arXiv:hep-th/0212313 v1 26 Dec 2002

UCLA/02/TEP/29 Columbia/Math/02

Seiberg-Witten Theory, Symplectic Forms, and Hamiltonian Theory of Solitons^∗

Eric D’Hoker^a, I. Krichever^b, and D.H.Phong^b

a Department of Physics University of California, Los Angeles, CA 90095

b Department of Mathematics Columbia University, New York, NY 10027

Abstract

This is an expanded version of lectures given in Hangzhou and Beijing, on the symplectic forms common to Seiberg-Witten theory and the theory of solitons. Methods for evaluating the prepotential are discussed. The construction of new integrable models arising from supersymmetric gauge theories are reviewed, including twisted Calogero-Moser systems and spin chain models with twisted monodromy conditions. A practical framework is presented for evaluating the universal symplectic form in terms of Lax pairs. A subtle distinction between a Lie algebra and a Lie group version of this symplectic form is clarified, which is necessary in chain models.

∗Research supported in part by the National Science Foundation under grants PHY-98-19686, PHY- 0140151, DMS-98-00783, and DMS-01-04621.

Contents

1 Introduction 2

2 Seiberg-Witten Solutions of N = 2 Super Yang-Mills Theories 3 2.1 The Wilson effective action . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 The Seiberg-Witten Ansatz for the effective prepotential . . . . . . . . . . 4 2.3 The logarithmic singularities of the effective prepotential . . . . . . . . . . 5 2.3.1 The pure SU(N) Yang-Mills theory . . . . . . . . . . . . . . . . . . 5 2.3.2 The SU(N) Yang-Mills theory with antisymmetric matter . . . . . 9 2.3.3 The SU(N) Yang-Mills theory with symmetric matter . . . . . . . 13

3 Hypermultiplets in the Adjoint Representation and Twisted Calogero- Moser Systems 14 3.1 The N = 2 SUSY Yang-Mills theory with adjoint hypermultiplet . . . . . . 14 3.2 The SU(N) theory and Hitchin Systems . . . . . . . . . . . . . . . . . . . 14 3.3 The SU(N) theory and Calogero-Moser systems . . . . . . . . . . . . . . . 15 3.4 G Calogero-Moser systems and G^{(1)} affine Toda systems . . . . . . . . . . 17 3.5 G Twisted Calogero-Moser systems and (G^{(1)})^∨ affine Toda systems . . . . 18 3.6 Lax pairs with spectral parameter for Calogero-Moser systems . . . . . . . 19 3.6.1 Construction of the Lax pairs . . . . . . . . . . . . . . . . . . . . . 19 3.6.2 The scaling limit of the Lax pair . . . . . . . . . . . . . . . . . . . 21 3.7 Exact solution for super Yang-Mills with adjoint hypermultiplet . . . . . . 22 3.8 Other developments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 New Spin Chain Models from M Theory 23 4.1 A periodic generalized spin chain model . . . . . . . . . . . . . . . . . . . . 23 4.2 Models with twisted monodromies . . . . . . . . . . . . . . . . . . . . . . . 26

5 Hamiltonian Formulation of Soliton Equations 27 5.1 The universal symplectic form . . . . . . . . . . . . . . . . . . . . . . . . . 28 5.2 The universal symplectic form: logarithmic version . . . . . . . . . . . . . 30 5.3 Vector bundles and Lax equations on algebraic curves . . . . . . . . . . . . 33 5.4 2 + 1 soliton equations of zero curvature form . . . . . . . . . . . . . . . . 35 5.5 Calogero-Moser field equations and isomonodromy equations . . . . . . . . 38

1 Introduction

Soliton equations and integrable models have usually a rich Hamiltonian structure, in terms of which they become Hamiltonian flows with a full set of integrals of motion in involution (see [1] and references therein). However, except for the R-matrix approach developed by Faddeev and Takhtajan, the Hamiltonian structure for each model had been found on a case by case basis. In particular, there was no general construction based directly on the characterizing feature of soliton equations and integrable models, namely that they can be expressed as a Lax or a zero curvature equation. Such a construction became available only recently [2, 3]. A key input came from supersymmetric gauge theories: the Seiberg-Witten Ansatz for their exact solution in the Coulomb phase can be expressed in terms of a symplectic form on a moduli space of spectral curves and divisors [4]. Many spectral curves arising in this way were recognized as identical with the spectral curves of some known integrable models [5, 6, 7, 2]. The problem became to identify the symplectic form for the integrable models which would correspond to the one from the Seiberg-Witten Ansatz. The symplectic form found in [2, 3] was the answer. It provided at the same time the direct and universal construction in terms of Lax pairs which had been lacking in the Hamiltonian theory of solitons.

The contents of this paper are as follows.

The key information provided by the spectral curves and their symplectic structure is the prepotential F. For integrable models, F is the τ -function of the Whitham hierarchy [8]. For supersymmetric gauge theories, it is the prepotential which determines entirely the Wilson effective action in the Coulomb phase (see [9] and references therein). In the perturbative regime, F consists of the classical prepotential, together with one-loop and instanton corrections. The one-loop corrections characterize the field content of the corresponding supersymmetric gauge theory. They are a defining feature of the correspondence between gauge theories and integrable models, and several methods for determining them have been developed [10, 11, 12, 13]. Here we present another method which is efficient, and based on a δ-regularization process different from the analytic continuation in [11, 12]. The instanton corrections can be recaptured from renormalization group equations [14]. We provide such equations in some models where they had not been available §2.

