arXiv:hep-th/0212278 v1 22 Dec 2002

hep-th/0212278

Type IIB Theory on Half-flat Manifolds^1

Sebastien Gurrieri

Centre de Physique Théorique, CNRS Luminy, Case 907, F-13288 Marseille -Cedex 9, France

gurrieri@cpt.univ-mrs.fr

Andrei Micu^2

Fachbereich Physik, Martin-Luther-Universität Halle-Wittenberg, Friedemann-Bach-Platz 6, D-06099 Halle, Germany

micu@physik.uni-halle.de

ABSTRACT

In this note we derive the low-energy effective action of type IIB theory compactified on half-flat manifolds and we show that this precisely coincides with the low-energy effective action of type IIA theory compactified on a Calabi–Yau manifold in the presence of NS three-form fluxes. We provide in this way a further check of the recently formulated conjecture that half-flat manifolds appear as mirror partners of Calabi–Yau manifolds when NS fluxes are turned on.

December 2002

1Work supported by: the CNRS – the French Center for National Scientific Research, DFG – The German Science Foundation and DAAD – the German Academic Exchange Service.

2On leave from IFIN-HH Bucharest

1 Introduction

Calabi–Yau compactification is one of the most common procedures to obtain fourdimensional models from ten-dimensional string theories. However, the physics obtained in this way generically feature a large number of scalar fields (moduli) which are flat directions of the potential and moreover, there exist no viable mechanism to further break supersymmetry. It was recently realized [1] – [14] that if one allows a non-zero background value (flux) for some of the field strengths, a potential is generated in the lowerdimensional effective theory and supersymmetry can be spontaneously broken.^3 Beside the phenomenologically interesting features of such compactifications it is also attractive to study flux compactifications in the context of string dualities [3] – [8], [10, 11, 14, 27], [29] – [35] and in particular, in this note we will concentrate on mirror symmetry which is supposed to relate the two type II theories when compactified on mirror Calabi–Yau three-folds.

The issue of mirror symmetry when fluxes are turned on was addressed in several works [3, 4, 6, 10, 11, 14, 27, 29]. In type IIA theory the RR fluxes lie in the even cohomologies of the Calabi–Yau manifold as the RR sector of this theory contains even form field strengths. For type IIB on the other hand one encounters odd form field strengths and thus the RR fluxes are parameterized in this case by elements of the odd cohomologies of the Calabi–Yau space. As mirror symmetry precisely exchanges the odd and even cohomologies it is not surprising that it still holds when RR fluxes are turned on. For the NS fluxes the situation was until recently less clear as none of the two type II theories contain even form field strengths in the NS-NS sector. It was in turn proposed [6] that the mirror of the NS fluxes should now come from the geometry of the internal manifold. This proposal was made more concrete in [14] where it was conjectured that when NS fluxes are turned on in type IIB theory, mirror symmetry requires the presence of a new class of manifolds, known as half-flat manifolds with SU (3) structure^4 on type IIA side. The main argument supporting this proposal was provided by showing that the low-energy effective actions for the type IIB compactified on a Calabi–Yau three-fold in the presence of electric NS three-form flux and type IIA compactified on a half-flat space are equivalent. The purpose of this note is to test the conjecture formulated in [14] in the reversed situation, namely we want to show that compactifying type IIB theory on half-flat manifolds produces an effective action which is mirror equivalent to type IIA theory compactified on Calabi–Yau three-folds with NS three-form flux turned on.

The paper is structured as follows. In section 2 we briefly recall some of the results obtained in [14] and mainly we are interested in those features which are relevant for the KK reduction. In section 3 we compute the low-energy effective action of type IIB supergravity compactified on such a manifold and show that it indeed reproduces the action obtained in the type IIA case when NS fluxes are turned on. In section 4 we present our conclusions while in the appendix we record the main steps of the compactification of type IIA theory on Calabi–Yau three-folds with NS fluxes [11]. Throughout the paper

3Strictly speaking this idea appeared for the first time in [15]. In the context of finding supersymmetric ground states this was initially addressed in [16, 17, 18]. More recently, orientifolds and Calabi–Yau fourfolds with fluxes have been discussed in [12, 13], [19] – [29].

4Manifolds with SU (3) structure also appeared recently in the heterotic string compactifications [36], though from a slightly different perspective.

we use the conventions of [11] (see appendix A of this paper).

2 Preliminaries

Let us start by recording the main results obtained in [14]. Turning on NS three-form fluxes^5 in type IIB compactification on a Calabi–Yau manifold Ỹ introduces 2(h^{(1,2)} + 1) flux parameters via [3] H_3 = p^Aα_A + q_Aβ^A , (2.1) where (α_A, β^B), A, B = 0, . . . , h^{(1,2)} form a basis for H^3(Ỹ ) and is normalized as in (A.9). These fluxes will appear in the four dimensional theory as charges which couple to electric or magnetic fields and it is just pure convention to call them electric or magnetic fluxes depending on how we choose to describe the gauge sector. However, in the setup of [11] which we also adopt here, p^A appear as magnetic charges, while q_A as electric ones. Thus, from now on we will refer to the fluxes p^A and q_A in (2.1) as magnetic and electric fluxes respectively.

