lead to the localization of the bulk fields. Typically the bulk fields of one sign of the charge of the zero modes are localized around one of the branes while that with the opposite sign are localized in the vicinity of the other brane. In 5d models stability conditions relate charges of the brane fields at each of the branes with the sum of the zero mode charges of the bulk fields, as shown in eq. (12). If the δ^{′′} contributions to the FI terms are important then there is also the condition of eq. (13) which puts a constraint on the sum of the bulk zero mode charges. In deconstruction stability conditions are given by eq. (29) and relate charges of some of the brane fields with positively charged bulk fields (and the remaining brane fields with the negatively charged bulk fields). The UV completion provided by deconstruction corresponds to large brane thickness σ > Λ^{−1} and therefore an analogue of the stability condition (13) does not appear.

The underlying reason for the difference between eq. (12) and eq. (29) is the orientation of the group product space in deconstruction which has no analogue in 5d models. In consequence, the 5d theory with certain sets of multiplets, e.g. with two pairs of hypermultiplets with zeromodes of opposite charges, does not have its deconstructed analogue. Deconstruction can be considered a UV completion of higher-dimensional theories and, as such, it should reproduce the higher dimensional computations of UV insensitive observables. Our analysis shows that stability conditions are sensitive to UV physics.

Acknowledgments

We thank Emilian Dudas for pointing out the relevance of mixed anomalies.

Work was supported in part by the European Community’s Human Potential Programme under contracts HPRN–CT–2000–00131 Quantum Spacetime, HPRN–CT–2000–00148 Physics Across the Present Energy Frontier and HPRN–CT–2000–00152 Supersymmetry and the Early Universe. SP was partially supported by the Polish KBN grant 2 P03B 129 24 for years 2003– 2004. AF was partially supported by the Polish KBN grant 2 P03B 070 23 for years 2002–2004.

References

[1] N. Arkani-Hamed, A.G. Cohen and H. Georgi, Phys. Rev. Lett. 86 (2001) 4757 [hep-th/0104005].

[2] C.T. Hill, S. Pokorski and J. Wang, Phys. Rev. D64 (2001) 105005 [hep-th/0104035].

[3] N. Marcus, A. Sagnotti and W. Siegel, Nucl. Phys. B 224 (1983) 159.

[4] N. Arkani-Hamed, T. Gregoire and J. Wacker JHEP 0203 (2002) 055 [hep-th/0101233];

[5] D. Marti and A. Pomarol, Phys. Rev. D64 (2001) 105025 [hep-th/0106256].

[6] A. Hebecker, Nucl. Phys. B632 (2002) 101 [hep-ph/0112230].

[7] N. Arkani-Hamed, A. Cohen, H. Georgi Phys. Lett. B516 (2001) 395 [hep-th/0103135].

[8] F. Gmeiner, S. Groot Nibbelink, H. P. Nilles, M. Olechowski and M. Walter, arXiv:hep-th/0208146, to appear in Nucl. Phys. B.

[9] C.A. Scrucca, M. Serone, L. Silvestrini and F. Zwirner, Phys. Lett. B 525 (2002) 169 [arXiv:hep-th/0110073].

[10] L. Pilo and A. Riotto, Phys. Lett. B 546 (2002) 135 [arXiv:hep-th/0202144]. [11] R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C.A. Scrucca, Phys. Rev. D 66 (2002) 024025 [arXiv:hep-th/0203039].

[12] D.M. Ghilencea, S. Groot Nibbelink and H.P. Nilles, Nucl. Phys. B 619 (2001) 385 [arXiv:hep-th/0108184].

[13] S. Groot Nibbelink, H.P. Nilles and M. Olechowski, Phys. Lett. B 536 (2002) 270 [arXiv:hep-th/0203055]; Nucl. Phys. B 640 (2002) 171 [arXiv:hep-th/0205012].

[14] C. Csáki, J. Erlich, C. Grojean and G.D. Kribs, Phys. Rev. D65 (2002) 015003 [hep-ph/0106044].

[15] H. Abe, T. Kobayashi, N. Maru and K. Yoshioka, hep-ph/0205344; [16] A. Falkowski and H. D. Kim, arXiv:hep-ph/0208058. [17] L. Randall, Y. Shadmi, N. Weiner. arXiv:hep-th/0208120. [18] A. Manohar and G. W. Moore, Nucl. Phys. B 243 (1984) 55.

[19] L. Alvarez-Gaume and P. Ginsparg, Nucl. Phys. B 243 (1984) 449; Annals Phys. 161 (1985) 423; 171 (1986) 233E.

[20] W. Skiba and D. Smith, Phys. Rev. D65 (2002) 095002 [hep-ph/0201056]. [21] E. Dudas, A. Falkowski and S. Pokorski, arXiv:hep-th/0303155.