arXiv:hep-th/0212275 v2 5 Nov 2003

UCB-PTH-02-61 LBNL-51968 hep-th/0212275

Twisted Einstein Tensors and Orbifold Geometry

J. deBoer^{1a} , M.B.Halpern^{2b} and C. Helfgott^{2c}

1Institute for Theoretical Physics, University of Amsterdam, Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands

2 Department of Physics, University of California and Theoretical Physics Group, Lawrence Berkeley National Laboratory University of California, Berkeley, California 94720, USA

Following recent advances in the local theory of current-algebraic orbifolds, we study various geometric properties of the general WZW orbifold, the general coset orbifold and a large class of (non-linear) sigma model orbifolds. Phase-space geometry is emphasized for the WZW orbifolds – while for the sigma model orbifolds we construct the corresponding sigma model orbifold action, which includes the previously-known general WZW orbifold action and general coset orbifold action as special cases. We focus throughout on the twisted Einstein tensors with diagonal monodromy, including the twisted Einstein metric, the twisted B field and the twisted torsion field of each orbifold sector. Finally, we present strong evidence for a conjectured set of twisted Einstein equations which should describe those sigma model orbifolds in this class which are also 1-loop conformal.

ajdeboer@science.uva.nl
bhalpern@physics.berkeley.edu
chelfgott@socrates.berkeley.edu

Contents

1 Introduction 2

2 Phase-Space Geometry of the General WZW Orbifold 4 2.1 The Twisted Current Modes and the Twisted Affine Primary Fields . . . . . . . . . . . . . 5 2.2 The General Twisted Equal-Time Operator Algebra . . . . . . . . . . . . . . . . . . . . . . 8 2.3 The Classical Limit and Twisted Equal-Time Brackets . . . . . . . . . . . . . . . . . . . . . 10 2.4 Twisted Einstein Coordinates on the Group Orbifold . . . . . . . . . . . . . . . . . . . . . . 11 2.5 Phase-Space Realization of the Twisted Currents . . . . . . . . . . . . . . . . . . . . . . . . 15 2.6 The Operator WZW Orbifold Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.7 The Classical WZW Orbifold Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.8 The Canonical Orbifold Hamiltonian and the Twisted Einstein Metric . . . . . . . . . . . . 22 2.9 Phase-Space Derivation of the General WZW Orbifold Action . . . . . . . . . . . . . . . . . 24

3 Comments and Examples 26 3.1 A Limitation on the Principle of Local Isomorphisms . . . . . . . . . . . . . . . . . . . . . . 26 3.2 Example: Einstein Geometry of the WZW Permutation Orbifolds . . . . . . . . . . . . . . . 27 3.3 Subexample: The Permutation Orbifold A_{su(2)⊕su(2)}(Z_2)/Z_2 . . . . . . . . . . . . . . . . . . 31

4 Sigma-Model Orbifolds 33 4.1 Non-Linear Sigma Models with a Linear Symmetry . . . . . . . . . . . . . . . . . . . . . . . 33 4.2 The Sigma Model Orbifold Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 4.3 The Sigma-Model Orbifold Interval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4.4 Moment Expansion of the Twisted Einstein Tensors . . . . . . . . . . . . . . . . . . . . . . 39 4.5 Example: More About WZW Orbifold Geometry . . . . . . . . . . . . . . . . . . . . . . . . 41 4.6 Example: The General Coset Orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.7 The Twisted Einstein Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

A Rescaled Group Orbifold Elements 53

B Twisted Affine Lie Groups 54

C The Commuting Diagrams of Orbifold Theory 58

D The WZW Orbifold Matrix Adjoint Operation 62

E Orbifolds on Abelian g 63

References 66

1 Introduction

In the last few years there has been a quiet revolution in the local theory of current-algebraic orbifolds. Building on the discovery of orbifold affine algebras [1, 2] in the cyclic permutation orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of any current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal field theory [6-10] with a discrete symmetry group H. The construction treats all currentalgebraic orbifolds at the same time, using the method of eigenfields and the principle of local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The orbifold results are expressed in terms of a set of twisted tensors or duality transformations, which are discrete Fourier transforms constructed from the eigendata of the H-eigenvalue problem.

More recently, the special case of the WZW orbifolds A_g(H) H , H ⊂ Aut(g) (1.1) was worked out in further detail [11-14], introducing the extended H-eigenvalue problem and the linkage relation to include the twisted affine primary fields, the twisted vertex operator equations and the twisted KZ equations of the WZW orbifolds. Ref. [14] includes a review of the general left- and right-mover twisted KZ systems. For detailed information on particular classes of WZW orbifolds, we direct the reader to the following references:

• the WZW permutation orbifolds [11-13] • the inner-automorphic WZW orbifolds [11, 13] • the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [12] • the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds on so(8) [14].

Ref. [12] also solved the twisted vertex operator equations and the twisted KZ systems in an abelian limit^{‡1} to obtain the twisted vertex operators for each sector of a large class of orbifolds on abelian g. Moreover, Ref. [13] found the general orbifold Virasoro algebra (twisted Virasoro operators [1, 16]) of the WZW permutation orbifolds and used the general twisted KZ system to study reducibility of the general twisted affine primary field. Recent progress at the level of characters has been also reported in Refs. [17, 1, 18, 19].

In addition to the operator formulation, Ref. [11] also gave the general WZW orbifold action, special cases of which are further discussed in Refs. [12, 14]. The general WZW orbifold action provides the classical description of each sector of every WZW orbifold A_g(H)/H in terms of appropriate group orbifold elements with diagonal monodromy, which are the classical limit of the twisted affine primary fields. Moreover, Ref. [20] gauged the general WZW orbifold action by general twisted gauge groups to obtain the general coset orbifold action, which describes each sector of the general coset orbifold A_{g/h}(H)/H.

‡1An abelian twisted KZ equation for the inversion orbifold x → −x was given earlier in Ref. [15].

The present paper is primarily an extension of the ‘action’ series described in the previous paragraph: Our thrust here is to go beyond the group orbifold elements of A_g(H)/H and A_{g/h}(H)/H to study the Einstein geometry and in particular the twisted Einstein tensors of these orbifolds – as well as their embedding in a much larger class of sigma model orbifolds A_M (H)/H.

In this development, we focus on the twisted Einstein tensors with diagonal monodromy on the cylinder (ξ, t), for example the twisted Einstein metric of sector σ: Ĝ_{n(r)μ;n(s)ν} (x̂_σ(ξ + 2π, t), σ) = e^{−2πi n(r)+n(s)}ρ(σ) Ĝ_{n(r)μ;n(s)ν} (x̂_σ(ξ, t), σ) . (1.2) Here x̂_σ(ξ, t) are the twisted Einstein coordinates of sector σ and the indices n(r), n(s), μ, ν and ρ(σ) are easily computed for each orbifold. We are unaware of any prior study of twisted Einstein tensors in orbifold theory, although their existence in the twisted sectors of each orbifold follows from the same principles as the more-familiar twisted currents.

For the WZW orbifolds A_g(H)/H in particular we have chosen to approach the Einstein geometry via phase space dynamics, and, as a foundation for this discussion, we also provide the equal-time operator formulation of the general WZW orbifold. For the sigma model orbifolds A_M (H)/H, our central result is the construction of the corresponding sigma model orbifold action – which includes as special cases the general WZW orbifold action and the general coset orbifold action, as well as the actions of a large number of other orbifolds such as orbifolds of the principal chiral models.

Finally, we present strong evidence for a conjectured set of twisted Einstein equations which should describe those sigma model orbifolds in this class which are also 1-loop conformal. In analogy with the usual sigma-model Einstein equations [21-26], our twisted Einstein equations involve the twisted Ricci tensor, the twisted torsion field and the orbifold dilaton of sector σ.

A number of appendices are also included, and we mention in particular App. E – which notes in particular that the twisted Einstein metrics are constant for all orbifolds on abelian g. 2 Phase-Space Geometry of the General WZW Orbifold

In this section we consider the phase-space dynamics and in particular the classical phasespace geometry of the general WZW orbifold. The input here is the general left- and right-mover twisted current algebra and the corresponding left- and right-mover twisted affine-Sugawara constructions [5, 11] of these orbifolds, as well as the classical group orbifold elements [11] with diagonal monodromy. The twisted B fields (see Subsecs. 2.4, 2.5) of the general WZW orbifold are needed for the canonical realization of the twisted currents, while the twisted Einstein metrics (see Subsec. 2.8) are first encountered in the canonical form of the general WZW orbifold Hamiltonian. As a final check on the results of this section, Subsec. 2.9 contains an alternate, phase-space derivation of the original coordinate-space form of the general WZW orbifold action given in Ref. [11].

2.1 The Twisted Current Modes and the Twisted Affine Primary Fields

We begin our discussion with the general twisted current algebra [3, 5, 11] of the general WZW orbifold A_g(H)/H [Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ}(m+n+^{n(r)+n(s)}_{ρ(σ)} ) + (m+^{n(r)}_{ρ(σ)} )δ_{m+n+} n(r)+n(s)_{ρ(σ) , 0}G_{n(r)μ;−n(r)ν} (σ) (2.1a) [ ^̄J_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ^̄J_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ) ^̄J_{n(r)+n(s),δ}(m+n+^{n(r)+n(s)}_{ρ(σ)} ) − (m+^{n(r)}_{ρ(σ)} )δ_{m+n+} n(r)+n(s)_{ρ(σ) , 0}G_{n(r)μ;−n(r)ν} (σ) (2.1b)

[Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ^̄J_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )] = 0, σ = 0, . . . , N_c − 1 (2.1c)

Ĵ_{n(r)±ρ(σ),μ}(m +^{n(r)±ρ(σ)}_{ρ(σ)} ) = Ĵ_{n(r)μ}(m ± 1 +^{n(r)}_{ρ(σ)} ) (2.1d)

^̄J_{n(r)±ρ(σ),μ}(m + n(r)±ρ(σ)_{ρ(σ)} ) = ^̄J_{n(r)μ}(m ± 1 + n(r)_{ρ(σ)} ) (2.1e)

where g is any semisimple Lie algebra and H ⊂ Aut(g) is any discrete symmetry group of g. In this result, ρ(σ) is the order of the element h_σ ∈ H, N_c is the number of conjugacy classes of H and n(r), n(s) and μ, ν are respectively the spectral indices and degeneracy labels of the H-eigenvalue problem [3, 5]

ω(h_σ )_a^bU^†(σ)_b^{n(r)μ} = U^†(σ)_a^{n(r)μ}E_{n(r)}(σ), E_{n(r)}(σ) = e^{−2πi} n(r) ρ(σ) , σ = 0, . . . , N c − 1 (2.2)

where ω(h_σ) is the action J^′ = ω(h_σ )J of h_σ on the currents of untwisted affine g [27, 28, 6, 10].

The twisted tensors F(σ) and G(σ) in (2.1) are particular duality transformations [3] called the twisted structure constants and the twisted metric of sector σ respectively. (This is the twisted tangent-space metric, as opposed to the twisted Einstein-space metric which will be introduced later). The explicit forms of F(σ) and G(σ) were given in Refs. [3, 5] G_{n(r)μ;n(s)ν} (σ) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^aU(σ)_{n(s)ν}^bG_{ab} (2.3a) F_{n(r)μ;n(s)ν}^{n(t)δ}(σ) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} χ(σ)^{−1}_{n(t)δ}U(σ)_{n(r)μ}^aU(σ)_{n(s)ν}^bf_{ab}^cU^†(σ)_c^{n(t)δ} (2.3b) where f_{ab}^c are the structure constants of g, G_{ab} = ⊕_I k_I η^I_{ab} is the generalized metric of affine g, U^†(σ) is the solution to the H-eigenvalue problem (2.2) and χ(σ) are normalization constants with χ(0) = 1. In the untwisted sector σ = 0, one has ω(h_0) = U^†(0) = 1l and Eq. (2.1) reduces to the original untwisted affine Lie algebra [27, 28, 6, 10] of A_g(H).

As discussed in Ref. [11], the sign reversal of the central term in the twisted right-mover current algebra (2.1b) is quite correct, and is in agreement with earlier analysis at the level of orbifold characters [29]. See Refs. [11-13] and in particular Ref. [14] for recent discussion of the closely related issue of rectification of the twisted right-mover current algebra into a copy of the twisted left-mover current algebra.

We will also need the commutators of the twisted current modes with the twisted affine primary fields ĝ(T , ξ, t, σ) of sector σ on the cylinder (ξ, t), 0 ≤ ξ ≤ 2π [Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ĝ(T , ξ, t, σ)] = ĝ(T , ξ, t, σ)T_{n(r)μ}e^{i(m+} n(r) ρ(σ) )(ξ+t) (2.4a) [ ^̄J_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ĝ(T , ξ, t, σ)] = −e^{i(m+} n(r) ρ(σ) )(ξ−t)T n(r)μĝ(T , ξ, t, σ) (2.4b) where T_{n(r)μ} ≡ T_{n(r)μ}(T, σ) is another set of duality transformations, called the twisted representation matrices of sector σ T_{n(r)μ}(T, σ) ≡ χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aU(T, σ)T_aU^†(T, σ) . (2.5) Here U^†(T, σ) is the unitary eigenvector matrix of the extended H-eigenvalue problem [11]

W (h_σ ; T )U^†(T, σ) = U^†(T, σ)E(T, σ), σ = 0, . . . , N_c − 1 (2.6a) E(T, σ)_{N (r)μ}^{N (s)ν} ≡ δ_{N (r)μ}^{N (s)ν} e^{−2πi N (r)R(σ)} , δ_{N (r)μ}^{N (s)ν} ≡ δ_μ^ν δ_{N (r)−N (s),0mod R(σ)} (2.6b) where W (h_σ ; T ) is the action of h_σ ∈ H, H ⊂ Aut(g) in matrix rep T of g and R(σ) is the order of W (h_σ; T ). The H-eigenvalue problem (2.2), which controls the form of the general twisted current algebra (2.1), is the special case of (2.6) when T is the adjoint representation.

The twisted affine primary fields ĝ(T , σ) and the twisted representation matrices T (T, σ) have the same matrix indices ĝ(T , ξ, t, σ) ≡ {ĝ(T , ξ, t, σ)_{N (r)μ}^{N (s)ν} }, T (T, σ) ≡ {T (T, σ)_{N (r)μ}^{N (s)ν} } (2.7) where N(r), N(s) and μ, ν are respectively the spectral indices and degeneracy labels of the extended H-eigenvalue problem. The commutators (2.4) are the analogues on the cylinder of previous results [11] on the sphere, using the correspondence ĝ(T , ξ, t, σ) = {z̄^{Dĝ(σ)(T )}ĝ(T , z̄, z, σ)z^{Dĝ(σ)(T )}}_{z=ei(t+ξ) , z̄=ei(t−ξ)} (2.8) where D_{ĝ(σ)}(T ) is called the twisted conformal weight matrix [11, 13]. Reducibility of the twisted affine primary fields is discussed in Refs. [12, 13].

We mention here a number of properties of the duality transformations which are needed below, beginning with the selection rules: G_{n(r)μ;n(s)ν} (σ) = δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ) (2.9a) F_{n(r)μ;n(s)ν}^{n(t)δ}(σ) = δ_{n(r)+n(s)−n(t),0 mod ρ(σ)}F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ) (2.9b)

E_{n(r)}(σ)^∗T_{n(r)μ}(T, σ) = e^{2πi n(r)ρ(σ)} T_{n(r)μ}(T, σ) = E(T, σ)T_{n(r)μ}(T, σ)E(T, σ)^∗ . (2.9c) More generally, the selection rules of duality transformations follow [3, 5, 11] directly from the H-invariance of the corresponding untwisted quantities. The indices of G_•(σ) and F(σ) can be raised and lowered with G_•(σ) and its inverse G^•(σ), and moreover, F_•(σ) with all indices down is totally antisymmetric.

Other useful properties of the twisted representation matrices include [11] [T_{n(r)μ}(T, σ), T_{n(s)ν}(T, σ)] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)T_{n(r)+n(s),δ}(T, σ) (2.10a) ^T r(M(T , σ)T_{n(r)μ}(T, σ)T_{n(s)ν} (T, σ)) = G_{n(r)μ,n(s)ν} (σ) (2.10b) ^T r(AB) ≡ ∑ r,μ,s,ν A_{N (r)μ}^{N (s)ν} B_{N (s)ν}^{N (r)μ} (2.10c) [M(T , σ), T_{n(r)μ}(T, σ)] = [M(T , σ), ĝ(T , ξ, t, σ)] = 0 (2.10d) E(T, σ)M(T (T, σ), σ)E(T, σ)^∗ = M(T (T, σ), σ), σ = 0, . . . , N_c − 1 (2.10e) where the twisted structure constants F(σ) of the general orbifold Lie algebra ĝ(σ) in (2.10a) are the same as those in the general twisted current algebra (2.1). The quantity M(T , σ) is another duality transformation called the twisted data matrix [11, 12, 20, 14] which stores the Dynkin indices of the untwisted representation matrices and the levels of the untwisted affine algebra. The twisted data matrix is proportional to 1l when g has the form g = ⊕_I g^I , where g^I with k_I = k is isomorphic to simple g and T^I ≃ T .

2.2 The General Twisted Equal-Time Operator Algebra Our next task is to translate the mode algebra of the previous subsection into corresponding equal-time commutation relations on the cylinder (ξ, t). For this purpose we define the twisted local currents on the cylinder: Ĵ_{n(r)μ}(ξ, t) ≡ ∑ m∈Z Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )e^{−i(m+n(r)}ρ(σ)^{)(ξ+t)} = Ĵ_{n(r)±ρ(σ),μ}(ξ, t) (2.11a)

^̄J_{n(r)μ}(ξ, t) ≡ ∑ m∈Z ^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} )e^{−i(m+n(r)}ρ(σ)^{)(ξ−t)} = ^̄J_{n(r)±ρ(σ),μ}(ξ, t) (2.11b)

Ĵ_{n(r)μ}(ξ + 2π, σ) = e^{−2πi n(r)}ρ(σ) Ĵ_{n(r)μ}(ξ, σ), ^̄J_{n(r)μ}(ξ + 2π, σ) = e^{−2πi n(r)}ρ(σ) ^̄J_{n(r)μ}(ξ, σ) . (2.11c) Note that the twisted left- and right- mover local currents have the same monodromy [11] upon circumnavigation of the cylinder.

Then we may use the mode algebra (2.1),(2.4) to compute the general twisted equal-time current algebra [Ĵ_{n(r)μ}(ξ, t, σ), Ĵ_{n(s)ν} (η, t, σ)] = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ}(η, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r)ν} (σ)∂_ξ)δ_{n(r)}(ξ − η) (2.12a) [ ^̄J_{n(r)μ}(ξ, t, σ), ^̄J_{n(s)ν} (η, t, σ)] = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ) ^̄J_{n(r)+n(s),δ}(η, t, σ) − δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r)ν} (σ)∂_ξ)δ_{n(r)}(ξ − η) (2.12b) [Ĵ_{n(r)μ}(ξ, t, σ), ^̄J_{n(s)ν} (η, t, σ)] = 0, σ = 0, . . . , N_c − 1 (2.12c) and the equal-time algebra of the twisted cylinder currents with the twisted affine primary fields ĝ: [Ĵ_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)] = 2πĝ(T , η, t, σ)T_{n(r)μ}δ_{n(r)}(ξ − η) (2.13a) [ ^̄J_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)] = −2πT_{n(r)μ}ĝ(T , η, t, σ)δ_{n(r)}(ξ − η) . (2.13b) A central feature of the general twisted equal-time operator algebra (2.12), (2.13) is the appearance of the monodromy factor δ_{n(r)}(ξ − η), which is a modified Dirac delta function with monodromy: δ_{n(r)}(ξ − η) ≡ 1 2π ∑ m∈Z e^{−i(m+} n(r) ρ(σ) )(ξ−η) = e−i^{n(r)}ρ(σ) (ξ−η)δ(ξ − η) = δ −n(r)(η − ξ) (2.14a)

δ_{n(r)}(ξ − η ± 2π) = e^{∓2πi} n(r) ρ(σ) δ n(r)(ξ − η) (2.14b)

δ_{n(r)±ρ(σ)}(ξ − η) = δ_{n(r)}(ξ − η), δ_{0 mod ρ(σ)}(ξ − η) = δ(ξ − η) (2.14c)

δ(ξ − η) ≡ 1 2π ∑ m∈Z e^{−im(ξ−η)}, δ(ξ − η ± 2π) = δ(ξ − η) . (2.14d) Here the ordinary 2π-periodic Dirac delta function is denoted by δ(ξ − η), and we note that the phase of the monodromy factor is non-trivial when ξ − η = ±2π. Our notation δ_{n(r)}(ξ − η) is a shorthand for the more accurate form δ_{n(r)/ρ(σ)}(ξ − η).

In the computations above (and others to follow) we found it helpful to use identities of the following type Â_{n(r)μ}(ξ, t)δ_{n(s)}(ξ−η) = Â_{n(r)μ}(η, t)δ_{n(r)+n(s)}(ξ−η) for any Â s.t. Â_{n(r)μ}(ξ + 2π, t) = e^{−2πi} n(r) ρ(σ) Â n(r)μ(ξ, t) (2.15a) Â^{n(r)μ}(ξ, t)δ_{n(s)}(ξ−η) = Â^{n(r)μ}(η, t)δ_{n(s)−n(r)}(ξ−η) for any Â s.t. Â^{n(r)μ}(ξ + 2π, t) = e^{2πi} n(r) ρ(σ) Ân(r)μ(ξ, t) (2.15b) Â_{n(r)μ}^{n(s)ν} (ξ, t)δ_{n(t)}(ξ − η) = Â_{n(r)μ}^{n(s)ν} (η, t)δ_{n(r)−n(s)+n(t)}(ξ − η) for any Â s.t. Â_{n(r)μ}^{n(s)ν} (ξ + 2π, t) = e^{−2πi n(r)−n(s)ρ(σ)} Â_{n(r)μ}^{n(s)ν} (ξ, t) (2.15c)

which follow directly from the properties of the monodromy factor in (2.14). Note that (by setting n(r) or n(s) to zero) the identities in (2.15a,b) are special cases of the identity in (2.15c). Moreover, Eq. (2.15) gives us integral identities such as Â_{n(r)μ}^{n(s)ν} (η, t)δ_{n(s)−n(r)}(η − ξ) = Â_{n(r)μ}^{n(s)ν} (ξ, t)δ(η − ξ) (2.16a) ∫_{2π} 0 dηÂ_{n(r)μ}^{n(s)ν} (η, t)δ_{n(s)−n(r)}(η − ξ) = Â_{n(r)μ}^{n(s)ν} (ξ, t) (2.16b) ∫_{2π} 0 dηÂ_{n(r)μ}^{n(s)ν} (η, t)∂_ηδ_{n(s)−n(r)}(η − ξ) = −∂_ξÂ_{n(r)μ}^{n(s)ν} (ξ, t) (2.16c) which are useful in evaluating commutators or brackets of integrated quantities with local fields. Generalizations of these identities to objects with any number of indices are easily derived. For example, all these identities hold for operators of the form Â_{n(r)μ;n(s)ν} by replacing n(s) → −n(s) in the monodromy and the monodromy factors of (2.15c) and (2.16).

Although the identities (2.15) can be used to write the twisted equal-time algebra (2.12), (2.13) in alternate forms, e.g. [Ĵ_{n(r)μ}(ξ, t, σ), Ĵ_{n(s)ν} (η, t, σ)] = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ}(ξ, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r)ν} (σ)∂_ξ)δ_{−n(s)}(ξ − η) (2.17) it is not possible to eliminate the phases of the monodromy factors δ_{n(r)}(ξ − η) entirely. Moreover, it is not difficult to check a posteriori that the phases of the monodromy factors are necessary and sufficient to guarantee the consistency of the general twisted equal-time operator algebra with the monodromy (2.11c) of the twisted currents. For example, note that Ĵ_{n(r)+n(s),δ}(η + 2π, t, σ)δ_{n(r)}(ξ − η − 2π) = e^{−2πi n(s)}ρ(σ) Ĵ_{n(r)+n(s),δ}(η, t, σ)δ_{n(r)}(ξ − η) (2.18) which matches the η monodromy of the left side of (2.12a). We also remark that the n(r) → n(r)±ρ(σ) periodicity of the monodromy factor in (2.14c) is consistent with the corresponding periodicity (2.11a,b) of the twisted currents.

2.3 The Classical Limit and Twisted Equal-Time Brackets

To describe the classical limit of WZW orbifold theory, we first replace each commutator [ , ] in Eqs. (2.12), (2.13) by the rescaled Poisson bracket [ , ] → { , } to obtain the general twisted equal-time brackets: {Ĵ_{n(r)μ}(ξ, t, σ), Ĵ_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ}(η, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r)ν} (σ)∂_ξ)δ_{n(r)}(ξ − η) (2.19a) { ^̄J_{n(r)μ}(ξ, t, σ), ^̄J_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ) ^̄J_{n(r)+n(s),δ}(η, t, σ) − δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r)ν} (σ)∂_ξ)δ_{n(r)}(ξ − η) (2.19b) {Ĵ_{n(r)μ}(ξ, t, σ), ^̄J_{n(s)ν} (η, t, σ)} = 0, σ = 0, . . . , N_c − 1 (2.19c)

{Ĵ_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)} = 2πĝ(T , η, t, σ)T_{n(r)μ}δ_{n(r)}(ξ − η) (2.20a) { ^̄J_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)} = −2πT_{n(r)μ}ĝ(T , η, t, σ)δ_{n(r)}(ξ − η) . (2.20b) Here {ĝ(T , ξ, t, σ)} are the group orbifold elements [11, 12, 20, 13, 14], which are the classical (high-level) limit of the twisted affine primary fields of sector σ.

The group orbifold elements are unitary matrices ĝĝ^† = 1l which are locally group elements but which exhibit the (two-sided) diagonal monodromy ĝ(T (T, σ), ξ + 2π, t, σ) = E(T, σ)ĝ(T , ξ, t, σ)E(T, σ)^∗ (2.21a) ĝ(T (T, σ), ξ + 2π, t, σ)_{N (r)μ}^{N (s)ν} = e^{−2πi N (r)−N (s)R(σ)} ĝ(T , ξ, t, σ)_{N (r)μ}^{N (s)ν} (2.21b) on circumnavigation of the cylinder. The eigenvalue matrices E(T, σ) are defined by the extended H-eigenvalue problem in Eq. (2.6). We have checked that, thanks to the monodromy factors δ_{n(r)}(ξ − η), the monodromies (2.11c) and (2.21) are consistent with the general twisted brackets (2.19) and (2.20). In particular, the selection rule (2.9c) of the twisted representation matrices T is necessary to check this consistency for the results in Eq. (2.20). The group orbifold elements also inherit the vanishing commutator with the twisted data matrix [M(T, σ), ĝ(T , ξ, t, σ)] = 0 (2.22) from the same property (2.10d) of the twisted affine primary fields.

