arXiv:hep-th/0212263 v2 16 Jan 2003

SUSX-TH/02-027 HU-EP-02/52

hep-th/0212263

Flop Transitions in M-theory Cosmology

Matthias Brändle^{1∗} and André Lukas^{2§}

1Institut für Physik, Humboldt Universität Invalidenstraße 110, 10115 Berlin, Germany

2Centre for Theoretical Physics, University of Sussex Falmer, Brighton BN1 9QJ, UK

Abstract We study flop-transitions for M-theory on Calabi-Yau three-folds and their applications to cosmology in the context of the effective five-dimensional supergravity theory. In particular, the additional hypermultiplet which becomes massless at the transition is included in the effective action. We find the potential for this hypermultiplet which includes quadratic and quartic terms as well as additional dependence on the Kähler moduli. By constructing explicit cosmological solutions, it is demonstrated that a flop-transition can indeed by achieved dynamically, as long as the hypermultiplet is set to zero. Once excitations of the hypermultiplet are taken into account we find that the transition is generically not completed but the system is stabilised close to the transition region. Regions of moduli space close to flop-transitions can, therefore, be viewed as preferred by the cosmological evolution.

∗email: brand@physik.hu-berlin.de § email: a.lukas@sussex.ac.uk

1 Introduction

Space-like curvature singularities arising in cosmological solutions to low-energy string effective actions and their potential resolution constitute a challenging problem in string and M-theory. On the other hand, the string resolution of certain time-like singularities, such as those arising from collapsed cycles in the internal manifold, is, at least in principle, understood. In the course of a string/M-theory phase transition, triggered by cosmological evolution of moduli fields, these singularities may, in fact, arise at a particular instance in time. For example, a flop-transition [1, 2, 5] corresponds to a collapsing two-cycle in the internal Calabi-Yau space while a conifold transition [3, 4, 5] corresponds to a collapsing three-cycle. Clearly, such transitions are of interest for string and M-theory early universe cosmology. For example, one would like to know whether the topological transition can actually be realized dynamically, that is, whether the topology of the internal manifold could have indeed changed during the cosmological evolution. Further, one would like to understand, in this cosmological context, the role of the states which become light at the transition and how precisely the transition effects the evolution of the fields.

In this paper, we will be answering these questions for the mildest form of topology change, namely the flop. A related discussion, but in the context of black-hole solutions, has been carried out in Ref. [6, 7]. We will be working in the context of M-theory on Calabi-Yau three-folds leading to an effective description in terms of five-dimensional N = 1 supergravity theories [8]–[12]. Flop-transitions arise from collapsing two-cycles within the Calabi-Yau manifold and are, therefore, controlled by the Kähler moduli which, together with U (1) gauge fields, are contained in five-dimensional vector multiplets. Membranes wrapping Calabi-Yau two-cycles lead to hypermultiplet states in five dimensions with a mass proportional to the volume of the cycle. When the cycle collapses at the transition the hypermultiplet becomes massless and can no longer be ignored in the effective theory. In our analysis, we will include these hypermultiplet states explicitly into the five-dimensional effective action. In the following, we will also refer to these states as ”transition states”. In the case of M-theory on Calabi-Yau three-folds, there are no non-geometrical phases [2], that is, transitions are sharp. This implies that, going through the transition by first collapsing the cycle and then blowing it up in a topologically different way, leads to a another, topologically distinct Calabi-Yau space. While the Hodge numbers of the original and the “flopped” Calabi-Yau space are the same other topological quantities, such as the intersection numbers, change across the transition.

In terms of the five-dimensional effective supergravity theory, the transition can be described in a non-singular way once the additional hypermultiplet is included. For example, the jump in the intersection numbers which appear in the five-dimensional Chern-Simons term is accounted for by loop-corrections involving the hypermultiplet states [2] while the Kähler moduli space metric is continuous across the transition [6]. It turns out that the additional hypermultiplet is charged with respect to a particular linear combination of the vector multiplet gauge fields. Supersymmetry then implies the existence of a potential which depends on the transition states and the vector multiplet scalars. It is this potential which will play an important role in our cosmological analysis. Practically, we will, therefore, study time-evolution in Kähler moduli space close to the flop region including the effect of the transition states and their potential.

The plan of the paper is as follows. In the next section, we will review N = 1 supergravity in eleven and five dimensions and the five-dimensional effective action for M-theory on Calabi-Yau three-folds. With this machinery at hand, we then go on to derive the effective five-dimensional action of the transition states. Section 3 analyses the cosmology of the five-dimensional theory for arbitrary Calabi-Yau spaces, first with vanishing and then with non-vanishing transition states. In section 4, we focus on a specific example of two Calabi-Yau spaces related by a flop and study the cosmological evolution numerically. We conclude in section 5.

2 The five-dimensional effective action of M-theory

To set the notation, we will first review N = 1 supergravity in eleven and five dimensions and the structure of the five-dimensional effective action for M-theory on Calabi-Yau three-folds. Subsequently, we will show how to couple to this action the hypermultiplet which contains the transition states. The five-dimensional effective action including this hypermultiplet will be the basis for the subsequent cosmological analysis.