The correspondence between integrable models and supersymmetric gauge theories has been mutually beneficial. In one direction, Seiberg-Witten solutions of gauge theiries have been found via integrable models. Such was the case for gauge theories with a matter hypermultiplet in the adjoint representation, where the solution came from twisted Calogero-Moser systems [15, 16, 17]. In the other direction, solutions of gauge theories which had been obtained by other methods such as M theory [18, 19] or geometric engineering [20], have led to the discovery of new integrable models [21, 22]. We review these developments in §4 and §5, with emphasis on the scaling limits of Calogero-Moser systems, and the general construction of spin chain models with twisted monodromy conditions.

The symplectic form of [2, 3] is discussed in Section §5. Given the diversity of integrable models, it may be helpful to provide a framework which is at the same time broad enough for applications to supersymmetric gauge theories, and yet simple enough for the symplectic form to be easily worked out. We provide such a framework in §5.1. In practice, the general construction of [2, 3] can lead to two slightly different symplectic forms, depending on whether the Lax operator is viewed as a Lie group element or as a Lie algebra element. This distinction is not relevant in most models, but it is important for chain models such as the Toda chain or the spin models of Section §4. We clarify it in Section §5.2. It is a remarkable fact that the formula for the finite-dimensional symplectic forms arising in Seiberg-Witten theory works extends to the partial differential equations of soliton theory. In particular, we obtain a symplectic structure even for zero curvature equations in 2 + 1 space-time variables, whose Hamilnonian formulation had formerly not been fully satisfactory. In section §5.4, we present a basic example of how this can be done, in the case of the Kadomtsev-Petviashvili hierarchy, following [3]. In the remaining sections §5.3 and §5.5, we describe some recent progress where the general construction of symplectic forms played a major role. This includes the construction of Lax equations with spectral parameter on a curve of higher genus, field analogues of Calogero-Moser equations, and isomonodromy problems [23, 24].

2 Seiberg-Witten Solutions of N = 2 Super Yang- Mills Theories

2.1 The Wilson effective action

In four dimensions, N = 2 supersymmetric gauge theories can be classified by their gauge group G and the representation R of their matter hypermultiplets, subject to the requirement of asymptotic freedom or scale invariance. Let n denote the rank of the gauge group G. The N = 2 multiplet of the gauge field A_μdx^μ consists of (A_μdx^μ, λ_±, ϕ), where λ_± are Weyl spinors, and ϕ is a scalar, all valued in the adjoint representation. Classically, the equations of motion are F_{μν} = 0, D_μϕ = 0, [ϕ, ϕ^†] = 0 (2.1)

where F_{μν} is the curvature of the gauge field A_μdx^μ. Thus the theory admits an ndimensional moduli space of classical vacua, corresponding to the diagonalizable elements in the Lie algebra of G. Quantum mechanically, the gauge group is spontaneously broken to U(1)^n, and the effective theory is a theory of n interacting N = 2 supersymmetric electromagnetic multiplets (A^i_μdx^μ, λ^i_±, ϕ^i), 1 ≤ i ≤ n. In view of the N = 2 supersymmetry, the Wilson low-energy affective action L_{ef f} is characterized completely by a single function, the prepotential F(ϕ, Λ) L_{ef f} = {Im τ_{ij} (ϕ)}F^i_{μν} F^{iμν} + {Re τ_{ij} (ϕ)}F^i_{μν}F̃^{iμν} + · · · τ_{ij} = ∂^2F ∂ϕ^i∂ϕ^j (ϕ, Λ) (2.2)

Here F̃^{iμν} = ϵ^{μνλρ}F^i_{λρ}, and Λ is a scale introduced by renormalization. In the perturbative regime where Λ is small compared to ϕ, the prepotential F admits an expansion of the form F(ϕ, Λ) = i 8π ( ∑ α∈R(G) (α·ϕ)^2ln

(α · ϕ)^2 Λ^2 − ∑ λ∈W(R) (λ·ϕ+m)^2ln

(λ · ϕ + m)^2 Λ^2 )+ ∞∑ d=1 F_dΛ(^{2h∨G−I(R)})^d (2.3) where R(G) are the roots of G, W(R) are the weights of the representation R, and m is the mass of the hypermultiplet. The expression I(R) is the Dynkin index of the representation R. When R is the adjoint representation, it is also given by 2h^∨_G, where h^∨_G is the dual Coxeter number of G. In the above expansion, we have ignored the classical prepotential. The logarithmic singularities are due to one-loop effects, the higher loops do not contribute by non-renormalization theorems, and F_dΛ^d is the contribution of d-instanton processes. So far we have been discussing asymptotically free theories. In scale invariant theories, the renormalization scale Λ is replaced by a coupling τ = θ 2π + 4πi g^2

(2.4)

which is well-defined microscopically. Here^1_{g2} is the gauge coupling and θ the θ-angle. The expansion (2.3) for F is then replaced by F(ϕ, Λ) = i 8π ( ∑ α∈R(G) (α · ϕ)^2ln (α · ϕ)^2 − ∑ λ∈W(R) (λ · ϕ + m)^2ln (λ · ϕ + m)^2) + ∞∑ d=1 F_dτ^d (2.5)

2.2 The Seiberg-Witten Ansatz for the effective prepotential

An exact solution of the gauge theory is provided by the Seiberg-Witten Ansatz [4], which reduces the problem of finding F to finding a fibration of Riemann surfaces Γ(Λ) over the moduli space of vacua, equipped with a meromorphic 1-form dλ on each surface Γ(Λ). The prepotential F is then obtained from Γ(Λ) and dλ by the Ansatz

a_i = 1 2πi ∮ A_i dλ, a_{Di} = 1 2πi ∮ B_i dλ, a_{Di} = ∂F ∂a_i , 1 ≤ i ≤ n (2.6)

where A_i, B_i are suitable cycles over the surface Γ(Λ). The fibration Γ(Λ) will usually include singular surfaces over some subvarieties of the moduli space of vacua, corresponding to when physical massless particles appear. There are also severe constraints on the fibrations and differentials can arise as the Seiberg-Witten solution of a gauge theory. The curves Γ(Λ) must be invariant under the Weyl group Weyl(G), which is the residual gauge invariance after the gauge group G has been broken down to its Cartan subalgebra, U(1)^n.