2.4 Twisted Einstein Coordinates on the Group Orbifold

Using the group orbifold elements, we turn now to the definition and properties of various twisted geometric objects in sector σ of the general WZW orbifold A_g(H)/H.

To begin, we remind [11] the reader that the group orbifold elements can be expressed in terms of the twisted tangent-space coordinates β̂ of sector σ ĝ(T (T, σ), ξ, t, σ) = e^{iβ̂n(r)μ(ξ,t,σ)Tn(r)μ(T,σ)}, β̂^{n(r)μ}(ξ + 2π, t, σ) = β̂^{n(r)μ}(ξ, t, σ)e^{2πi} n(r) ρ(σ) (2.23)

whose diagonal monodromy is equivalent (by the selection rule (2.9c)) to the monodromy (2.21) of the group orbifold element. In what follows we often suppress the time label t.

Our next task is to choose twisted Einstein coordinates x̂(ξ) ≡ x̂_σ(ξ) with diagonal monodromy, a property which can hold only in a preferred class of coordinate systems. For simplicity, we choose the coordinate system x̂(ξ) = β̂(ξ) in which the twisted Einstein coordinates are equal to the twisted tangent-space coordinates

x̂^{n(r)μ}_σ (ξ) ≡ β̂^{n(s)ν} (ξ, σ)ê^{−1}(0, σ)_{n(s)ν}^{n(r)μ} = β̂^{n(r)μ}(ξ, σ) (2.24a) ê(0, σ)_{n(r)μ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} ≡ δ_μ^ν δ_{n(r)−n(s),0 mod ρ(σ)} (2.24b) ĝ(T (T, σ), ξ, σ) = e^{ix̂n(r)μσ (ξ)Tn(r)μ(T,σ)}, x̂^{n(r)μ}_σ (ξ + 2π) = x̂^{n(r)μ}_σ (ξ)e^{2πi} n(r) ρ(σ) (2.24c)

where ê(0, σ) = 1l is the twisted left-invariant vielbein (see below) evaluated at x̂ = 0 in sector σ of the group orbifold.

In analogy with the standard construction on group manifolds, we may now use the group orbifold elements to define a twisted left-invariant vielbein ê(x̂) and its inverse ê^{−1}(x̂) ^∂_{n(r)μ}(ξ) ≡ ∂_{∂x̂n(r)μ(ξ)} , ^∂_{n(r)μ}(ξ + 2π) = e^{−2πi n(r)}ρ(σ) ^∂_{n(r)μ}(ξ) (2.25a) ê_{n(r)μ}(T , x̂(ξ)) ≡ −iĝ^{−1}(T , ξ, σ) ^∂_{n(r)μ}ĝ(T , ξ, σ) ≡ ê(x̂(ξ))_{n(r)μ}^{n(s)ν} T_{n(s)ν} (T, σ) (2.25b) ê(x̂(ξ))_{n(r)μ}^{n(s)ν} = ^T r( M(T , σ)ê_{n(r)μ}(T , x̂(ξ))T (T, σ)_{n(t)δ} )G^{n(t)δ;n(s)ν} (σ) (2.25c) ê_{n(r)μ}(T , x̂(ξ)) ≡ ê_{n(r)μ}(T , x̂_σ(ξ), σ), ê(x̂(ξ))_{n(r)μ}^{n(s)ν} ≡ ê(x̂_σ(ξ), σ)_{n(r)μ}^{n(s)ν} (2.25d) ê^{−1}(x̂)_{n(r)μ}^{n(t)δ} ê(x̂)_{n(t)δ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} , ê^{−1}(x̂)_{n(r)μ}^{n(s)ν} ê(T , x̂)_{n(s)ν} = T_{n(r)μ}(T, σ) (2.25e) for each twisted sector σ of the group orbifold. The relation (2.25c) for the twisted component vielbeins follows from (2.10b) and (2.25b). Similarly, for each sector σ we have the twisted right-invariant vielbein ^̄e(x̂) and its inverse ^̄e^{−1}(x̂): ^̄e_{n(r)μ}(T , x̂(ξ)) ≡ −iĝ(T , ξ, σ) ^∂_{n(r)μ}ĝ^{−1}(T , ξ, σ) ≡ ^̄e(x̂(ξ))_{n(r)μ}^{n(s)ν} T_{n(s)ν} (T, σ) (2.26a) ^̄e(x̂(ξ))_{n(r)μ}^{n(s)ν} = ^T r( M(T , σ)^̄e_{n(r)μ}(T , x̂(ξ))T (T, σ)_{n(t)δ} )G^{n(t)δ;n(s)ν} (σ) (2.26b)

^̄e_{n(r)μ}(T , x̂(ξ)) ≡ ^̄e_{n(r)μ}(T , x̂_σ(ξ), σ), ^̄e(x̂(ξ))_{n(r)μ}^{n(s)ν} ≡ ^̄e(x̂_σ(ξ), σ)_{n(r)μ}^{n(s)ν} (2.26c) ^̄e^{−1}(x̂)_{n(r)μ}^{n(t)δ} ^̄e(x̂)_{n(t)δ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} , ^̄e^{−1}(x̂)_{n(r)μ}^{n(s)ν} ^̄e(T , x̂)_{n(s)ν} = T_{n(r)μ}(T, σ) . (2.26d) The twisted vielbeins ê(x̂), ^̄e(x̂) are called left- and right-invariant because they are invariant respectively under left and right translations ĝ → ĝ_0ĝ and ĝ → ĝĝ_0 by constant group orbifold elements ĝ_0 in each sector σ of the group orbifold.

The monodromies (2.21), (2.25a) and the selection rule (2.9c) then imply the diagonal monodromies of the twisted vielbeins ê_{n(r)μ}(T , x̂(ξ + 2π)) = e^{−2πi} n(r) ρ(σ) E(T, σ)ê n(r)μ(T , x̂(ξ))E(T, σ) ∗ (2.27a) ê(x̂(ξ + 2π))_{n(r)μ}^{n(s)ν} = e^{−2πi n(r)−n(s)ρ(σ)} ê(x̂(ξ))_{n(r)μ}^{n(s)ν} (2.27b)

^̄e_{n(r)μ}(T , x̂(ξ + 2π)) = e^{−2πi n(r)ρ(σ)} E(T, σ)^̄e_{n(r)μ}(T , ξ(x̂))E(T, σ)^∗ (2.27c) ^̄e(x̂(ξ + 2π))_{n(r)μ}^{n(s)ν} = e^{−2πi n(r)−n(s)}ρ(σ) ^̄e(x̂(ξ))_{n(r)μ}^{n(s)ν} (2.27d) and the inverse twisted vielbeins have the same monodromies as the twisted vielbeins.

We also define the twisted adjoint action Ω̂(x̂) ≡ Ω̂(x̂_σ, σ) of sector σ ĝ(T , ξ, σ)T_{n(r)μ}(T, σ)ĝ^{−1}(T , ξ, σ) = Ω̂(x̂_σ, σ)_{n(r)μ}^{n(s)ν} T_{n(s)ν} (T, σ) (2.28a) Ω̂(x̂(ξ + 2π))_{n(r)μ}^{n(s)ν} = e^{−2πi n(r)−n(s)}ρ(σ) Ω̂(x̂(ξ))_{n(r)μ}^{n(s)ν} (2.28b)

Ω̂(x̂)_{n(r)μ}^{n(t)δ}Ω̂(x̂)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) = G_{n(r)μ;n(s)ν} (σ) (2.28c) Ω̂(x̂)_{n(r)μ}^{n(u)ϵ}Ω̂(x̂)_{n(s)ν}^{n(v)ζ} F_{n(u)ϵ;n(v)ζ}^{n(t)δ}(σ) = F_{n(r)μ;n(s)ν}^{n(u)ϵ}(σ)Ω̂(x̂)_{n(u)ϵ}^{n(t)δ} (2.28d) ^̄e(x̂)_{n(r)μ}^{n(s)ν} = −ê(x̂)_{n(r)μ}^{n(t)δ}Ω̂(x̂)_{n(t)δ}^{n(s)ν} (2.28e) ^̄e^{−1}(x̂)_{n(r)μ}^{n(s)ν} = −Ω̂^{−1}(x̂)_{n(r)μ}^{n(t)δ}ê^{−1}(x̂)_{n(t)δ}^{n(s)ν} (2.28f) which relates the twisted vielbeins ê, ^̄e of sector σ. Other useful identities include ê^{−1}(x̂)_{n(r)μ}^{n(t)δ} ^∂_{n(t)δ}Ω̂(x̂)_{n(s)ν}^{n(u)ϵ} = −F_{n(r)μ;n(s)ν}^{n(t)δ}(σ)Ω̂(x̂)_{n(t)δ}^{n(u)ϵ} (2.29a)

^̄e^{−1}(x̂)_{n(r)μ}^{n(t)δ} ^∂_{n(t)δ}Ω̂(x̂)_{n(s)ν}^{n(u)ϵ} = Ω̂(x̂)_{n(s)ν}^{n(t)δ}F_{n(r)μ;n(t)δ}^{n(u)ϵ}(σ) (2.29b) and the twisted Cartan-Maurer and inverse twisted Cartan-Maurer relations of sector σ ^∂_{n(r)μ}ê(x̂)_{n(s)ν}^{n(t)δ} − ^∂_{n(s)ν}ê(x̂)_{n(r)μ}^{n(t)δ} = ê(x̂)_{n(r)μ}^{n(u)ϵ}ê(x̂)_{n(s)ν}^{n(v)ζ} F_{n(u)ϵ;n(v)ζ}^{n(t)δ}(σ) (2.30a)

ê^{−1}(x̂)_{n(r)μ}^{n(t)δ} ^∂_{n(t)δ}ê^{−1}(x̂)_{n(s)ν}^{n(u)ϵ} − ê^{−1}(x̂)_{n(s)ν}^{n(t)δ} ^∂_{n(t)δ}ê^{−1}(x̂)_{n(r)μ}^{n(u)ϵ} = F_{n(s)ν;n(r)μ}^{n(t)δ}(σ)ê^{−1}(x̂)_{n(t)δ}^{n(u)ϵ} (2.30b) which also have the same form for ê → ^̄e.

We turn next to our first twisted Einstein tensors in sector σ of the group orbifold. In particular, the twisted B field B̂ and the twisted torsion field Ĥ of sector σ are defined as follows: Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂) ≡ ^∂_{n(r)μ}B̂_{n(s)ν;n(t)δ}(x̂)+ ^∂_{n(s)ν}B̂_{n(t)δ;n(r)μ}(x̂)+ ^∂_{n(t)δ}B̂_{n(r)μ;n(s)ν} (x̂) (2.31a) ≡ −i ^T r ( M(T , σ)ê_{n(r)μ}(T , x̂)[ê_{n(s)ν} (T , x̂), ê_{n(t)δ}(T , x̂)] ) (2.31b) = ê(x̂)_{n(r)μ}^{n(r′)μ′}ê(x̂)_{n(s)ν}^{n(s′ )ν′}ê(x̂)_{n(t)δ}^{n(t′)δ′} F_{n(r}′_{)μ}′_{;n(s}′_{)ν}′_{;n(t}′_{)δ}′ (σ) (2.31c)

Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)+n(t)}ρ(σ) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂(ξ)) (2.32a) B̂_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) B̂_{n(r)μ;n(s)ν} (x̂(ξ)), B̂_{n(r)μ;n(s)ν} = −B̂_{n(s)ν;n(r)μ} (2.32b) Ĥ(x̂) ≡ Ĥ(x̂_σ(ξ), σ), B̂(x̂) ≡ B̂(x̂_σ(ξ), σ). (2.32c) The diagonal monodromies here follow from the diagonal monodromy (2.27) of the twisted vielbein. We also note with Ref. [5] that the twisted structure constants in (2.31c) and hence the twisted torsion field F_{n(r)μ;n(s)ν;n(t)δ}(σ) ≡ F_{n(r)μ;n(s)ν}^{n(u)ϵ}(σ)G_{n(u)ϵ;n(t)δ}(σ) = −F_{n(r)μ;n(t)δ;n(s)ν} (σ) (2.33a) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂(ξ)) = −Ĥ_{n(r)μ;n(t)δ;n(s)ν} (x̂(ξ)) (2.33b) are totally antisymmetric.

Finally, we use the exponential form (2.24c) of the group orbifold elements to obtain these twisted geometric objects in closed form, beginning with the explicit form of the twisted adjoint action

Ω̂(x̂) ≡ Ω̂(x̂_σ, σ) ≡ e^{−iŶ (x̂)}, Ŷ (x̂(ξ)) ≡ Ŷ (x̂_σ(ξ), σ) ≡ x̂^{n(r)μ}_σ (ξ)T̃_{n(r)μ}(T^{adj} , σ) (2.34a) T̃_{n(r)μ}(T^{adj}, σ)_{n(s)ν}^{n(t)δ} ≡ −iF_{n(r)μ;n(s)ν}^{n(t)δ}(σ) = χ(σ)_{n(s)ν} χ(σ)^{−1}_{n(t)δ}T_{n(r)μ}(T^{adj} , σ)_{n(s)ν}^{n(t)δ} (2.34b) [T̃_{n(r)μ}(T^{adj} , σ), T̃_{n(s)ν} (T^{adj}, σ)] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)T̃_{n(r)+n(s),δ}(T^{adj} , σ) (2.34c) Ŷ (x̂(ξ + 2π))_{n(r)μ}^{n(s)ν} = e^{−2πi n(r)−n(s)}ρ(σ) Ŷ (x̂(ξ))_{n(r)μ}^{n(s)ν} (2.34d) which follows from its definition in (2.28a). Here T^{adj} is the adjoint representation of untwisted Lie g, and the objects {T̃_{n(s)ν} (T^{adj} , σ)} are examples of so-called rescaled twisted representation matrices (see App. A). Using (2.25b), we may also compute the twisted vielbein in closed form:

ê(x̂)_{n(r)μ}^{n(s)ν} = (^{eiŶ (x̂)−1}_{iŶ (x̂)} )_{n(r)μ}^{n(s)ν} , ê(0)_{n(r)μ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} . (2.35) Similarly (up to a twisted gauge transformation ΔB̂ = ^∂Λ̂) the following closed form of the twisted B field B̂_{n(r)μ;n(s)ν} (x̂) = (_{eiŶ −e−iŶ −2iŶ} (iŶ )^2 ) n(r)μ n(t)δG n(t)δ;n(s)ν (σ) = − (_{eiŶ −e−iŶ −2iŶ} (iŶ )^2 ) n(s)ν n(t)δG n(t)δ;n(r)μ(σ) = (_{eiŶ −e−iŶ −2iŶ} (iŶ )^2 ) n(r)μ −n(s),δ G −n(s),δ;n(s)ν (σ) (2.36) is obtained from (2.31). To see the antisymmetry of B̂ in (2.36), we have used Eq. (2.28c) in the form f(Ω̂)_{n(r)μ}^{n(t)δ}G_{n(t)δ;n(s)ν} (σ) = f(Ω̂^{−1})_{n(s)ν}^{n(t)δ}G_{n(t)δ;n(r)μ}(σ) (2.37) which holds for any power series f of Ω̂. The monodromy (2.34d) of Ŷ is consistent with the monodromy (2.32b) of B̂ because the twisted tangent-space metric G_•(σ) satisfies the selection rule (2.9a).

The twisted Einstein metrics of the general WZW orbifold are discussed in Subsec. 2.8.

2.5 Phase-Space Realization of the Twisted Currents

We will also need to define twisted Einstein momenta p̂^σ (ξ) ≡ p̂^σ (ξ, t), which are ‘canonically’ conjugate to the twisted Einstein coordinates: {p̂^σ_{n(r)μ}(ξ, t), x̂^{n(s)ν}_σ (η, t)} ≡ −iδ_{n(r)μ}^{n(s)ν} δ_{n(r)}(ξ − η) (2.38a) {p̂^σ_{n(r)μ}(ξ, t), p̂^σ_{n(s)ν} (η, t)} = {x̂^{n(r)μ}_σ (ξ, t), x̂^{n(s)ν}_σ (η, t)} ≡ 0 (2.38b) p̂^σ_{n(r)μ}(ξ + 2π, t) = e^{−2πi} n(r) ρ(σ) p̂σ n(r)μ(ξ, t), x̂ n(r)μ σ (ξ + 2π, t) = x̂^{n(r)μ}_σ (ξ, t)e^{2πi} n(r) ρ(σ) . (2.38c)

It is not difficult to check that, thanks to its monodromy factor δ_{n(r)}(ξ − η), the twisted equal-time bracket (2.38a) is consistent with the monodromies in (2.38c).

Using the twisted vielbein and twisted B field of the previous subsection, we can now state the canonical bracket realization of the general twisted equal-time current algebra (2.19)

Ĵ_{n(r)μ}(ξ, σ) = 2πê^{−1}(x̂)_{n(r)μ}^{n(t)δ}p̂_{n(t)δ}(B̂) + 1 2 ∂_ξx̂^{n(t)δ}_σ ê(x̂)_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (2.39a)

^̄J_{n(r)μ}(ξ, σ) = 2π ^̄e^{−1}(x̂)_{n(r)μ}n(t)δp̂_{n(t)δ}(B̂) − 1 2 ∂_ξx̂^{n(t)δ}_σ ^̄e(x̂)_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (2.39b) p̂_{n(r)μ}(B̂) ≡ p̂^σ_{n(r)μ} + 1 4π B̂_{n(r)μ;n(s)ν} (x̂)∂_ξx̂^{n(s)ν}_σ , σ = 0, . . . , N_c − 1 (2.39c)

in sector σ of any current-algebraic orbifold. With the canonical brackets (2.38), the identities (2.15) and the relations (2.25)-(2.33), we have checked at length that the realization (2.39) satisfies all the twisted equal-time brackets in (2.19) and (2.20). Two independent derivations of this result are discussed in Subsec. 4.5 and App. B.

As in the untwisted case [30], the classical realization (2.39) can in fact be promoted to an operator realization [p̂^σ_{n(r)μ}(ξ), x̂^{n(s)ν}_σ (η)] = −iδ_{n(r)μ}^{n(s)ν} δ_{n(r)}(ξ − η) (2.40a)

[p̂^σ_{n(r)μ}(ξ), p̂^σ_{n(s)ν} (η)] = [x̂^{n(r)μ}_σ (ξ), x̂^{n(s)ν}_σ (η)] = 0 (2.40b) using the same forms (2.35), (2.36) of ê(x̂) and B̂(x̂) and keeping the operator ordering precisely as shown in (2.39). This derivation is outlined in App. B using the method of twisted affine Lie groups, which generalizes the method of affine Lie groups [31, 30].

The brackets of the twisted currents with the twisted Einstein coordinates can also be computed {Ĵ_{n(r)μ}(ξ, t, σ), x̂^{n(s)ν}_σ (η, t, σ)} = −2πiê^{−1}(x̂(ξ))_{n(r)μ}^{n(s)ν} δ_{n(s)}(ξ − η) = −2πiδ_{n(r)}(ξ − η)ê^{−1}(x̂(η))_{n(r)μ}^{n(s)ν} (2.41a) { ^̄J_{n(r)μ}(ξ, t, σ), x̂^{n(s)ν}_σ (η, t, σ)} = −2πi^̄e^{−1}(x̂(ξ))_{n(r)μ}^{n(s)ν} δ_{n(s)}(ξ − η) = −2πiδ_{n(r)}(ξ − η)^̄e^{−1}(x̂(η))_{n(r)μ}^{n(s)ν} (2.41b)

where Eq. (2.15c) is used to show the equivalence of the two forms on the right side of each result.

2.6 The Operator WZW Orbifold Hamiltonian

Our task in this and the following subsection is to obtain the classical Hamiltonian of sector σ of the general WZW orbifold A_g(H)/H. As a foundation for this development, we begin again at the quantum level.

From the results of Refs. [3, 5, 11], we know that the operator stress tensors of the general WZW orbifold on the cylinder are the twisted affine-Sugawara constructions: T̂_σ(ξ, t) ≡ 1 2π L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵn(r)μ(ξ, t)Ĵ−n(r),ν (ξ, t) :, T̂σ(ξ + 2π, t) = T̂σ(ξ, t) (2.42a) ^̄T_σ(ξ, t) ≡ 1 2π L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) :, ^̄T_σ(ξ + 2π, t) = ^̄T_σ(ξ, t) (2.42b) L^{n(r)μ;n(s)ν} ĝ(σ) (σ) = χ(σ) −1 n(r)μχ(σ) −1 n(s)ν U †(σ)_a^{n(r)μ}U^†(σ)_b^{n(s)ν} L^{ab}_g = δ_{n(r)+n(s),0 mod ρ(σ)}L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) . (2.42c)

Here the twisted inverse inertia tensor L_{ĝ(σ)}(σ) is another duality transformation, whose explicit form in (2.42c) will be needed below. The χ’s in this expression are the same normalization constants which appeared in Eqs. (2.3) and (2.5), and U^†(σ) is the eigenvector matrix of the H-eigenvalue problem (2.2). We emphasize that L_{ĝ(σ)}(σ) is the orbifold dual of the inverse inertia tensor L^{ab}_g of the affine-Sugawara construction [6,7,32-34] on g T (ξ, t) = 1 2π L^{ab}_g : J_a(ξ, t)J_b(ξ, t) : (2.43a) g = ⊕_I g^I , L^{ab}_g = ⊕_I η^{ab}_I 2k_I + Q_I

, c_g = ∑ I 2k_I dim g^I 2k_I + Q_I

(2.43b)

L^{cd}_g ω(h_σ )_c^aω(h_σ )_d^b = L^{ab}_g , ∀h_σ ∈ H ⊂ Aut(g) (2.43c)

which describes the original H-symmetric theory A_g(H).

The ordering : · : in Eqs. (2.42) and (2.43) corresponds to operator product normal ordering [2, 3, 5, 11] on the sphere. For the twisted left-mover current modes, the explicit form of operator product normal ordering is [5]

: Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) := : Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) :_M −i n̄(r) ρ(σ) F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ}(m+n+^{n(r)+n(s)}_{ρ(σ)} ) + n̄(r) 2ρ(σ) (1 − n̄(r) ρ(σ) )δ_{m+n+}n(r)+n(s)_{ρ(σ) ,0}G_{n(r)μ;−n(r),ν} (σ) (2.44a)

: Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) :_M ≡ θ(m+^{n(r)}_{ρ(σ)} ≥ 0)Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )

+ θ(m+^{n(r)}_{ρ(σ)} < 0)Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) (2.44b)

and similarly for the twisted right-mover modes [11]. The quantities n̄(r) are the pullbacks of n(r) to the fundamental range n(r) ∈ {0, . . . , ρ(σ) − 1}.

The mode expansions of the orbifold stress tensors (2.42) are

T̂_σ(ξ, t) = 1 2π ∑ m L_σ (m)e^{−im(ξ+t)} (2.45a)

^̄T_σ(ξ, t) = 1 2π ∑ m L̄_σ (m)e^{+im(ξ−t)} (2.45b)

where L_σ(m), L̄_σ (m) satisfy Vir ⊕ Vir with central charge ^̄c = ĉ = c_g . Ordering identities such as (2.44) give mode-ordered forms of the Virasoro generators, which lead directly to the conformal weight Δ̂_0(σ) of the scalar twist field [3-5,11-14]:

(L_σ(m ≥ 0) − δ_{m,0}Δ̂_0(σ))|0⟩_σ = (L̄_σ (m ≥ 0) − δ_{m,0}Δ̂_0(σ))|0⟩_σ = 0 (2.46a)

Δ̂_0(σ) = ∑ r,μ,ν L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) n̄(r) 2ρ(σ) (1 − n̄(r) ρ(σ) )G_{n(r)μ;−n(r),ν} (σ) . (2.46b)

We note in passing the simple forms of the twisted inverse inertia tensor L_{ĝ(σ)}(σ) and these conformal weights L^{n(r)μ;n(s)ν} ĝ(σ) (σ) =

x_g/2 x_g + h̃_g G^{n(r)μ;n(s)ν} (σ), x_g = 2k ψ^2_g

, h̃_g =

Q_g ψ^2_g

(2.47a)

Δ̂_0(σ) = x^g/2 x_g + h̃_g ∑ r n̄(r) 2ρ(σ) (1 − n̄(r) ρ(σ) ) dim[n̄(r)] (2.47b)

which hold in the special case when g^I in (2.43b) is isomorphic to simple g and k_I = k for all I. These results apply to all WZW permutation orbifolds, even when the permutations are composed with inner or outer automorphisms of g, and further evaluation of these forms are given for specific cases in Refs. [11-14].

Then we may use Eqs. (2.42) and (2.45) to obtain the equal-time operator algebra of the orbifold stress tensors [T̂_σ(ξ, t), T̂_σ(η, t)] = i ( (T̂_σ(ξ, t)+T̂_σ(η, t)) − c_g 24π (∂^2_ξ + 1) ) ∂_ξδ(ξ − η) (2.48a) [ ^̄T_σ(ξ, t), ^̄T_σ(η, t)] = −i ( ( ^̄T_σ(ξ, t)+ ^̄T_σ(η, t)) − c_g 24π (∂^2_ξ + 1) ) ∂_ξδ(ξ − η) (2.48b)

[T̂_σ(ξ, t), Ĵ_{n(r)μ}(η, t, σ)] = iĴ_{n(r)μ}(ξ, t, σ)∂_ξδ_{n(r)}(η−ξ) = −i∂_η ( Ĵ_{n(r)μ}(η, t, σ)δ(ξ−η) ) (2.48c) [ ^̄T_σ(ξ, t), ^̄J_{n(r)μ}(η, t, σ)] = −i ^̄J_{n(r)μ}(ξ, t, σ)∂_ξδ_{n(r)}(η−ξ) = i∂_η ( ^̄J_{n(r)μ}(η, t, σ)δ(ξ−η) ) (2.48d) [T̂_σ(ξ, t), ^̄T_σ(η, t)] = [T̂_σ(ξ, t), ^̄J_{n(r)μ}(η, t, σ)] = [ ^̄T_σ(ξ, t), Ĵ_{n(r)μ}(η, t, σ)] = 0 (2.48e) as the Minkowski-space versions of known results [11] on the sphere. The monodromy (2.11c) of the twisted currents is consistent with all these commutators.