The NS-NS sector of type IIA theory also contains a two form potential with a threeform field strength. However, the corresponding fluxes will again lie in the third cohomology and they can not be mirror to (2.1) since mirror symmetry exchanges the even and odd cohomologies. In order to find a configuration mirror symmetric to (2.1) one needs to find NS even-form field strengths. It was suggested in [6] that the missing fluxes should come from the geometry of the internal manifold which now should be taken to be non-complex and the NS even form field strength should be associated to the lack of integrability of the almost complex structure. It was shown in [14] that one can obtain the mirror electric fluxes by considering the internal space to be a half-flat manifold with SU (3) structure^6 which is indeed non-complex. Such manifolds admit a globally defined nowhere vanishing spinor which is covariantly constant with respect to a connection with torsion ∇^{(T )}η = 0. This assures that the low-energy effective action obtained by compactifying either of the type II theories on such manifolds still has N = 2 supersymmetries in four dimensions. Equivalently, one can think about these spaces as being endowed with an almost complex structure J and a (3, 0) form Ω which are covariantly constant with respect to the same connection with torsion

∇^{(T )}_m J_{np} = 0 ; ∇^{(T )}_m Ω_{npq} = 0 . (2.2)

The Levi-Civita connection fails to preserve J and Ω thus, unlike the Calabi–Yau case J and Ω are no longer closed. In [14] it was found that the NS four-form was provided by dΩ^+, Ω^+ being the real part of the (3, 0) form Ω, and the (electric) fluxes were obtained in the expansion of this four-form in some appropriately chosen basis of (2, 2) forms ω̃^i

dΩ^+ = e_iω̃^i . (2.3)

5By flux we understand a background value for some p-form field strength. This value can not be arbitrary as the equations of motion restrict it to be a harmonic form on the internal manifold. Thus we can write F_{(p)} = m_i ω^i_{(p)} ,

where m^i are the flux parameters and ω^i_{(p)} represents a basis of harmonic p-forms.

6For a systematic study of such manifolds we refer the reader to [37, 38] and references therein, or for a more physical discussion to [14, 36].

Moreover, it was argued that in order for mirror symmetry to work there should be a precise relation between the half-flat space Ŷ and some Calabi–Yau three-fold Y . In particular, the moduli space of metrics of the half-flat manifold should coincide with the moduli space of the corresponding Calabi–Yau and the metrics on these spaces should be equivalent. This means that one should perform the usual moduli expansion

Ω = z^Aα_A − F_Aβ^A , J = v^iω_i , (2.4)

and the forms (α_A, β^B) and (ω_i, ω̃^j ) should have the same intersection numbers as on the Calabi–Yau manifold, i.e. ∫ Y α_A ∧ β^B = δ^B_A , ∫ Y ω_i ∧ ω̃^j = δ^j_i , ∫ Y α_A ∧ α_B = ∫ Y β^A ∧ β^B = 0 . (2.5)

The above relation proved to impose strong constraints on the topology of the half-flat manifold Ŷ . In particular it was argued in [14] that in order to have both (2.3) and (2.4) the only solution is to consider the following action of the exterior derivative on the basis (α_A, β^B)^7 dα_0 = e_iω̃^i , dα_a = dβ^B = 0 . (2.6)

Consistency with (2.5) further required that

dω_i = e_iβ^0 , dω̃^i = 0 . (2.7)

Using these relations one can immediately see that the cohomology groups are reduced compared to the corresponding Calabi–Yau manifold and one has

h^{(2)}(Ŷ ) = h^{(1,1)}(Y ) − 1 , h^{(3)}(Ŷ ) = h^{(3)}(Y ) − 2 . (2.8)

From a physical point of view this can be easily understood as, due to the fluxes, some of the previous moduli of the Calabi–Yau now acquire masses and thus appear no longer as flat directions of the potential. Consequently, in order to obtain the same light spectrum some of the forms considered previously in the zero modes expansion have to become non-harmonic on the mirror side.

Using the above setup it was shown in [14] that the effective action of type IIA supergravity compactified on a half-flat manifold Ŷ precisely reproduces the effective action of type IIB supergravity compactified on a Calabi–Yau manifold Y in the presence of NS electric fluxes (2.1) and thus provides strong evidence that half-flat manifolds are indeed the mirror configuration of the NS fluxes (2.1).

In this note we want to further test this conjecture. In particular, if the half-flat geometries are to reproduce the mirror NS fluxes this should not depend on which of the type II theories is chosen to be compactified on these spaces. Thus, our purpose here is to show that type IIB compactification on half-flat manifolds reproduces the type IIA compactification on Calabi–Yau three-folds in the presence of electric NS fluxes whose effective action was derived in [11].

7We have implicitly assumed that z^A can be written as z^A = (1, z^a), a = 1, . . ., h^{(1,2)}.

3 Type IIB on half-flat manifolds

Following [14] we will now perform the compactification of type IIB on a manifold Ŷ which obeys (2.6) and (2.7) which again will turn out to be responsible for generating mass terms in the lower-dimensional action.