The differential^{∂dλ}_{∂ai} must be holomorphic, and the residues of dλ must be independent of a_i and linear in the masses m. Physically, this means that the hypermultiplet masses are not renormalized and are consistent with the BPS mass formula, in which the hypermultiplet mass parameters enter linearly.

As noted very early on in [4], the Seiberg-Witten solution of a gauge theory can already be derived from a natural symplectic form ω defined by the data Γ(Λ), dλ

ω = δ ( n∑ i=1 dλ(z_i)) (2.7)

where δ denotes exterior differential on the total space of the fibration of spectral curves and divisors [z_1, · · · , z_n]. This symplectic form can often be more manageable that the data (Γ(Λ), dλ itself.

2.3 The logarithmic singularities of the effective prepotential

The Seiberg-Witten exact solution is now known for many gauge theories, although not for all. Methods for finding the solution include geometric engineering [20], M theory [18, 19], and integrable models [6, 25, 15, 16, 17, 26], the latter being the main one considered here. Once certain models have been solved, the solution of others can also be derived by various decoupling limits. In all cases, it is a key requirement that the fibration Γ(Λ)^n for a gauge group G and a representation R of the matter hypermultiplet must exhibit the corresponding logarithmic singularities (2.3) or (2.5) in the perturbative regime of large vacuum expectation values. The problem of identifying the logarithmic singulariies (as well as the instanton corrections) from a given fibration (Γ(Λ), dλ) has thus received considerable attention. Some of the many methods developed are Picard-Fuchs equations [10], the method of residues [11], non-hyperelliptic extensions of the method of residues [12], and others [13, 27, 28]. We take the opportunity in this paper to present a new method which may also be useful. To be specific, we shall consider the case of G = SU(N), with either no hypermultiplet, or a hypermultiplet in the antisymmetric or the symmetric representation. The integrable models corresponding to these theories are also the focus of §4 below.

2.3.1 The pure SU(N) Yang-Mills theory

As a warm-up, we begin with the case of pure Yang-Mills. Suitably formulated, we shall see that the more difficult cases of a symmetric or an anti-symmetric hypermultiplet follow from the present method by simple modifications. For the pure SU(N) Yang-Mills theory, the following Seiberg-Witten differentials and differential were proposed (see [29] and references therein) 1 2 (k +

Λ^N k ) = P (x), dλ = x d ln k (2.8) where P (x) is a monic polynomial of degree N with no u_{N −1}x^{N −1} term, whose N − 1 coefficients can be viewed as parameters for the moduli of classical vacua. For the derivation of the effective prepotential, it is more convenient to introduce the variable y = k − P (x), and to parametrize P (x) as P (x) = ∏_N k=1(x − ā_k), so that the periods a_k of dλ will emerge naturally as renormalizations of the classical moduli parameters ā_k. With these variables, the curve and differential are now given by

y^2 = P (x)^2 − Λ^{2N} , dλ = x dP y . (2.9)

This is a hyperelliptic curve, made of two copies of the complex plane, glued along N cuts going between pairs of zeroes of the right hand side. More specifically, let x^±_k be the zeroes of the right hand side, with x^±_k → ā_k as Λ → 0. For real values of ā_k and Λ̄, we let x^±_k be respectively the left and right edges of the cuts. We choose the cycles A_k to be loops around the cuts from x^−_k to x^+_k , and the cycles B_k to be the cycles going from x^+_1 to x^−_k on one sheet, and coming back on the other sheet. Our first task is to determine the logarithmic singularities of a_{Dk} a_{Dk} = 1 2πi ∮ B_k dλ = 1 πi ∫_x−_k x^+_1 x dP √ P^2 − Λ̄^2

, 2 ≤ k ≤ N (2.10)

Here we have set Λ̄ = Λ^N . Locally, a_{Dk} is a holomorphic function of Λ̄ ≠ 0. It is a multivalued function, due to the choice of branch points x^+_1 and x^−_k . If we analytically continue from Λ̄^2 to e^{2πi}Λ̄^2, the B_k cycle transforms to B_k + A_k − A_1. Thus

2πi a_{Dk} = (ā_k − ā_1) ln Λ̄^2 + b(Λ̄) (2.11)

where b(Λ̄) is a single valued holomorphic function on the punctured disk Λ̄ ≠ 0. Our next goal is to show that b(Λ̄) is bounded. This will imply that b(Λ̄) is a holomorphic function of Λ̄ on the whole disk. Fix δ small and rewrite (2.10) as the sum of three integrals πi a_{Dk} = ∫_{āk−δ} ā_1+δ x dP √ P^2 − Λ^2 + ∫_x−_k ā_k −δ x dP √ P^2 − Λ^2 − ∫_x+_1

ā_1+δ x dP √ P^2 − Λ^2

(2.12)