Similarly, Eq. (2.8) and the results of Ref. [11] can be used to obtain the equal-time commutators of the stress tensors with the twisted affine primary fields on the cylinder [T̂_σ(ξ, t), ĝ(T , η, t, σ)] =(2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵn(r)μ(η, t, σ)ĝ(T , η, t, σ)T−n(r),ν(T, σ) : + iĝ(T , η, t, σ)D_{ĝ(σ)}(T )∂_ξ)δ(ξ − η) (2.49a) [ ^̄T_σ(ξ, t), ĝ(T , η, t, σ)] = − (2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : ^̄J_{n(r)μ}(η, t, σ)T_{−n(r),ν}(T, σ)ĝ(T , η, t, σ) :

+ iD_{ĝ(σ)}(T )ĝ(T , η, t, σ)∂_ξ)δ(ξ − η) (2.49b)

where D_{ĝ(σ)}(T ) is the twisted conformal weight matrix of Refs. [11, 14]. The ordering : · : in Eq. (2.49) is again equivalent to operator product normal ordering on the sphere, and takes the following form on the cylinder : Ĵ_{n(r)μ}(ξ, t, σ)ĝ(T , ξ, t, σ) := : Ĵ_{n(r)μ}(ξ, t, σ)ĝ(T , ξ, t, σ) :_M −^{n̄(r)}_{ρ(σ)}ĝ(T , ξ, t, σ)T_{n(r)μ}(T, σ) (2.50a) : ^̄J_{n(r)μ}(ξ, t, σ)ĝ(T , ξ, t, σ) := : ^̄J_{n(r)μ}(ξ, t, σ)ĝ(T , ξ, t, σ) :¯_M +^{−n(r)}_{ρ(σ)} T_{n(r)μ}(T, σ)ĝ(T , ξ, t, σ) (2.50b) where −n(r) is the pullback of −n(r) and these M and M̄ normal orderings are defined in Ref. [11].

For each sector σ, the operator WZW orbifold Hamiltonian Ĥ_σ and the operator WZW orbifold momentum P̂_σ are then defined as follows:

Ĥ_σ = P̂_{0σ} = ∫_{2π} 0 dξ ( T̂_σ(ξ) + ^̄T_σ(ξ) ) = L_σ(0) + L̄_σ (0) = 1 2π ∫_{2π} 0 dξ L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵn(r)μ(ξ, t)Ĵ−n(r),ν (ξ, t)+ ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) : (2.51a)

P̂_σ = P̂_{1σ} = ∫_{2π} 0 dξ ( T̂_σ(ξ) − ^̄T_σ(ξ) ) = L_σ(0) − L̄_σ(0) = 1 2π ∫_{2π} 0 dξ L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵn(r)μ(ξ, t)Ĵ−n(r),ν (ξ, t) − ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) : . (2.51b) Both operators are well-defined because the stress tensors have trivial monodromy, and the twisted operator equations of motion are then obtained as usual:

∂_mÂ(ξ, t) = i[P̂_{mσ}, Â(ξ, t)], ξ^m = (t, ξ), ∂_m = (∂_t, ∂_ξ) (2.52a)

∂_−Ĵ_{n(r)μ}(ξ, t, σ) = ∂_+ ^̄J_{n(r)μ}(ξ, t, σ) = 0, ∂_± ≡ ∂_t ± ∂_ξ (2.52b)

∂_−T̂_σ(ξ, t) = ∂_+ ^̄T_σ(ξ, t) = 0 . (2.52c)

Moreover, the conservation laws (2.52c) tell us that the orbifold momentum operator P̂_σ is conserved.

This concludes our discussion of the equal-time operator formulation of WZW orbifolds. We remind the reader however, that Refs. [11-14] give twisted KZ equations for correlators of the twisted affine primary fields in each sector σ of all WZW orbifolds on the sphere. The equal-time results above (or Eq. (2.8)) can similarly be used to obtain the corresponding twisted KZ equations of the WZW orbifolds on the cylinder.

2.7 The Classical WZW Orbifold Hamiltonian

From the operator formulation above, we know that the classical orbifold stress tensors of sector σ are given by

T̂_σ(ξ) = 1 4π G^{n(r)μ;−n(r),ν} (σ)Ĵ_{n(r)μ}(ξ, σ)Ĵ_{−n(r),ν} (ξ, σ), T̂_σ(ξ + 2π) = T̂_σ(ξ) (2.53a) ^̄T_σ(ξ) = 1 4π G^{n(r)μ;−n(r),ν} (σ) ^̄J_{n(r)μ}(ξ, σ) ^̄J_{−n(r),ν} (ξ, σ), ^̄T_σ(ξ + 2π) = ^̄T_σ(ξ) (2.53b)

G^{n(r)μ;n(s)ν} (σ) = χ(σ)^{−1}_{n(r)μ}χ(σ)^{−1}_{n(s)ν} U^†(σ)_a^{n(r)μ}U^†(σ)_b^{n(s)ν} G^{ab}, G^{ab} = ⊕_I η^{ab}_I k_I (2.53c)

where G^{ab} is the inverse generalized metric of affine g, U^†(σ) is the eigenvector matrix of the H-eigenvalue problem (2.2) and G^•(σ) is the inverse twisted metric of sector σ. To obtain these forms, we have followed the standard prescription: Drop the normal ordering in (2.42), and take the high-level (classical) limit of the inverse inertia tensor L^{ab}_g in (2.43) k_I → ∞ : L^{ab}_{g,∞} = 1 2 G^{ab} (2.54a) L^{n(r)μ;n(s)ν} ĝ(σ),∞ (σ) = χ(σ) −1 n(r)μχ(σ) −1 n(s)ν U †(σ)_a^{n(r)μ}U^†(σ)_b^{n(s)ν} L^{ab}_{g,∞} = 1 2 G^{n(r)μ;n(s)ν} (σ) (2.54b)

which gives the high-level limit of the twisted inverse inertia tensor shown in (2.54b).

Using (2.53) and the twisted brackets (2.19), (2.20), one finds that all the commutators of Subsec. 2.6 are replaced by the rescaled brackets: {T̂_σ(ξ), T̂_σ (η)} = i ( T̂_σ(ξ) + T̂_σ(η) ) ∂_ξδ(ξ − η) (2.55a) { ^̄T_σ(ξ), ^̄T_σ(η)} = −i ( ^̄T_σ(ξ) + ^̄T_σ(η) ) ∂_ξδ(ξ − η) (2.55b)

{T̂_σ(ξ), ^̄T_σ (η)} = 0 (2.55c)

{T̂_σ(ξ), Ĵ_{n(r)μ}(η, σ)} = iĴ_{n(r)μ}(ξ)∂_ξ δ_{n(r)}(η − ξ) = −i∂_η ( Ĵ_{n(r)μ}(η, σ)δ(ξ − η) ) (2.55d) { ^̄T_σ(ξ), ^̄J_{n(r)μ}(η, σ)} = −i ^̄J_{n(r)μ}(ξ)∂_ξδ_{n(r)}(η − ξ) = i∂_η ( ^̄J_{n(r)μ}(η, σ)δ(ξ − η) ) (2.55e) {T̂_σ(ξ), ^̄J_{n(r)μ}(η, σ)} = { ^̄T_σ(ξ), Ĵ_{n(r)μ}(η, σ)} = 0 (2.55f) {T̂_σ(ξ), ĝ(T , η, σ)} = ĝ(T , η, σ)Ĵ(T , η, σ)δ(ξ − η) (2.55g) { ^̄T_σ(ξ), ĝ(T , η, σ)} = − ^̄J(T , η, σ)ĝ(T , η, σ)δ(ξ − η) (2.55h) where Ĵ(T ), ^̄J(T ) are the twisted matrix currents: Ĵ(T , ξ, t, σ) ≡ Ĵ_{n(r)μ}(ξ, t, σ)G^{n(r)μ;−n(r),ν} (σ)T_{−n(r),ν} (T, σ) (2.56a) ^̄J(T , ξ, t, σ) ≡ ^̄J_{n(r)μ}(ξ, t, σ)Gn(r)μ;−n(r),ν (σ)T_{−n(r),ν} (T, σ) (2.56b) Ĵ_{n(r)μ}(ξ, t, σ) = ^T r ( M(T , σ)T_{n(r)μ}(T, σ)Ĵ(T , ξ, t, σ) ) (2.56c) Ĵ_{n(r)μ}(ξ, t, σ) = ^T r ( M(T , σ)T_{n(r)μ}(T, σ)Ĵ(T , ξ, t, σ) ) . (2.56d)

We remark in particular that the second terms in Eq. (2.49a,b) vanish in the classical limit (2.55g,h) because the twisted conformal weight matrix D_{ĝ(σ)}(T ) is O(k^{−1}).

We comment on the consistency of the monodromies which appear in the system (2.55), (2.56), beginning with the (two-sided) diagonal monodromy of the twisted matrix currents (see Eq. (2.6)) Ĵ(T , ξ + 2π, σ) = E(T, σ)Ĵ(T , ξ, σ)E(T, σ)^∗ (2.57a) ^̄J(T , ξ + 2π, σ) = E(T, σ) ^̄J(T , ξ, σ)E(T, σ)∗ (2.57b) which follows from the monodromy (2.11c) and the selection rule (2.9c). Then it is straightforward to check that the monodromy (2.57) of the matrix currents and the monodromy (2.21) of the group orbifold elements are consistent with the equal-time brackets (2.55g) and (2.55h).

It follows from Eqs. (2.51), (2.53) that the classical WZW orbifold Hamiltonian and the classical WZW orbifold momentum of sector σ have the form

Ĥ_σ = 1 4π ∫_{2π} 0 dξ G^{n(r)μ;−n(r),ν} (σ) ( Ĵ_{n(r)μ}(ξ, t)Ĵ_{−n(r),ν} (ξ, t)+ ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) ) (2.58a)

P̂_σ = 1 4π ∫_{2π} 0 dξ G^{n(r)μ;−n(r),ν} (σ) ( Ĵ_{n(r)μ}(ξ, t)Ĵ_{−n(r),ν} (ξ, t)− ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) ) (2.58b)

where we have suppressed the σ-dependence of the twisted currents. This gives us the classical orbifold equations of motion ∂_mÂ(ξ, t) = i{P̂_{mσ} , Â(ξ, t)} (2.59a) ∂_−Ĵ_{n(r)μ}(ξ, t) = ∂_+ ^̄J_{n(r)μ}(ξ, t) = ∂_−T̂_σ(ξ, t) = ∂_+ ^̄T_σ(ξ, t) = 0 (2.59b)

∂_tĝ(T , ξ, t) = i(ĝ(T , ξ, t)Ĵ(T , ξ, t) − ^̄J(T , ξ, t)ĝ(T , ξ, t)) (2.59c) ∂_ξĝ(T , ξ, t) = i(ĝ(T , ξ, t)Ĵ(T , ξ, t) + ^̄J(T , ξ, t)ĝ(T , ξ, t)) (2.59d) ∂_+ĝ(T , ξ, t) = 2iĝ(T , ξ, t)Ĵ(T , ξ, t), ∂_−ĝ(T , ξ, t) = −2i ^̄J(T , ξ, t)ĝ(T , ξ, t) (2.59e) Ĵ(T , ξ, t) = − i 2 ĝ^{−1}(T , ξ, t)∂_+ĝ(T , ξ, t), ^̄J(T , ξ, t) = − i 2 ĝ(T , ξ, t)∂_−ĝ^{−1}(T , ξ, t) (2.59f) which follow either by integration of the brackets in (2.55), or directly from Eqs. (2.19), (2.20), and (2.58) – using integral identities of the type (2.16). The twisted matrix currents Ĵ(T ), ^̄J(T ) are also conserved ∂_−Ĵ(T , ξ, t, σ) = ∂_+ ^̄J(T , ξ, t, σ) = 0 (2.60a) Ĵ_{n(r)μ}(ξ, t, σ) = − i 2 ^T r (M(T , σ)T_{n(r)μ}(T, σ)ĝ^{−1}(T , ξ, t, σ)∂_+ĝ(T , ξ, t, σ)) (2.60b) ^̄J_{n(r)μ}(ξ, t, σ) = − i 2 ^T r (M(T , σ)T_{n(r)μ}(T, σ)ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ)) (2.60c) because Ĵ_{n(r)μ}, ^̄J_{n(r)μ} are conserved. Note that the equations of motion in (2.59e) are the classical light-cone analogues on the cylinder of the twisted vertex operator equations of Ref. [11].

2.8 The Canonical Orbifold Hamiltonian and the Twisted Einstein Metric We may now give the canonical realization P̂_{mσ} = P̂_{mσ} [x̂, p̂] of the classical WZW orbifold Hamiltonian and momentum

Ĥ_σ = ∫_{2π} 0 dξĤ_σ (x̂(ξ), p̂(ξ)), P̂_σ = ∫_{2π} 0 dξP̂_σ (x̂(ξ), p̂(ξ)), σ = 0, . . . , N_c − 1 (2.61a) Ĥ_σ(x̂(ξ), p̂(ξ)) ≡ 2πĜ^{n(r)μ;n(s)ν} (x̂)p̂_{n(r)μ}(B̂)p̂_{n(s)ν} (B̂) + 1 8π ∂_ξx̂^{n(r)μ}_σ ∂_ξx̂^{n(s)ν}_σ Ĝ_{n(r)μ;n(s)ν} (x̂) (2.61b)

P̂_σ(x̂(ξ), p̂(ξ)) ≡ p̂^σ_{n(r)μ}(ξ)∂_ξx̂^{n(r)μ}_σ (ξ) (2.61c) P̂_{mσ} (x̂(ξ + 2π), p̂(ξ + 2π)) = P̂_{mσ} (x̂(ξ), p̂(ξ)), P̂_{mσ} = (Ĥ_σ , P̂_σ) (2.61d) which are obtained by substitution of the canonical realization (2.39) of the twisted currents into Eq. (2.58).

In the canonical form (2.61) of the classical orbifold Hamiltonian, we have encountered for the first time the twisted Einstein metric Ĝ_•(x̂) of sector σ and its inverse Ĝ^•(x̂) Ĝ_{n(r)μ;n(s)ν} (x̂(ξ)) ≡ ê(x̂(ξ))_{n(r)μ}^{n(t)δ}ê(x̂(ξ))_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) = ê(x̂(ξ))_{n(r)μ}^{n(t)δ}ê(x̂(ξ))_{n(s)ν}^{−n(t),ϵ}G_{n(t)δ;−n(t),ϵ}(σ) = Ĝ_{n(s)ν;n(r)μ}(x̂(ξ)) (2.62a) Ĝ^{n(r)μ;n(s)ν} (x̂(ξ)) ≡ G^{n(t)δ;n(u)ϵ}(σ)ê^{−1}(x̂(ξ))_{n(t)δ}^{n(r)μ}ê^{−1}(x̂(ξ))_{n(u)ϵ}^{n(s)ν} = Ĝ^{n(s)ν;n(r)μ}(x̂(ξ)) (2.62b) Ĝ_{n(r)μ;n(t)δ}(x̂(ξ))Ĝ^{n(t)δ;n(s)ν} (x̂(ξ)) = δ_{n(r)μ}^{n(s)ν} (2.62c) Ĝ_{n(r)μ;n(s)ν} (x̂) ≡ Ĝ_{n(r)μ;n(s)ν} (x̂_σ, σ), Ĝ^{n(r)μ;n(s)ν} (x̂) ≡ Ĝ^{n(r)μ;n(s)ν} (x̂_σ, σ) (2.62d) where G_•(σ) and G^•(σ) are respectively the twisted tangent-space metric of sector σ and its inverse (see Eqs. (2.1) and (2.53)). The diagonal monodromies of the twisted Einstein metric and its inverse Ĝ_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) Ĝ_{n(r)μ;n(s)ν} (x̂(ξ)) (2.63a) Ĝ^{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = Ĝ^{n(r)μ;n(s)ν} (x̂(ξ))e^{2πi n(r)+n(s)}ρ(σ) (2.63b) follow from the monodromy (2.27b) of the twisted vielbein and its inverse. Using (2.28c), we note that the definitions in (2.62a), (2.62b) hold as well with ê(x̂) → ^̄e(x̂).

From Eqs. (2.37), (2.62a) and the explicit form of the twisted vielbein in (2.35), we also obtain the closed form and symmetry of the twisted Einstein metric Ĝ_{n(r)μ;n(s)ν} (x̂) = (_{eiŶ +e−iŶ −2} (iŶ )^2 ) n(r)μ n(t)δG n(t)δ;n(s)ν (σ) (2.64a) = (_{eiŶ +e−iŶ −2} (iŶ )^2 ) n(s)ν n(t)δG n(t)δ;n(r)μ(σ) = (_{eiŶ +e−iŶ −2} (iŶ )^2 ) n(r)μ −n(s),δG −n(s),δ;n(s)ν (σ) (2.64b) which should be considered together with the closed forms of ê and B̂ in Eqs. (2.35) and (2.36). The monodromy (2.63) of the twisted Einstein metric is again consistent with the monodromy (2.34d) of Ŷ because the twisted tangent space metric G_•(σ) satisfies the selection rule (2.9a).

The twisted Einstein metric allows us to define the WZW orbifold interval ds^2(σ) ≡ Ĝ_{n(r)μ;n(s)ν} (x̂_σ )dx̂^{n(r)μ}_σ dx̂^{n(s)ν}_σ (2.65) for each twisted sector σ of the orbifold. It is clear from Eqs. (2.63a) and (2.24c) that the WZW orbifold interval (2.65) has trivial monodromy upon circumnavigation of the cylinder. The interval can also be expressed in terms of the induced WZW orbifold metric Ĝ_{mn} on the world sheet: ds^2(σ) = Ĝ_{mn}(ξ, t, σ)dξ^mdξ^n (2.66a) Ĝ_{mn}(ξ, t, σ) ≡ Ĝ_{n(r)μ;n(s)ν} (x̂_σ(ξ, t))∂_mx̂^{n(r)μ}_σ (ξ, t)∂_nx̂^{n(s)ν}_σ (ξ, t) (2.66b) Ĝ_{mn}(ξ + 2π, t, σ) = Ĝ_{mn}(ξ, t, σ), (ξ^0, ξ^1) = (t, ξ), (∂_0, ∂_1) = (∂_t, ∂_ξ) . (2.66c) In this direction lies the study of WZW orbifold geodesics and related topics, but we will not pursue this here.

Orbifold intervals and induced metrics are further discussed in Subsecs. 3.3 and 4.3.

2.9 Phase-Space Derivation of the General WZW Orbifold Action

We turn finally to the classical coordinate-space formulation of the general WZW orbifold. In this development, we use the orbifold Hamiltonian equation of motion (2.59a) for the twisted coordinates ∂_tx̂^{n(r)μ}_σ = 4πĜ^{n(r)μ;n(s)ν} (x̂)p̂_{n(s)ν} (B̂), p̂_{n(r)μ}(B̂) = 1 4π Ĝ_{n(r)μ;n(s)ν} (x̂)∂_tx̂^{n(s)ν}_σ (2.67) to eliminate the twisted momenta p̂ in favor of ∂_tx̂. As a first example, one may use (2.67) and the canonical form (2.39) of the twisted currents to obtain the following coordinatespace form of the twisted currents: Ĵ_{n(r)μ}(ξ, σ) = 1 2 ∂_+x̂^{n(t)δ}_σ (ξ)ê(x̂(ξ))_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (2.68a) ^̄J_{n(r)μ}(ξ, σ) = 1 2 ∂_−x̂^{n(t)δ}_σ (ξ)^̄e(x̂(ξ))_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) . (2.68b) This result can also be obtained from Eqs. (2.10b), (2.25), (2.26) and (2.60).

Similarly, we may obtain the action formulation of sector σ by the Legendre transformation L̂_σ (x̂(ξ)) ≡ L̂_σ(x̂(ξ), ∂_mx̂(ξ)) = p̂^σ_{n(r)μ}(ξ)x̂^{n(r)μ}_σ (ξ) − Ĥ_σ (x̂(ξ), p̂(ξ)) (2.69) where Ĥ_σ is the canonical Hamiltonian density in Eq. (2.61). This gives the twisted sigma model form of the general WZW orbifold action Ŝ_{ĝ(σ)} = ∫ d^2ξ L̂_σ(x̂(ξ)), d^2ξ ≡ dtdξ, σ = 0, . . . , N_c − 1 (2.70a) L̂_σ (x̂(ξ)) = 1

8π (Ĝ_{n(r)μ;n(s)ν} (x̂) + B̂_{n(r)μ;n(s)ν} (x̂))∂+x̂^{n(r)μ}_σ ∂−x̂^{n(s)ν}_σ (2.70b)

L̂_σ (x̂(ξ + 2π)) = L̂_σ (x̂(ξ)) (2.70c) for sector σ of A_g(H)/H, where Ĝ and B̂ are the twisted Einstein metric and the twisted B field of that sector. The trivial monodromy (2.70c) of the Lagrange density L̂_σ follows from the diagonal monodromies of x̂, Ĝ and B̂ in (2.32), (2.62) and (2.39).

We may also reexpress the twisted sigma model form of the WZW orbifold action in terms of the group orbifold elements ĝ. The central step here is the orbifold Gauss’ law

(ĝ^{−1}dĝ)^3 ≡ d^2ξ dρ ϵ^{ABC} (ĝ^{−1}∂_Aĝ)(ĝ^{−1}∂_Bĝ)(ĝ^{−1}∂_Cĝ) (2.71a) ^T r(M (ĝ−1dĝ)3) = d2ξdρ ∂_AjA, jA ≡^3_2 ϵABC ∂_Bx̂^{n(r)μ}_σ ∂_Cx̂^{n(s)ν}_σ B̂_{n(r)μ;n(s)ν} (2.71b) {A, B, C} = {t, ξ, ρ}, ϵ^{tξρ} = 1 (2.71c) ∫ Γ ^T r(M (ĝ^{−1}dĝ)^3) = −3 2 ∫ d^2ξ B̂_{n(r)μ;n(s)ν} ∂_+x̂^{n(r)μ}_σ ∂_−x̂^{n(s)ν}_σ (2.71d)

which follows from Eqs. (2.10b), (2.25b) and (2.31). Here Γ is the usual solid cylinder (t, ξ, ρ) and ϵ^{ABC} is the Levi-Civita density. With Eqs. (2.10b), (2.25b), (2.62a) and the orbifold Gauss’ law we finally obtain the original group orbifold element form of the general WZW orbifold action [11]

Ŝ_{ĝ(σ)}(T ) ≡ Ŝ_{ĝ(σ)}[M, ĝ] = − 1 8π ∫ d^2ξ ^T r ( M(T , σ)ĝ^{−1}(T , σ)∂_+ĝ(T , σ)ĝ^{−1}(T , σ)∂_−ĝ(T , σ) )

− 1 12π ∫ Γ ^T r ( M(T , σ)(ĝ^{−1}(T , σ)dĝ(T , σ))^3 ) (2.72a)

Ŝ_{ĝ(σ)}[M(T , σ), ĝ(T , ξ + 2π, σ)] = Ŝ_{ĝ(σ)}[M(T , σ), ĝ(T , ξ, σ)], σ = 0, . . . , N_c − 1 (2.72b) where M(T , σ) is the twisted data matrix of sector σ. The result (2.72) was originally obtained in an entirely different manner – namely by the principle of local isomorphisms reviewed in Appendices C,D and the following section.

The trivial monodromy (2.72b) of the WZW orbifold action follows from Eqs. (2.10e) and (2.21). Moreover, using Eq. (2.10d), variation of the WZW orbifold action gives the conservation (2.60a) of the twisted matrix currents as the orbifold equations of motion. The WZW orbifold action also reduces in the untwisted sector σ = 0 to the ordinary WZW action [35, 36] for A_g(H).

The geometry of general WZW orbifolds is further studied in Subsec. 4.5.

3 Comments and Examples

3.1 A Limitation on the Principle of Local Isomorphisms

The principle of local isomorphisms [1, 3, 5, 11] was originally designed and verified for local orbifold operators and the singular terms of operator product expansions on the sphere. Our goal in this subsection is to clarify, by comparison with Sec. 2, the range of applicability of this principle when working on the cylinder.

It is clear in Ref. [11] that the principle of local isomorphisms can be used on the cylinder to obtain the form of all local orbifold operators and local products of classical fields. Indeed the general WZW orbifold action on the cylinder was originally derived from local isomorphisms G −→_σ ĝ (3.1a)

automorphic response −→_σ monodromy (3.1b)

in just this way, where G is the eigengroup element and ĝ is the group orbifold element.

Let us consider another example, this time involving the currents, for which one needs the eigencurrents [3, 5]: J_{n(r)μ}(ξ, t, σ) = χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aJ_a(ξ, t), J̄_{n(r)μ}(ξ, t, σ) = χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aJ̄_a(ξ, t) . (3.2) Here {J, J̄} are the untwisted left- and right-mover currents of A_g(H), U(σ) is the inverse of the eigenvector matrix of the H-eigenvalue problem (2.2) and the χ’s are the same normalization constants which appear in Eq. (2.3). Then we may obtain the form (2.58) of the classical WZW orbifold Hamiltonian Ĥ_σ and momentum P̂_σ from the untwisted classical Hamiltonian and momentum as follows:

H = L(0) + L̄(0) = 1 4π ∫_{2π} 0 dξ G^{ab} ( J_a(ξ, t)J_b(ξ, t) + J̄_a(ξ, t)J̄_b(ξ, t) ) (3.3a)

P = L(0) − L̄(0) = 1 4π ∫_{2π} 0 dξ G^{ab} ( J_a(ξ, t)J_b(ξ, t) − J̄_a(ξ, t)J̄_b(ξ, t) ) (3.3b)

G^{ab}J_a(ξ, t)J_b(ξ, t) = G^{n(r)μ;−n(r),ν} (σ)J_{n(r)μ}(ξ, t)J_{−n(r),ν} (ξ, t) (3.3c) −→_σ G^{n(r)μ;−n(r),ν} (σ)Ĵ_{n(r)μ}(ξ, t)Ĵ_{−n(r),ν} (ξ, t) (3.3d)

G^{ab}J̄_a(ξ, t)J̄_b(ξ, t) = G^{n(r)μ;−n(r),ν} (σ)J̄_{n(r)μ}(ξ, t)J̄_{−n(r),ν} (ξ, t) (3.3e) −→_σ G^{n(r)μ;−n(r),ν} (σ) ^̄J_{n(r)μ}(ξ, t) ^̄J_{−n(r),ν} (ξ, t) . (3.3f)

Here the local isomorphisms are J , J̄ −→_σ Ĵ, ^̄J (3.4a) automorphic response E_{n(r)}(σ) −→_σ monodromy E_{n(r)}(σ) (3.4b)

where E_{n(r)}(σ) is the eigenvalue matrix of the H-eigenvalue problem (2.2), the hatted objects are the twisted currents and H, P→_σ Ĥ_σ , P̂_σ are derived isomorphisms. Similarly, any local quantum or classical result in the orbifold can be obtained by local isomorphisms from the untwisted theory, for example the normal-ordered form of the orbifold stress tensors [3, 5, 11], the bracket equations of motion (2.59) and even the canonical realization (2.39) of the twisted currents (see Subsec. 4.5).