Let us start by shortly recording the type IIB supergravity in ten dimensions. The NS-NS sector of the bosonic spectrum consists of the metric ĝ_{M N} , an antisymmetric tensor field B̂_2 and the dilaton ϕ̂. In the RR sector one finds the 0-, 2-, and 4-form potentials l, Ĉ_2, Â_4. The four-form potential satisfies a further constraint in that its field strength F̂_5 is self-dual. The interactions of the above fields are described by the ten-dimensional action [39]

S^{(10)}_{IIB} = ∫ e^{−2ϕ̂} ( − 1 2 R ∗1 + 2dϕ̂ ∧ ∗dϕ̂ − 1 4 dB̂_2 ∧ ∗dB̂_2 )

− 1 2 ∫ ( dl ∧ ∗dl + F̂_3 ∧ ∗F̂_3 + 1 2 F̂_5 ∧ ∗F̂_5 ) (3.1)

− 1 2 ∫ Â_4 ∧ dB̂_2 ∧ dĈ_2 ,

where the field strengths F̂_3 and F̂_5 are defined as

F̂_3 = dĈ_2 − ldB̂_2 , (3.2)

F̂_5 = dÂ_4 − dB̂_2 ∧ Ĉ_2 .

As it is well known the action (3.1) does not reproduce the correct dynamics of type IIB supergravity as the self-duality condition of F̂_5 can not be derived from a variational principle. Rather this should be imposed by hand in order to obtain the correct equations of motion and we will come back to this constraint later as it plays a major role in the following analysis.

In order to compactify the action (3.1) on a half flat manifold we proceed as in [14] and continue to expand the ten dimensional fields in the forms which appear in (2.6) and (2.7) even though they are not harmonic. We do not want to go again here through the argument presented in [14], but we just mention that the Laplace operator acting on these forms produces terms of order (flux)^2 and in the supergravity limit, where the fluxes are supposed to be at a scale much smaller than the compactification one, it is consistent to keep the massive modes coming from expansion in these forms and still neglect the massive KK states. Correspondingly we write

B̂_2 = B_2 + b^i ∧ ω_i , i = 1, . . . , h^{(1,1)} , (3.3)

Ĉ_2 = C_2 + c^i ∧ ω_i ,

Â_4 = D^i_2 ∧ ω_i + ρ_i ∧ ω̃^i + V^A ∧ α_A − U_A ∧ β^A , A = 0, . . . , h^{(1,2)} ,

and thus one finds the two forms B_2, C_2, D^i_2, the vector fields V^A, U_A, and the scalars b^i, c^i, ρ_i. Additionally, from the metric fluctuations on the internal space one obtains other scalar fields z^a and v^i (2.4), which correspond to the Calabi–Yau complex structure and Kähler class deformations respectively. Due to the self-duality condition which one has to impose on F̂_5, not all the fields listed above describe physically independent degrees of freedom. Thus as four dimensional gauge fields one only encounters either V^A or U_A. In the same way, the scalars ρ_i and the two forms D^i_2 are related by Hodge duality and one can eliminate either of the two in the four dimensional action. In the end one obtains an N = 2 supersymmetric spectrum consisting of a gravity multiplet (g_{μν} , V^0), h^{(2,1)} vector multiplets (V^a, z^a) and 4(h^{(1,1)} +1) scalars ϕ, h_1, h_2, l, b^i, c^i, v^i, ρ^i which form h^{(1,1)} +1 hypermultiplets.^8

Up to this point everything looks like ordinary Calabi–Yau compactification. The difference comes when one inserts the Ansatz (3.3) back into the action (3.1). Due to (2.6) and (2.7), the exterior derivatives of the fields (3.3) are going to differ from the standard case

dB̂_2 = dB_2 + db^i ∧ ω_i + e_ib^iβ^0 + e_0β^0 ,

dĈ_2 = dC_2 + dc^i ∧ ω_i + e_ic^iβ^0 , (3.4)

dÂ_4 = dD^i_2 ∧ ω_i + e_iD^i_2 ∧ β^0 + dV^A ∧ α_A − dU_A ∧ β^A + (dρ_i − e_iV^0) ∧ ω̃^i .

As in [14] we have also allowed for a normal H_3 flux proportional to β^0. This naturally combines with the other fluxes parameters e_i defined in (2.6) to provide all the h^{(1,1)} + 1 electric fluxes. With these expressions one can immediately write the field strengths F_3 and F_5 from (3.2)

F̂_3 = (dC_2 − ldB_2) + (dc^i − ldb^i) ∧ ω_i + e_i(c^i − lb^i)β^0 − le_0β^0 , (3.5)

F̂_5 = (dD^i_2 − db^i ∧ C_2 − c^idB_2) ∧ ω_i + (Dρ_i − K_{ijk} c^j db^k) ∧ ω̃^i + F^A ∧ α_A − G̃_A ∧ β^A ,

where we have defined

Dρ_i = dρ_i − e_iV^0 ,

F^A = dV^A , G_A = dU_A , (3.6)

G̃_0 = G_0 − e_i(D^i_2 − b^iC_2) + e_0C_2 ; G̃_a = G_a .

In order to derive the lower-dimensional action we adopt the following strategy [9]. In the first stage we are going to ignore the self-duality condition which should be imposed on F̂_5 and treat the fields coming from the expansion of Â_4 as independent. Thus, initially we naively insert the expansions (3.3) into (3.1) and perform the integrals over the internal space using (A.8)–(A.14). To obtain the correct action we will further add suitable total derivative terms so that the self-duality conditions appear from a variational principle. At this point one can eliminate the redundant fields and in this way obtain the four-dimensional effective action and no other constraint has to be imposed. It can be checked that the result obtained in this way is compatible with the ten dimensional equations of motion.