The first integral I_1 is a holomorphic function of Λ̄ for |Λ̄| << δ. Therefore

I_1 = I^0_1 + O(Λ̄) (2.13)

where

I^0_1 = ∫_{āk−δ} ā_1+δ x dP P = ∫_{āk −δ} ā_1+δ N∑ j=1 (1 + ā_j (x − ā_j )

)dx (2.14)

= ā_k(1 + ln(−δ)) − ā_1(1 + ln δ) + ∑ j≠k ā_j ln (ā_k − ā_j ) − ∑ j≠1 ā_j ln(ā_1 − ā_j ) + O(δ)

The second integral in (2.12) is equal to

I_2 = ā_k ∫_x−_k ā_k −δ dP √ P^2 − Λ^2 + ∫_x−_k ā_k −δ (x − ā_k) dP √ P^2 − Λ^2

(2.15)

In the range of integration, we have (x − ā_k) = ∏ j≠k (āk − āj ) −1P (x)(1 + O(δ)). The term O(δ) is readily seen to contribute only another O(δ) term to I_2. As for the other term, an explicit calculation gives ∫_x−_k ā_k−δ (x − ā_k) dP √ P^2 − Λ^2 = 1 ∏ j≠k (āk − āj ) [√ P^2 − Λ̄^2 ]_x−_k ā_k −δ = O(δ) (2.16)

In this last equality, we have used the equations P^2(x^−_k ) = Λ̄^2, P (ā_k − δ) = O(δ). To evaluate the remaining term in I_2, let u be the new variable defined by P =^1_2Λ̄(e^u + e^{−u}). Then ∫_{x−k} ā_k −δ dP √ P^2 − Λ^2 = ∫_0 u_k du = −u_k (2.17)

where the lower bound of integration is defined by e^{uk} = P (a_k − δ) + √ P^2(ā_k − δ) − Λ̄^2 Λ̄ =

2P (ā_k − δ) Λ̄ + O(δ) (2.18)

Thus I_2 = −ā_k ln ( 2(−δ) ∏ j≠k (āk − āj) Λ̄ ) + O(δ) (2.19) The third term in (2.12) admits a similar expression. Altogether, we find

πi a_{Dk} = (ā_k − ā_1)(ln Λ̄ + 1 − ln 2) − ( ∑ j≠k (ā_k − ā_j ) ln(ā_k − ā_j ) − (k → 1) ) + O(δ) (2.20)

This equation implies that b(Λ̄) is bounded, and hence holomorphic. Now b(Λ̄) does not depend on δ. Thus its leading term can be obtained by letting δ → 0. Taking into account the fact that a_k = ā_k + O(Λ), we conclude that

πi a_{Dk} = (a_k − a_1)(ln Λ̄ + 1 − ln 2) − ( ∑ j≠k (a_k − a_j ) ln(a_k − a_j ) − (k → 1) ) + O(Λ̄) (2.21)

These are indeed the logarithmic singularities of the effective prepotential characteristic of the pure SU(N) Yang-Mills theory.

The effective prepotential F of supersymmetric gauge theories has a lot of structure. Of particular interest to us is a renormalization group equation satisfied by F. This renormalization group equation provides another important link with a Hamiltonian formulation of integrable models, and is also an efficient tool for the evaluation of instanton corrections.

It is a consequence of a closed formula for F. This formula goes back to a similar formula for the τ -function of the Whitham hierarchy [8], and can be expressed as follows in the case of pure SU(N) Yang-Mills

2F = 1 2πi (_N∑ k=2 a_k ∮ B_k dλ + Res_{P+} (xdλ)Res_{P+} (x^{−1}dλ) + Res_{P−} (xdλ)Res_{P−} (x^{−1}dλ) ) (2.22)

Here P_± are the two points on Γ above x = ∞. To establish this formula, it suffices to show that the derivative of the right hand side with respect to a_m is equal to 2a_{Dm}. Now the residues of dλ as well as the residues of x^{−1}dλ at P_± are fixed. If we denote by dω_k the basis of holomorphic differentials dual to A_k, it follows that ∂ ∂a_m dλ = 2πidω_m, (2.23) and hence the derivative of the above right hand side with respect to a_m is given by 1 2πi ∮ B_m dλ+ N∑ k=2 a_k ∮ B_k dω_m+ 1 2πi (Res_{P+} (x^{−1}dλ)Res_{P+} (xdω_m)+Res_{P−} (x^{−1}dλ)Res_{P−} (xdω_m))

(2.24) Let dΩ_± be the Abelian differentials of the second kind with a double pole at P_± respectively, vanishing A_k-periods, and normalization dΩ_± = dx(1 + O(x)). By the Riemann bilinear relations, ∮ B_k dω_m = ∮ B_m dω_k , Res_{P±} (xdω_m) = 1 2πi ∮ B_m dΩ_± (2.25)

we can rewrite the last three terms on the above right hand side in terms of integrals over the cycle B_m. The resulting form is precisely dλ dλ = N∑ k=2 2πi a_kdω_k + Res_{P+} (x^{−1}dλ) dΩ_+ + Res_{P−} (x^{−1}dλ) dΩ_− (2.26)

as an inspection of the poles, residues, and periods of dλ readily shows. The closed formula for F can also be rewritten as ( N∑ k=2 a_k ∂ ∂a_k − 2)F = − 1 2πi (Res_{P+} (xdλ)Res_{P+} (x^{−1}dλ) + Res_{P−} (xdλ)Res_{P−} (x^{−1}dλ)) = − N 2πi ∑ k<m ā_kā_m. (2.27)