For operators or fields with non-trivial monodromy however, the principle of local isomorphisms will not give the correct twisted equal-time commutators or brackets – because these objects are spatially non-local. As an example, consider the equal-time bracket form of the untwisted current algebra and its corresponding eigencurrent algebra: {J_a(ξ, t), J_b(η, t)} = 2πi (f_{ab}^cJ_c(η, t) + G_{ab}∂_ξ) δ(ξ − η) (3.5a)

{J_{n(r)μ}(ξ, t, σ), J_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ} (σ)J_{n(r)+n(s),δ}(η, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ)∂_ξ)δ(ξ − η). (3.5b) It is then clear that a naive application of the local isomorphism J −→_σ Ĵ would miss the phases exp[−i^{n(r)}_{ρ(σ)}(ξ − η)] of the monodromy factors δ_{n(r)}(ξ − η) in the twisted current algebra (2.19) – and these phases are necessary for consistency with the monodromies of the twisted currents. More generally, the monodromy factors in the equal-time commutators and brackets of Subsecs. 2.2 and 2.3 do not follow from local isomorphisms.

3.2 Example: Einstein Geometry of the WZW Permutation Orbifolds

As a large example of the development in Sec. 2, we work out here the explicit form of the twisted geometric objects ê(x̂), Ĝ(x̂), B̂(x̂), and Ĥ(x̂) for sector σ of the general WZW permutation orbifold [11-13]. We begin with a brief review of what is known about these orbifolds at the tangent-space level.

For the WZW permutation orbifold A_g(H)/H, one starts with the permutation-invariant system g = ⊕_I g^I , g^I ≃ g, k_I = k, H(permutation) ⊂ Aut(g) (3.6) where H(permutation) permutes the copies g^I of simple g. We remind the reader that, in the cycle basis of Refs. [5,11-13], each permutation is expressed as a product of disjoint cycles of size f_j (σ), where j indexes the cycles and ĵ indexes the position within the jth cycle. In the notation of the orbifold program, this gives the labelling for sector σ of the general WZW permutation orbifold [11, 12, 20, 13] n(r)μ → ĵaj, N(r)μ → ĵαj, n(r) ρ(σ) = N(r) R(σ) = ĵ f_j (σ)

(3.7a) ĵ = 0, ..., f_j(σ) − 1, a = 1, ..., dim g, α = 1, ..., dim T, σ = 0, . . . , N_c − 1 (3.7b) where T is any matrix irrep of g. As a computational aid for the reader, we list some well-known examples of this labelling Z_λ : f_j (σ) = ρ(σ), ^̄j = 0, ..., ρ(σ)−1, j = 0, ..., λ ρ(σ) −1, σ = 0, ..., ρ(σ)−1 (3.8a) Z_λ, λ = prime : ρ(σ) = λ, ^̄j = 0, . . . , λ−1, j = 0, σ = 1, . . . , λ − 1 (3.8b)

S_N : f_j (σ) = σ_j , σ_{j+1} ≤ σ_j , j = 0, . . . , n(⃗σ) − 1, n(⃗σ)−1∑

j=0 σ_j = N (3.8c)

so that e.g. the sectors of the S_N permutation orbifolds are labelled by the ordered partitions of N.

For sector σ of all WZW permutation orbifolds, it is conventional to choose the normalization constants:

χ(σ)_{ĵaj} = χ(σ)_j = √ f_j (σ) . (3.9) Moreover, the duality transformations (2.3), (2.5) and (2.42c) have been explicitly evaluated [11-13] in this case as G_{ĵaj;l̂bl}(σ) = δ_{jl}kf_j (σ)η_{ab}δ_{ĵ+l̂,0 mod fj (σ)}, F_{ĵaj;l̂bl}^{m̂cm}(σ) = δ_{jl}δ^m_j f_{ab}^cδ_{ĵ+l̂−m̂,0 mod fj (σ)} (3.10a) L^{ĵaj;l̂bl}_{ĝ(σ)} (σ) = η^{ab} 2k + Q_g 1 f_j (σ) δ^{jl}δ_{ĵ+l̂,0 mod fj (σ)}, T_{ĵaj} (T, σ) = T_a ⊗ t_{ĵj} (σ) (3.10b)

[T_a, T_b] = if_{ab}^cT_c, t_{ĵj} (σ)_{l̂l}^{m̂m} ≡ δ_{jl}δ^m_j δ_{ĵ+l̂−m̂,0 mod fj σ} (3.10c)

ĵ = 0, . . . f_j (σ) − 1, a = 1 . . . dim g, σ = 0, . . . , N_c − 1 (3.10d)

where f_{ab}^c and η_{ab} are respectively the (untwisted) structure constants and Killing metric of g. The zero modes {Ĵ_{0aj}(0)} of the twisted current algebra and the corresponding subset

{T_{0aj} (T, σ)} of twisted representation matrices generate the residual symmetry algebra of sector σ. We also note that, because of the normalization (3.9), the rescaled twisted representation matrices T̃ (T^{adj} , σ) in (2.34) reduce in this case to the ordinary twisted representation matrices T (T^{adj}, σ).

For the WZW permutation orbifolds, it is also known [11] that the group orbifold elements ĝ are reducible according to the disjoint cycles j of h_σ ∈ H(permutation) ĝ(T , ξ, t, σ)_{ĵαj}^{l̂βl} = δ^l_jĝ_j (T , ξ, t, σ)_{ĵα}^{l̂β} (3.11a) ĝ_j (T , ξ + 2π, t, σ)_{ĵα}^{l̂β} = e^{−2πi} ĵ−l̂ fj (σ) ĝ j (T , ξ, t, σ)_{ĵα}^{l̂β} (3.11b) Ŝ_{ĝ(σ)}[M, ĝ] = ∑ j Ŝ_{σ,j} [ĝ_j ] (3.11c)

and the separable form of the WZW orbifold action in (3.11c) was given explicitly in Refs. [11, 20]. As we will see below, all the twisted geometric objects of the WZW permutation orbifolds are similarly reducible and the orbifold Hamiltonian is separable, as expected from the reducibility of the operator theory [13].

Using Eqs. (2.34) and (3.10), we find the closed form of the twisted adjoint action:

Ω̂(x̂)_{ĵaj}^{l̂bl} = ĝ^{−1}(T (T^{adj} , σ), σ)_{ĵaj}^{l̂bl} = δ^l_jΩ̂_j (x̂^j)_{ĵa}^{l̂b}, Ω̂_j (x̂^j ) = e^{−iŶ}j^{(x̂j )} (3.12a)

Ŷ (x̂)_{ĵaj}^{l̂bl} = δ^l_jŶ_j (x̂^j )_{ĵa}^{l̂b}, Ŷ_j (x̂^j ) ≡

dimg∑

a=1 f_j (σ)−1 ∑ ĵ=0

x̂^{ĵaj}_σ (ξ)T^{adj}_a ⊗ τ_ĵ (j, σ) (3.12b)

τ_ĵ (j, σ)_{l̂}^{m̂} ≡ δ_{ĵ+l̂−m̂,0 mod fj (σ)} . (3.12c)

Then Eqs. (2.35), (2.36), (2.64), and (3.10a) give the following explicit forms of the twisted vielbein ê(x̂) and the twisted Einstein tensors Ĝ(x̂), B̂(x̂) and Ĥ(x̂)

ê(x̂)_{ĵaj}^{l̂bl} = δ^l_jê_j (x̂^j )_{ĵa}^{l̂b}, ê_j (x̂^j ) ≡ (^{eiŶj −1}_{iŶj} ), ê_j (0)_{ĵa}^{l̂b} = δ^b_aδ_{ĵ−l̂,0 mod fj (σ)} (3.13a) Ĝ_{ĵaj;l̂bl}(x̂) = δ_{jl}Ĝ_j (x̂^j )_{ĵa;l̂b}, B̂_{ĵaj;l̂bl}(x̂) = δ_{jl}B̂_j (x̂^j )_{ĵa;l̂b} (3.13b) Ĝ_j (x̂^j )_{ĵa;l̂b} ≡ kf_j (σ) (_{eiŶj +e−iŶj −2} (iŶ_j )^2 ) ĵa −l̂,cη cb (3.13c) B̂_j (x̂^j )_{ĵa;l̂b} ≡ kf_j (σ) (_{eiŶj −e−iŶj −2iŶ} j (iŶ_j )^2 ) ĵa −l̂,cη cb (3.13d) Ĥ_{ĵaj;l̂bl;m̂cm}(x̂^j ) = δ_{jl}δ_{jm}Ĥ_j (x̂^j )_{ĵa;l̂b;m̂c} (3.13e) Ĥ_j (x̂^j )_{ĵa;l̂b;m̂c} ≡ ^∂_{ĵaj}B̂_j (x̂^j )_{l̂b;m̂c} + ^∂_{l̂bj}B̂_j (x̂^j )_{m̂c;ĵa} + ^∂_{m̂cj}B̂_j (x̂^j )_{ĵa;l̂b} = kf_j (σ)ê_j(x̂^j )_{ĵa}^{ĵ′a′}ê_j (x̂^j )_{l̂b}^{l̂′b′}ê_j(x̂^j )_{m̂c}^{−ĵ′ −l̂′,c′} f_a′_b′_c′ (3.13f) ĵ, l̂, m̂ = 0, . . . f_j (σ) − 1, a, b, c = 1, . . . , dim g, σ = 0, . . . , N_c − 1 (3.13g) for each sector σ of all WZW permutation orbifolds. Here f_{abc} = f_{ab}^dη_{dc} are the totally antisymmetric structure constants of g.

Using the block-diagonal forms in (3.12),(3.13), and the translation dictionary (3.7), we find that the monodromies of all these objects x̂^{ĵaj}_σ (ξ + 2π) = x̂^{ĵaj}_σ (ξ)e^{2πi} ĵ fj (σ) , Ŷ j (x̂^j (ξ + 2π))_{ĵa}^{l̂b} = e^{−2πi} ĵ−l̂ fj (σ) Ŷ j (x̂^j (ξ))_{ĵa}^{l̂b} (3.14a) Ω̂_j (x̂^j (ξ + 2π))_{ĵa}^{l̂b} = e^{−2πi ĵ−l̂f}j^{(σ)} Ω̂_j (x̂^j (ξ))_{ĵa}^{l̂b} (3.14b) Ĝ_j (x̂^j (ξ + 2π))_{ĵa;l̂b} = e^{−2πi ĵ+l̂}fj (σ) Ĝ_j (x̂^j (ξ))_{ĵa;l̂b} (3.14c)

B̂_j (x̂^j (ξ + 2π))_{ĵa;l̂b} = e^{−2πi ĵ+l̂f}j^{(σ)} B̂_j (x̂^j (ξ))_{ĵa;l̂b} (3.14d) Ĥ_j (x̂^j (ξ + 2π))_{ĵa;l̂b;m̂c} = e^{−2πi ĵ+l̂+m̂f}j^{(σ)} Ĥ_j (x̂^j (ξ))_{ĵa;l̂b;m̂c} (3.14e) follow from the general monodromies in Sec. 2.

Finally we find that, like the WZW orbifold action [11, 20], the orbifold Hamiltonian density Ĥ_σ (x̂, p̂) = ∑ j Ĥ_j (x̂^j , p̂_j , σ) (3.15a)

Ĥ_j (x̂^j , p̂_j , σ) ≡ 2πĜ_j (x̂^j )^{ĵa;l̂b}p̂_{ĵaj} (B̂_j )p̂_{l̂bj} (B̂_j ) + 1 8π ∂_ξx̂^{ĵaj}_σ ∂_ξx̂^{l̂bj}_σ Ĝ_j (x̂^j )_{ĵa;l̂b} (3.15b) p̂_{ĵaj} (B̂_j ) ≡ p̂^σ_{ĵaj} + 1 4π B̂_j (x̂^j )_{ĵa;l̂b}∂_ξx̂^{l̂bj}_σ , p̂^σ_{ĵaj} (ξ + 2π) = e^{−2πi ĵf}j^{(σ)} p̂^σ_{ĵaj} (ξ) (3.15c) {p̂^σ_{ĵaj} (ξ, t), x̂^{l̂bl}_σ (η, t)} = −iδ^l_jδ^b_aδ_{ĵ−l̂,0 mod fj (σ)}δ^_{jfj (σ)} (ξ − η) (3.15d) δ^_{jfj (σ)} (ξ − η) ≡ e^{−i} ĵ fj (σ) (ξ−η)δ(ξ − η) (3.15e) Ĝ_j (x̂^j )_{ĵa;m̂c} Ĝ_j (x̂^j )^{m̂c;l̂b} = δ^b_aδ_{ĵ−l̂,0 mod fj (σ)} (3.15f)

is separable into a sum of non-interacting terms Ĥ_j .

It will be straightforward to work out the Einstein geometry of many other examples because (except for certain outer-automorphic WZW orbifolds of Z_2-type [14]) the tangentspace data for all the basic WZW orbifolds is given in Refs. [11-14].

3.3 Subexample: The Permutation Orbifold A_{su(2)⊕su(2)}(Z_2)/Z_2

As the simplest subexample in the WZW permutation orbifolds, we have worked out the WZW cyclic permutation orbifold A_{su(2)⊕su(2)}(Z_2) Z_2

(3.16)

in further detail. In this case, the unitary group elements g and unitary group orbifold elements ĝ have the form g(T, ξ) = exp [ i ( β^{0a}(ξ)T^{(0)}a 0 0 β^{1a}(ξ)T^{(1)}a )] , T^{(0)} ≃ T^{(1)} ≃ T (3.17a)

ĝ(T (T ), ξ) = exp[i(β̂^{0a}(ξ)1l_2 + β̂^{1a}(ξ)τ_1) ⊗ T_a], τ_1 = ( 0 1 1 0 ) (3.17b)

β̂^{ĵa}(ξ + 2π) = (−1)^ĵβ̂^{ĵa}(ξ) (3.17c)

so that, in the single twisted sector σ = 1, the residual symmetry of this orbifold is the diagonal su(2) generated by the zero modes of the twisted currents.

We may use Eq. (3.12b) to find the explicit form of the matrix Ŷ (x̂) in the twisted sector Ŷ (x̂(ξ)) = i (x̂^{0,a}(ξ)1l_2 + x̂^{1,a}(ξ)τ_1) ⊗ I_a (3.18a)

x̂^{ĵa}(ξ) ≡ x̂^{ĵa,j=0}_{σ=1} (ξ, t), (T^{adj}_a )_{bc} = i(I_a)_{bc} = −iϵ_{abc}, ϵ_{123} = 1 (3.18b)

x̂^{ĵa}(ξ + 2π) = (−1)^ĵx̂^{ĵa}(ξ) (3.18c) ρ(1) = 2, j = 0, a, b, c ∈ {1, 2, 3}, ĵ ∈ {0, 1} (3.18d) where x̂(ξ) are the twisted Einstein coordinates with diagonal monodromy and we have chosen root length ψ^2 = 1 for g = su(2). The matrices I_a in (3.18) are the generators in the adjoint of the residual su(2) symmetry of the twisted sector.

Using (3.12a) and (3.18), we find the explicit form of the twisted adjoint action: Ω̂(x̂)_{0,a}^{0,b} = Ω̂(x̂)_{1,a}^{1,b} = 1 2 ( Ω̂(X̂^+)_a^b + Ω̂(X̂^−)_a^b ) (3.19a)

Ω̂(x̂)_{0,a}^{1,b} = Ω̂(x̂)_{1,a}^{0,b} = 1 2 ( Ω̂(X̂^+)_a^b − Ω̂(X̂^−)_a^b ) (3.19b)

Ω̂(X̂^±) ≡ 1l + (

X̂^± · I) |X̂^±| sin |X̂^±| +

(X̂^± · I)^2

|X̂^±|^2

(cos |X̂^±| − 1) (3.19c) X̂^{±,a} ≡ X̂^{±,a}(ξ, t) ≡ x̂^{0,a}(ξ, t) ± x̂^{1,a}(ξ, t) . (3.19d) Similarly, we obtain the explicit form of the twisted Einstein metric in this case Ĝ_{0,a;0,b}(x̂(ξ)) = Ĝ_{1,a;1,b}(x̂(ξ)) = k ( G(X̂^+(ξ)) + G(X̂^−(ξ)) ) ab (3.20a)

Ĝ_{0,a;1,b}(x̂(ξ)) = Ĝ_{1,a;0,b}(x̂(ξ)) = k ( G(X̂^+(ξ)) − G(X̂^−(ξ)) ) ab (3.20b)

G(X̂^±) ≡ 1l +

(X̂^± · I)^2 |X̂^±|^4

(2 cos |X̂^±| + |X̂^±|^2 − 2) (3.20c)

from Eq. (3.13c). It is not difficult to see that the twisted Einstein metric transforms as a second rank tensor under the residual SU(2) symmetry group of the twisted sector Ĝ_{ĵa;l̂b}(x̂) = δ_{ab}f^{(0)}_{ĵl̂} (x̂) + I_aI_bf^{(2)}_{ĵl̂} (x̂) (3.21)

but this is because we have chosen the preferred coordinate system x̂ = β̂.

We comment on monodromies in this example, starting from the diagonal monodromy (3.18c) of the twisted Einstein coordinates:

{x̂^{0,a}(ξ + 2π) = x̂^{0,a}(ξ), x̂^{1,a}(ξ + 2π) = −x̂^{1,a}(ξ)} ⇒ X̂^{±,a}(ξ + 2π) = X̂^{∓,a}(ξ) (3.22a)

⇒ Ω̂(X̂^±(ξ + 2π)) = Ω̂(X̂^∓(ξ)), G(X̂^±(ξ + 2π)) = G(X̂^∓(ξ)) . (3.22b)

The coordinates X̂^{±,a} do not have definite monodromy and are in fact an example of the ‘coordinates with twisted boundary conditions’ discussed more generally in App. C. Then we may verify that the correct diagonal monodromies (3.14b,c) of the twisted adjoint action and the twisted Einstein metric

Ω̂(x̂(ξ + 2π))_{ĵa}^{l̂b} = e^{−πi(ĵ−l̂)}Ω̂(x̂(ξ))_{ĵa}^{l̂b}, Ĝ_{ĵa;l̂b}(x̂(ξ + 2π)) = e^{−πi(ĵ+l̂)}Ĝ_{ĵa;l̂b}(x̂(ξ)) (3.23) follow from Eqs. (3.19), (3.20) and (3.22).

The explicit form of the WZW orbifold interval (2.65) in this case ds^2(σ = 1) = Ĝ_{ĵa;l̂b}(x̂)dx̂^{ĵa}dx̂^{l̂b} = k ( G(X̂^+)_{ab}dX̂^{+,a}dX̂^{+,b} + G(X̂^−)_{ab}dX̂^{−,a}dX̂^{−,b} ) (3.24)

may be an appropriate starting point for further study of WZW orbifold geodesics and related topics.

The corresponding explicit forms of the twisted B field B̂ and the twisted torsion field Ĥ of this orbifold are also easily worked out from Eqs. (3.13d) and (3.13f), but we shall not do so here. As further examples, orbifolds on abelian g are considered in App. E.

4 Sigma-Model Orbifolds

In this section we use eigenfields and local isomorphisms to find the action formulation of the orbifolds of a large class of non-linear sigma models. This sigma model orbifold action will include the general WZW orbifold action [11] and the general coset orbifold action [20] as special cases, as well as the action formulation of many other orbifolds such as orbifolds of the principal chiral models.

4.1 Non-Linear Sigma Models with a Linear Symmetry

We begin with a general nonlinear sigma model A_M on a general target-space manifold M S_{N LS} = ∫ d^2ξ L_{N LS} (x), L_{N LS} (x) = 1 8π (G_{ij} (x) + B_{ij} (x))∂_+x^i∂_−x^j (4.1a)

G_{ij} (x) = G_{ji}(x), B_{ij} (x) = −B_{ji}(x) (4.1b)

H_{ijk} (x) = ∂_iB_{jk} (x) + ∂_j B_{ki}(x) + ∂_kB_{ij} (x), ∂_i = ∂ ∂x^i (4.1c)

with a set of local^{‡2} Einstein coordinates {x^i, i = 1, . . . , dim M}, as well as the usual Einstein metric G_{ij} (x), B field B_{ij} (x) and torsion field H_{ijk} (x). We will limit ourselves here to the class of sigma models A_M (H) with a symmetry group H which acts linearly on

‡2A complete treatment of the nonlinear sigma model should include discussion of global issues (in which the discussion of the text pertains to a coordinate patch), but we will not do so here.

the coordinates and fields as follows:

x^{i′} = x^i(w^†)_i^j , ∂_i(w^†)_j^k = 0, ∂_i^′ = w_i^j ∂_j , w ≡ w(h_σ ), ∀h_σ ∈ H (4.2a)

G_{ij} (x)^′ ≡ G_{ij} (x^′) = w_i^lw_j^k G_{lk}(x), B_{ij} (x)^′ ≡ B_{ij} (x^′) = w_i^lw_j^kB_{lk} (x) (4.2b)

H_{ijk} (x)^′ ≡ H_{ijk}(x^′) = w_i^lw_j^mw_k^nH_{lmn}(x) (4.2c)

L_{N LS} (x)^′ = L_{N LS} (x^′) = L_{N LS} (x) . (4.2d)

Linearity of the symmetry transformations can be maintained only in certain preferred coordinate systems: In conventional terms, we are considering the special case of a symmetry group H with one fixed point of M in each sector σ, and the preferred coordinate systems are those in which the fixed points are at the origin for all σ. In a somewhat more general language, the symmetry group H must be a subgroup of the isometry group of M, and H must also preserve the two-form B on M. The class of symmetric sigma models A_M (H) includes as special cases the symmetric WZW models A_g(H), the general H-invariant coset construction A_{g/h}(H) and the H-invariant principal chiral models.

4.2 The Sigma Model Orbifold Action

Our primary task here is to use an Einstein-space generalization of the principle of local isomorphisms [3, 5, 11] to obtain the sigma model orbifold action for the sigma model orbifolds A_M (H)/H A_M (H) H ⊃ A_g(H) H , A_{g/h}(H) H , . . . (4.3)

in terms of their twisted Einstein fields.

As a first step, we define the Einstein-space H-eigenvalue problem

w(h_σ )_i^j U^†(σ)_j^{n(r)μ} = U^†(σ)_i^{n(r)μ}E_{n(r)}(σ) (4.4a)

U^†(σ)U(σ) = 1l, E_{n(r)}(σ)= e^{−2πi n(r)ρ(σ)} (4.4b)

ω(h_0)_i^j = δ_i^j , U^†(0) = 1l, E_0(0) = 1 (4.4c) i, j = 1, . . . , dim M, σ = 0, . . . , N_c − 1 (4.4d) in analogy with the tangent-space H-eigenvalue problem in (2.2). Here N_c is the number of conjugacy classes of H, ρ(σ) is the order of h_σ ∈ H, and n(r), μ are respectively the spectral indices and degeneracy labels of the eigenvalue problem. In spite of appearances, there is no a priori relation between these Einstein-space indices and those defined by the

H-eigenvalue problem in (2.2) – which applies only to the tangent-space description of group manifolds.

We now use the Einstein-space H-eigenvalue problem in the standard way [3, 5, 11]. The relevant eigenfields X, G, B, H and their responses to the symmetry group are X^{n(r)μ}(x)≡ X^{n(r)μ}_σ (x)≡ χ(σ)^{−1}_{n(r)μ}x^iU^†(σ)_i^{n(r)μ}, x^i(X)= χ(σ)_{n(r)μ}X^{n(r)μ}_σ (x)U(σ)_{n(r)μ}^i (4.5a) G_{n(r)μ;n(s)ν} (X) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j G_{ij} (x(X)) (4.5b) B_{n(r)μ;n(s)ν} (X) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j B_{ij} (x(X)) (4.5c) H_{n(r)μ;n(s)ν;n(t)δ}(X) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} χ(σ)_{n(t)δ}U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j U(σ)_{n(t)δ}^kH_{ijk} (x(X)) (4.5d)

X^{n(r)μ}(x)^′ = X^{n(r)μ}(x^′) = χ(σ)^{−1}_{n(r)μ}x^{i′}U^†(σ)_i^{n(r)μ} = X^{n(r)μ}(x)E_{n(r)}(σ)^∗ (4.6a) G_{n(r)μ;n(s)ν} (X)^′ = G_{n(r)μ;n(s)ν} (X(x^′)) = E_{n(r)}(σ)E_{n(s)}(σ)G_{n(r)μ;n(s)ν} (X) (4.6b) B_{n(r)μ;n(s)ν} (X)^′ = B_{n(r)μ;n(s)ν} (X(x^′)) = E_{n(r)}(σ)E_{n(s)}(σ)B_{n(r)μ;n(s)ν} (X) (4.6c) H_{n(r)μ;n(s)ν;n(t)δ}(X)^′ = H_{n(r)μ;n(s)ν;n(t)δ}(X(x^′)) = E_{n(r)}(σ)E_{n(s)}(σ)E_{n(t)}(σ)H_{n(r)μ;n(s)ν;n(t)δ}(X) (4.6d) where χ(σ) are a set of normalization constants with χ(0) = 1. We may then rewrite the Lagrange density (4.1) of the symmetric non-linear sigma model in terms of the coordinate eigenfields X(x):

L̃_{N LS} (X) ≡ L_{N LS} (x(X)) = 1 8π (G_{n(r)μ;n(s)ν} (X) + B_{n(r)μ;n(s)ν} (X))∂_+X^{n(r)μ}∂_−X^{n(s)ν} (4.7a) L̃_{N LS} (X)^′ = L̃_{N LS} (X^′) = L̃_{N LS} (X) . (4.7b) In the form (4.7a), the H-invariance (4.7b) of the Lagrange density follows directly from Eq. (4.6).