2.1 Supergravity in eleven and five dimensions

The bosonic part of eleven-dimensional supergravity is given by [13]

S_{11} = − 1 2κ^2 ∫ M_{11} { d^{11}x √ −g ( 1 2 R + 1 4! G_{IJKL}G^{IJKL} ) + 2 3 C ∧ G ∧ G } , (2.1)

where G = dC is the field strength of the three-form potential C and κ is the 11-dimensional Newton constant, as usual. Indices I, J, K, · · · = 0, . . ., 10 label the 11-dimensional coordinates x^I . Later, we will also need the bosonic part of the membrane action [14, 15]

S_{M3} = −T_2 ∫ M_3 { d^3σ √ −γ + 2Ĉ } (2.2)

which couples to C. The membrane world-volume is parametrised by coordinates σ^n, where n, m, p, · · · = 0, 1, 2, and its embedding into 11-dimensional space-time is specified by X^I = X^I (σ). The pull-backs γ_{nm} and Ĉ of the space-time metric and the three-form are defined by

γ_{nm} = ∂_nX^I ∂_mX^J g_{IJ} , (2.3) Ĉ_{nmp} = ∂_nX^I ∂_mX^J ∂_pX^K C_{IJK} , (2.4)

as usual. In terms of the 11-dimensional Newton constant, the membrane tension T_2 is given by

T_2 = ( 8π κ^2

) 1_3

. (2.5)

Let us now move on to five-dimensional N = 1 supergravity focusing on the aspects relevant to this paper. For a more complete account we refer to the literature [8]–[12].

We denote five-dimensional space-time indices by α, β, γ, · · · = 0, 1, 2, 3, 4. In addition to the supergravity multiplet, consisting of the vielbein, an Abelian vector field and the gravitini, there are two types of matter multiplets, namely vector- and hyper-multiplets. In general, one can have any number, n_V, of vector multiplets each containing a real scalar field and an Abelian vector field plus fermionic partners and any number, n_H, of hypermultiplets each containing four real scalars plus fermions. It is useful to treat the Abelian gauge fields in the vector multiplets and the supergravity multiplet on the same footing and collectively denote them by A^i_α where i, j, k, · · · = 0, . . ., n_V. The real scalars contained in the vector multiplets are described by n_V + 1 fields b^i. These define a manifold of very special geometry [9] with metric

G_{ij} = −∂_i∂_j ln K , (2.6) which is given in terms of the degree three homogeneous polynomial

K = d_{ijk}b^ib^j b^k . (2.7)

Here d_{ijk} are constant coefficients. The b^i are subject to the constraint

K = 6 (2.8)

which reduces the number of independent fields to n_V, as required.

Further, we denote by Q^u, where u, v, w, · · · = 1, . . . , 4n_H, the hypermultiplet scalars. They parametrise a quaternionic manifold, that is, a manifold with holonomy SU (2) × Sp(2n_H). The metric on this manifold, h_{uv}, is hermitian with respect to the three complex structures

J_u^v = J^a_u^vτ_a (2.9)

satisfying the quaternionic algebra

J^{a v}_u J^{b w}_v = −δ^{ab}δ^w_u + ϵ^{abc}J^{c w}_u , (2.10)

where a, b, c, · · · = 1, 2, 3. Here τ_a are the hermitian Pauli matrices so that the complex structures fill out the adjoint of SU (2). The associated triplet of Kähler forms is given by

K_{uv} = J_u^wh_{wv} . (2.11)

We also need to introduce the SU (2) part ω_u = ω^a_uτ_a of the spin connection.

Let us assume that the metric h_{uv} admits n_V + 1 Killing vectors k^u_i . These Killing vectors should respect the quaternionic structure which means they originate from prepotentials P_i = P^a_i τ_a via the relation

k^u_i K_{uv} = ∂_vP_i + [ω_v, P_i] . (2.12)

With these conventions the bosonic part of the supergravity and vector multiplet action reads

S_V = − 1 2κ^2_5 ∫ M_5 { d^5x √ −g ( 1 2 R + 1 4 G_{kl}∂_αb^k∂^αb^l + 1 2 G_{kl}F^k_{αβ}F^{l αβ} ) + 2 3 d_{klm} A^k ∧ F^l ∧ F^m } , (2.13)

where κ_5 is the five-dimensional Newton constant. The bosonic part of the hypermultiplet action takes the form

S_H = − 1 2κ^2_5 ∫ M_5

d^5x √ −g {h_{uv}D_αQ^uD^αQ^v + V } , (2.14) with the potential V given by V = 1 2 g^2 [ 4(G^{ij} − b^ib^j)tr(P_iP_j) + 1 2 b^ib^j h_{uv}k^u_i k^v_j ] . (2.15)

The trace in this expression is performed over the Pauli matrices. The covariant derivative D_α includes the gauging of the hypermultiplets with respect to the vector fields A^i and is defined by

D_αQ^u = ∂_αQ^u + g A^ik^u_i , (2.16)

where g is the gauge coupling. Note that the appearance and the structure of the potential (2.15) is directly linked to this gauging of the hypermultiplets.

2.2 M-theory on Calabi-Yau three-folds

Let us now briefly review the reduction [16] of the action (2.1) for 11-dimensional supergravity on a Calabi-Yau three-fold X with Hodge numbers h^{1,1} and h^{2,1}. This leads to a five-dimensional N = 1 supergravity theory of the type described in the previous subsection with n_V = h^{1,1} − 1 vector multiplets, n_H = h^{2,1} + 1 hypermultiplets and no gauging of the hypermultiplets.

We now need to specify the geometrical origin of some of these five-dimensional fields. The 11-dimensional metric on the direct product space M_{11} = M_5 × X can be written as

ds^2_{11} = V^{−2/3}g_{αβ}dx^αdx^β + g_{AB}dx^Adx^B , (2.17)

where A, B, C, · · · = 5, . . . , 10 label the coordinates on the Calabi-Yau space, g_{AB} is the Ricci-flat metric on X and g_{αβ} is the five-dimensional metric. The Calabi-Yau volume modulus V is defined by V = 1 v ∫ X d^6x √ g_6 , (2.18)

where v is an arbitrary six-dimensional reference volume. We note that the five-dimensional Newton constant κ_5 is related to its 11-dimensional counterpart κ by

κ^2_5 = κ^2 v . (2.19)

The Kähler form ω_{AB} of X can be expanded as

ω_{AB} = a^iω_{iAB} (2.20)

into a basis {ω_{iAB}} of (1, 1) forms. We take this basis of (1, 1) forms to be dual to an (effective) basis {W^i} of the second homology, that is, v^{−1/3} ∫ W^i ω_j = δ^i_j . (2.21)

The h^{1,1} expansion coefficients a^i are the Kähler moduli of the Calabi-Yau space. As stands, they are, of course, not independent from the volume modulus V. However, we can define volume-independent moduli b^i by

b^i = V^{−1/3}a^i . (2.22)

These constitute n_V = h^{1,1} − 1 independent fields as they can be shown to satisfy the constraint (2.8). They should be interpreted as the scalar fields in the vector multiplets. The coefficients d_{ijk} which appear in Eq. (2.7) should then be identified as the intersection numbers of the Calabi-Yau space.