By dimensional analysis, we have (Λ^∂_{∂Λ} + ∑_N k=2 a_k^∂_{∂ak} − 2)F = 0. Thus we obtain the following renormalization group equation, giving the dependence of the effective prepotential on the renormalization scale Λ [?] Λ ∂ ∂Λ F = N 2πi ∑ k<m ā_kā_m. (2.28)

The renormalization group equation provides no information on the logarithmic singularities of the effective prepotential, which have to be determined independently as we did above, in order to verify that the Seiberg-Witten curve proposed are indeed the solution of a given gauge theory. But it gives a relatively easy way of determining the instanton corrections to any order, since the terms ā_k, and hence the “beta function”^N_{2πi} ∑ k<m ā_kā_m, can be readily evaluated perturbatively in terms of the periods a_k.

We shall see later that the Seiberg-Witten curve (2.8) coincides with the spectral curve for the SU(N) affine Toda system. Furthermore, the Toda system can be given a Hamiltonian formulation with Hamiltonian given precisely by the above right hand side. It had been pointed out by Donagi and Witten [25] that the Seiberg-Witten Ansatz provides a symplectic structure with respect to which the moduli vacua parameters become a maximal system of commuting Hamiltonians. The renormalization group equation suggests a more precise picture: the beta function is the Hamiltonian of a very specific integrable model, whose spectral curve coincides with the Seiberg-Witten curve of the gauge theory.

2.3.2 The SU(N) Yang-Mills theory with antisymmetric matter

We come now to the derivation of the logarithmic singularities for the effective prepotential from the Landsteiner-Lopez curves for the gauge theory with a hypermultiplet in the antisymmetric representation. This had been carried out by Ennes, Naculich, Rhedin, and Schnitzer [12], by extending to the non-hyperelliptic case the method of residues introduced in [11]. Here we shall derive these singularities by the δ regularization method used in the previous section.

The Seiberg-Witten curve for the SU(N) theory with a matter hypermultiplet in the antisymmetric representation had been proposed by Landsteiner-Lopez, using a brane construction [19]. It is of the form

Γ : y^3 − (3Λ^{N +2} + x^2P (x))y^2 + (3Λ^{N +2} + x^2P (−x))Λ^{N +2}y − Λ^{3(N +2)} = 0, (2.29)

where Λ is the renormalization scale, and P (x) is again a monic polynomial of degree N, without u_{N −1}x^{N −1} term. The Seiberg-Witten differential dλ is given by dλ = x dy y . (2.30)

We set P (x) = ∑_N i=0 u_ix^i = ∏_N k=1(x−ā_k), u_N = 1, u_{N −1} = 0. The curve Γ is a three-sheeted cover of the complex plane. It is invariant with respect to the involution

σ : y → y^{−1}Λ^{2(N +2)}, x → −x . (2.31)

The quotient Γ_0 = Γ/σ has genus N − 1. We denote the three points on Γ above x = ∞ by P_1, P_2, P_3, with P_1 characterized by y ∼ x^{N +2}, P_3 = σ(P_1), and P_2 = σ(P_2).

We consider now the Λ → 0 limit. Set Λ̄^2 = Λ^{(N +2)}. Then the three branches y_i(x), i = 1, 2, 3 of the spectral curve (2.29) in the limit Λ → 0 can be obtained in the form of series in Λ̄^2:

y_1 = x^2P (x) + 3P (x) − P (−x) P (x) Λ̄^2 +^∞∑ s=2 ξ_{1,s}(x)Λ̄^{2s} (2.32)

y_2 = Λ̄^2 ( P (−x) P (x) + (P (−x) − P (x))^3 P^3(x)P (−x)

Λ̄^2 +^∞∑ s=2 ξ_{2,s}(x)Λ̄^{2s} ) (2.33)

y_3 = Λ̄^4 1 y_1(−x)

= Λ̄^4 ( 1 x^2P (−x) + ′(Λ̄^2) ) (2.34)

The first series is convergent outside the neighborhood of the zeroes of x^2P where |Λ̄^2/P (x)| < c_1 for some constant c_1. The second series is convergent outside neighborhoods of the zeroes of x^2P (x) and x^2P (−x).

The branch points of the spectral curve are defined by the equation of the curve together with the equation

3y^2 − 2(3Λ̄^2 + x^2P (x))y + Λ̄^2(3Λ̄^2 + x^2P (−x)) = 0. (2.35)

A set of 2N solutions of these equations can be found in the form of series in Λ̄ with the leading terms defined by y = 1 2 x^2P (x) + O(Λ̄^2), x^2P^2(x) = Λ̄^2P (−x) + O(Λ̄^3). (2.36)

The corresponding branch points x^±_k have the form

x^±_k = ā_k ± Λ̄ (−1)^{N/2} ∏ j (ā_k + ā_j )^{1/2} ā_k ∏ j≠k (āk − āj ) + O(Λ̄^2). (2.37)

They are branch points for the first and the second sheets. Another 2N branching points are −x^±_k . Finally, there are two more branch points near x = 0.