8 We have implicitly assumed that the two-forms C_2 and B_2 are massless in four dimensions and they can be Hodge dualized to scalars which we have denoted h_1 and h_2 respectively.

Let us apply this procedure step by step. First one inserts the expansions (3.3) and (3.5) into the ten-dimensional action (3.1). The various terms of this action take the form − 1 4 ∫ Y dB̂_2 ∧ ∗dB̂_2 = − K 4 dB_2 ∧ ∗dB_2 − Kg_{ij} db^i ∧ ∗db^j + 1 4 (e_ib^i + e_0)^2κ_0 ∗ 1 ,

− 1 2 ∫ Y F̂_3 ∧ ∗F̂_3 = −K 2 (dC_2 − ldB_2) ∧ ∗(dC_2 − ldB_2) −2Kg_{ij} (dc^i − ldb^i) ∧ ∗(dc^j − ldb^j ) + 1 2 [ e_i(c^i − lb^i) − le_0 ]_2 κ_0 ∗ 1 ,

− 1 4 ∫ F̂_5 ∧ ∗F̂_5 = +1 4 Im M^{−1} ( G̃ − MF ) ∧ ∗ ( G̃ − M̄F ) (3.7)

−Kg_{ij} (dD^i_2 − db^i ∧ C_2 − c^idB_2) ∧ ∗(dD^j_2 − db^j ∧ C_2 − c^j dB_2) − 1 16K g^{ij} (Dρ_i − K_{ilm}c^ldb^m) ∧ ∗(Dρ_i − K_{jnp}c^ndb^p) ,

− 1 2 ∫ Â_4 ∧ dB̂_2 ∧ dĈ_2 = −1 2 K_{ijk}D^i_2 ∧ db^j ∧ dc^k − 1 2 ρ_i ( dB_2 ∧ dc^i + db^i ∧ dC_2 ) , + 1 2 e_iV^0 ∧ ( c^idB_2 − b^idC_2 ) − 1 2 e_0V^0 ∧ dC_2 .

In order to write the above formulae we have used (A.8)–(A.14) and we have defined κ_0 = (Im M^{−1})^{00}. In the gravitational sector, beyond the usual part containing the kinetic terms for the moduli of Ŷ there will be a further contribution coming entirely from the internal manifold which is due to the fact that Ŷ is not Ricci flat and which will generate a potential piece in four dimensions. The Ricci scalar for half-flat manifolds was computed in [14] and here we will not present the whole calculation, but just record the effective potential generated in this way

V_g = − κ_0 16K e^{2ϕ}e_ie_j g^{ij} . (3.8)

At this point we have to impose the self-duality condition for F̂_5 which using (A.11), (A.13) and (A.14) translates into the following constraints on the four dimensional fields

dD^i_2 − db^i ∧ C_2 − c^idB_2 = 1 4K g^{ij} ∗ (Dρ_i − K_{ijk}c^j db^k) , ∗G̃_A = Re M_{AC} ∗ F^C − Im M_{AC} F^C , (3.9)

with Dρ_i and G̃_A defined in (3.6). By adding the following total derivative term to the action

L_{td} = + 1 2 dD^i_2 ∧ dρ_i + 1 2 F^A ∧ G_A

= + 1 2 dD^i_2 ∧ Dρ_i + 1 2 F^A ∧ G̃_A − 1 2 (e_ib^i + e_0)F^0 ∧ C_2 (3.10)

the constraints (3.9) can be found upon variation with respect to dD^i_2 and G_A respectively. This allows us to eliminate the fields dD^i_2 and G_A using their equations of motion and consequently the effective action obtained in this way describes the correct dynamics for the remaining fields which now do not have to satisfy any further constraint.

After the dualization of the 2-forms C_2 and B_2 to the scalars h_1 and h_2 one obtains the effective action for type IIB supergravity compactified to four dimensions on a half-flat manifold

S^{(4)}_{IIB} = ∫ − 1 2 R ∗1 − g_{ab}dz^a ∧ ∗dz̄^b − g_{ij} dt^i ∧ ∗dt̄^j − dϕ ∧ ∗dϕ

− e^{2ϕ} 8K g^{−1 ij} ( Dρ_i − K_{ikl}c^kdb^l ) ∧ ∗ (Dρ_j − K_{jmn}c^mdb^n)

−2Ke^{2ϕ}g_{ij} ( dc^i − ldb^i ) ∧ ∗ ( dc^j − ldb^j ) − 1 2 Ke^{2ϕ}dl ∧ ∗dl (3.11)

− 1 2K e^{2ϕ} ( dh_1 − b^iDρ_i + e_0V^0 ) ∧ ∗ ( dh_1 − b^j Dρ_j + e_0V^0 ) − e^{4ϕ}Dh̃ ∧ ∗Dh̃

+ 1 2 Re M_{AB} F^A ∧ F^B + 1 2 Im M_{AB}F^A ∧ ∗F^B − V_{IIB} ∗ 1 , where

Dh̃ = dh_2 + ldh_1 + (c^i − lb^i)Dρ_i + le_0V^0 − 1 2 K_{ijk} c^ic^j db^k . (3.12)

Performing the field redefinitions [40]

a = 2h_2 + lh_1 + ρ_i(c^i − lb^i) , ξ^0 = l , ξ^i = lb^i − c^i , (3.13)