Next, we use the principle of local isomorphisms X −→_σ x̂, G(X) −→_σ Ĝ(x̂), B(X) −→_σ B̂(x̂) (4.8a) H(X) −→_σ Ĥ(x̂), L̃_{N LS} (X) −→_σ L̂^{N LS}_σ (x̂) (4.8b) automorphic response E_{n(r)}(σ) −→_σ monodromy E_{n(r)}(σ) (4.8c) to obtain the twisted Einstein fields x̂, Ĝ, B̂, Ĥ with diagonal monodromy and the sigma model orbifold action Ŝ^{N LS}_σ = ∫ d^2ξ L̂^{N LS}_σ (x̂), σ = 0, . . . , N_c − 1 (4.9a) L̂^{N LS}_σ (x̂) = 1 8π (Ĝ_{n(r)μ;n(s)ν} (x̂) + B̂_{n(r)μ;n(s)ν} (x̂))∂_+x̂^{n(r)μ}_σ ∂_−x̂^{n(s)ν}_σ (4.9b) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂) ≡ ( ^∂_{n(r)μ}B̂_{n(s)ν;n(t)δ}(x̂)+ cyclic in (n(r)μ, n(s)ν, n(t)δ) ) (4.9c)

x̂^{n(r)μ}_σ (ξ + 2π) = x̂^{n(r)μ}_σ (ξ)E_{n(r)}(σ)^∗ = x̂^{n(r)μ}_σ (ξ)e^{2πi n(r)ρ(σ)} (4.9d) Ĝ_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) Ĝ_{n(r)μ;n(s)ν} (x̂(ξ)) (4.9e) B̂_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) B̂_{n(r)μ;n(s)ν} (x̂(ξ)) (4.9f) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)+n(t)}ρ(σ) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂(ξ)) (4.9g) L̂^{N LS}_σ (x̂(ξ + 2π)) = L̂^{N LS}_σ (x̂(ξ)) (4.9h)

x̂ ≡ x̂_σ(ξ), Ĝ(x̂) ≡ Ĝ(x̂_σ(ξ), σ), B̂(x̂) ≡ B̂(x̂_σ(ξ), σ), Ĥ(x̂) ≡ Ĥ(x̂_σ(ξ), σ) (4.9i) which describes sector σ of each sigma model orbifold A_M (H)/H. Here x̂^{n(r)μ} are the twisted Einstein coordinates with ^∂_{n(r)μ} ≡ ∂/∂x̂^{n(r)μ}, Ĝ(x̂) is the twisted Einstein metric, B̂(x̂) is the twisted B field and Ĥ(x̂) is the twisted torsion field of sector σ. As expected, Ĝ is symmetric in its indices, while B̂ and Ĥ are (totally) antisymmetric.

The eigenfields (4.5) and the principle of local isomorphisms (4.8) also give the explicit functional forms of the twisted Einstein tensors

x^i = χ(σ)_{n(r)μ}X^{n(r)μ}_σ U(σ)_{n(r)μ}^i −→_σ X̂^i(x̂) ≡ X̂^i_σ(x̂_σ) ≡ χ(σ)_{n(r)μ}x̂^{n(r)μ}_σ U(σ)_{n(r)μ}^i (4.10a) Ĝ_{n(r)μ;n(s)ν} (x̂) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j G_{ij} (x→_σ X̂(x̂)) (4.10b) B̂_{n(r)μ;n(s)ν} (x̂) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j B_{ij} (x→_σ X̂(x̂)) (4.10c)

Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂) (4.10d) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} χ(σ)_{n(t)δ}U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j U(σ)_{n(t)δ}^kH_{ijk} (x→_σ X̂(x̂)) in terms of the untwisted Einstein tensors G_{ij} (x), B_{ij} (x) and H_{ijk}(x). As an example, we may see this for the twisted Einstein metric by following the steps shown in Fig. 1.

G_{n(r)μ;n(s)ν} (X_σ ) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j G_{ij} (x(X)) σ σ Ĝ_{n(r)μ;n(s)ν} (x̂_σ) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j G_{ij} (x→_σ X̂_σ(x̂_σ )) Fig. 1:Metric and Twisted Metric The arrow notation in (4.10b,c,d) means replacement in the functional form f(x→_σ X̂(x̂)) ≡ f(x)|_{x→σ^}X_{(x̂)} (4.11)

and the objects X̂^i(x̂) (defined in (4.10a) as locally isomorphic to x^i) are identified in Appendix C as Einstein coordinates with twisted boundary conditions (matrix monodromy): X̂^i_σ (ξ + 2π) = X̂^j_σ(ξ)w^†(h_σ)_j^i . (4.12) Consequently, the twisted Einstein coordinates x̂

x̂^{n(r)μ}_σ (ξ, t) = χ(σ)^{−1}_{n(r)μ}X̂^i_σ (ξ, t)U^†(σ)^{n(r)μ}_i = χ(σ)^{−1}_{n(r)μ}x^i(x→_σ X̂(x̂))U^†(σ)_i^{n(r)μ} (4.13a) x̂^{n(r)μ}_σ (ξ + 2π, t) = x̂^{n(r)μ}_σ (ξ, t)e^{2πi} n(r) ρ(σ) (4.13b)

are obtained as the monodromy decomposition of X̂.

Note that we do not find any selection rules [3, 5, 11] for the twisted Einstein tensors Ĝ or B̂. This is in contrast to the case of twisted tangent-space tensors (see e.g. the remarks around (2.9)), and this absence can be traced back to the fact that the untwisted Einstein tensors are not invariant under the action (4.2b) of the automorphism group. In fact however, selection rules do exist for the moments of the twisted tensors – as we shall see in Subsec. 4.4.

4.3 The Sigma-Model Orbifold Interval The sigma-model orbifold interval ds^2(σ) ≡ Ĝ_{n(r)μ;n(s)ν} (x̂)dx̂^{n(r)μ}_σ dx̂^{n(s)ν}_σ (4.14a) = G_{ij} (x→_σ X̂_σ )dX̂^i_σdX̂^j_σ (4.14b) = ds^2(σ = 0)|_{x→^}X_σ (4.14c) has the same basic form (4.14a) as that given in Eq. (2.65) for the WZW orbifolds. The alternate forms in (4.14b,c) follow from Eqs. (4.10b) and (4.13a), the fields X̂^i are the Einstein coordinates (4.10a) with twisted boundary conditions and the untwisted interval is ds^2(σ = 0) = G_{ij} (x)dx^idx^j . (4.15)

The relative simplicity of (4.14b) (with no χ(σ)’s or U(σ)’s) is a consequence of the trivial monodromy of the orbifold interval.

All forms of the interval in (4.14) apply as well to the WZW orbifolds, and we mention in particular the specific WZW cyclic permutation orbifold

A_{su(2)⊕su(2)}(Z_2)

Z_2

(4.16)

which was discussed in Subsec. 3.3. In this case, the orbifold interval (4.14) takes the explicit form x^{0,a}(ξ)^′ = x^{1,a}(ξ), x^{1,a}(ξ)^′ = x^{0,a}(ξ), a = 1, 2, 3 (4.17a)

ds^2(σ = 0) = k(G(x^0)_{ab}dx^{0,a}dx^{0,b} + G(x^1)_{ab}dx^{1,a}dx^{1,b}) (4.17b)

ds^2(σ = 1) = ds^2(σ = 0)|_{x0,1 →^}X± = k ( G(X̂^+)_{ab}dX̂^{+,a}dX̂^{+,b} +G(X̂^−)_{ab}dX̂^{−,a}dX̂^{−,b} ) (4.17c)

in agreement with Eq. (3.24), where G(x) and X̂^± are defined in Eqs. (3.19) and (3.20).

As illustrated in Eq. (4.14b), orbifold quantities with trivial monodromy have simple forms when expressed in terms of the Einstein coordinates X̂ with twisted boundary conditions. We note in particular the induced sigma-model orbifold metric Ĝ_{mn} on the world sheet Ĝ_{mn}(ξ, t, σ) ≡ Ĝ_{n(r)μ;n(s)ν} (x̂_σ(ξ, t))∂_mx̂^{n(r)μ}_σ (ξ, t)∂_nx̂^{n(s)ν}_σ (ξ, t) (4.18a) = G_{ij} (x→_σ X̂_σ)∂_mX̂^i_σ(ξ, t)∂_nX̂^j_σ (ξ, t) (4.18b)

ds^2(σ) = Ĝ_{mn}(ξ, t, σ)dξ^mdξ^n , (ξ^0, ξ^1) = (t, ξ) (4.18c)

and the closely-related alternate form

Ŝ^{N LS}_σ = 1 8π ∫ d^2ξ (G_{ij} (x) + B_{ij} (x)) |_{x→σ^}X_σ ∂_+X̂^i_σ (ξ, t)∂_−X̂^j_σ(ξ, t), σ = 0, . . . , N_c − 1 (4.19)

of the sigma model orbifold action (4.9). To our knowledge, fields with twisted boundary conditions appeared first in Ref. [37].

4.4 Moment Expansion of the Twisted Einstein Tensors In this subsection, we use moment expansions to further explore the results of the Subsec. 4.2.

We begin with the moment expansions of the untwisted Einstein tensors G_{ij} (x) = ∞∑ m=0 g_{ij,i1...im} x^{i1} · · · x^{im} , B_{ij} (x) = ∞∑ m=0 b_{ij,i1...im} x^{i1} · · · x^{im} (4.20a)

H_{ijk} (x) = ∞∑ m=0 h_{ijk,i1...im} x^{i1} · · · x^{im} (4.20b) h_{ijk,i1 ...im} = (m+1) (b_{ij,ki1 ...im} + cyclic in (ijk)) (4.20c) where the untwisted moments g_{...}, b_{...}, and h_{...} are totally symmetric in the indices i_1 . . . i_m. Because X̂(x̂) in (4.10a) is linear in x̂, we know from the other relations in (4.10) that the twisted Einstein tensors of sector σ will have similar moment expansions Ĝ_{n(r)μ;n(s)ν} (x̂_σ) = ∞∑ m=0 G_{n(r)μ,n(s)ν,n(r1)μ1...n(rm)μm}x̂^{n(r1)μ1}_σ · · · x̂^{n(rm)μm}_σ (4.21a)

B̂_{n(r)μ;n(s)ν} (x̂_σ) = ∞∑ m=0 B_{n(r)μ,n(s)ν,n(r1)μ1 ...n(rm)μm}x̂^{n(r1)μ1}_σ · · · x̂^{n(rm)μm}_σ (4.21b)

Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂_σ) = ∞∑ m=0 H_{n(r)μ,n(s)ν,n(t)δ,n(r1 )μ1...n(rm)μm}x̂^{n(r1)μ1}_σ · · · x̂^{n(rm)μm}_σ (4.21c)

H_{n(r)μ,n(s)ν,n(t)δ,n(r1 )μ1...n(rm)μm} =(m+1)(B_{n(r)μ,n(s)ν,n(t)δ,n(r1)μ1...n(rm)μm} + cyclic in (n(r)μ, n(s)ν, n(t)δ)) (4.21d) in terms of the twisted Einstein coordinates x̂_σ . The twisted moments G_{...}, B_{...} and H_{...} in Eq. (4.21) are also totally symmetric in the indices n(r_1)μ_1 . . . n(r_m)μ_m. Substitution of the moment expansions (4.20) and (4.21) into (4.10) gives the explicit forms of the twisted moments as an arbitrarily large set of duality transformations

G_{n(r)μ,n(s)ν,n(r1)μ1...n(rm)μm} ≡ χ_{n(r)μ}χ_{n(s)ν} U_{n(r)μ}^iU_{n(s)ν}^j (_m ∏ k=1 χ_{n(rk )μk} U_{n(rk )μk}^{ik} ) g_{ij,i1 ...im} (4.22a)

B_{n(r)μ,n(s)ν,n(r1)μ1...n(rm)μm} ≡ χ_{n(r)μ}χ_{n(s)ν} U_{n(r)μ}^iU_{n(s)ν}^j (_m ∏ k=1 χ_{n(rk )μk} U_{n(rk )μk}^{ik} ) b_{ij,i1...im} (4.22b) H_{n(r)μ,n(s)ν,n(t)δ,n(r1)μ1 ...n(rm)μm} ≡ χ_{n(r)μ}χ_{n(s)ν} χ_{n(t)δ}U_{n(r)μ}^iU_{n(s)ν}^j U_{n(t)δ}^k (_m ∏ k=1 χ_{n(rk )μk} U_{n(rk )μk}^{ik} ) h_{ijk,i1 ...im} (4.22c)

χ ≡ χ(σ), U ≡ U(σ) (4.22d) which express the twisted moments G_{...}, B_{...}, H_{...} of Ĝ, B̂, Ĥ in terms of the untwisted moments g_{...}, b_{...}, h_{...} respectively.

Next, we need the H-invariance of the untwisted moments (w^†)_i^k(w^†)_j^l(w^†)_{i1}^{j1} · · · (w^†)_{im}^{jm} g_{kl,j1 ...jm} = g_{ij,i1...im} (4.23a) (w^†)_i^k(w^†)_j^l(w^†)_{i1}^{j1} · · · (w^†)_{im}^{jm} b_{kl,j1...jm} = b_{ij,i1...im} (4.23b) (w^†)_i^l(w^†)_j^m(w^†)_k^n(w^†)_{i1}^{j1} · · · (w^†)_{im}^{jm} h_{lmn,j1 ...jm} = h_{ijk,i1 ...im} (4.23c) which is a consequence of the symmetry transformations (4.2b,c) of the untwisted tensors. It follows from the duality transformations in (4.22) that the selection rules for the twisted moments G_{n(r)μ,n(s)ν,n(r1)μ1,...,n(rm)μm} (1 − E^∗_{n(r)}E^∗_{n(s)}E^∗_{n(r1 )} · · · E^∗_{n(rm )}) = 0 (4.24a) B_{n(r)μ,n(s)ν,n(r1)μ1 ,...,n(rm)μm} (1 − E^∗_{n(r)}E^∗_{n(s)}E^∗_{n(r1)} · · · E^∗_{n(rm)}) = 0 (4.24b) H_{n(r)μ,n(s)ν,n(t)δ,n(r1)μ1...n(rm)μm} (1 − E^∗_{n(r)}E^∗_{n(s)}E^∗_{n(t)}E^∗_{n(r1)} · · · E^∗_{n(rm)}) = 0 (4.24c) and the solutions of these selection rules G_{n(r)μ,n(s)ν,n(r1 )μ1,...,n(rm)μm} ∝ δ_{n(r)+n(s)+}^{∑m}_{j=1 n(rj ),0 mod ρ(σ)} (4.25a) B_{n(r)μ,n(s)ν,n(r1)μ1,...,n(rm)μm} ∝ δ_{n(r)+n(s)+}^{∑m}_{j=1 n(rj ),0 mod ρ(σ)} (4.25b) H_{n(r)μ,n(s)ν,n(t)δ,n(r1)μ1,...,n(rm)μm} ∝ δ_{n(r)+n(s)+n(t)+}^{∑m}_{j=1 n(rj ),0 mod ρ(σ)} (4.25c) are dual to Eq. (4.23). As an example, the selection rule (4.24a) follows by substitution of (4.23a) into the duality transformation (4.22a) and subsequent use of the Einstein-space H-eigenvalue problem (4.4).

Using the twisted moment expansions (4.21) and the diagonal monodromy (4.9d) of the twisted Einstein coordinates x̂, it is easily checked that the selection rules (4.24) guarantee the correct diagonal monodromies of the twisted Einstein tensors Ĝ, B̂ and Ĥ in Eq. (4.9).

One may also use eigenfields and the principle of local isomorphisms to discuss the phase-space formulation of the sigma model orbifolds. In this development, one finds the twisted coordinates and momenta

p_i(ξ)^′ ≡ w_i^j p_j (ξ), x^i(ξ)^′ = x^j (ξ)(w^†)_j^i (4.26a) P_{n(r)μ}(ξ) ≡ χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^ip_i(ξ), P_{n(r)μ}(ξ)^′ = e^{−2πi} n(r) ρ(σ) P n(r)μ(ξ) (4.26b)

P −→_σ p̂, X −→_σ x̂ (4.26c) p̂^σ_{n(r)μ}(ξ + 2π) = e^{−2πi} n(r) ρ(σ) p̂σ n(r)μ(ξ), x̂ n(r)μ σ (ξ + 2π) = x̂^{n(r)μ}_σ (ξ)e^{2πi} n(r) ρ(σ) (4.26d)

where P_{n(r)μ} are the eigenmomenta and X^{n(r)μ} are the eigencoordinates in (4.5a). Similarly, the principle of local isomorphisms gives all local products of twisted classical fields in the sigma model orbifolds. For example, the sigma model orbifold Hamiltonian Ĥ_σ and momentum P̂_σ are those given in Eq. (2.61), now with the more general Ĝ and B̂ of the sigma model orbifold. We must remember of course to include the monodromy factors (2.14) in the twisted equal-time canonical brackets {p̂^σ_{n(r)μ}(ξ), x̂^{n(s)ν}_σ (η)} = −iδ_{n(r)μ}^{n(s)ν} δ_{n(r)}(ξ − η) (4.27a) {p̂^σ_{n(r)μ}(ξ), p̂^σ_{n(s)ν} (η)} = {x̂^{n(r)μ}_σ (ξ), x̂^{n(s)ν}_σ (η)} = 0 (4.27b)

in order to guarantee consistency of the brackets with the monodromies. One may also consider the twisted tangent-space formulation of the sigma model orbifolds, starting for example from the untwisted tangent-space formulation in Ref. [38].

The sigma model orbifolds described here are in general not conformal at the quantum level. To select those orbifolds which are 1-loop conformal, one will presumably need to consider the twisted Einstein equations which we present in Subsec. 4.7.

4.5 Example: More About WZW Orbifold Geometry

The WZW orbifolds discussed in Sec. 2 are special cases of the sigma model orbifolds above, but WZW orbifolds have additional geometric structure which we will study now from the viewpoint of the preceding subsections. In particular, the moment expansions and explicit functional forms of Subsec. 4.3 can be extended in this case to include the group orbifold elements and the twisted vielbeins, and all the local twisted phase-space geometry of Sec. 2 can be obtained by the principle of local isomorphisms.

We begin by recalling [11] the automorphic responses of the untwisted unitary WZW group element g(T ) on the group manifold M = G and the corresponding tangent-space coordinate β: g(T, ξ, t)^′ = W (h_σ; T )g(T, ξ, t)W^†(h_σ; T ), σ = 0, . . . , N_c − 1 (4.28a) g(T, ξ, t) = e^{iβa(ξ,t)Ta} , β^a(ξ, t)^′ = β^b(ξ, t)w^†(h_σ )_b^a (4.28b) W^†(h_σ; T )T_aW (h_σ; T ) = ω(h_σ )_a^bT_b, a, b = 1, . . . , dim g . (4.28c) Here ω(h_σ ) is the action of h_σ ∈ H ⊂ Aut(g) in the adjoint, W (h_σ; T ) is the action of h_σ in matrix rep T of g and the automorphic responses g^′ and β^′ in (4.28a,b) are consistent with each other due to the linkage relation (4.28c). It is natural to choose the preferred Einstein coordinate system x = β x^i ≡ β^ae(0)_a^i, e(0)_i^a = δ_i^a, g(T, ξ, t) = e^{ixie(0)iaTa} (4.29a) w(h_σ )_i^j ≡ e(0)_i^aw(h_σ )_a^be(0)_b^j (4.29b) U^†(σ)_i^{n(r)μ} ≡ e(0)_i^aU^†(σ)_a^{n(r)μ}, U(σ)_{n(r)μ}^i = U(σ)_{n(r)μ}^ae(0)_a^i (4.29c) x^{i′} = x^j w^†(h_σ )_j^i, i, j, a, b = 1, ..., dim g (4.29d) in which e(0) = 1 is the left-invariant vielbein at the origin (see below) and the Einsteinspace H-eigenvalue problem (4.4) is isomorphic (with the same E_{n(r)}(σ)) to the tangentspace H-eigenvalue problem (2.2). According to the linear response of the Einstein coordinates in Eq. (4.29d), this is a special case of the preferred coordinate system in which our more general sigma model (4.1), (4.2) was formulated.

From these remarks alone, it follows that the WZW orbifolds are described by the special case (2.70) of the sigma model orbifold action (4.9) with the specific forms of Ĝ, B̂ and Ĥ Ĝ_{n(r)μ;n(s)ν} (x̂) = ê(x̂)_{n(r)μ}^{n(t)δ}ê(x̂)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) (4.30a) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j G^{W ZW}_{ij} (x→_σ X̂(x̂)) (4.30b) G^{W ZW}_{ij} (x) = e(x)_i^ae(x)_j^bG_{ab}, G_{ab} = ⊕_I k_I η^I_{ab} (4.30c)

B̂_{n(r)μ;n(s)ν} (x̂) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j B^{W ZW}_{ij} (x→_σ X̂(x̂)) (4.30d)

Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂) = ê(x̂)_{n(r)μ}^{n(r′ )μ′}ê(x̂)_{n(s)ν}^{n(s′ )ν′}ê(x̂)_{n(t)δ}^{n(t′)δ′} F_{n(r′)μ′;n(s′ )ν′;n(t′)δ′} (σ) (4.30e) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} χ(σ)_{n(t)δ}U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^j U(σ)_{n(t)δ}^kH^{W ZW}_{ijk} (x→_σ X̂(x̂)) (4.30f) H^{W ZW} ijk (x) = e(x)_i^ae(x)_j^be(x)_k^cf_{abc}, f_{abc} = f_{ab}^dG_{dc} (4.30g) where G^{W ZW}_{ij} , B^{W ZW}_{ij} and H^{W ZW}_{ijk} are the fields of the original untwisted WZW model A_g(H). The forms (4.30a) and (4.30e) were given in Sec. 2 and the forms (4.30b), (4.30d) and (4.30f) are special cases of the more general results given for the sigma model orbifolds in Eq. (4.10).

Moving beyond Ĝ, B̂ and Ĥ, we will now apply the method developed above for the sigma model orbifolds to study the additional geometric structure of the WZW orbifolds – namely the group orbifold elements ĝ and the twisted vielbeins ê.

The untwisted vielbeins e, ē are defined as e_i(x, T ) = −ig^{−1}(T )∂_ig(T ) = e(x)_i^aT_a, ē_i(x, T ) = −ig(T )∂_ig^{−1}(T ) = ē(x)_i^aT_a (4.31) so the automorphic responses of the vielbeins

e_i(x, T )^′ = e_i(x^′, T ) = −ig^{−1}(T )^′∂_i^′g(T )^′ = w_i^j W (h_σ; T )e_j(x, T )W^†(h_σ ; T ) (4.32a) ē_i(x, T )^′ = ē_i(x^′, T ) = −ig(T )^′∂_i^′g^{−1}(T )^′ = w_i^j W (h_σ ; T )ē_j(x, T )W^†(h_σ; T ) (4.32b) (e(x)^′)_i^a = e(x^′)_i^a = w_i^j e_j^b(w^†)_b^a, (ē(x)^′)_i^a = ē(x^′)_i^a = w_i^jē_j^b(w^†)_b^a (4.32c) follow from (4.2a), (4.28c) and the automorphic response of the group element in Eq. (4.28a). The corresponding eigengroup elements [11] G and eigenvielbeins E, Ē are then defined as G(T (T, σ), ξ, t, σ) = U(T, σ)g(T, ξ, t)U^†(T, σ) (4.33a) E_{n(r)μ}(T , X) ≡ −iG^{−1}(T , ξ)∂_{n(r)μ}G(T , ξ) ≡ E(X)_{n(r)μ}^{n(s)ν} T_{n(s)ν} , ∂_{n(r)μ} ≡ ∂ ∂X^{n(r)μ} (4.33b) Ē_{n(r)μ}(T , X) ≡ −iG(T , ξ)∂_{n(r)μ}G^{−1}(T , ξ) ≡ Ē(X)_{n(r)μ}^{n(s)ν} T_{n(s)ν} (4.33c) E(X)_{n(r)μ}^{n(s)ν} = χ_{n(r)μ}χ^{−1}_{n(s)ν} U_{n(r)μ}^ie(x(X))_i^a(U^†)_a^{n(s)ν} , E(X) = χUe(x(X))U^†χ^{−1} (4.33d) Ē(X)_{n(r)μ}^{n(s)ν} = χ_{n(r)μ}χ^{−1}_{n(s)ν} U_{n(r)μ}^iē(x(X))_i^a(U^†)_a^{n(s)ν} , Ē(X) = χUē(x(X))U^†χ^{−1} (4.33e) where U^† ≡ U^†(σ) is the eigenvector matrix of the tangent-space H-eigenvalue problem (2.2), U ≡ U(σ) is the eigenvector matrix (4.29c) of the Einstein-space H-eigenvalue problem (4.4) and U(T, σ) is the eigenvector matrix of the extended H-eigenvalue problem in (2.6). The twisted representation matrices T = T (T, σ) are defined in Eq. (2.5). The automorphic responses of these eigenfields are G(T (T, σ), ξ, t, σ)^′ = E(T, σ)G(T (T ), ξ, t, σ)E(T, σ)^∗, σ = 0, . . . , N_c − 1 (4.34a) E_{n(r)μ}(X)^′ = E_{n(r)}(σ)E(T, σ)E_{n(r)μ}(X)E(T, σ)^∗ (4.34b) Ē_{n(r)μ}(X)^′ = E_{n(r)}(σ)E(T, σ)Ē_{n(r)μ}(X)E(T, σ)^∗ (4.34c) (E(X)^′)_{n(r)μ}^{n(s)ν} = E(X(x^′))_{n(r)μ}^{n(s)ν} = E_{n(r)}(σ)E(X)_{n(r)μ}^{n(s)ν} E_{n(s)}(σ)^∗ (4.34d) (Ē(X)^′)_{n(r)μ}^{n(s)ν} = Ē(X(x^′))_{n(r)μ}^{n(s)ν} = E_{n(r)}(σ)Ē(X)_{n(r)μ}^{n(s)ν} E_{n(s)}(σ)^∗ (4.34e) where E_{n(r)}(σ) and E(T, σ) are respectively the eigenvalue matrices of the H-eigenvalue problem and the extended H-eigenvalue problem.