The three-form C can be expanded as

C = C̄ + A^i ∧ ω_i + ξ ∧ Ω + ξ̄ ∧ Ω̄ , (2.23)

where Ω is the holomorphic (3, 0) form on X. The h^{1,1} five-dimensional vector fields A^i_α account for the gauge fields in the vector multiplets and in the gravity multiplet. The five-dimensional three-form C̄ can be dualised to a scalar and forms, together with the complex scalar ξ and the volume modulus V, the universal hypermultiplet. There are h^{2,1} additional hypermultiplets which originate from the complex structure moduli and the (2, 1) part of C which we have omitted in Eq. (2.23). These standard hypermultiplets will not be of particular importance, in the following.

Let us now review some relevant features of M-theory flop transitions following Refs. [2, 6]. A flop constitutes a transition from the Calabi-Yau space X to a topologically different space X̃ due to a complex curve C in X shrinking to zero size and subsequently being blown up in a topologically distinct way. Concretely, let us expand the class W of the curve C in our homology basis as

W = β_iW^i (2.24)

with constant coefficients β^i. The volume of C can then be written as

Vol(C) = ∫ C ω = (vV)^{1/3}b (2.25)

where we have introduced the particular linear combination

b = β_ib^i (2.26)

of vector multiplet moduli. Within the moduli space of X we have b^i > 0, for all i, as well as b > 0 and the limit b → 0 corresponds to approaching the flop. Continuing further to negative values of b leads into the moduli space of the birationally equivalent Calabi-Yau space X̃. This new Calabi-Yau space X̃ has the same Hodge numbers and, hence, the same five-dimensional low-energy spectrum as the original space X. However, the intersection numbers have changed across the transition [2]. More specifically, setting (β_i) = (1, 0, . . ., 0) for simplicity the new intersection numbers d̃_{ijk} (expressed in terms of the field basis b^i) are given by

d̃_{111} = d_{111} − 1 6 (2.27)

with all other components unchanged. Sometimes a new basis of fields b̃^i, defined by

b̃^1 = −b^1 , b̃^i = b^i − b^1 , (2.28)

for all i ≠ 1, is introduced [6] to cover the moduli space of X̃. These new fields have the advantage of being positive throughout the moduli space of X̃ which is not the case for the original fields b^i. For our applications we will find it usually more practical to use a single set of fields to cover the moduli spaces for both X and X̃.

How does the five-dimensional effective theory change across the transition? Inspection of the action (2.13), (2.14) without gauging and potential shows that only the vector multiplet part (2.13) is affected through the change (2.27) in the intersection numbers. From Eq. (2.6), the metric G_{ij} takes the specific form G_{ij} = −d_{ijk}b^k + 1 4 d_{ikl}d_{jmn}b^kb^lb^mb^n , (2.29) where we have used that K = 6. This form shows that, despite the jump (2.27) in the intersection number the metric remains continuous across the flop since d_{111} is always multiplied by b^1 which vanishes at the transition. We remark that the associated connection Γ^k_{ij} = 1 2 G^{kl} ∂G_{ij} ∂b^l (2.30) which appears in the five-dimensional equations of motion contains a term proportional to d_{ijk} (without additional fields b^i) and, hence, jumps across the flop. Given the continuity of the metric G_{ij} the only discontinuous term in the action is the Chern-Simons term in Eq. (2.13) which is proportional to the intersection numbers. It has been shown [2], that its jump can be accounted for by loop corrections which involve the transition states. Let us now discuss these additional states in more detail.

2.3 The transition states

The five-dimensions particles which become massless at the flop originate from a membrane which wraps the collapsing complex curve C with homology class W. We can find the world-line action for these transition states by starting with the membrane action (2.2). Introducing a complex world-volume coordinate σ = σ^1 + iσ^2 and world-time τ = σ^0 we consider an embedding of the membrane into 11-dimensional space of the form

X^α = X^α(τ ) , X^A = X^A(σ) , X^Ā = X^Ā(σ̄) , (2.31)

where here A and Ā are holomorphic and anti-holomorphic indices on the Calabi-Yau space, respectively, and X^A = X^A(σ) parametrises the complex curve C. The reduction of the membrane action on this curve leads to the following world-line action

S_p = −(v^{1/3}T_2) ∫ R { dt (β_ib^i) √ −∂_τ X^α∂_τ X^β g_{αβ} + 2 β_iÂ^i } . (2.32)

This particle has four transverse (scalar) degrees of freedom and must, hence, form a hypermultiplet in five dimensions. We denote the scalars in this hypermultiplet by q^u, where u, v, w, · · · = 1, 2, 3, 4. It is charged with respect to the particular linear combination A ≡ β_iA^i , (2.33) of vector fields with associated gauge coupling

g = 2 v^{1/3}T_2 = 2 ( 8π κ^2_5 )_{1/3} , (2.34)

as can be seen from the last term in (2.32). From the first term in the world-line action we can read off the mass which is given by m = 1 2 gb = T_2V^{−1/3}Vol(C) . (2.35) What does this information tell us about the five-dimensional effective action of these transition states? Clearly, these states being hypermultiplets, their effective action must be of the general form (2.14). We assume that the associated hypermultiplet moduli space metric is flat, so that

h_{uv} = δ_{uv} . (2.36)