ξ̃_i = ρ_i + l 2 K_{ijk} b^j b^k − K_{ijk}b^j c^k , ξ̃_0 = −h_1 − l 6 K_{ijk}b^ib^j b^k + 1 2 K_{ijk}b^ib^j c^k , the metric for the hyperscalars takes the standard quaternionic form of [41] which is now exactly the mirror image of (A.19) with the gauge coupling matrices N and M exchanged as prescribed by the mirror map. Introducing the collective notation q^u = (ϕ, a, ξ^I , ξ̃_I ) we can write the final form of the four dimensional action S_{IIA} = ∫ [ − 1 2 R^∗1 − g_{ab}dz^a ∧ ∗dz̄^b − h̃_{uv} Dq^u ∧ ∗Dq^v − V_{IIB} ∗ 1 + 1 2 Im M_{AB} F^A ∧ ∗F^B + 1 2 Re M_{AB} F^A ∧ F^B ] , (3.14)

where the scalar potential has the form V_{IIB} = κ_0 4 e^{+2ϕ}e_I e_J ( Im N^{−1} )_{IJ} − κ_0 2 e^{4ϕ}(e_I ξ^I )^2 , (3.15)

and the matrix N is given in (A.20). The non-trivial covariant derivatives have the form

Dξ̃_I = dξ̃_I − e_I V^0 ; Da = da + e_I V^0ξ^I , (3.16) while all the other fields remain neutral.

This ends the derivation of the effective action of type IIB theory compactified to four dimensions on half-flat manifolds. One can immediately notice that the gaugings (3.16) are precisely the same as in the case of type IIA theory (A.6) and (A.16) when all the magnetic fluxes p^A are set to zero. It is not difficult to see that in this case also the potentials (3.15) and (A.18) coincide. For this one should just note that under mirror symmetry κ_0 = (Im M^{−1}_B )^{00} is mapped to −^1_{KA} , K_A being the volume of the Calabi–Yau manifold on which type IIA is compactified.

4 Conclusions

In this paper we derived the low energy effective action of type IIB supergravity compactified on half-flat manifolds and showed that it is equivalent to the one obtained by compactifying type IIA theory on Calabi–Yau three-folds in the presence of electric NS fluxes. We provided in this way a further check of the conjecture formulated in [14] that half-flat manifolds represent the geometry mirror to Calabi–Yau three-folds with NS three-form fluxes turned on. However, these half-flat manifolds give rise to only h^{(1,1)} flux parameters and it seems that one still needs an additional parameter in order to recover the mirror partners of all h^{(1,2)} + 1 electric NS fluxes. Somehow curiously, it was argued in [14] that this extra parameter arises by turning on an ordinary NS flux along some particular element of H^3(Ŷ ), β^0. Here we again found that this prescription works confirming that this extra flux was not just a coincidence. Moreover, in analogy to [42, 43] and [14], we can write the superpotential

W_B = ∫ d(B + iJ) ∧ Ω , (4.1)

which naturally incorporates the additional parameter coming from the flux for dB_2.

We would like to end with an open question which was also posed in [14]: the magnetic fluxes. The subtlety encountered in [14] was that in type IIB when both electric and magnetic NS three-form fluxes were turned on the RR two-form C_2 became massive and the poor understanding of this issue made it difficult to treat the problem of magnetic fluxes properly. However, in the approach we presented in this note, type IIA with electric and magnetic NS three-form fluxes is well understood and no massive form is present. Thus, it appears that in this picture it would be easier to look for the magnetic fluxes and we hope to report on this subject soon [44].

Appendix

A Type IIA with NS flux

In this appendix we briefly recall the results of [11] for the compactification of type IIA supergravity on Calabi-Yau three-folds Y when background NS fluxes are turned on.

The bosonic spectrum of type IIA supergravity in ten dimensions features the following fields: the graviton ĝ_{M N} , a two-form B̂_2 and the dilaton ϕ̂ in the NS-NS sector and a one form Â_1 and a three-form Ĉ_3 in the RR sector. The action governing the interactions of these fields can be written as [39] S = ∫ e^{−2ϕ̂} ( − 1 2 R̂ ∗1 + 2dϕ̂ ∧ ∗dϕ̂ − 1 4 Ĥ_3 ∧ ∗Ĥ_3 )

− 1 2 ∫ ( F̂_2 ∧ ∗F̂_2 + F̂_4 ∧ ∗F̂_4 ) + 1 2 ∫ Ĥ_3 ∧ Ĉ_3 ∧ dĈ_3 , (A.1)

where Ĥ_3 = dB̂_2 , F̂_2 = dÂ_1 , F̂_4 = dĈ_3 − Â_1 ∧ Ĥ_3. (A.2)

Upon compactification on a Calabi–Yau three-fold the four-dimensional spectrum can be read from the expansion of the ten-dimensional fields in the Calabi–Yau harmonic forms Â_1 = A^0 ,

Ĉ_3 = C_3 + A^i ∧ ω_i + ξ^Aα_A + ξ̃_Aβ^A , (A.3)

B̂_2 = B_2 + b^iω_i .