For these eigenfields, the principle of local isomorphisms reads X −→_σ x̂, G(X) −→_σ ĝ(x̂), E(X) −→_σ ê(x̂), Ē(X) −→_σ ^̄e(x̂) (4.35a) automorphic response E_{n(r)}(σ), E(T, σ) −→_σ monodromy E_{n(r)}(σ), E(T, σ) (4.35b) where ĝ, ê, ^̄e are respectively the group orbifold elements and the left- and right-invariant twisted vielbeins. This gives the monodromy (2.21) of ĝ and the monodromies (2.27) of ê, ^̄e, as well as the explicit functional forms of the group orbifold elements and the twisted vielbein ĝ(T (T ), ξ, t, σ) = U(T, σ)g(T, x→_σ X̂(x̂))U^†(T, σ) = e^{ix̂n(r)μσ (ξ,t)Tn(r)μ(T,σ)} (4.36a) x̂^{n(r)μ}_σ = χ(σ)^{−1}_{n(r)μ}X̂^iU^†(σ)_i^{n(r)μ} (4.36b)

ê(x̂_σ, σ)_{n(r)μ}^{n(s)ν} = χ(σ)_{n(r)μ}χ(σ)^{−1}_{n(s)ν} U(σ)_{n(r)μ}^i e(x→_σ X̂_σ(x̂_σ))_i^aU^†(σ)_a^{n(s)ν} (4.36c) ê(x̂)= χUe(x→_σ X̂(x̂))U^†χ^{−1} (4.36d) in terms of the functional forms of the untwisted group element g(T, x) and the untwisted vielbein e_i^a(x). The coordinates X̂(x̂) with twisted boundary conditions are defined in (4.10a), the arrow notation is defined in (4.11) and ê, ^̄e are related to ĝ as given in (2.25b) and (2.26a). The result (4.36c) also holds for ^̄e(x̂) with e −→ ē.

For the group orbifold elements ĝ, the moment expansion in terms of the twisted Einstein coordinates x̂ is very simple ĝ(T , ξ, t, σ) = ∞∑ m=0 i^m m! T_{n(r1)μ1} (T, σ)...T_{n(rm)μm} (T, σ)x̂^{n(r1)μ1}_σ (ξ) · · · x̂^{n(rm)μm}_σ (ξ) (4.37) and, as in the preceding subsection, the moments T_{n(r1)μ1} ...T_{n(rm)μm} of the group orbifold elements satisfy the selection rules E_{n(r1)}(σ)^∗...E_{n(rm)}(σ)^∗T_{n(r1 )μ1} ...T_{n(rm)μm} = E(T, σ)T_{n(r1)μ1} ...T_{n(rm)μm} E(T, σ)^∗ (4.38) which follow from the selection rule (2.9c) for T . Moreover, as in Subsec. 4.4, these selection rules and the diagonal monodromy (4.9d) of x̂ guarantee the diagonal monodromy (2.21) of ĝ.

We may also introduce the moment expansions of the untwisted vielbein e and the twisted vielbein ê e(x)_i^a = ∞∑ m=0 e_{i,i1...im}^ax^{i1} · · · x^{im} (4.39a) (w^†)_i^j (w^†)_{i1}^{j1} · · · (w^†)_{im}^{jm} e_{j,j1 ...jm}^bw_b^a = e_{i,i1...im}^a (4.39b) ê(x̂)_{n(r)μ}^{n(s)ν} = ∞∑ m=0 E_{n(r)μ,n(r1 )μ1...n(rm)μm}^{n(s)ν}x̂^{n(r1)μ1}_σ · · · x̂^{n(rm)μm}_σ (4.39c) where the H-invariance (4.39b) of the untwisted vielbein moments follows from the automorphic responses (4.29d) and (4.32c) of x and e. Then, we may use (4.10a) and (4.36c) to obtain the twisted vielbein moments as an infinite set of duality transformations E_{n(r)μ,n(r1)μ1...n(rm)μm}^{n(s)ν}=χ_{n(r)μ}χ^{−1}_{n(s)ν} U_{n(r)μ}^i (_m ∏ j=1 χ_{n(rj )μj} U_{n(rj )μj}^{ij} ) e_{i,i1...im}^a(U^†)_a^{n(s)ν} (4.40) which express the twisted moments in terms of the untwisted moments. Similarly, we may use Eqs. (4.39b), (4.40) and both H-eigenvalue problems (2.2) and (4.4) to obtain the selection rules for the twisted vielbein moments: E_{n(r)μ,n(r1)μ1 ...n(rm)μm}^{n(s)ν} (1 − E_{n(r)}(σ)^∗E_{n(r1)}(σ)^∗ · · · E_{n(rm)}(σ)^∗E_{n(s)}(σ)) = 0 (4.41a) E_{n(r)μ,n(r1)μ1...n(rm)μm}^{n(s)ν} ∝ δ_{n(r)−n(s)+}^{∑m}_{i=1 n(ri),0 mod ρ(σ)} . (4.41b) As expected, these selection rules and the diagonal monodromy (2.24c) of x̂(ξ) guarantee the diagonal monodromy (2.27b) of the twisted vielbein, and similar moment expansions lead to duality transformations and selection rules which guarantee the monodromy of ^̄e(x̂).

We remark in particular that the duality transformations (4.40) and the untwisted boundary condition (4.29a) imply e(0)_i^a = e_i^a = δ_i^a ⇒ (4.42a)

ê(0)_{n(r)μ}^{n(s)ν} = E_{n(r)μ}^{n(s)ν} = E(0)_{n(r)μ}^{n(s)ν} = χ_{n(r)μ}χ^{−1}_{n(s)ν} U_{n(r)μ}^ie(0)_i^a(U^†)_a^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} (4.42b) so that the preferred twisted coordinate system x̂ = β̂, ê(0) = 1 chosen in Subsec. 2.4 is the orbifold dual of the preferred untwisted coordinate system x = β, e(0) = 1 chosen in Eq. (4.29) for the symmetric WZW model.

Using (4.29a), (4.33d) and (4.36c), the vielbein, the eigenvielbein and the twisted vielbein can also be evaluated in closed form e(x)_i^a = e(0)_i^b (_{eiY (x) −1} iY (x) )_a b , Y (x) ≡ x^ie(0)_i^aT^{adj}_a , e(0) = 1 (4.43a) E(X) =^{eiY(X)−1}_{iY(X)} , Y(X) ≡ χUY (x(X))U^†χ^{−1} = X^{n(r)μ}T̃_{n(r)μ}(T^{adj} ), E(0) = 1 (4.43b) ê(x̂) =^{eiŶ (x̂)−1}_{iŶ (x̂)} , Ŷ (x̂(ξ)) = x̂^{n(r)μ}_σ (ξ)T̃_{n(r)μ}(T^{adj} , σ), ê(0) = 1 (4.43c) in agreement with Eqs. (2.34) and (2.35).

Finally, the canonical form (2.39) of the twisted currents follows by local isomorphisms from Bowcock’s untwisted canonical form [39] J_a(ξ) = 2πe(x(ξ))_a^ip_i(B, ξ) + 1 2 ∂_ξx^i(ξ)e(x(ξ))_i^bG_{ba} (4.44a) J̄_a(ξ) = 2πē(x(ξ))_a^ip_i(B, ξ) − 1 2 ∂_ξx^i(ξ)ē(x(ξ))_i^bG_{ba} (4.44b) p_i(B, ξ) = p_i(ξ) + 1 4π B_{ij} (x(ξ))∂_ξx^j (ξ) (4.44c) ∂_iB_{jk} (x) + ∂_j B_{ki}(x) + ∂_k B_{ij} (x) = −i T r( M(k, T )e_i(x, T )[e_j(x, T ), e_k(x, T )] ) . (4.44d) To see this, one checks first that the eigencurrents J , J̄ have the same form J_{n(r)μ}(ξ, t, σ) = 2πE^{−1}(X(ξ))_{n(r)μ}^{n(s)ν} P_{n(s)ν} (B, ξ) + 1 2 ∂_ξX^{n(s)ν} E(X(ξ))_{n(s)ν}^{n(t)δ}G_{n(t)δ;n(r)μ}(σ) (4.45a) J̄_{n(r)μ}(ξ, t, σ) = 2πĒ^{−1}(X(ξ))_{n(r)μ}^{n(s)ν} P_{n(s)ν} (B, ξ) − 1 2 ∂_ξX^{n(s)ν}Ē(X(ξ))_{n(s)ν}^{n(t)δ}G_{n(t)δ;n(r)μ}(σ) (4.45b) P_{n(r)μ}(B, ξ) = P^σ_{n(r)μ}(ξ) + 1 4π B_{n(r)μ;n(s)ν} (X(ξ))∂_ξX^{n(s)ν} (4.45c) when rewritten in terms of the eigenfields X, P, E, Ē and B, and then the principle of local isomorphisms gives the canonical form of the twisted currents in Eq. (2.39). Similarly, the familiar coordinate-space form of the untwisted WZW currents J_a(ξ) = 1 2 ∂_+x^i(ξ)e(x(ξ))_i^bG_{ba}, J̄_a(ξ) = 1 2 ∂_−x^i(ξ)ē(x(ξ))_i^bG_{ba} (4.46) leads directly to the coordinate-space form of the twisted currents in Eq. (2.68).

4.6 Example: The General Coset Orbifold

The general coset orbifold action [20] was obtained by gauging the general WZW orbifold action by general twisted gauge groups. In this section, we will use the general coset orbifold action to find the specific form of the sigma model orbifold action (4.9) which describes the general coset orbifold.

The general coset orbifold A_{g/h}(H)/H has been discussed at the operator level in Refs. [4, 5, 20]. In these orbifolds A_{g/h}(H) is any coset construction [6, 7, 40, 10] with a discrete symmetry group H, and the untwisted coset construction is mapped by local isomorphisms to the twisted coset constructions of the orbifold g h = g h (H) = g(H) h(H) −→_σ ĝ(σ) ĥ(σ), σ = 0, . . . , N^c − 1 (4.47)

where ĥ(σ) ⊂ ĝ(σ) are the twisted affine algebras of sector σ.

At the classical level, the corresponding orbifold Lie algebras ĥ(σ) ⊂ ĝ(σ) of the coset orbifold ĝ(σ) ĥ(σ) ↔ ĝ(σ) ĥ(σ) (4.48) are used to label the general coset orbifold action [20]

^S_{ĝ(σ)/ĥ(σ)}[M, ĝ, Â_±] = (4.49) = ^S_{ĝ(σ)}[M, ĝ] + 1 4π ∫ d^2ξ ^T r(M(ĝ^{−1}∂_+ĝ(iÂ_−) −iÂ_+∂_−ĝĝ^{−1} −ĝ^{−1}Â_+ĝÂ_− +Â_+Â_−))

which describes sector σ of the general coset orbifold A_{g/h}(H)/H. Here ĝ, M and ^S_{ĝ(σ)}[M, ĝ] are respectively the group orbifold element, the twisted data matrix and the WZW orbifold action (2.72) for sector σ of the WZW orbifold A_g(H)/H, while {Â_±} with [Â_±, M] = 0 are the twisted matrix gauge fields valued on the orbifold Lie subalgebra ĥ(σ) ⊂ ĝ(σ). The general coset orbifold action reduces in the untwisted sector σ = 0 to the ordinary gauged WZW action [41-45] for A_{g/h}(H). Many other properties of this action are discussed in Ref. [20], but we note here only that the general coset action has trivial monodromy under the field monodromies ĝ(T , ξ + 2π, t, σ) = E(T, σ)ĝ(T , ξ, t, σ)E(T, σ)^∗ (4.50a) Â_±(T , ξ + 2π, t, σ) = E(T, σ)Â_±(T , ξ, t, σ)E(T, σ)^∗ (4.50b) as well as a general twisted gauge invariance. Our task here is to integrate out the twisted matrix gauge fields {Â_±} to find the equivalent twisted sigma model form of the general coset orbifold action.

We begin by reminding the reader that the twisted ĥ(σ) currents Ĵ_{n̂(r)μ̂} and the twisted representation matrices T_{n̂(r)μ̂} of the orbifold Lie subalgebra ĥ(σ) have the form Ĵ_{n̂(r)μ̂}(ξ, t, σ) ≡ R_r(σ)_{μ̂}^μĴ_{n̂(r)μ}(ξ, t, σ), ∀n̂(r), μ̂ ∈ ĥ(σ) ⊂ ĝ(σ) (4.51a) T_{n̂(r)μ̂}(T, σ) ≡ R_r(σ)_{μ̂}^μT_{n̂(r)μ}(T, σ) (4.51b) Â_±(T, ξ, t, σ) = Â^{n̂(r)μ̂}_± (ξ, t, σ)T_{n̂(r)μ̂}(T, σ) ∈ ĥ(σ) (4.51c) {n̂(r)} ⊂ {n(r)}, dim{μ̂} ≤ dim{μ} (4.51d) where Ĵ_{n(r)μ} are the ĝ(σ) currents, T_{n(r)μ} are the twisted representation matrices of the orbifold Lie algebra ĝ(σ), and R(σ) is the embedding matrix [4, 5, 20] of the twisted affine subalgebra ĥ(σ) ⊂ ĝ(σ). With Ref. [20] we emphasize that the twisted affine algebras and their corresponding orbifold Lie algebras

[Ĵ_{ĝ(σ)}(·), Ĵ_{ĝ(σ)}(·)] = iF_{ĝ(σ)}Ĵ_{ĝ(σ)}(·) + G_{ĝ(σ)} −→ [T_{ĝ(σ)}, T_{ĝ(σ)}] = iF_{ĝ(σ)}T_{ĝ(σ)} (4.52a) [Ĵ_{ĥ(σ)}(·), Ĵ_{ĥ(σ)}(·)] = iF_{ĥ(σ)}Ĵ_{ĥ(σ)}(·) + G_{ĥ(σ)} −→ [T_{ĥ(σ)}, T_{ĥ(σ)}] = iF_{ĥ(σ)}T_{ĥ(σ)} (4.52b) share the same twisted structure constants F_{ĝ(σ)} and F_{ĥ(σ)}.

We will also need the definitions G_{n(r)μ;n̂(s)ν̂} (σ) ≡ ^T r ( M(T, σ)T_{n(r)μ}(T, σ)T_{n̂(s)ν̂} (T, σ) ) = R_s(σ)_{ν̂}^ν G_{n(r)μ;n̂(s)ν} (σ) = R_s(σ)_{ν̂}^ν G_{n̂(s)ν;n(r)μ}(σ) ≡ G_{n̂(s)ν̂;n(r)μ}(σ) (4.53a) G_{n̂(r)μ̂;n̂(s)ν̂} (σ) ≡ ^T r ( M(T, σ)T_{n̂(r)μ̂}(T, σ)T_{n̂(s)ν̂} (T, σ) ) = R_r(σ)_{μ̂}^μR_s(σ)_{ν̂}^ν G_{n̂(r)μ;n̂(s)ν} (σ) = G_{n̂(s)ν̂;n̂(r)μ̂}(σ) (4.53b)

G_{n̂(r)μ̂;n(s)ν} (σ) = δ_{n̂(r)+n(s),0 mod ρ(σ)}G_{n̂(r)μ̂;−n̂(r),ν} (σ) (4.53c) G_{n̂(r)μ̂;n̂(s)ν̂} (σ) = δ_{n̂(r)+n̂(s),0 mod ρ(σ)}G_{n̂(r)μ̂;−n̂(r),ν̂} (σ) (4.53d)

Ω̂(x̂)_{n̂(r)μ̂}^{n(s)ν} ≡ R_r(σ)_{μ̂}^μΩ̂(x̂)_{n̂(r)μ}^{n(s)ν} , Ω̂(x̂)_{n̂(r)μ̂;n̂(s)ν̂} ≡ Ω̂(x̂)_{n̂(r)μ̂}^{n(t)δ}G_{n(t)δ;n̂(s)ν̂} (σ) (4.53e) where M(T, σ) is the twisted data matrix in (2.10), G_{ĥ(σ)} ≃ {G_{n̂(r)μ̂;n̂(s)ν̂} (σ)} is the induced metric on the twisted affine subalgebra ĥ(σ), and Ω̂ is the twisted adjoint action in (2.28). The induced metric G_{ĥ(σ)} is invertible in the ĥ(σ) subspace [5] G_{n̂(r)μ̂;n̂(t)δ̂}(σ)G^{n̂(t)δ̂;n̂(s)ν̂} (σ) = δ_{μ̂}^{ν̂} δ_{n̂(r)−n̂(s),0 mod ρ(σ)} (4.54) when the original H-symmetric coset construction^g_h (H) was a reductive coset space.

Following the conventional procedure, we may integrate out the twisted matrix gauge fields by solving their equations of motion: ^T r { M ( −i∂_−ĝĝ^{−1} − ĝÂ_−ĝ^{−1} + Â_− ) T_{n̂(r)μ̂} } = 0 (4.55a) ^T r { M ( −iĝ^{−1}∂_+ĝ − ĝ^{−1}Â_+ĝ + Â_+ ) T_{n̂(r)μ̂} } = 0, ∀n̂(r), μ̂ ∈ ĥ(σ) . (4.55b)

After some algebra, we find that sector σ of the general coset orbifold A_{g/h}(H)/H is described by the twisted sigma model action (4.9) with twisted Einstein metric Ĝ and twisted B field B̂: ( Ĝ(x̂) + B̂(x̂) ) n(r)μ;n(s)ν = ( Ĝ(x̂) + B̂(x̂) )_{W ZW} n(r)μ;n(s)ν −2(ê(x̂)n(r)μ^{n(t)δ}G_{n(t)δ;n̂(v)}^_ζ(σ))(^̄e(x̂)n(s)ν^{n(u)ϵ}G_{n(u)ϵ;n̂(w)}^_λ(σ))X^{−1}(x̂)^{n̂(w)λ̂;n̂(v)ζ̂} (4.56a)

X_{n̂(r)μ̂;n̂(s)ν̂} (x̂) ≡ X_{n̂(r)μ̂;n̂(s)ν̂} (x̂_σ, σ) ≡ (G(σ)−Ω̂(x̂_σ, σ))_{n̂(r)μ̂;n̂(s)ν̂} , σ = 0, ..., N_c − 1. (4.56b)

The matrix X(x̂) in (4.56b) is invertible in the ĥ(σ) subspace because G_{n̂(r)μ̂;n̂(s)ν̂} (σ) is invertible. This set of twisted sigma models should be considered in a fixed gauge such as 0 = ^T r ( Mx̂^{n(s)ν}_σ (ξ, t)T_{n(s)ν} T_{n̂(r)μ̂} ) = x̂^{n(s)ν}_σ (ξ, t)G_{n(s)ν;n̂(r)μ̂}(σ) = x̂^{n̂(r)ν}_σ (ξ, t)G_{n̂(r)ν;−n̂(r),μ̂}(σ), ∀n̂(r), μ̂ ∈ ĥ(σ) (4.57) where we have chosen x̂ = β̂, as above.

The general forms of other twisted tensors can be obtained in these twisted coset sigma models, including e.g. the separate forms of Ĝ and B̂ and the twisted Riemann tensor of Ĝ, but we refrain for brevity from doing so here. Using the coset orbifold examples discussed in Ref. [20], it is also straightforward to work out the twisted Einstein tensors explicitly for a large number of special cases. The contribution of the orbifold dilaton in the coset orbifolds is included in the discussion of the following subsection.

4.7 The Twisted Einstein Equations

It is well-known [21-26] that the general nonlinear sigma model A_M in (4.1) is 1-loop conformal when the sigma-model Einstein equations R_{ij} + 1 4 H_{ki}^lH^k_{lj} − 2∇_i∇_jϕ = 0, (∇^k − 2∇^kϕ)H_{kij} = 0 (4.58)

are satisfied, where ϕ is the dilaton field.

Using eigenfields and local isomorphisms (see below), we have been able to find a set of twisted Einstein equations in sector σ of each sigma model orbifold A_M (H)/H R̂_{n(r)μ;n(s)ν} (x̂) + 1 4 Ĥ_{n(t)δ;n(r)μ}^{n(u)ϵ}(x̂) Ĥ^{n(t)δ}_{n(u)ϵ;n(s)ν} (x̂) − 2 ^∇_{n(r)μ} ^∇_{n(s)ν}ϕ̂(x̂) = 0 (4.59a)

( ^∇^{n(t)δ} − 2 ^∇^{n(t)δ}ϕ̂(x̂) ) Ĥ_{n(t)δ;n(r)μ;n(s)ν} (x̂) = 0, σ = 0, . . . , Nc − 1 (4.59b) x̂ ≡ x̂_σ, R̂(x̂) ≡ R̂(x̂_σ, σ), Ĥ(x̂) ≡ Ĥ(x̂_σ, σ), ϕ̂(x̂) ≡ ϕ̂(x̂_σ , σ) (4.59c) which are satisfied when the Einstein equations (4.58) hold in the symmetric sigma model A_M (H). Here x̂ are the twisted Einstein coordinates, Ĥ(x̂) is the twisted torsion field (4.9c), and ϕ̂(x̂) is the orbifold dilaton. Moreover, it turns out that all the twisted tensors in (4.59) are constructed in analogy with the usual untwisted Einstein tensors, following the duality algorithm [3, 5] i −→_σ n(r)μ, x^i −→_σ x̂^{n(r)μ}_σ , ∂_i −→_σ ^∂_{n(r)μ}, ∇_i −→_σ ^∇_{n(r)μ} (4.60a) G_{ij} (x) −→_σ Ĝ_{n(r)μ;n(s)ν} (x̂), G^{ij} (x) −→_σ Ĝ^{n(r)μ;n(s)ν} (x̂) (4.60b) Γ_{ij}^k(x) −→_σ Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂), R_{ijkl}(x) −→_σ R̂_{n(r)μ;n(s)ν;n(t)δ;n(u)ϵ}(x̂) (4.60c) where, as above, the indices n(r), μ are the spectral indices and degeneracy labels of the Einstein-space H-eigenvalue problem (4.4). For example, one finds that Ĥ_{n(r)μ;n(s)ν}^{n(t)δ}(x̂) ≡ Ĥ_{n(r)μ;n(s)ν;n(u)ϵ}(x̂)Ĝ^{n(u)ϵ;n(t)δ}(x̂) (4.61a) Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂) ≡ 1 2( ^∂_{(n(r)μ}Ĝ_{n(s)ν);n(u)ϵ}(x̂) − ^∂_{n(u)ϵ}Ĝ_{n(r)μ;n(s)ν} (x̂) ) Ĝ^{n(u)ϵ;n(t)δ}(x̂) (4.61b)

where Γ̂ is the twisted Christoffel connection, and all indices in (4.59) are raised and lowered with the twisted Einstein metric Ĝ_• and its inverse Ĝ^•. Other examples include the twisted Ricci tensor and the covariant derivatives of the orbifold dilaton R̂_{n(r)μ;n(s)ν} (x̂) ≡ R̂_{n(r)μ;n(s)ν;n(t)δ;n(u)ϵ}(x̂)Ĝ^{n(t)δ;n(u)ϵ}(x̂) (4.62a) ϕ̂_{n(r)μ}(x̂) ≡ ^∇_{n(r)μ}ϕ̂(x̂) = ^∂_{n(r)μ}ϕ̂(x̂) (4.62b) ^∇_{n(r)μ}ϕ̂_{n(s)ν} (x̂) = ^∂_{n(r)μ}ϕ̂_{n(s)ν} (x̂) − Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂)ϕ̂_{n(t)δ}(x̂) (4.62c)

where the four-index symbol in (4.62a) is the twisted Riemann tensor – constructed in the usual way from Γ̂.

In this development, we also obtain the diagonal monodromies of all the twisted fields, including the monodromies of Ĝ_•, B̂ and Ĥ in Eq. (4.9), and for example: x̂^{n(r)μ}(ξ + 2π) = x̂^{n(r)μ}(ξ)e^{2πi n(r)ρ(σ)} (4.63a) ϕ̂(x̂(ξ + 2π)) = ϕ̂(x̂(ξ)), ϕ̂_{n(r)μ}(x̂(ξ + 2π)) = e^{−2πi n(r)}ρ(σ) ϕ̂_{n(r)μ}(x̂(ξ)) (4.63b) ^∇_{n(r)μ}ϕ̂_{n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) ^∇_{n(r)μ}ϕ̂_{n(s)ν} (x̂(ξ)) (4.63c) Ĝ^{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = Ĝ^{n(r)μ;n(s)ν} (x̂(ξ))e^{2πi n(r)+n(s)}ρ(σ) (4.63d)

Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)−n(t)}ρ(σ) Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂(ξ)) (4.63e) R̂_{n(r)μ;n(s)ν;n(t)δ;n(u)ϵ}(x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)+n(t)+n(u)}ρ(σ) R̂_{n(r)μ;n(s)ν;n(t)δ;n(u)ϵ}(x̂(ξ)) (4.63f) R̂_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)+n(s)}ρ(σ) R̂_{n(r)μ;n(s)ν} (x̂(ξ)) . (4.63g) Moreover, as given for Ĝ_•, B̂ and Ĥ in Eq. (4.10), we obtain the explicit forms of all the twisted Einstein tensors, including:

ϕ̂(x̂) = ϕ(x→_σ X̂(x̂)) (4.64a) Ĝ^{n(r)μ;n(s)ν} (x̂) = χ^{−1}_{n(r)μ}χ^{−1}_{n(s)ν} G^{ij} (x→_σ X̂(x̂))(U^†)_i^{n(r)μ}(U^†)_j^{n(s)ν} (4.64b) Γ̂_{n(r)μ;n(s)ν}^{n(t)δ}(x̂) = χ_{n(r)μ}χ_{n(s)ν} χ^{−1}_{n(t)δ}U_{n(r)μ}^iU_{n(s)ν}^j Γ_{ij}^k(x→_σ X̂(x̂))(U^†)_k^{n(t)δ} (4.64c)

R̂_{n(r)μ;n(s)ν;n(t)δ;n(u)ϵ}(x̂) (4.64d) = χ_{n(r)μ}χ_{n(s)ν} χ_{n(t)δ}χ_{n(u)ϵ}U_{n(r)μ}^iU_{n(s)ν}^j U_{n(t)δ}^kU_{n(u)ϵ}^lR_{ijkl}(x→_σ X̂(x̂)) R̂_{n(r)μ;n(s)ν} (x̂) = χ_{n(r)μ}χ_{n(s)ν} U_{n(r)μ}^iU_{n(s)ν}^j (R_{ijkl}G^{kl})(x→_σ X̂(x̂)) (4.64e) U_{n(r)μ}^l ≡ U(σ)_{n(r)μ}^l, (U^†)_l^{n(r)μ} ≡ U^†(σ)_l^{n(r)μ}, χ_{n(r)μ} ≡ χ(σ)_{n(r)μ} . (4.64f) In these results, the quantities X̂(x̂) are the coordinates with twisted boundary conditions, whose explicit form is given in Eq. (4.10a) – so that once again each twisted tensor is completely determined as a function of the twisted coordinates x̂, given the coordinate dependence of the untwisted Einstein tensors. As in Subsec. 4.4, selection rules which guarantee the indicated monodromies can be obtained for the moments of each twisted Einstein tensor.