As we will see shortly, this assumption is consistent with the above properties of the transition states and the constraints enforced by five-dimensional supergravity. To work this out explicitly, let us first recall the quaternionic structure on the four-dimensional flat moduli space. Introducing the t’Hooft η-symbols [17]

η^a_{bc} = η̄^a_{bc} = ϵ^a_{bc} , (2.37) η^a_{b0} = η̄^a_{0b} = δ^a_b , (2.38)

which satisfy the properties

[η^i, η̄^j] = 0 , (2.39) (η^i)^T = (η^i)^{−1} , (η̄^i)^T = (η̄^i)^{−1} ,

the triplet of complex structures can be written as

J^{a v}_u ≡ −η̄^a_{uw}δ^{wv} , (2.40) which satisfy the quaternionic algebra (2.10), as required. The associated triplet of Kähler forms is given by

K^a_{uv} = −η̄^a_{uv}. (2.41)

We know that the transition states are charged under the particular combination of gauge fields (2.33). Hence the vectors k^u_i must be proportional to β_i and, at the same time, be Killing vectors on flat four-dimensional space. We know that this gauging must lead to a potential of the form (2.15). As q^u → 0 this potential must vanish so that the moduli b^i indeed parametrise flat directions in this limit. This implies that the Killing vectors k^u_i should not correspond to translations but rather to rotations and, hence, be of the form

k^u_i = β_it^u_vq^v , (2.42)

where t is an arbitrary anti-symmetric matrix. In addition, these Killing vectors must originate from a prepotential, that is, they must satisfy Eq. (2.12). This is the case precisely if [t, η̄^a] = 0 for a = 1, 2, 3, or, equivalently, if the matrix t is of the form t_{uv} = n_aη^a_{uv} , (2.43)

where n_a are real coefficients. This matrix represents the generator of SO(2) in the representation 2 ⊕ 2. We require the standard normalisation tr(t^2) = −4 or, equivalently, n_an^a = 1. The associated prepotential then reads

P^a_i = 1 2 β_iq^v(η̄^a_{vw} n_bη^{b w}_u)q^u + ξ^a_i , (2.44)

where ξ^a_i are arbitrary integration constant. They represent the generalisation of Fayet-Illiopoulos terms to fivedimensional N = 1 supergravity. As they lead to terms in the potential which do not vanish for vanishing q^u we will set them to zero in the following.

Inserting (2.36), (2.42), (2.43) and (2.44) into the general hypermultiplet action (2.14) we obtain

S_q = − 1 2κ^2_5 ∫ M_5

d^5x √ −g {D_αq^uD^αq_u + V )} , (2.45)

with the potential V = 1 4 g^2 [ b^2q_uq^u + 4(G^{kl}β_kβ_l − b^2)(q_uq^u)^2 ] (2.46)

and the covariant derivative D_αq^u = ∂_αq^u + gAt_{uv}q^v . (2.47)

Consequently, the hypermultiplet current j_α which couples to the gauge field A_α is given by

j_α = gq^ut_{uv}∂_αq^v . (2.48)

We recall that b = β_ib^i, defined in Eq. (2.26), is proportional to the volume of the collapsing cycle and the generator t has been given in Eq. (2.43). So far, we have only used that the transition states are charged under the gauge field A. Clearly, the gauge coupling g which appears in the covariant derivative (2.47) has to be identified with the value (2.34) obtained from the reduction of the membrane action. Then, the above hypermultiplet action (2.45) is completely fixed. From the first term in the potential (2.46) we can now read off the mass of the hypermultiplet which is given by gb/2. This value indeed coincides with the one obtained from the membrane reduction, Eq. (2.35), as it should for consistency.

In addition, we have found a potential term quartic in the transition states which was not anticipated from the membrane reduction but imposed on us by five-dimensional supergravity. This quartic term plays an important role in lifting “unwanted” flat directions. While the potential should be flat for vanishing transition states, q^u = 0, and arbitrary b^i, a flat direction along the flop at b = 0 and arbitrary q^u would be a surprise^1. Fortunately, this potential flat direction is lifted by the second term in Eq. (2.46).

3 Cosmology

3.1 Cosmological ansatz and equations of motion

Let us briefly summarise the discussion so far. We have seen that M-theory on a Calabi-Yau three-fold X with Hodge numbers h^{1,1} and h^{2,1} is effectively described by the five-dimensional supergravity action (2.13), (2.14) with n_V = h^{1,1} − 1 vector multiplets and n_H = h^{2,1} + 1 hypermultiplets and no gauging. When a flop-transition to a topologically distinct Calabi-Yau space X̃ occurs the Hodge numbers and hence the number of massless particles remains the same while the structure of the five-dimensional action changes in accordance with the change (2.27) in the intersection numbers. In addition, at and near the flop-transition region another light hypermultiplet appears whose action (2.45) has to be added to the previous one for an accurate description across the transition. It is important not to confuse these transition hypermultiplet states which arises at the flop with the standard hypermultiplets associated with the complex structure moduli space of the Calabi-Yau space.

Which parts of this five-dimensional effective action are we actually interested in for our cosmological applications? Since we would like to study flop-transitions which arise by moving in the Calabi-Yau Kähler moduli space we should certainly consider the associated moduli fields, that is the vector multiplet scalars b^i. Clearly, we should also keep the transition states q^u which become light at the flop. However, these states are charged and generically source the vector fields. Hence, it seems we have to allow for non-trivial vector field backgrounds for consistency. Fortunately, we can avoid such a considerable complication by setting all scalars q^u equal to each other, that is, q ≡ 2q^u for all u = 1, 2, 3, 4 and a single scalar q. This configuration is consistent with the q^u equations of motion, as can be seen from (2.46), and leads to a vanishing current (2.48). Consequently, the vector fields can be consistently set to zero in this case. The standard hypermultiplets, in fact, completely decouple from the other fields and are, hence, not essential for our purpose. From these standard hypermultiplet scalars we will only keep the dilaton V = e^ϕ since it represents the overall volume of the internal Calabi-Yau space and is, therefore, of particular physical relevance.