Correspondingly, in D = 4 we find a three-form C_3, a two-form B_2, the vector fields (A^0, A^i) and the scalars b^i, ξ^A, ξ̃_A. Together with the Kähler class and complex structure deformations v^i and z^a these fields combine into a gravity multiplet (G_{μν} , A^0), h^{(1,1)} vector multiplets (A^i, v^i, b^i), i = 1, . . . , h^{(1,1)}, h^{(1,2)} hyper-multiplets (z^a, ξ^a, ξ̃_a), a = 1, . . . , h^{(1,2)} and a tensor multiplet (B_2, ϕ, ξ^0, ξ̃_0).

We assume that turning on background fluxes does not change the light spectrum and thus the only modification in the KK Ansatz is a shift in the field strength of B̂_2 Ĥ_3 = H_3 + db^i ∧ ω_i + p^Aα_A − q_Aβ^A . (A.4)

This leads to the following expressions for the different terms appearing in the tendimensional action (A.1) − 1 4 ∫ Y Ĥ_3 ∧ ∗Ĥ_3 = −K 4 H_3 ∧ ∗H_3 − Kg_{ij} db^i ∧ ∗db^j − V ∗ 1 ,

− 1 2 ∫ Y F̂_2 ∧ ∗F̂_2 = −K 2 dA^0 ∧ ∗dA^0 ,

− 1 2 ∫ Y F̂_4 ∧ ∗F̂_4 = −K 2 (dC_3 − A^0 ∧ H_3) ∧ ∗(dC_3 − A^0 ∧ H_3) (A.5) −2Kg_{ij} (dA^i − A^0db^i) ∧ ∗(dA^j − A^0db^j ) + 1 2 ( Im M^{−1} )_{AB} [ Dξ̃_A + M_{AC} Dξ^C ] ∧ ∗ [ Dξ̃_B + M̄_{BD}Dξ^D ] ,

1 2 ∫ Y Ĥ_3 ∧ Ĉ_3 ∧ dĈ_3 = −1 2 H_3 ∧ (ξ^Adξ̃_A − ξ̃_Adξ^A ) + 1 2 db^i ∧ A^j ∧ dA^kK_{ijk}

+dC_3 ∧ ( p^Aξ̃_A + q_Aξ^A ) . Even from this stage one can notice that some of the fields effectively became charged Dξ^A = dξ^A − p^AA^0 , Dξ̃_A = dξ̃_A + q_AA^0 , (A.6) and a potential term is induced V = − 1 4 e^{−ϕ̂} (q − Mp) Im M^{−1} ( q − M̄p ) . (A.7) In order to write the above expressions we have used the following notation for the integrals on the Calabi–Yau manifold.^9 First the harmonic forms are normalized as ∫ Y ω_i ∧ ω̃^j = δ^j_i , (A.8)

while for H^3(Y ) the basis (α_A, β^B) obeys ∫ Y α_A ∧ β^B = δ^B_A ; ∫ Y α_A ∧ α_B = ∫ Y β^A ∧ β^B = 0 . (A.9)

Furthermore we have denoted K_{ijk} = ∫ Y ω^i ∧ ω^j ∧ ω^k , K = 1 6 ∫ Y J ∧ J ∧ J , (A.10) where K is the volume and J is the Kähler form. Finally, the Hodge duals of the harmonic two-forms are given by ∗ω_i = 4Kg_{ij}ω̃^j , (A.11) where g_{ij} denotes the metric on the moduli space of the Kähler deformations which is given by 4Kg_{ij} = ∫ Y ω_i ∧ ∗ω_j . (A.12) For the three-forms we assume the following relations ∗α_A = A_A^B α_B + B_{AB} β^B , ∗β^A = C^{AB} α_B − A_B^A β^B , (A.13) where A, B, C, are given in terms of a matrix M which represents the gauge coupling functions in the case of type IIB compactification [47, 48] A = (Re M) (Im M)^{−1} , B = − (Im M) − (Re M) (Im M)^{−1} (Re M) , (A.14) C = (Im M)^{−1} .

Next, the compactification proceeds as usually by dualizing the fields C_3 and B_2 to a constant and to a scalar respectively. We do not perform these steps here, but we just

9For a systematic study of the Calabi–Yau moduli space we refer the reader to the literature [45, 46].

recall the final results. (for more details see [11, 49]). First the dualization of C_3 to a constant e results in

L_e = L_{C3} = − e^{4ϕ} 2K ( p^Aξ̃_A + q_Aξ^A + e

)_2

∗ 1 + ( p^Aξ̃_A + q_Aξ^A + e ) A^0 ∧ H_3 . (A.15)

It was shown in [11] that the constant e plays a special role in the case of RR fluxes. however, it is irrelevant for the analysis in this paper and thus we will set it to zero. Dualizing now the two-form B_2, one obtains an axion, which due to the Green-Schwarz term in (A.15) becomes charged and its covariant derivative reads Da = da − ( p^Aξ̃_A + q_Aξ^A ) A^0. (A.16)

Collecting all terms one can write the final form of the action^{10} S_{IIA} = ∫ [ − 1 2 R^∗1 − g_{ij} dt^i ∧ ∗dt̄^j − h_{uv} Dq^u ∧ ∗Dq^v − V_{IIA} ∗ 1 + 1 2 Im N_{IJ} F^I ∧ ∗F^J + 1 2 Re N_{IJ} F^I ∧ F^J ] , (A.17)

where the potential can be read from (A.7) and (A.15) V_{IIA} = − 1 4K e^{2ϕ} (q − Mp) Im M^{−1} ( q − M̄p ) + 1 2K e^{4ϕ} ( p^Aξ̃_A + q_Aξ^A