The derivation of the results above proceeds as follows: In Eq. (4.2) we specified the automorphic response of the untwisted objects x, G_•, B and H. From these transformations we easily deduce the automorphic response of all the other tensors in the symmetric sigma model. The conclusion is that all objects in the symmetric theory transform under the symmetry group H with a factor w on the left for a down index and a factor of w^† on the right for an up index. For example:

G^{ij} (x)^′ = G^{ij} (x^′) = G^{kl}(x)(w^†)_k^i(w^†)_l^j , ∇_i^′ = w_i^j ∇_j (4.65a)

Γ_{ij}^l(x)^′ = Γ_{ij}^l(x^′) = w_i^pw_j^qΓ_{pq}^s(x)(w^†)_s^l, ϕ(x)^′ = ϕ(x^′) = ϕ(x) (4.65b)

R_{ijkl}(x)^′ = R_{ijkl}(x^′) = w_i^{i′} w_j^{j′} w_k^{k′} w_l^{l′} R_i′_j′_k′_l′ (x) . (4.65c)

This tells us that the corresponding eigenfields should be defined with a factor χU or χ^{−1}U^† for each up or down index respectively. It is then straightforward to verify that the Einstein equations have the same form in terms of the eigenfields as they do in terms of the original fields, although the indices i → n(r)μ of the eigenfields are now different. Then the twisted Einstein equations (4.59) and the explicit functional forms (4.64) of the twisted tensors follow by local isomorphisms. These explicit forms can also be used to check directly that the twisted Einstein equations hold when the untwisted Einstein equations are satisfied. Local isomorphisms also tell us that each twisted down index carries a monodromy e^{−2πi n(r)ρ(σ)} and each twisted up index carries a monodromy e^{+2πi n(r)ρ(σ)} , so that objects which are scalars, such as the orbifold curvature scalar R̂ and the orbifold dilaton ϕ̂, have trivial monodromy.

The twisted Einstein equations (4.59) are almost certainly the condition that twisted sector σ of a sigma model orbifold is conformal, but a direct check (a one-loop computation using the orbifold sigma model action Ŝ^{N LS}_σ in (4.9)) is necessary to be absolutely sure. This situation is analogous to that of the general orbifold Virasoro master equation [2, 3, 5] which follows from local isomorphisms, but which also needed a direct check of the Virasoro algebra using orbifold OPE’s. It is expected that this check will go through for the sigma model orbifolds because (as seen for the general orbifold Virasoro master equation) the short-distance singularities in the untwisted and twisted sectors differ only by the duality algorithm (4.60).

Finally, it would be interesting to study possible transitions among the N_c orbifold sectors (space-times) induced by the existence of twist fields.

Acknowledgements

For helpful discussions, we thank O. Ganor, N. Obers, C. Park, E. Rabinovici, F. Wagner and J. Wang.

This work was supported in part by the Director, Office of Energy Research, Office of High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under Contract DE-AC03-76SF00098 and in part by the National Science Foundation under grant PHY00-98840.

A Rescaled Group Orbifold Elements

To begin this discussion we recall the forms of the twisted structure constants and the twisted representation matrices [11] F_{n(r)μ;n(s)ν}^{n(t)δ}(σ) ≡ χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} χ(σ)^{−1}_{n(t)δ}U(σ)_{n(r)μ}^aU(σ)_{n(s)ν}^bf_{ab}^cU^†(σ)^{n(t)δ}_c (A.1a) T_{n(r)μ}(T, σ) ≡ χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aU(T, σ)T_aU^†(T, σ) (A.1b) where U^†(σ) and U^†(T, σ) are the eigenvector matrices of the H-eigenvalue problem (2.2) and the extended H-eigenvalue problem (2.6) respectively. The χ’s are the standard normalization constants in Eqs. (2.3), (2.5) and (2.42) with χ(σ = 0) = 1.

In terms of these objects we may define the rescaled group orbifold elements g̃ g̃(T̃ , ξ, σ) ≡ χ(T, σ)ĝ(T , ξ, σ)χ(T, σ)^{−1} = e^{ix̂n(r)μσ (ξ)T̃n(r)μ(T,σ)} (β̂ = x̂) (A.2a) T̃_{n(r)μ}(T, σ)_{N (s)ν}^{N (t)δ} ≡ χ(T, σ)_{N (s)ν}χ(T, σ)^{−1}_{N (t)δ}T_{n(r)μ}(T, σ)_{N (s)ν}^{N (t)δ} (A.2b) [T̃_{n(r)μ}(T, σ), T̃_{n(s)ν}(T, σ)] = iF_{n(r)μ;n(s)ν}^{n(t)δ}(σ)T̃_{n(t)δ}(T, σ) (A.2c) χ(T, σ)_{N (r)μ}^{N (s)ν} ≡ δ_{N (r)μ}^{N (s)ν}χ(T, σ)_{N (r)μ} (A.2d) g̃(T̃ , ξ + 2π, σ))_{N (r)μ}^{N (s)ν} = e^{− 2πiR(σ) (N (r)−N (s))}g̃(T̃ , ξ, σ)_{N (r)μ}^{N (s)ν} (A.2e) ĝ(T , ξ, σ) = χ(T, σ)^{−1}g̃(T̃ , ξ, σ)χ(T, σ) (A.2f) where ĝ is the group orbifold element, T̃_{n(r)μ}(T, σ) are the rescaled twisted representation matrices and the quantities χ(T, σ) are another set of normalization constants which satisfy:

χ(T, 0) = 1l, χ(T^{adj} , σ)_{n(r)μ} = χ(σ)_{n(r)μ} . (A.3) The special case {T̃_{n(r)μ}(T^{adj}, σ)} appears in Eq. (2.34), where we have already encountered an example of the rescaled group orbifold elements, namely the twisted adjoint action Ω̂: Ω̂(x̂(ξ)) = e^{−iŶ (x̂(ξ))} = e^{−ix̂n(r)μ}σ^{(ξ)T̃}n(r)μ^{(T adj,σ)} = g̃^{−1}(T̃ (T^{adj} ), ξ, σ) (A.4a) i ( ^∂_{n(r)μ}Ω̂(x̂) ) Ω̂^{−1}(x̂) = ê(x̂)_{n(r)μ}^{n(s)ν}T̃_{n(s)ν} (T^{adj} , σ) . (A.4b)

Although the rescaled quantities g̃ and T̃ are quite natural from the point of view of Eq. (A.4), we have refrained from using them in the text because the unitarity of the rescaled group orbifold elements depends on the choice of the normalization constants χ(T, σ). In particular, using the unitarity of the group orbifold element ĝ, one finds that g̃^†(T̃ , ξ, σ) = (χ(T, σ)χ(T, σ)^∗)^{−1}g̃^{−1}(T̃ , ξ, σ)(χ(T, σ)χ(T, σ)^∗) (A.5) so that the rescaled group orbifold elements g̃ are unitary only when χχ^∗ ∝ 1l .

Nevertheless, all the classical results of WZW orbifold theory can be rewritten in terms of the rescaled quantities, for example,

Ŝ_σ(T̃ ) ≡ Ŝ_σ (T (T̃ )) = − 1 8π ∫ d^2ξ ^T r( M̃(T̃ , σ)g̃^{−1}(T̃ , σ)∂_+g̃(T̃ , σ)g̃^{−1}(T̃ , σ)∂_−g̃(T̃ , σ) ) − 1 12π ∫ Γ ^T r( M̃(T̃ , σ) ( g̃^{−1}(T̃ , σ)dg̃(T̃ , σ) )^3 ) (A.6a) M̃(T̃ , σ) ≡ χ(T, σ)M(T , σ)χ(T, σ)^{−1} (A.6b) {Ĵ_{n(r)μ}(ξ, σ), g̃(T̃ , η, σ)} = 2πδ_{n(r)}(ξ − η)g̃(T̃ , η, σ)T̃_{n(r)μ}(T, σ) (A.6c) { ^̄J_{n(r)μ}(ξ, σ), g̃(T̃ , η, σ)} = −2πδ_{n(r)}(ξ − η)T̃_{n(r)μ}(T, σ)g̃(T̃ , η, σ) (A.6d) Ĵ_{n(r)μ}(ξ, σ)G^{n(r)μ,−n(r),ν} (σ)T̃_{−n(r),ν} (T, σ) = − i 2 g̃^{−1}(T̃ , ξ, σ)∂_+g̃(T̃ , ξ, σ) (A.6e) ^̄J_{n(r)μ}(ξ, σ)Gn(r)μ,−n(r),ν (σ)T̃_{−n(r),ν} (T, σ) = − i 2 g̃(T̃ , ξ, σ)∂_−g̃^{−1}(T̃ , ξ, σ) (A.6f) where we have used Eq. (A.2b) and the inverse relation (A.2f).

B Twisted Affine Lie Groups

In Refs. [31, 30], the method of affine Lie groups was used to obtain both quantum and classical canonical realizations of the left- and right-mover currents of any untwisted affine Lie algebra. In this construction, the modes of the currents are identified as the reduced affine Lie derivatives on the affine Lie group, and this quantum canonical realization generalizes Bowcock’s [39] classical canonical realization.

In what follows we will work out the extension of this method to the case of twisted affine Lie groups, which gives the quantum and classical realizations of the general leftand right-mover twisted current algebra discussed in the text. The results of this appendix were obtained in collaboration with C. Park.

We begin with a set of abstract modes Ê which satisfy the general twisted current algebra ĝ(σ) in Ref. [5] [Ê_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), Ê_{n(s)ν} (n +^{n(s)}_{ρ(σ)} )] =iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ê_{n(r)+n(s),δ}(m + n +^{n(r)+n(s)}_{ρ(σ)} ) + (m+^{n(r)}_{ρ(σ)} )δ_{m+n+}n(r)+n(s)_{ρ(σ) ,0}G_{n(r)μ;−n(r),ν} (σ) (B.1)

where F(σ) and G(σ), given explicitly in Eq. (2.3), are respectively the twisted structure constants and twisted metric of sector σ.

By including the central term among the generators, the algebra (B.1) can be recast as an infinite-dimensional Lie algebra [Ê_{L̂}, Ê_{M̂} ] = iF̃_{L̂M̂}^{N̂}Ê_{N̂} (B.2a) Ê_{L̂} = (Ê_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), 1), L̂ = ((n(r)μ, m+^{n(r)}_{ρ(σ)} ), ŷ_∗), Ê_{ŷ∗} = 1 (B.2b) F̃_{n(r)μ,m+n(r)ρ(σ) ;n(s)ν,n+n(s)ρ(σ)}^{n(t)δ,p+ n(t)}ρ(σ) = δ_{m+n−p+ n(r)+n(s)−n(t)ρ(σ) ,0} F_{n(r)μ;n(s)ν}^{n(t)δ}(σ) (B.2c)

F̃_{n(r)μ,m+n(r)ρ(σ) ;n(s)ν,n+n(s)ρ(σ)}^ŷ∗ = −i(m+^{n(r)}_{ρ(σ)} )δ_{m+n+n(r)+n(s)ρ(σ) ,0} G_{n(r)μ;n(s)ν} (σ) (B.2d) whose non-zero structure constants are given in (B.2c) and (B.2d). The elements γ̂ of the corresponding twisted affine Lie group are defined as γ̂ = e^{iy}ψ̂(x̂(t)), ψ̂(x̂(t)) ≡ exp(ix̂^{n(r)μ;m+n(r)ρ(σ)} (t)Ê_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )) (B.3a) x̂^{n(r)±ρ(σ),μ;m∓1+ n(r)±ρ(σ)ρ(σ)} (t) = x̂^{n(r)μ;m+} n(r) ρ(σ) (t) (B.3b)

ê(0)_{L̂}^{M̂} = −^̄e(0)_{L̂}^{M̂} = δ_{L̂}^{M̂} (B.3c) where x̂(t) are the twisted mode coordinates at time t, the coordinate y corresponds to the central term and ψ̂(x̂(t)) is the reduced twisted affine Lie group element. Here we have chosen the preferred coordinate system (B.3c) on the affine Lie group, where ê(0) = 1 is the twisted mode vielbein at the origin (see below). This choice ultimately guarantees that the local operators of the construction have definite monodromy. More generally, the twisted mode vielbeins are defined as

ê_{L̂} ≡ −iγ̂^{−1}∂_{L̂}γ̂ = ê_{L̂}^{M̂} Ê_{M̂} , ^̄e_{L̂} ≡ −iγ̂∂_{L̂}γ̂^{−1} = ^̄e_{L̂}^{M̂} Ê_{M̂} , ∂_{L̂} ≡ ∂ ∂x̂^{L̂} (B.4a) ê ≡ ê(t), ^̄e ≡ ^̄e(t), ∂_{L̂} ≡ ∂_{L̂}(t) (B.4b) in terms of the elements γ̂ of the twisted affine Lie group. As seen in (B.4b), we often suppress the fixed time label t.

The method of Refs. [31, 30] then gives the general twisted current modes as the reduced twisted affine Lie derivatives Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t) = −i(ê^{−1})_{n(r)μ,m+n(r)ρ(σ)}^{n(s)ν,n+n(s)}ρ(σ) D̂_{n(s)ν,n+n(s)ρ(σ)} (B.5a) ^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} , t) = −i(^̄e−1)_{n(r)μ,m+n(r)} ρ(σ) n(s)ν,n+^{n(s)}_{ρ(σ)} ^̄D n(s)ν,n+^{n(s)}_{ρ(σ)} (B.5b) D̂_{n(r)μ,m+n(r)ρ(σ)} ≡ ∂_{n(r)μ,m+n(r)ρ(σ)} − i ê_{n(r)μ,m+n(r)ρ(σ)}^ŷ∗ (B.5c) ^̄D_{n(r)μ,m+n(r)} ρ(σ) ≡ ∂_{n(r)μ,m+}n(r)_{ρ(σ)} + i ^̄e_{n(r)μ,m+}n(r)_{ρ(σ)}^{ŷ∗} (B.5d) Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t)ψ̂(x̂(t)) = ψ̂(x̂(t))Ê_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ) (B.5e) ^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} , t)ψ̂(x̂(t)) = −Ê_{n(r)μ}(m+ n(r)_{ρ(σ)} )ψ̂(x̂(t)) (B.5f)

which provide a differential realization (at fixed t) of the general left- and right-mover twisted current algebra in Eq. (2.1). The sign reversal of the right-mover central term in (2.1) is in fact completely natural from the viewpoint of affine Lie groups (see Eqs. (2.12) and (2.13) of Ref. [30]) and twisted affine Lie groups. Indeed, this derivation of the general twisted current algebra provides us with a third independent derivation (see Ref. [11]) of this sign reversal.

Following Ref. [30], we also find the equivalent B̂ form of the twisted current modes Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t) = −i(ê^{−1})_{n(r)μ,m+n(r)ρ(σ)}^{n(s)ν,n+n(s)}ρ(σ) D̂_{n(s)ν,n+n(s)ρ(σ)} (B̂)+ 1_2Ω̂_{n(r)μ,m+n(r)ρ(σ)}^ŷ∗ (B.6a) ^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} , t) = −i(^̄e−1)_{n(r)μ,m+n(r)} ρ(σ) n(s)ν,n+^{n(s)}_{ρ(σ)} D̂ n(s)ν,n+^{n(s)}_{ρ(σ)} ( B̂)− 1_2 (Ω̂^{−1})_{n(r)μ,m+n(r)ρ(σ)}^ŷ∗ (B.6b)

D̂_{n(r)μ,m+n(r)ρ(σ)} (B̂) ≡ ∂_{n(r)μ,m+n(r)ρ(σ)} (B.6c) +^i_2B̂_{n(r)μ,m+}n(r)_{ρ(σ) ;n(s)ν,n+}n(s)_{ρ(σ)} (ê^{−1})_{n(t)δ,p+} n(t)_{ρ(σ)}^{n(s)ν,n+n(s)ρ(σ)} G^{n(t)δ,p+ n(t)ρ(σ) ;n(u)ϵ,q+ n(u)ρ(σ)} (σ)Ω̂_{n(u)ϵ,q+} n(u)_{ρ(σ)}^{ŷ∗}

Ω̂_{L̂}^{M̂} ≡ (e^{−iĥ})_{L̂}^{M̂} , ĥ ≡ ∑ r,μ,m x̂^{n(r)μ,m+n(r)ρ(σ)} T̃^{adj}_{n(r)μ,m+n(r)ρ(σ)} , (T̃^{adj}_{L̂} )_{M̂}^{N̂} ≡ −iF̃_{L̂;M̂}^{N̂} (B.6d)

B̂_{n(r)μ,m+ n(r)ρ(σ) ;n(s)ν,n+ n(s)ρ(σ)} ≡ (_{eiĥ −e−iĥ −2iĥ} (iĥ)^2 ) n(r)μ,m+^{n(r)}_{ρ(σ)} n(t)δ,p+^{n(t)}_{ρ(σ)} G n(t)δ,p+^{n(t)}_{ρ(σ)} ;n(s)ν,n+^{n(s)}_{ρ(σ)} (σ) (B.6e)

G_{n(r)μ,m+} n(r)_{ρ(σ) ;n(s)ν,n+} n(s)_{ρ(σ)} (σ) ≡ δ_{m+n+} n(r)+n(s)_{ρ(σ) , 0}G_{n(r)μ;n(s)ν} (σ) (B.6f) where B̂ in (B.6e) is a mode form of the relation (2.36) for the local field B̂ of the text. Evaluating this result in the untwisted sector^{‡3}, we find some typos in Ref. [30]: The second (barred) equations in (2.30a), (2.33a), (3.6), (4.6a) and (4.31a) of that reference should all appear with Ω̂^{−1} instead of Ω̂. Also, the right hand sides of Eqs. (4.22a,b) should have an extra factor -1.

As discussed in Ref. [30], we may also define twisted local fields on the cylinder as the sums of the twisted modes above: Ĵ_{n(r)μ}(ξ, t) ≡ ∑ m e^{−i(m+n(r)ρ(σ) )ξ}Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t) (B.7a) ^̄J_{n(r)μ}(ξ, t) ≡ ∑ m e^{−i(m+n(r)ρ(σ) )ξ} ^̄J_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t) (B.7b)

x̂^{n(r)μ}(ξ, t) ≡ ∑ m e^{i(m+n(r)ρ(σ) )ξ}x̂^{n(r)μ,m+n(r)ρ(σ)} (t) (B.7c)

p̂_{n(r)μ}(ξ, t) ≡ 1 i δ δx̂^{n(r)μ}(ξ, t) ≡ − i 2π ∑ m e^{−i(m+n(r)ρ(σ) )ξ}∂_{n(r)μ,m+}n(r)_{ρ(σ)} (t) (B.7d) [p̂_{n(r)μ}(ξ, t), x̂^{n(s)ν} (η, t)] = −iδ_{n(r)μ}^{n(s)ν} δ_{n(r)}(ξ − η) (B.7e)

ê(x̂(ξ, t))_{n(r)μ}^{n(s)ν} ≡ ∑ m e^{i(n−m+ n(s)−n(r)ρ(σ) )ξ}ê(t)_{n(r)μ,m+}n(r)_{ρ(σ)}^{n(s)ν,n+n(s)ρ(σ)} , ∀n ∈ Z (B.7f) B̂(x̂(ξ, t))_{n(r)μ;n(s)ν} ≡ ∑ m e^{−i(n+m+ n(s)+n(r)ρ(σ) )ξ}B̂(t)_{n(r)μ,m+}n(r)_{ρ(σ) ;n(s)ν,n+}n(s)_{ρ(σ)} , ∀n ∈ Z. (B.7g) Here δ_{n(r)}(ξ − η) in (B.7e) is the monodromy factor (2.14) of the text, and, as noted in Ref. [30], the expansions (B.7f,g) are independent of the integer n. The time dependence of the twisted current modes Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} , t) = e^{−i(m+n(r)}ρ(σ)^{)t}Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ) (B.8a)

^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} , t) = ei(m+^{n(r)}_{ρ(σ)} )t ^̄J_{n(r)μ}(m+ n(r)_{ρ(σ)} ) (B.8b)

follows from the operator WZW orbifold Hamiltonian Ĥ_σ = L_σ(0)+L̄_σ (0), where L_σ (0) and L̄_σ (0) are the zero modes of the left- and right-mover twisted affine-Sugawara constructions

‡3For σ = 0 and simple g, our results can be compared to those of Ref. [30] (with E ↔ J) in the special coordinate system e_{iμ}^{am}(0) = δ_{iμ}^{am} where am ≃ iμ. We find that our B field is identified with −kB in that reference, and moreover our quantities y, e_{iμ}^{y∗} , (e^{−1})_{iμ}^{y∗} , Ω_{am}^{y∗} and (Ω^{−1})_{am}^{y∗} also contain an extra factor of k.

in Eq. (2.42). The time-independent modes in (B.8) are the twisted current modes of the text.

Using (B.6) and the mode expansions (B.7), one finds the operator analogue of the local canonical realization (2.39) with the same forms (2.35), (2.36) for ê, B̂ and the same operator ordering shown there

Ĵ_{n(r)μ}(ξ, σ) = 2πê^{−1}(x̂)_{n(r)μ}^{n(t)δ}p̂_{n(t)δ}(B̂) + 1 2 ∂_ξx̂^{n(t)δ}_σ ê(x̂)_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (B.9a) ^̄J_{n(r)μ}(ξ, σ) = 2π ^̄e^{−1}(x̂)_{n(r)μ}n(t)δp̂_{n(t)δ}(B̂) − 1 2 ∂_ξx̂^{n(t)δ}_σ ^̄e(x̂)_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (B.9b)

p̂_{n(r)μ}(B̂) = p̂^σ_{n(r)μ} + 1 4π B̂_{n(r)μ;n(s)ν} (x̂)∂_ξx̂^{n(s)ν} , σ = 0, . . . , N_c − 1 (B.9c) [p̂^σ_{n(r)μ}(ξ, t), x̂^{n(s)ν}_σ (η, t)] = −iδ_{n(r)μ}^{n(s)ν} δ_{n(r)}(ξ − η) (B.9d) [p̂^σ_{n(r)μ}(ξ, t), p̂^σ_{n(s)ν} (η, t)] = [x̂^{n(r)μ}_σ (ξ, t), x̂^{n(s)ν}_σ (η, t)] = 0 (B.9e)

but here the twisted momentum operator p̂^σ_{n(r)μ}(ξ, t) is the functional derivative in (B.7d). This operator construction satisfies the equal-time (operator) twisted current algebra (2.12), and the classical realization (2.39) of the twisted currents is obtained by replacing operator p̂ above by classical p̂.

C The Commuting Diagrams of Orbifold Theory

In this appendix, we point out that the commuting diagram given for the left-mover currents J in Ref. [3] can be extended to all the fields of orbifold theory.

Including the right-mover currents J̄, the commuting diagram of this reference takes the form: (J, J̄) χU (J, J̄) = (J , J̄ )

(Ĵ , ^̄J)

(J , J̄ )

χU (Ĵ , ^̄J) = (Ĵ, ^̄J) (Ĵ, ^̄J) Each vertical double arrow is a local isomorphism J, J̄ = currents: trivial monodromy, mixed under automorphisms J , J̄ = eigencurrents: trivial monodromy, diagonal under automorphisms Ĵ , ^̄J = twisted currents with diagonal monodromy Ĵ , ^̄J= currents with twisted boundary conditions

Fig. 2: Currents and orbifold currents

In particular, the fields connected by vertical double-arrows are locally isomorphic, that is, they have the same OPE’s – but the automorphic response of the unhatted fields becomes the monodromy of the hatted fields. The method of eigenfields and local isomorphisms [1, 3, 5, 11] follows the dashed line in this figure to obtain the twisted currents Ĵ, ^̄J with diagonal monodromy. For example:

J_a(ξ)^′ = ω(h_σ)_a^bJ_b(ξ) (C.1a) J_{n(r)μ}(ξ, σ) = χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aJ_a(ξ), J_{n(r)μ}(ξ, σ)^′ = e^{−2πi} n(r) ρ(σ) J n(r)μ(ξ, σ) (C.1b) Ĵ_{n(r)μ}(ξ + 2π, σ) = e^{−2πi n(r)}ρ(σ) Ĵ_{n(r)μ}(ξ, σ) . (C.1c) It is also possible to proceed in the other direction J → Ĵ → Ĵ around the commuting diagram, in which case we encounter the left- and right-mover currents Ĵ , ^̄J with twisted boundary conditions

Ĵ_a(ξ + 2π, σ) = w(h_σ )_a^bĴ_b(ξ, σ), ^̄J_a(ξ + 2π, σ) = w(h_σ)_a^b ^̄J_b(ξ, σ) (C.2a)

Ĵ_a(ξ, σ)= U^†(σ)_a^{n(r)μ}χ(σ)^{−1}_{n(r)μ}Ĵ_{n(r)μ}(ξ, σ), ^̄J_a(ξ, σ)= U^†(σ)_a^{n(r)μ}χ(σ)^{−1}_{n(r)μ} ^̄J_{n(r)μ}(ξ, σ) (C.2b) Ĵ_{n(r)μ}(ξ, σ)= χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aĴ_a(ξ, σ), ^̄J_{n(r)μ}(ξ, σ)= χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^a ^̄J_a(ξ, σ) (C.2c) where U^†(σ) is the eigenvector matrix of the H-eigenvalue problem (2.2) of sector σ. We emphasize that Ĵ , ^̄J have a matrix or non-diagonal monodromy and, according to (C.2c), the monodromy decompositions of Ĵ , ^̄J give the twisted currents Ĵ, ^̄J with diagonal monodromy.