In summary, the spectrum of our five-dimensional effective action can be consistently truncated to the fivedimensional metric, the h^{1,1} − 1 Kähler moduli space scalars b^i, the universal transition scalar q and the dilaton

1 Such a flat direction with non-vanishing transition states would correspond to a Higgs branch where the gauge symmetry corresponding to the vector field A is broken. The resulting change in the number of light vector multiplets would be inconsistent with the fact that Hodge numbers are unchanged across the flop.

ϕ. From Eq. (2.13) and Eq. (2.45), the accordingly truncated effective action then reads

S_5 = − 1 2κ^2_5 ∫ M_5

d^5x √ −g { 1 2 R + 1 4 ∂_αϕ∂^αϕ + 1 4 G_{kl}∂_αb^k∂^αb^l + λ(K − 6) (3.1) +∂_αq∂^αq + V } , V = 1 4 g^2 [ (β_lb^l)^2q^2 + (G^{kl}β_kβ_l − (β_lb^l)^2)q^4 ] . (3.2)

A Lagrange multiplier term has been added to enforce the constraint K = 6, Eq. (2.8), on the moduli b^i. The value of the gauge coupling g has been given in Eq. (2.34). We also recall that the “Kähler potential” K and the metric G_{ij} have been defined in Eq. (2.7) and Eq. (2.6), respectively.

We are now ready to consider the cosmological evolution of our system. We focus on backgrounds depending on time τ only and a metric with a three-dimensional maximally symmetric subspace which we take to be flat, for simplicity. Accordingly, we consider the following Ansatz

ds^2 = −e^{2ν(τ)}dτ^2 + e^{2α(τ)}dx^2 + e^{2β(τ)}dy^2 (3.3) ϕ = ϕ(τ ) (3.4) b^i = b^i(τ ) (3.5) q = q(τ ) , (3.6)

where x = (x^1, x^2, x^3) and y = x^4. Note that α and β are the scale factors of the three-dimensional universe and the additional spatial dimension, respectively. For later convenience, we have also included a lapse function ν. The equations of motion for this Ansatz, derived from the action (3.1), are given by

• Einstein equations:

3(α̇^2 + α̇β̇) = + 1 4 ( ϕ̇^2 + G_{ij}ḃ^iḃ^j + 4q̇^2 ) + e^{2ν} V

3(α̈ − ν̇α̇ + 2α̇^2) = − 1 4 ( ϕ̇^2 + G_{ij}ḃ^iḃ^j + 4q̇^2 ) + e^{2ν} V (3.7)

2α̈ + β̈ + 3α̇^2 + β̇^2 + 2α̇β̇ − 2ν̇α̇ − ν̇β̇ = − 1 4 ( ϕ̇^2 + G_{ij}ḃ^iḃ^j + 4q̇^2 ) + e^{2ν} V

• Field equations of motion:

ϕ̈ + (3α̇ + β̇ − ν̇)ϕ̇ = 0 (3.8) b̈k + (3α̇ + β̇ − ν̇)ḃk + Γk_{ij}ḃiḃj + 2e2ν (Gkj^{∂V}_{∂bj} −^2_3 biV ) = 0 (3.9) q̈ + (3α̇ + β̇ − ν̇)q̇ +^1_2 e^{2ν ∂V}_{∂q} = 0 K = 6 .

In these equations, we have already used the result λ = −V /9 for the Lagrange multiplier λ which follows by contracting the b^i equations of motion^2 with b_i = G_{ij}b^j. The connection Γ^k_{ij} associated to the moduli space metric G_{ij} has been defined in Eq. (2.30).

2 Some relations for very special geometry which are useful in this context have been collected in Ref. [11].

The above action and evolution equations have been written for a definite topology of the internal space with intersection numbers d_{ijk}. When an evolution leads to a flop transition, the Kähler potential K, the metric G_{ij} and the connection Γ^k_{ij} have to be changed ”by hand” in accordance with the change (2.27) in the intersection numbers to obtain the equations of motion for the new topology. As discussed earlier, this implies continuity of K and the metric while the connection jumps across the transition. We also note that, from Eq. (3.2), the potential V is continuous while its derivatives with respect to b^i contain the connection and, hence, jump. From these properties and the equations of motion we conclude that all fields and their first time derivatives and, hence, the stress energy for all fields is continuous across the flop.

3.2 An approximate solution for vanishing transition states

It is clear from the Eqs. (3.7) and (3.9) that the transition state q can be set to zero consistently and we will now analyse the cosmological evolution in this case. From the structure of the equations of motion, the configuration q = 0 seems rather non-generic and having a non-vanishing, perhaps small initial value for q appears to be more plausible. We will study this generic case further below. However, setting q = 0 corresponds to the conventional picture of a flop transition as being induced by slow free rolling in moduli space. It is, therefore, useful to consider this case in some detail, if only as a point of reference.