Let the B_k -cycle on Γ_0 be covered by the cycle on Γ which goes from x^+_1 to x^−_k on the first sheet and returns back on the second sheet. Then 2πi a_{Dk} = ∮ B_k dλ = ∫_x−_k x^+_1 x dy_1 y_1 − ∫_x−_k x^+_1 x dy_2 y_2 , k = 2, . . . N. (2.38) We follow now closely the discussion of the case of pure Yang-Mills. The above integral is a multivalued holomorphic function of Λ̄ ≠ 0, due to the choice of branch points x^+_1 and x^−_k . For real values of α_k and Λ̄ we choose x^±_k to be the left and the right edges of cuts. The path from Λ̄^2 to e^{2πi}Λ̄^2 generates a transformation of the B_k-period from B_k to B_k + A_k − A_1. Therefore,

2πi a_{Dk} = (ā_k − ā_1) ln Λ̄ + b(Λ̄), (2.39) where b(Λ̄) is a single-valued holomorphic function in the punctured disc Λ̄ ≠ 0. As before, our main goal is to show that b(Λ̄) is bounded. That will imply that b(Λ̄) is a holomorphic function of Λ̄. Let us again fix δ and rewrite (2.38) as a sum of three terms

2πi a_{Dk} = I_1 + I_2 + I_3, (2.40)

where I_1 = ∫_{āk −δ} ā_1+δ x dy_1 y_1 − ∫_{āk −δ} ā_1+δ x dy_2 y_2

, (2.41)

I_2 = ∫_x−_k ā_k −δ x dy_1 y_1 − ∫_x−_k ā_k −δ x dy_2 y_2

, (2.42)

I_3 =

∫_x+_1

ā_1+δ x dy_1 y_1 − ∫_x+_1

ā_1+δ x dy_2 y_2

. (2.43)

In the first integral I_1, for |Λ̄| << δ, we can replace y_1, y_2 by their leading terms in the expansions (2.32, 2.33). Therefore,

I_1 = 2 ∫_{āk −δ} ā_1+δ

xd ln(x^2P (x)) − ∫_{āk −δ} ā_1+δ

xd ln(x^2P (−x)) = (N + 2)(ā_k − ā_1) +2 ā_k ln(−δ) − ā_1 ln δ + ∑ j≠k ā_j ln(ā_k − ā_j ) − ∑ j≠1 ā_j ln(ā_1 − ā_j) − ∑ j ā_j ln ( ā_k + ā_j ā_1 + ā_j ) + O(δ) (2.44)

Now let us consider the second term. The equations (2.36) imply that |y(x^±_k )| > c|Λ̄|. The constant c can be chosen so that the inequality |y| > c|Λ̄| holds for all points of the path of integration in (2.42). The equation (2.29) implies that

x^2P (x)y^{−1} = 1 − 3Λ^{N +2}y^{−1} + (3Λ^{N +2} + x^2P_N (−x))Λ^{N +2}y^{−2} − Λ^{3(N +2)}y^{−3} (2.45)

Therefore x^2P (x)y^{−1} is uniformly bounded along the path of integration in (2.42). At the same time, we have (x − ā_k) = ∏ j≠k ā −2 k (ā_k − ā_j )^{−1}P (x)(1 + O(δ)). Hence,

I_2 = ā_k (∫_{x−k} ā_k −δ dy_1 y_1 − ∫_x−_k ā_k −δ dy_2 y_2 ) + O(δ) = ā_k (ln y_2(ā_k − δ) − ln y_1(ā_k − δ)) + O(δ). (2.46)

The expansions (2.32,2.33) for y_i imply

I_2 = ā_k [ 2 ln Λ̄ − 2 ln(−δ) − ln ( ā^2_k ∏ j≠k (āk − āj ) 2 (−1)^N ∏ j (ā_k + ā_j ) )] + O(δ). (2.47)

A similar expresssion can be derived for I_3. Altogether, we find

2πi a_{kD} = ā_k(2 ln 2Λ̄ + (N + 2) + N ln(−1)) − ∑ j≠k (ā_k − ā_j ) ln(ā_k − ā_j)^2 + ∑ j<k (ā_k + ā_j ) ln(ā_k + ā_j )^2

−(k → 1) + O(δ) (2.48)

This equation implies that b(Λ̄) in (2.39) is uniformly bounded. Therefore it is holomorphic. Since b(Λ̄) does not depend on δ, its leading term can be obtained by letting δ → 0. Taking into account the fact that a_k = α_k + O(Λ) we conclude that

2πi a_{kD} = a_k(2 ln 2Λ̄ + (N + 2) + N ln(−1)) − ∑ j≠k (a_k − a_j ) ln(a_k − a_j)^2 + ∑ j<k (a_k + a_j ) ln(a_k + a_j )^2

−(k → 1) + O(Λ̄) (2.49)

Since the weights of the antisymmetric representation are e_j + e_k, j < k, these are the logarithmic singularities of the SU(N) theory with matter in the antisymmetric representation.

We derive now the renormalization group equation for this model. This is a consequence of the following closed formula for the prepotential

2F = 1 2πi [ ∑ k=1 a_k ∮ B^0_k

dλ + (N + 2)Res_{P+} (xdλ) ] . (2.50)

Recall that B^0_k is a B-cycle on Γ_0, which is covered twice by the B_k cycle in Γ, and P_+ is the image of P_1 and P_3. This can be proved as in the previous section by differentiating the right hand side with respect to a_k, applying the Riemann bilinear relations, and recognizing dλ as dλ = (N + 2)dΩ^+_2 + N −1∑ k=1 2πia_kdω_k . (2.51)

Here dΩ^+_2 is an even normalized differential of the second kind with poles of the form

dΩ^+_2 = ±dx(1 + O(x^{−2})) (2.52)

at the punctures P_1 and P_3. This differential can also be considered as a differential on Γ_0 = Γ/σ with a pole at a point P_+, which is the projection of the points P_1 and P_3. Similarly, the differentials dω_k are normalized even differentials on Γ and therefore are preimages of the basic holomorphic differentials on Γ_0. The residue Res_{P+} (xdλ) can be easily calculated