Similarly, the commuting diagram for the unitary group elements and group orbifold elements is g UgU^† = G

Ĝ

G

UĜU^† = ĝ ĝ β χ^{−1}βU^† = b

b̂ b

χ^{−1}b̂U^† = β̂ β̂ Each vertical double arrow is a local isomorphism g = Lie group elements: trivial monodromy, mixed under automorphisms G = eigengroup elements: trivial monodromy, diagonal under automorphisms ĝ = group orbifold elements with (two-sided) diagonal monodromy

Ĝ = group orbifold elements with twisted boundary conditions Fig. 3: Group and group orbifold elements where we have included the commuting diagram for the corresponding tangent-space coordinates: g = e^{iβaTa} , G = e^{ibn(r)μTn(r)μ} , Ĝ = e^{ib̂aTa} , ĝ = e^{iβ̂n(r)μTn(r)μ} . (C.3) Here T_a and T_{n(r)μ}(T, σ) are the untwisted and twisted representation matrices respectively, whose adjoints are discussed in App. D.

Again, the method of eigenfields and local isomorphisms [11] follows the dashed line in Fig. 3; the automorphic response of g(T, ξ, t) is given in Eq. (4.28a), the eigengroup element G(T , ξ, t, σ) appears in Eqs. (4.33a), (4.34a) of the text, and the (two-sided) diagonal monodromy of ĝ is given in Eq. (2.21). One may also follow the path g → Ĝ → ĝ, where Ĝ(T, ξ, t, σ) is the group orbifold element with twisted boundary conditions

Ĝ(T, ξ + 2π, σ) = W (h_σ ; T )Ĝ(T, ξ, σ)W^†(h_σ ; T ) (C.4a) Ĝ(T, ξ, σ) = U^†(T, σ)ĝ(T , ξ, σ)U(T, σ), ĝ(T , ξ, σ) = U(T, σ)Ĝ(T, ξ, σ)U^†(T, σ) (C.4b) where W (h_σ; T ) is the action of h_σ ∈ H ⊂ Aut(g) in matrix representation T and U^†(T, σ) is the eigenvector matrix of the extended H-eigenvalue problem (2.6). Again, we emphasize that Ĝ has matrix monodromy and the monodromy decomposition (C.4b) gives the group orbifold element ĝ with (two-sided) diagonal monodromy. Examples of the fields Ĝ were useful in the discussion [12] of the charge conjugation orbifold on su(n). Except for the monodromies [11], the commuting diagram in Fig. 3 applies as well to the affine primary fields g, G and the corresponding twisted affine primary fields [11-14] Ĝ, ĝ of the WZW orbifolds.

For the tangent-space coordinates β, b and their twisted counterparts b̂, β̂, the method of eigenfields and local isomorphisms begins with the transformation property (4.28b) of the tangent-space coordinates β and gives b^{n(r)μ}(ξ, t, σ) ≡ χ(σ)^{−1}_{n(r)μ}β^a(ξ, t)U^†(σ)_a^{n(r)μ}, G(T (T, σ), ξ, t, σ) = e^{ibn(r)μ(ξ,t,σ)Tn(r)μ(T,σ)} (C.5a)

b^{n(r)μ}(ξ, t, σ)^′ = b^{n(r)μ}(ξ, t, σ)E_{n(r)}(σ)^∗ = b^{n(r)μ}(ξ, t, σ)e^{2πi} n(r) ρ(σ) (C.5b) b^{n(r)μ}(ξ, t, σ) −→_σ β̂^{n(r)μ}(ξ, t, σ) (C.5c) β̂^{n(r)μ}(ξ + 2π, t, σ) = β̂^{n(r)μ}(ξ, t, σ)e^{2πi n(r)}ρ(σ) (C.5d) where b is the tangent-space eigencoordinate and β̂ is the twisted tangent-space coordinate with diagonal monodromy. Following the other path around the diagram, we encounter the tangent-space coordinates b̂ with twisted boundary conditions b̂^a(ξ + 2π, σ) = b̂^b(ξ, σ)w^†(h_σ )_b^a, Ĝ(T, ξ, σ) = e^ib̂^{a(ξ,σ)T}a (C.6a) β^a(ξ)= χ(σ)_{n(r)μ}b^{n(r)μ}(ξ, σ)U(σ)_{n(r)μ}^a −→_σ b̂^a(ξ, σ)≡ χ(σ)_{n(r)μ}β̂^{n(r)μ}(ξ, σ)U(σ)_{n(r)μ}^a (C.6b)

ĝ(T , ξ, σ) = U(T, σ) g(T, β(ξ))|_{β→} σ b̂ U^†(T, σ) = e^{iβ̂n(r)μ(ξ,σ)Tn(r)μ(T,σ)} (C.6c) β̂^{n(r)μ}(ξ, σ)= b̂^a(ξ, σ)U^†(σ)_a^{n(r)μ}χ(σ)^{−1}_{n(r)μ} (C.6d)

and the monodromy decomposition (C.6d) of b̂ gives the twisted tangent-space coordinates β̂ with diagonal monodromy.

For the Einstein coordinates and their twisted counterparts, we have the commuting diagram x χ^{−1}xU^† = X

X̂

X

χ^{−1}X̂U^† = x̂ x̂ Each vertical double arrow is a local isomorphism x = coordinates: trivial monodromy, mixed under automorphism X = eigencoordinates: trivial monodromy, diagonal under automorphisms x̂ = twisted coordinates with diagonal monodromy

X̂ = coordinates with twisted boundary conditions

Fig. 4: Coordinates and orbifold coordinates where x, X and x̂ were studied in Subsecs. 4.1 and 4.2. As above, the Einstein coordinates X̂ with twisted boundary conditions are locally isomorphic to the untwisted Einstein coordinates x^i and satisfy X̂^i_σ (ξ + 2π) = X̂^j_σ (ξ)w^†(h_σ)_j^i (C.7a)

x̂^{n(r)μ}_σ (ξ) = χ(σ)^{−1}_{n(r)μ}X̂^i_σ(ξ)U^†(σ)_i^{n(r)μ}, X̂^i_σ(ξ) = χ(σ)_{n(r)μ}x̂^{n(r)μ}_σ (ξ)U(σ)_{n(r)μ}^i (C.7b) so that the twisted Einstein coordinates x̂ with diagonal monodromy are obtained by the monodromy decomposition of X̂. We have encountered the coordinates X̂ in Eq. (4.10) and ubiquitously in Subsecs. 4.3, 4.5 and 4.7.

For the special case of the WZW orbifolds, the preferred coordinate system of the text is x = β, X = b, X̂ = b̂, x̂ = β̂ (C.8) where β, b, b̂ and β̂ are the tangent-space coordinates in Fig. 3. With this identification, Eq. (4.10a) is recognized as Eq. (C.6b).

For the Einstein metrics and orbifold Einstein metrics, Eq. (4.10b) and Fig. 1 in Subsec. 4.2 give the corresponding diagram in a slightly different format, where Ĝ_{n(r)μ;n(s)ν} (x̂_σ) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^iU(σ)_{n(s)ν}^jĜ_{ij} (X̂_σ(x̂_σ)) (C.9a) Ĝ_{ij}(X̂_σ(x̂_σ )) ≡ G_{ij} (x→_σ X̂_σ(x̂_σ )) (C.9b) Ĝ_{ij} (X̂_σ(ξ + 2π)) = ω_i^kω_j^lĜ_{kl}(X̂_σ(ξ)) . (C.9c)

Here Ĝ(X̂_σ) is the Einstein metric with twisted boundary condition, whose monodromy decomposition in (C.9a) is the twisted Einstein metric Ĝ(x̂) with diagonal monodromy. Similar commuting diagrams are easily constructed for all the other Einstein tensors of this paper and their orbifold counterparts. This tells us for example that Eqs. (4.10c,d) can also be understood as the monodromy decompositions of B̂ ≡ B(x→_σ X̂) and Ĥ ≡ H(x→_σ X̂).

D The WZW Orbifold Matrix Adjoint Operation

We consider here the action of complex conjugation and matrix adjoint in the tangent-space formulation of WZW orbifolds.

For the untwisted representation matrices T and the untwisted tangent-space coordinates β, we have T^†_a = ρ_a^bT_b, β^{a∗} = β^bρ_b^{a∗} (D.1a) ρ^∗ρ = 1, w(h_σ)^∗ ρ w^†(h_σ) = ρ (D.1b) where dagger is matrix adjoint, star is complex conjugation and ρ is the complex conjugation matrix of Refs. [10, 5]. It follows from (D.1) that the untwisted group elements are unitary as expected g(T, ξ) = e^{iβa(ξ)Ta} , g^†(T, ξ) = e^{−iβa∗T †a} = g^{−1}(T, ξ) (D.2) and that the linkage relation (4.28c) is preserved under the matrix adjoint operation.

Then using Eqs. (2.5), (C.5a) we find as we move toward the orbifold that T_{n(r)μ}(T, σ)^† =R_{n(r)μ}^{n(s)ν} (σ)T_{n(s)ν} (T, σ) = R_{n(r)μ}^{−n(r)ν} (σ)T_{−n(r)ν} (T, σ) (D.3a) b^{n(r)μ}(ξ)^∗ =b^{n(s)ν} (ξ)R_{n(s)ν}^{n(r)μ}(σ)^∗ = b^{−n(r)ν} (ξ)R_{−n(r)ν}^{n(r)μ}(σ)^∗ (D.3b) β̂^{n(r)μ}(ξ)^∗ =β̂^{n(s)ν} (ξ)R_{n(s)ν}^{n(r)μ}(σ)^∗ = β̂^{−n(r)ν} (ξ)R_{−n(r)ν}^{n(r)μ}(σ)^∗ (D.3c) R_{n(r)μ}^{n(s)ν} (σ) =χ(σ)_{n(r)μ}^∗ χ(σ)^{−1}_{n(s)ν} U(σ)_{n(r)μ}^{a∗}ρ_a^bU^†(σ)_b^{n(s)ν} =δ_{n(r)+n(s), 0 mod ρ(σ)}R_{n(r)μ}^{−n(r),ν} (σ), R(σ)^∗R(σ) = 1 (D.3d) where b^{n(r)μ} are the tangent-space eigencoordinates and β̂^{n(r)μ} are the twisted tangent-space coordinates with diagonal monodromy. Here Eq. (D.3a) defines the orbifold matrix adjoint operation on the twisted representation matrices, where R(σ) in (D.3d) is the orbifold conjugation matrix of Ref. [5]. The orbifold conjugation matrix is dual to the conjugation matrix ρ, and also controls the orbifold adjoint operation [5, 11] of the twisted current modes. Unitarity of the eigengroup elements and the group orbifold elements G(T , ξ, σ) = e^ib^{n(r)μ (ξ)Tn(r)μ(T,σ)} −→ G^†(T , ξ, σ) = G^{−1}(T , ξ, σ) (D.4a) ĝ(T , ξ, σ) = e^{iβ̂n(r)μ(ξ)Tn(r)μ(T,σ)} −→ ĝ^†(T , ξ, σ) = ĝ^{−1}(T , ξ, σ) (D.4b) then follows from (D.3), or directly from (4.33a) and local isomorphisms.

E Orbifolds on Abelian g

Ref. [12] solved the general twisted vertex operator equations [11] in an abelian limit of the WZW orbifolds to obtain the twisted vertex operators, correlators and group orbifold elements of a large class of orbifolds on abelian g A_{Cartan g} (H) H , H ⊂ Aut(Cartan g), Cartan g ⊂ g (E.1) whose representation theory is provided by the ambient algebra g. Here, we use this development to discuss two simple examples of abelian inversion orbifolds, both of which are associated to the same Z_2 outer-automorphic inversion J(ξ, t)^′ = −J(ξ, t) (E.2) of a single u(1) current J. Each of these examples has a single twisted sector σ = 1, and although the twisted sectors differ in their representation theory, they share the same halfintegral moded scalar field which appeared the first example [46] of a twisted sector of an orbifold. After this (essentially tangent-space) discussion we will also consider the Einstein geometry of the general orbifold on g = u(1)^n.

As the first example, consider the inversion orbifold

A_{Cartan su(2)}(Z_2) Z_2 ⊂ A_{Cartan g}(H) H (E.3)

which was constructed in Ref. [12] by embedding J → J_3 as a component of the ambient su(2). At the classical level, the representation theory of the orbifold is provided by the choice of the classical group elements g(T ), and we have in this case [12] g(T_3(j), ξ, t) = e^{ix(ξ,t)T3(j)}, x(ξ, t)^′ = −x(ξ, t) (E.4) where T_3(j) is the third component of the spin j representation of the ambient su(2). The corresponding group orbifold elements in the single twisted sector of this orbifold are [12] ĝ(T (j), ξ, t) = e^{ix̂(ξ,t)T (j)}, T (j) ≡ −T_2(j), x̂(ξ + 2π, t) = −x̂(ξ, t) (E.5) and it is easy to see from the abelian limit of Eq. (2.25b)

ê_1(T (j)) = −iĝ^{−1}(T (j))∂_{x̂}ĝ(T (j)) ≡ ê_1^1T (j) (E.6)

that ê_1^1 and hence the twisted Einstein metric Ĝ_{11} of this orbifold are constant.

At the operator level, the twisted affine primary fields (twisted vertex operators) and correlators in the twisted sector of this orbifold are given in Ref. [12]

ĝ(T (j), z̄, z) = |z|^{− T (j)2k} : e^{iβ̂1(z̄,z)T (j)} :_M (E.7a)

iβ̂^1(z̄, z) = 1 k ∑ m∈Z 1 m +^1_2 (

^̄J R_1 (m + 1_2 )z̄−(m+^1_2 ) − Ĵ_1(m + 1_2 )z−(m+^1_2 )) (E.7b)

[Ĵ_1(m +^1_2 ), Ĵ_1(n +^1_2 )] = [ ^̄J^R_1 (m +^1_2 ), ^̄J^R_1 (n +^1_2 )] = k(m +^1_2 )δ_{m+n+1,0} (E.7c)

⟨ĝ(T^{(1)}, z̄_1, z_1) · · · ĝ(T^{(N )}, z̄_N , z_N )⟩_σ = ( ∏ ρ |z_ρ|^{− 1k T (ρ)T (ρ)} ) ∏ ρ<κ | | | √z_ρ − √z_κ √z_ρ + √z_κ | | | 2 k T^{(κ)}T^{(ρ)}

(E.7d)

T^{(ρ)} ≡ T^{(ρ)}(j_ρ) = −T^{(ρ)}_2 (j_ρ) (E.7e)

where T^{(ρ)}_2 (j_ρ) is the second component of the spin j = j_ρ representation acting in the ρth subspace. The group orbifold elements (E.5) are the classical (high-level) limit of these twisted vertex operators.

As the second example we consider another realization of the inversion (E.2), which leads to the standard inversion orbifold on compact x. In this case the classical group elements are g_n(ξ, t) = ( e^{inx(ξ,t)} 0 0 e^{−inx(ξ,t)} ) = e^{inx(ξ,t)τ3}, n ∈ Z, x(ξ, t)^′ = −x(ξ, t) (E.8) where τ_i, i = 1, 2, 3 are the Pauli matrices. Then we may use the results above for A_{Cartan su(2)}(Z_2)/Z_2 to read off the corresponding group orbifold elements ĝ_n from the map

T_3(j) −→ nτ_3, T (j) −→ −nτ_2 (E.9a) ⇒ ĝ_n(ξ, t) = e^{−ix̂(ξ,t)nτ2} , x̂(ξ + 2π, t) = −x̂(ξ, t) (E.9b) and again we find that Eq. (E.6) gives constant ê_1^1 and hence a constant twisted Einstein metric Ĝ_{11}.

We may also use the map (E.9a) and k = 1 to read off the operator results on the sphere for this case ĝ_n(z̄, z) = |z|^{−n2} : e^{−iβ̂1(z̄,z)nτ2} :_M (E.10a)

iβ̂^1(z̄, z) = ∑ m∈Z 1 m +^1_2 ( ^̄J R_1 (m + 1_2 )z̄−(m+^1_2 ) − Ĵ_1(m + 1_2 )z−(m+^1_2 ) ) (E.10b)

[Ĵ_1(m +^1_2 ), Ĵ_1(n +^1_2 )] = [ ^̄J^R_1 (m +^1_2 ), ^̄J^R_1 (n +^1_2 )] = (m +^1_2 )δ_{m+n+1,0} (E.10c)

⟨ĝ_{n1} (z̄_1, z_1) . . . ĝ_{nN} (z̄_N , z_N )⟩_σ = ( ∏ ρ |z_ρ|^{−n2ρ} ) ∏ ρ<κ |^{√zρ − √zκ} √z_ρ + √z_κ |^{2nκnρ τ} (κ) 2 τ^{(ρ)}_2

(E.10d)

from the relations in Eq. (E.7).

More generally (see e.g. Ref. [12]), the group orbifold elements of any abelian orbifold on g = u(1)^n will have the form ĝ(T , ξ, t, σ) = e^{ix̂n(r)μσ (ξ,t)Tn(r)μ(T,σ)}, x̂^{n(r)μ}_σ (ξ + 2π, t) = x̂^{n(r)μ}_σ (ξ, t)e^{2πi} n(r) ρ(σ) (E.11a) [T_{n(r)μ}(T, σ), T_{n(s)ν}(T, σ)] = 0, σ = 0, . . . , N_c − 1 (E.11b) where the ‘momenta’ T satisfy an abelian orbifold Lie algebra for each sector σ as shown in (E.11b). (The monodromies of the twisted Einstein coordinates x̂_σ of sector σ follow as usual from the solution of the appropriate H-eigenvalue problem in the untwisted theory). Then Eqs. (E.11) and (2.25b) tell us that the twisted vielbein of sector σ is always trivial ê_{n(r)μ}(T , x̂(ξ)) = T_{n(r)μ}(T, σ), ê(x̂_σ, σ)_{n(r)μ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} (E.12) for orbifolds on abelian g. Moreover, it follows from the definition (2.62a) that the twisted Einstein metrics of each sector of all these abelian orbifolds Ĝ_{n(r)μ;n(s)ν} (x̂_σ , σ) = G_{n(r)μ;n(s)ν} (σ), ^∂_{n(r)μ}Ĝ_{n(s)ν ;n(t)δ}(x̂) = 0 (E.13)

are constant because G_•(σ) is the twisted tangent-space metric. The diagonal monodromy (2.63) of the twisted Einstein metric Ĝ_{n(r)μ;n(s)ν} (x̂(ξ + 2π)) = e^{−2πi n(r)−n(s)}ρ(σ) Ĝ_{n(r)μ;n(s)ν} (x̂(ξ)) = Ĝ_{n(r)μ;n(s)ν} (x̂(ξ)) (E.14) reduces to trivial monodromy in all these cases because of the selection rule (2.9a) for G_•(σ). Orbifolds on abelian g are not a good laboratory for the study of non-trivial twisted Einstein metrics.

For the orbifolds on abelian g, the natural twisted torsion of sector σ, Ĥ(x̂_σ) = F(σ) = 0, also follows from Eq. (2.31), but this can be modified by including other background B, B̂ fields.

References

[1] L. Borisov, M. B. Halpern, and C. Schweigert, “Systematic approach to cyclic orbifolds,” Int. J.

Mod. Phys. A13 (1998) 125, hep-th/9701061.

[2] J. Evslin, M. B. Halpern, and J. E. Wang, “General Virasoro construction on orbifold affine algebra,” Int. J. Mod. Phys. A14 (1999) 4985, hep-th/9904105.

[3] J. de Boer, J. Evslin, M. B. Halpern, and J. E. Wang, “New duality transformations in orbifold theory,” Int. J. Mod. Phys. A15 (2000) 1297, hep-th/9908187.

[4] J. Evslin, M. B. Halpern, and J. E. Wang, “Cyclic coset orbifolds,” Int. J. Mod. Phys. A15 (2000) 3829–3860, hep-th/9912084.

[5] M. B. Halpern and J. E. Wang, “More about all current-algebraic orbifolds,” Int. J. Mod. Phys.

A16 (2001) 97, hep-th/0005187.

[6] K. Bardakci and M. B. Halpern, “New dual quark models,” Phys. Rev. D3 (1971) 2493. [7] M. B. Halpern, “The two faces of a dual pion-quark model,” Phys. Rev. D4 (1971) 2398. [8] M. B. Halpern and E. Kiritsis, “General Virasoro construction on affine g,” Mod. Phys. Lett. A4 (1989) 1373.

[9] M. B. Halpern, E. B. Kiritsis, and N. A. Obers, “The Lie h invariant conformal field theories and the Lie h invariant graphs,” Int. J. Mod. Phys. A7 (Suppl. 1A) (1992) 339, hep-th/9110001.

[10] M. B. Halpern, E. Kiritsis, N. A. Obers, and K. Clubok, “Irrational conformal field theory,” Physics Reports 265, Nos. 1 & 2, (1996) 1–138, hep-th/9501144.

[11] J. de Boer, M. B. Halpern, and N. A. Obers, “The operator algebra and twisted KZ equations of WZW orbifolds,” JHEP 10 (2001) 011, hep-th/0105305.

[12] M. B. Halpern and N. A. Obers, “Two Large Examples in Orbifold Theory: Abelian Orbifolds and the Charge Conjugation Orbifold on su(n),” Int. J. Mod. Phys. A17 (2002) 3897, hep-th/0203056.

[13] M. B. Halpern and C. Helfgott, “Extended Operator Algebra and Reducibility in the WZW Permutation Orbifolds,” Int. J. Mod. Phys A18 (2003) 1773, hep-th/0208087.

[14] O. Ganor, M. B. Halpern, C. Helfgott and N. A. Obers, “The Outer-Automorphic WZW Orbifolds on so(2n), including Five Triality Orbifolds on so(8),” J. High Energy Phys. 0212 (2002) 019,

hep-th/0211003.

[15] J. Frohlich, O. Grandjean, A. Recknagel and V. Schomerus, “Fundamental strings in Dp-Dq brane systems,” Nucl. Phys. B583 (2000) 381, hep-th/9912079.

[16] R. Dijkgraaf, E. Verlinde and H. Verlinde, “Matrix String Theory,” Nucl. Phys. B 500 (1997) 43,

hep-th/9703030.

[17] V. G. Kac and I. T. Todorov, “Affine orbifolds and rational conformal field theory extensions of W_{1+∞},” Comm. Math. Phys. 190 (1997) 57, hep-th/9612078.

[18] P. Bantay, “Characters and modular properties of permutation orbifolds,” Phys. Lett. B419 (1998) 175–178, hep-th/9708120.

[19] L. Birke, J. Fuchs, and C. Schweigert, “Symmetry breaking boundary conditions and WZW orbifolds,” Adv. Theor. Math. Phys. 3 (1999) 671–726, hep-th/9905038.

[20] M. B. Halpern and F. Wagner, “The General Coset Orbifold Action,” Int. J. Mod. Phys. A18 (2003) 19, hep-th/0205143.

[21] D. Friedan, “Nonlinear Models in 2 + ϵ dimensions,” Ph.D. thesis, LBL-11517 (1980); Phys. Rev.

Lett. 45, (1980) 1057.

[22] L. Alvarez-Gaumé, D. Z. Freedman and S. Mukhi, Ann. Phys. 134 (1981) 85. [23] C. Lovelace, Phys. Lett. B135 (1984) 75.

[24] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B261 (1985) 1.

[25] C. G. Callan, D. Friedan, E. J. Martinec and M. J. Perry, Nucl. Phys. B262 (1985) 593. [26] A. A. Tseytlin, Int. J. Mod. Phys. A4 (1989) 1257.

[27] V. Kac, “Simple graded Lie algebras of finite growth,” Funct. Anal. Appl. 1 (1967) 328. [28] R. V. Moody, “Lie algebras associated with generalized Cartan matrices,” Bull. Am. Math. Soc. 73 (1967) 217–221.

[29] R. Dijkgraff, C. Vafa, E. Verlinde, and H. Verlinde, “The operator algebra of orbifold models,” Comm. Math. Phys. 123 (1989) 485.

[30] K. Clubok and M. B. Halpern, Int. J. Mod. Phys. A11, (1996) 2167.

[31] M. B. Halpern and N. Sochen, “Flat Connections for Characters in Irrational Conformal Field Theory,” Int. J. Mod. Phys. A10 (1995) 1181.

[32] R. Dashen and Y. Frishman, “Four fermion interactions and scale invariance,” Phys. Rev. D11 (1975) 2781.

[33] V. G. Knizhnik and A. B. Zamolodchikov, “Current Algebra and Wess-Zumino Model in Two Dimensions,” Nucl. Phys. B247 (1984) 83.

[34] G. Segal, unpublished.

[35] S. P. Novikov, Usp. Math. Nauk. 37 (1982) 3.

[36] E. Witten, “Non-Abelian Bosonization in Two Dimensions,” Comm. Math. Phys. 92 (1984) 455. [37] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys B274 (1986) 285. [38] J. de Boer and M. B. Halpern, Int. J. Mod. Phys. A12, (1997) 1551. [39] P. Bowcock, Nucl. Phys. B316, (1989) 80.

[40] P. Goddard, A. Kent, and D. I. Olive, “Virasoro Algebras and Coset Space Models,” Phys. Lett.

B152, (1985) 88.

[41] K. Bardakci, E. Rabinovici, and B. Säring, “String models with c < 1 components,” Nucl. Phys.

B299, (1988) 151.

[42] K. Gawedzki and A. Kupiainen, “G/H conformal field theory from gauged WZW models” Phys.

Lett. B215, (1988) 119.

[43] K. Gawedzki and A. Kupiainen, “Coset construction from functional integrals,” Nucl. Phys. B320, (1989) 625.

[44] D. Karabali, Q.-H. Park, H. J. Schnitzer, and Z. Yang, “A GKO construction based on a path integral formulation of gauged Wess-Zumino-Witten actions,” Phys. Lett. B216, (1989) 307.

[45] D. Karabali and H. J. Schnitzer, “BRST quantization of the gauged WZW action and coset conformal field theories,” Nucl. Phys. B329, (1990) 649.

[46] M. B. Halpern and C. B. Thorn, “Two faces of a dual pion-quark model. II. Fermions and other things,” Phys. Rev. D4 (1971) 3084.