Setting the transition state q and, hence, the potential V , to zero simplifies the equations of motion considerably. Another simplification arises if we choose the gauge ν = 3α + β for the lapse function. In this gauge, we will denote time by τ in the following. The second term in the b^i equations vanishes for this choice and multiplying the remainder by ḃ_i we find by integration that k ≡ G_{ij} ∂b^i ∂τ ∂b^j ∂τ = const. . (3.10)

Hence, the kinetic energy k of the Kähler moduli is constant on hyper-surfaces of constant time τ . Note that this is no longer true for proper cosmological time related to τ by dt^2 = e^{6α+2β}dτ^2. It is straightforward to integrate the Einstein equations (3.7) and the ϕ equation of motion for time τ . The result can be easily rewritten in terms of proper time t where it takes the form

α = p_α ln |t| , β = p_β ln |t| , ϕ = p_ϕ ln |t| . (3.11)

Here, we have dropped trivial additive integration constants for all three fields and the origin of time, for simplicity. The expansion powers p_α, p_β and p_ϕ must satisfy the constraints

3p_α + p_β = 1 , (3.12) p^2_α + p_αp_β = 1 12 ( p^2_ϕ + k ) , (3.13)

and the relation between proper time t and τ is simply

τ = ln |t| . (3.14)

We still need to find the explicit form of b^i for a complete solution. To do this, we have to solve the following system of equations b̈^i + Γ^i_{jk}ḃ^jḃ^k = 0 (3.15)

d_{ijk}b^ib^jb^k = 6 (3.16) G_{ij}ḃ^iḃ^j = k . (3.17)

Here the dot denotes the derivative with respect to τ . Hence, in this time coordinate, the fields b^i move along geodesics in moduli space subject to the constraint (3.16) from special geometry and the kinetic energy constraint (3.17). Unfortunately, the equation (3.15) is hard to solve in general due to the second non-linear term. However, for a sufficiently small time interval and slow motion this term can be neglected. In other words, the geodesics are well approximated by straight lines

b^i = c^i + p^iτ + O(τ^2) (3.18)

in moduli space, where c^i and p^i are constants, as long as |τ | ≪ | | | | | 2p^i Γ^i_{jk}(c)p^ip^j | | | | | . (3.19)

This approximation also implies that we neglect the kinetic energy of the fields b^i compared to the other fields, that is, from Eq. (3.17), we consider a solution with k ≃ 0. Accordingly, this value for k has to be inserted into the relation (3.13). Within our approximation, the special geometry constraint (3.16) turns into two conditions, namely d_{ijk}c^ic^jc^k = 6 , d_{ijk}c^ic^j p^k = 0 . (3.20) These algebraic equations can be easily solved for given intersection numbers. This completes our approximate solution.

Let us now apply this result to a flop transition. We assume, for simplicity, that the flop occurs in the b^1 direction and at b^1 = 0. By setting c^1 = 0 in our solution (3.18) we can, in fact, arrange the flop to take place at time τ = 0. Now we consider two solutions of the above type with intersection numbers d_{ijk} and d̃_{ijk}. We recall that d_{111} is the only intersection number which changes (as given in Eq. (2.27)) across the transition. Since we have set c^1 = 0 this particular intersection number drops out of the constraints (3.20) which need to be satisfied for a valid solution. We are, therefore, free to choose the same constants c^i, p^i, solving the constraints (3.18), on both sides of the flop. This leads to two solutions, for either topology, which can be continuously matched together at the flop transition for τ = 0. Further, our approximation is valid for a certain period of time before and after the flop as quantified by the condition (3.19). The scale factors α and β and the dilaton ϕ are unaffected by the transition in that they evolve according to (3.11) with the same expansion powers p_α, p_β and p_ϕ on both sides of the transition. These results suggest that the system indeed evolves through the transition into the moduli space of the topologically distinct Calabi-Yau space and, hence, that the topology change is dynamically realized. This picture will be confirmed by our numerical integration further below.

3.3 Evolution for non-vanishing transition states

If the transition states no longer vanish, that is q ≠ 0, the potential becomes operative and the conclusions of the previous subsection do not apply any more. Clearly, we should not expect to find analytic solutions in this case any more. However, some qualitative features of the evolution can be inferred from the structure of the potential (3.2).

Let us consider small values of the transition state such that the potential (3.2) is dominated by the first term. It is then approximately given by V ∼ b^2q^2. Note, that this potential, for fixed non-zero q has a minimum at b = 0, that is, precisely at the flop point. From this observation and the general shape of the potential it is intuitively clear that a generic evolution will lead to oscillations around b = 0 and will finally settle down to this point. In other words, there is a clear preference for the system to settle down at the transition point rather than complete the transition.

The complete potential (3.2) must still have a minimum at small b for fixed non-zero q at least as long as q is sufficiently small. This suggests that the above argument generalises to this case and this will indeed be confirmed by our numerical integration. In conclusion, this suggest that the system behaves quite differently if we allow non-zero values of the transition states. Previously, for vanishing transition states, we have found that the topology does change dynamically. If q ≠ 0, on the other hand, the potential becomes important and favours the region in moduli space close to the flop transition. In this case, the system tends to settle down in the transition region so that the topology change is not completed.

4 An explicit model

In this section, we would like to substantiate our previous claims by numerically studying the cosmological evolution of our system. To do this we need to consider a particular example, that is, a particular pair of Calabi- Yau manifolds related by a flop transition which provides us with a concrete set of intersection numbers. We will use the Calabi-Yau spaces described in Refs. [18, 19, 20] and applied to black hole physics in Refs. [6, 7].

Concretely, we consider two elliptically fibred Calabi-Yau spaces X and X̃, both with a Hirzebruch F_1 base space and with h^{1,1} = 3. These spaces share a boundary of the Kähler moduli space which corresponds to a flop transition. Following Ref. [6], both moduli spaces can be covered by a single set of coordinates (W, U, T ) with the flop transition along W = U . The Kähler moduli space of X corresponds to the coordinate range U > W > 0 , T > 3 2 U , (4.1)

and the associated Kähler potential is given by K = 9 4 U^3 + 3T^2U − W^3 . (4.2)

We can use the constraint K = 6 to solve for T in terms of the other two moduli resulting in T = 1 6 ( − 27U^3 − 12W^3 − 72 U )_{1/2} . (4.3)

The fields b^i which we have previously used are related to (W, U, T ) by

b^1 = U − W , b^2 = W , b^3 = T − 3 2 U . (4.4)

This definition implies, from Eq. (4.1), that the fields b^i are indeed positive throughout the moduli space of X. The flop transition is approached as b^1 → 0. Hence, the coefficients (β^i) which enter the potential (3.2) are given by (β^1, β^2, β^3) = (1, 0, 0).