Res_{P1} (xdλ) = −Res_{P3} (xdλ) = Res_{P+} (xdλ) = 2u_{N −2} (2.53)

In (2.50) we considered dλ as a differential on Γ_0. If we lift it to Γ, F can be rewritten as

2F = 1 4πi [ ∑ k=1 a_k ∮ B^+_k

dλ + (N + 2)Res_{P1} (xdλ) − (N + 2)Res_{P3} (xdλ) ] . (2.54)

The closed formula for F can be converted as before into a renormalization group equation using the homogeneity relation (Λ∂_Λ + ∑_N k=2 a_k∂_{ak} − 2)F = 0. The result is Λ ∂ ∂Λ F = N + 2 πi u_{N −2} (2.55)

As noted before, the renormalization group equation can be used very effectively for the explicit evaluation of the contributions F_d of instanton processes.

2.3.3 The SU(N) Yang-Mills theory with symmetric matter

For the SU(N) theory with matter in the symmetric representation, Landsteiner and Lopez [19] have proposed the following spectral curve and differential

Γ : y^3 + P (x)y^2 + P (−x)x^2Λ^{N −2}y + Λ^{3(N −2)}x^6 = 0 dλ = x dy y , (2.56)

where P (x) is a polynomial as in the previous model, that is, it is monic, of degree N, with no u_{N −1}x^{N −1} term. The weights for the symmetric representation are e_i + e_j, i ≤ j, and the one-loop correction to the effective prepotential must then be of the form 1 8πi ( ∑ j≠k (a_j − a_k)^2 ln

(a_j − a_k)^2 Λ^2 + ∑ j≤k (a_j + a_k)^2 ln

(a_j + a_k)^2 Λ^2

) (2.57)

These logarithmic singularities can be derived from the proposed curve and differential in complete analogy with the previous models. We shall not give the details, but just the closed formula for the prepotential F and the corresponding renormalization group equation. As in the case of a hypermultiplet in the antisymmetric representation, the curve is a three-sheeted covering of the complex plane, with an involution σ given this time by σ : (x, y) → (−x, Λ^{2(N −2)}x^4 y ) (2.58)

Let P_1 be the point above x = ∞ corresponding to y ∼ −x^N , P_3 = σ(P_1), and let the differentials dΩ_± be the even and odd Abelian differentials with double poles at P_1 and P_3, with the same normalizations as before (2.52). Then we have

dλ = (N − 2) dΩ_+ + 2 dΩ_− + N∑ k=2 2πi a_kdω_k (2.59) from which the desired formula for F follows

2F = 1 2πi (_N∑ k=2 a_k ∮ B_k dλ + (4 − N) Res_{P1} (xdλ) + N Res_{P3} (xdλ) ) (2.60)

Evaluating the residues and expressing the equation in terms of Λ derivatives, we obtain the following renormalization group equation Λ ∂ ∂Λ F = N − 2 πi u_{N −2} (2.61)

As could have been anticipated on general grounds, the coefficient of the beta function in each case is proportional to to 2h^∨_G −I(R) (the dual Coxeter number for SU(N) is h^∨_{SU (N )} = N, and the Dynkin index I(R) is respectively N − 2 and N + 2 for the antisymmetric and the symmetric representations). A priori, there does not appear to be a reason for the remaining term u_{N −2} in the beta function to be the Hamiltonian of an integrable dynamical system. This will however be shown in sections §3 and §4.

3 Hypermultiplets in the Adjoint Representation and Twisted Calogero-Moser Systems

3.1 The N = 2 SUSY Yang-Mills theory with adjoint hypermultiplet

In this section, we describe the solution of a class of supersymmetric gauge theories where the relation with integrable models plays a major role. These are the gauge theories with arbitrary simple gauge algebra G and a matter hypermultiplet in the adjoint representation of G. Physically, they are of particular importance as scale invariant theories which admit a well-defined microscopic coupling τ =^θ_{2π} +^{4πi}_{g2} . They also admit scaling limits to many other theories of interest. These properties provide valuable clues in their eventual solution. First, the parameter τ must figure in the Seiberg-Witten curves, and in view of Montonen- Olive duality, it is natural to expect that the Riemann surfaces Γ(τ ) should be coverings of the torus C/Z + τ Z. Second, in the limit when the hypermultiplet becomes infinitely massive and decouples, the Seiberg-Witten solution of the theories should reduce to that of the pure Yang-Mills theory. Finally, as the hypermultiplet mass tends to 0, the theories acquire an N = 4 symmetry, and the classical prepotential should receive no corrections. We shall see how these considerations lead to the spectral curves of a new integrable model, namely twisted Calogero-Moser systems [15, 16, 17].