)_2 , (A.18)

while the metric for the hyper-scalars h_{uv} has the standard form of [41] h_{uv} Dq^u ∧ ∗Dq^v = dϕ ∧ ∗dϕ + g_{ab}dz^a ∧ ∗dz̄^b (A.19) + e^{4ϕ} 4 [ Da + (ξ̃_ADξ^A − ξ^A Dξ̃_A) ] ∧ ∗ [ Da + (ξ̃_ADξ^A − ξ^ADξ̃_A ) ]

− e^{2ϕ} 2 ( Im M^{−1} )_{AB} [ Dξ̃_A + M_{AC} Dξ^C ] ∧ ∗ [ Dξ̃_B + M̄_{BD}Dξ^D ] . Furthermore by N we have denoted the gauge couplings matrix which can be immediately seen from (A.5) that it has the usual form [45]

Re N_{00} = − 1 3 K_{ijk} b^ib^j b^k , Re N_{i0} = 1 2 K_{ijk}b^j b^k , Re N_{ij} = −K_{ijk} b^k , Im N_{00} = −K − 4Kg_{ij} b^ib^j , Im N_{i0} = 4Kg_{ij} b^j , Im N_{ij} = −4Kg_{ij} . (A.20)

Acknowledgments

We would like to thank Jan Louis and Daniel Waldram for encouraging us to bring this project to an end and for valuable suggestions when reading the manuscript. This work was supported by the CNRS – the French Center for National Scientific Research, DFG – The German Science Foundation and DAAD – the German Academic Exchange Service.

10 We have further redefined the gauge fields as A^i −→ A^i − b^iA^0 and also appropriately rescaled the metric in order to go to the Einstein frame.

References

[1] C. Bachas, “A Way to break supersymmetry,” hep-th/9503030.

[2] J. Polchinski and A. Strominger, “New vacua for type II string theory,” Phys. Lett.

B388 (1996) 736, hep-th/9510227.

[3] J. Michelson, “Compactifications of type IIB strings to four dimensions with nontrivial classical potential,” Nucl. Phys. B495 (1997) 127, hep-th/9610151.

[4] T. Taylor and C. Vafa, “RR Flux on Calabi-Yau and Partial Supersymmetry Breaking,” Phys. Lett. B474 (2000) 130, hep-th/9912152.

[5] P. Mayr, “On supersymmetry breaking in string theory and its realization in brane worlds,” Nucl. Phys. B593 (2001) 99, hep-th/0003198.

[6] C. Vafa, “Superstrings and topological strings at large N”, J. Math. Phys. 42 (2001) 2798, hep-th/0008142.

[7] G. Curio, A. Klemm, D. Lüst, and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi–Yau spaces with H-fluxes,” Nucl. Phys. B609 (2001) 3, hep-th/0012213.

[8] G. Curio, A. Klemm, B. Körs, and D. Lüst, “Fluxes in heterotic and type II string compactifications,” Nucl. Phys. B620 (2002) 237, hep-th/0106155.

[9] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi–Yau manifold with H-fluxes,” JHEP 11 (2001) 005, hep-th/0107264.

[10] G. Curio, B. Körs, and D. Lüst, “Fluxes and Branes in Type II Vacua and Mtheory Geometry with G(2) and Spin(7) Holonomy,” Nucl. Phys. B636 (2002) 197,

hep-th/0111165.

[11] J. Louis and A. Micu, “Type II Theories Compactified on Calabi–Yau Threefolds in the Presence of Background Fluxes,” Nucl. Phys. B635 (2002) 395,

hep-th/0202168.

[12] K. Becker, M. Becker, M. Haack, and J. Louis, “Supersymmetry breaking and alpha’ corrections to flux induced potentials,” JHEP 0206 (2002) 060, hep-th/0204254.

[13] K. Becker and K. Dasgupta, “Heterotic strings with torsion,” hep-th/0209077.

[14] S. Gurrieri, J. Louis, A. Micu and D. Waldram, (2002), hep-th/0211102.

[15] J. Scherk and J. H. Schwarz, ”How To Get Masses From Extra Dimensions,” Nucl.

Phys. B153 (1979) 61.

[16] A. Strominger, “Superstrings with torsion,” Nucl. Phys. B274 (1986) 253.

[17] C. M. Hull, “Superstring Compactifications With Torsion And Space-Time Supersymmetry,” in Turin 1985, Proceedings, Superunification and Extra Dimensions, 347-375.

[18] B. de Wit, D. J. Smit, and N. D. Hari Dass, “Residual supersymmetry of compactified d = 10 supergravity,” Nucl. Phys. B283 (1987) 165.

[19] S. Ferrara and M. Porrati, “N = 1 no-scale supergravity from IIB orientifolds,” Phys.

Lett. B545 (2002) 411, hep-th/0207135.

[20] S. B. Giddings, S. Kachru, and J. Polchinski, “Hierarchies from fluxes in string compactifications,” hep-th/0105097;

O. DeWolfe and S. B. Giddings, “Scales and hierarchies in warped compactifications and brane worlds,” hep-th/0208123.

[21] S. Kachru, M. B. Schulz and S. Trivedi, “Moduli stabilization from fluxes in a simple IIB orientifold,” hep-th/0201028.