Figure 1: Potential V in terms of W,U and along the flop transition line at W=U, both for fixed q=1/3.

For the second Calabi-Yau space X̃ the moduli are in the range W > U > 0, T > W + 1 2 U , (4.5)

and the Kähler potential is given by

K̃ = 5 4 U^3 + 3U^2W − 3U W^2 + 3T^2U . (4.6)

Solving K̃ = 6 for T , as before, leads to

T̃ = 1 6 ( − 15U^3 + 36U^2W − 36U W^2 − 72 U )_{1/2} . (4.7)

From Eq. (2.28), fields b̃^i which are positive in the moduli space of X̃ can be defined by

b̃^1 = −b^1 = W − U , b̃^2 = b^2 − b^1 = 2W − U , b̃^3 = b^3 − b^1 = T − 5 2 U + W . (4.8)

Note, that the two moduli spaces (4.1) and (4.5) indeed have a common boundary at b^1 = U − W = 0 which is where the flop transition occurs. Also, using the basis b^i as defined above, it is easy to see that the Kähler potentials (4.2) and (4.6) are related by the shift (2.27) in the intersection numbers, as is required for a flop transition.

We will now study the above example using W and U or, equivalently, b^1 and b^2 as the independent variables. It is useful to plot the potential (3.2) as a function of these variables for a fixed value of q. This has been done in Fig. 1 for a value of q = 1/3. Obviously, this potential has a minimum in both directions which happens to be at

U = W = ( 3 10 )_{1/3} (4.9)

independent of the value of q. The associated potential value at the minimum (in units where g = 1) is

V_{min} =

300^{2/3} 16 q^4 . (4.10) 13

From our previous general argument, we did anticipate a minimum in the direction b^1 = U − W . However, a minimum for both fields, located precisely at the flop and, hence, at field values (4.9) independent of q, comes as a surprise. We do not know whether this is a general feature of the potential (3.2) near flop transitions or particular to this example. Incidentally, we note that, having fixed all moduli b^i, the shape of the potential (4.10) in the remaining q-direction is well-suited for inflation. Unfortunately, to be in the slow-roll regime we need that q ≫ 1 which, in turn, implies that V ≫ 1 in units of the fundamental Planck scale. Such potential values clearly go beyond the region of validity of our five-dimensional effective action and it is, therefore, difficult to conclude anything definite about this tantalising possibility. In any case, we will restrict field values such that V does not become too large in the following.

Before studying the flop-transition numerically, let us briefly discuss the other boundaries of the moduli space as described by the conditions (4.1) and (4.5) in relation to the potential. We note that the potential steeply increases towards the boundary directions W → 0, W → ∞ and U → 0. Hence, as long as the potential is operative (that is, q is non-zero) it prevents evolution towards these boundaries. The same is true for the boundary prescribed by U^3 → (W^3 + 6)/9 as long as one stays in the X part of the moduli space, b^1 = U − W > 0, and W is sufficiently small. The potential barrier rapidly vanishes in this direction for increasing W in the X̃ part of the moduli space. In our numerical evolution, we will simply avoid this direction of moduli space by choosing suitable initial conditions.

We have numerically integrated the system of equations (3.7), (3.9) for the above example, that is for the Kähler potentials (4.2) and (4.6). Here, we present the results for three characteristic sets of initial conditions which lead to an evolution towards the flop transition region. The precise initial values of all fields are specified in table 1. Fig. 2 shows the corresponding evolution of the fields as a function of proper time t. The first set of initial conditions in table 1 leads to a vanishing transitions state, that is, we have chosen q(0) = 0 and q̇(0) = 0. This is precisely the case we have discussed in subsection (3.2). The resulting evolution is shown in the first column of fig. 2. It can be seen that the system, starting off in the moduli space of X at b^1 > 0, evolves towards the flop transition b^1 = U − W → 0 and then moves on to negative values of b^1, corresponding to the moduli space of X̃. Hence, the topological transition is indeed dynamically realized as suggested by the previous analytic solution. The picture changes considerably once we allow for a non-vanishing transition state. The second set of initial conditions in table 1 corresponds to small, non-vanishing values of q(0) and q̇(0). Again, the system starts out in the X moduli space and evolves towards the flop. The associated plots in the second row of fig. 2 show that after a few large initial oscillations around b^1 = 0 the system stabilises at b^1 = U − W ≃ 0 and, hence, at the flop transition. A similar behaviour can be observed for larger initial values q(0), as in the third set in table 1 with associated plots in the third column of fig. 2.

plot U U̇ W Ẇ q q̇ ϕ ϕ̇ α α̇ β 1^{st} 4/5 -1/5 1/8 1/9 0 0 1/2 -1/10 3/10 1/2 1/10 2^{nd} 1/2 -1/5 1/5 1/10 1/5 1/8 2/3 1/10 1/3 2/5 1/10 3^{rd} 4/5 -3/10 1/2 1/10 3/4 1/9 2/3 1/5 3/10 3/10 1/10

Table 1: Table of initial conditions in order of increasing initial value of q = q(0).

Figure 2: Cosmological behaviour of the fields W(t), U(t), q(t) and α(t), β(t), ϕ(t), respectively, for the three different sets of initial conditions given in table 1.

5 Conclusions

We have shown in this paper that the dynamics of M-theory flop transitions strongly depends on whether or not the transition states which become light at the flop are taken into account. If these modes are exactly set to zero the moduli space evolution proceeds freely and the topology change can indeed be dynamically realized, that is, the system moves between two topologically different Calabi-Yau spaces related by a flop for appropriate but generic initial conditions. For non-vanishing values of the transition modes, however, a potential becomes operative which generically stabilises moduli fields at the flop. Hence, the system does not really evolve into the moduli space of the flopped Calabi-Yau manifold and the transition remains incomplete. One may argue that this latter case is likely since non-vanishing values of the transition states represent a more generic set of field configurations in the early universe. If this is indeed the case, the region in moduli space close to a flop is preferred by the dynamics of the system.

It is likely that our results can be transferred to heterotic M-theory which provides a more realistic setting for low-energy physics from M-theory. To do this, we have to compactify the fifth dimension on a line interval and couple the five-dimensional N = 1 bulk supergravity used in this paper to N = 1 theories on the two boundaries [21, 11]. The vacuum state of this theory is a static BPS domain wall which corresponds to a certain path in the Calabi-Yau Kähler moduli space as one moves between the boundaries. Using this property of the vacuum state, one can, in fact, construct static vacua of heterotic M-theory with an inherent flop transition [22], that is, vacua with the flop occurring at a particular point in the interval. Assuming the results of this paper indeed transfer to heterotic M-theory, it is these inherently flopped vacua which would be preferred by the dynamical evolution of the system.

Acknowledgements

We would like to thank Natxo Alonso-Alberca for collaboration at an early stage of this project. A. L. is supported by a PPARC Advanced Fellowship. M. B. is supported by a Graduiertenkolleg Fellowship of the DFG.

References

[1] P. S. Aspinwall, B. R. Greene and D. R. Morrison, “Calabi-Yau moduli space, mirror manifolds and spacetime topology change in string theory,” Nucl. Phys. B 416 (1994) 414 [arXiv:hep-th/9309097].

[2] E. Witten, “Phase Transitions In M-Theory And F-Theory,” Nucl. Phys. B 471 (1996) 195 [arXiv:hep-th/9603150].

[3] A. Strominger, “Massless black holes and conifolds in string theory,” Nucl. Phys. B 451 (1995) 96 [arXiv:hep-th/9504090].

[4] B. R. Greene, D. R. Morrison and A. Strominger, “Black hole condensation and the unification of string vacua,” Nucl. Phys. B 451 (1995) 109 [arXiv:hep-th/9504145].

[5] For a review see: B. R. Greene, “String theory on Calabi-Yau manifolds,” arXiv:hep-th/9702155. [6] A. Chou, R. Kallosh, J. Rahmfeld, S. J. Rey, M. Shmakova and W. K. Wong, “Critical points and phase transitions in 5d compactifications of M-theory,” Nucl. Phys. B 508 (1997) 147 [arXiv:hep-th/9704142].

[7] I. Gaida, S. Mahapatra, T. Mohaupt and W. A. Sabra, “Black holes and flop transitions in M-theory on Calabi-Yau threefolds,” Class. Quant. Grav. 16 (1999) 419 [arXiv:hep-th/9807014].

[8] A. H. Chamseddine and H. Nicolai, “Coupling The SO(2) Supergravity Through Dimensional Reduction,” Phys. Lett. B 96 (1980) 89.

[9] M. Gunaydin, G. Sierra and P. K. Townsend, “The Geometry Of N=2 Maxwell-Einstein Supergravity And Jordan Algebras,” Nucl. Phys. B 242 (1984) 244.

[10] M. Gunaydin, G. Sierra and P. K. Townsend, “Gauging The D = 5 Maxwell-Einstein Supergravity Theories:

More On Jordan Algebras,” Nucl. Phys. B 253 (1985) 573.

[11] A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, “Heterotic M-theory in five dimensions,” Nucl. Phys.

B 552 (1999) 246 [arXiv:hep-th/9806051].

[12] A. Ceresole and G. Dall’Agata, “General matter coupled N = 2, D = 5 gauged supergravity,” Nucl. Phys. B 585 (2000) 143 [arXiv:hep-th/0004111].

[13] E. Cremmer, B. Julia and J. Scherk, “Supergravity Theory In 11 Dimensions,” Phys. Lett. B 76 (1978) 409. [14] P. S. Howe and R. W. Tucker, J. Phys. A 10 (1977) L155.

[15] E. Bergshoeff, E. Sezgin and P. K. Townsend, “Supermembranes And Eleven-Dimensional Supergravity,” Phys. Lett. B 189 (1987) 75.

[16] A. C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, “Eleven-dimensional supergravity compactified on Calabi-Yau threefolds,” Phys. Lett. B 357 (1995) 76 [arXiv:hep-th/9506144].

[17] G. ’t Hooft, “Computation Of The Quantum Effects Due To A Four-Dimensional Pseudoparticle,” Phys.

Rev. D 14 (1976) 3432 [Erratum-ibid. D 18 (1978) 2199].

[18] J. Louis, J. Sonnenschein, S. Theisen and S. Yankielowicz, “Non-perturbative properties of heterotic string vacua compactified on K3 x T**2,” Nucl. Phys. B 480 (1996) 185 [arXiv:hep-th/9606049].

[19] D. R. Morrison and C. Vafa, “Compactifications of F-Theory on Calabi–Yau Threefolds – II,” Nucl. Phys.

B 476 (1996) 437 [arXiv:hep-th/9603161].

[20] P. Candelas, A. Font, S. Katz and D. R. Morrison, “Mirror symmetry for two parameter models. 2,” Nucl.

Phys. B 429 (1994) 626 [arXiv:hep-th/9403187].

[21] A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, “The universe as a domain wall,” Phys. Rev. D 59 (1999) 086001 [arXiv:hep-th/9803235].

[22] B. R. Greene, K. Schalm and G. Shiu, “Dynamical topology change in M theory,” J. Math. Phys. 42 (2001) 3171 [arXiv:hep-th/0010207].