[22] K. Becker and M. Becker, ”M-Theory on Eight-Manifolds,” Nucl. Phys. B477 (1996) 155, hep-th/9605053.

[23] K. Dasgupta, G. Rajesh and S. Sethi, “M theory, orientifolds and G-flux,” JHEP 9908 (1999) 023, hep-th/9908088.

[24] M. Haack and J. Louis, ”M-theory compactified on Calabi-Yau fourfolds with background flux,” Phys. Lett. B507 (2001) 296, hep-th/0103068.

[25] S. Gukov and M. Haack, ”IIA string theory on Calabi-Yau fourfolds with background fluxes,” Nucl. Phys. B639 (2002) 95, hep-th/0203267.

[26] R. Blumenhagen, V. Braun, B. Körs, and D. Lüst, “Orientifolds of K3 and Calabi–Yau manifolds with intersecting D-branes,” JHEP 0207 (2002) 026,

hep-th/0206038.

[27] B. Acharya, M. Aganagic, K. Hori and C. Vafa, “Orientifolds, mirror symmetry and superpotentials,” hep-th/0202208.

[28] A. Dabholkar and C. Hull, “Duality Twists, Orbifolds, and Fluxes,”

hep-th/0210209.

[29] S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, ”New supersymmetric string compactifications,” hep-th/0211182.

[30] N. Kaloper and R. C. Myers, ”The O(dd) story of massive supergravity,” JHEP 9905 (1999) 010, hep-th/9901045.

[31] M. Haack, J. Louis and H. Singh, ”Massive type IIA theory on K3,” JHEP 0104 (2001) 040, hep-th/0102110.

[32] B. Janssen, ”Massive T-duality in six dimensions,” Nucl. Phys. B610 (2001) 280,

hep-th/0105016.

[33] H. Singh, ”Duality symmetric massive type II theories in D = 8 and D = 6,” JHEP 0204 (2002) 017, hep-th/0109147.

[34] K. Behrndt, E. Bergshoeff, D. Roest and P. Sundell, ”Massive dualities in six dimensions,” Class. Quant. Grav. 19 (2002) 2171, hep-th/0112071.

[35] H. Singh, ”Romans type IIA theory and the heterotic strings,” Phys. Lett. B545 (2002) 403, hep-th/0201206.

[36] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non-Kaehler string backgrounds and their five torsion classes,” hep-th/0211118.

[37] S. Salamon, “Almost Parallel Structures,” in Global Differential Geometry: The Mathematical Legacy of Alfred Gray (Bilbao, 2000), pp. 162, math.DG/0107146.

[38] S. Chiossi and S. Salamon, “The Intrinsic Torsion of SU(3) and G_2 Structures,” in Differential geometry, Valencia, 2001, pp. 115, math.DG/0202282.

[39] J. Polchinski, “String theory”, Cambridge University Press (1998).

[40] R. Bohm, H. Gunther, C. Herrmann and J. Louis, ”Compactification of type IIB string theory on Calabi-Yau threefolds,” Nucl. Phys. B569 (2000) 229,

hep-th/9908007.

[41] S. Ferrara and S. Sabharwal, “Quaternionic manifolds for type II superstring vacua of Calabi-Yau spaces,” Nucl. Phys. B332 (1990) 317.

[42] S. Gukov, C. Vafa and E. Witten, “CFT’s from Calabi–Yau four-folds,” Nucl. Phys.

B584 (2000) 69, Erratum-ibid. B608 (2001) 477, hep-th/9906070.

[43] S. Gukov, “Solitons, superpotentials and calibrations,” Nucl. Phys. B574 (2000) 169, hep-th/9911011.

[44] S. Gurrieri, J. Louis, A. Micu and D. Waldram, in preparation.

[45] M. Bodner, A. C. Cadavid, and S. Ferrara, “(2,2) vacuum configurations for type IIA superstrings: N=2 supergravity Lagrangians and algebraic geometry,” Class. Quant. Grav. 8 (1991) 789.

[46] P. Candelas and X. de la Ossa, “Moduli space of Calabi-Yau manifolds,” Nucl. Phys.

B355 (1991) 455.

[47] H. Suzuki, “Calabi-Yau compactification of type IIB string and a mass formula of the extreme black holes,” Mod. Phys. Lett. A11 (1996) 623, hep-th/9508001.

[48] A. Ceresole, R. D’Auria, and S. Ferrara, “The symplectic structure of N=2 Supergravity and its central extension,” Nucl. Phys. Proc. Suppl. 46 (1996) 67,

hep-th/9509160;

L. Castellani, R. D’Auria, and S. Ferrara, “Special Kahler geometry: An intrinsic formulation from N=2 space-time supersymmetry,” Phys. Lett. B241 (1990) 57; L. Castellani, R. D’Auria, and S. Ferrara, “Special geometry without special coordinates,” Class. Quant. Grav. 7 (1990) 1767.

[49] P. Binetruy, F. Pillon, G. Girardi and R. Grimm, “The 3-Form Multiplet in Supergravity,” Nucl. Phys. B477 (1996) 175 hep-th/9603181;

For a review see, P. Binetruy, G. Girardi and R. Grimm, “Supergravity couplings: A geometric formulation,” Phys. Rept. 343 (2001) 255 hep-th/0005225.