3.2 The SU(N) theory and Hitchin Systems

The starting point is the solution first found by Donagi and Witten [25] in the basic case where the gauge group is SU(N). The key to their construction is a SU(N) Hitchin system, consisting of a SU(N) connection coupled to a Higgs field ϕ on the torus C/Z+τ Z with a pole with given residue matrix at 0^1. Let the matrix μ be defined by

μ = 1 · ·· 0 0 · · · · · : · 1 0 0 0 · 0 1 0 0 · 0 0 −(N − 1)

(3.1)

Then the moduli space X_μ = {(A, ϕ); ¯∂_Aϕ = m μ δ(z, 0), z ∈ C/Z + τ Z}/{Gauge transformations}, (3.2) has the same dimension N − 1 as the space of vacua of the four-dimensional gauge theory. The Seiberg-Witten exact solution for the SU(N) theory with adjoint hypermultiplet is given by Γ = {(k, z); det(kI − ϕ(z)) = 0}, dλ = kdz (3.3) By construction, it satisfies the Montonen-Olive SL(2, Z) duality on τ . It also satisfies the key scaling consistency checks described above. As m → 0, the natural symplectic form on X_μ reduces to the uncoupled form ω = ∑_{dx} y ∧ da on N − 1 copies of the torus. As m → ∞, Γ scales to y^2 = ∏_N k=1(x − ā_k)^2 − Λ^{2N} , which is the Seiberg-Witten curve for the pure SU(N) Yang-Mills theory that we had encountered before in §2.3.1.

3.3 The SU(N) theory and Calogero-Moser systems

To see how twisted Calogero-Moser systems emerge in the solution of the general N = 2 SUSY gauge theory with adjoint hypermultiplet and gauge group an arbitrary simple Lie group G, we need to reexamine the Donagi-Witten solution for SU(N) in terms of SU(N) Calogero-Moser systems. The SU(N) Calogero-Moser system is the Hamiltonian system defined by H^{SU (N )} CM (x, p) = 1 2 N∑ i=1 p^2_i − 1 2 m^2 ∑ j≠k ℘(x_j − x_k) (3.4)

The basic property of the SU(N) Calogero-Moser system is the existence of a Lax pair L(z), M(z) with spectral parameter z ∈ C/Z + τ Z discovered in [30]

ẍ_i = m^2 ∑ j≠i ℘^′(x_i − x_j ) ↔ L̇(z) = [M(z), L(z)] (3.5)

1Strictly speaking, ϕ(z) also has an essential singularity at 0, which can be gauged away by a singular gauge transformation. Alternatively, ϕ(z) is a meromorphic section, without essential singularity, of a suitable vector bundle on the torus

Here L(z), M(z) are N × N matrices given explicitly by L_{ij} = ẋ_iδ_{ij} − m(1 − δ_{ij} )Φ(x_i − x_j , z) M_{ij} = mδ_{ij} ∑ k≠i ℘(x_k − x_i) + m(1 − δ_{ij})Φ^′(x_i − x_j , z) (3.6)

It is not difficult to see that L(z), M(z) is a Lax pair for the SU(N) Calogero-Moser system if the function Φ(x, z) satisfies the following elliptic functional equation

Φ(x, z)Φ^′(y, z) − Φ(y, z)Φ^′(x, z) = (℘(x) − ℘(y))Φ(x + y, z) (3.7)

This functional equation is solved by Φ(x, z) = σ(z − x) σ(z)σ(x) e^{xζ(z)} (3.8)

where σ(z), ζ(z) are the usual elliptic Weierstrass functions. The fibration of spectral curves associated with the Lax pair L(z), M(z) can now be defined by Γ = {(k, z); det(kI − L(z)) = 0}, dλ = kdz (3.9) This fibration is the same as the fibration associated to the SU(N) Hitchin system [7, 31]. In fact, the spectral curve Γ(τ ) is clearly invariant under the transformation L(z) → L̃(z) = GL(z)G^{−1}, for N × N matrices G. Choosing G_{ij} = δ_{ij} e^{xiζ(z)}, we have Φ(x_i − x_j , z) → Φ̃(x_i − x_j , z) =^{σ(z−xi +xj )} σ(z)σ(x_i −x_j ) = − 1 x_i−x_j + · · ·. This leads to L̃ij (z) = −m(1 − δij) 1 z + · · ·, and L̃(z) − m z I = − m z 1 ·· 1 : : 1 ·· 1 ∼ − m z 0 ·· 0 : 0 : 0 0 N ⇒ L̃(z) ∼ m z μ + · · · (3.10)

This shows that L̃(z) has exactly the same poles and residues as the Higgs field ϕ(z) of the SU(N) Hitchin model. The equivalence of the two fibrations follows.

We check now the scaling limits. Clearly m → 0 leads to a free system, so we concentrate on the limit m → ∞. This limit was found in the late 1980’s by Inozemtsev [32], who showed that if m tends to ∞ according to the following rule

m = M q^{− 12N} , q = e^{2πiτ} → 0, ω_1 = −iπ (3.11)

and if new dynamical variables (X_i, P_i) are defined by

x_i = X_i − 2ω_2 i N , p_i = P_i (3.12)

then the Hamiltonian H^{SU (N )}_{CM} tends to the Hamiltonian for the Toda system associated to the affine Lie algebra SU(N)^{(1)} H^{SU (N )} CM → H^{SU (N )(1)} T oda = 1 2 N∑ i=1 P^2_i − 1 2 M^2 N∑ i=1 e^{Xi+1 −Xi} , X_{N +1} ≡ X_1. (3.13)

The basic mechanism of this scaling limit is the following asymptotics for the Weierstrass ℘-function ℘(u) = η_1 iπ + ∞∑ n=−∞ 1 sh(u − 2nω_2) − 1 ∼ e^u + e^{−2ω2−u} (3.14)

for −2ω_2 < u < 0. In the potential for the SU(N) Calogero-Moser system, we may assume without loss of generality that i > j. Then x_i − x_j = (X_i − X_j ) −^{2ω2}_N (i − j) is in the range (−2ω_2, 0), and we have m^2℘(x_i − x_j ) = M^2{e^{Xi−Xj} e^{2ω2N (1−i+j)} + e^{−(Xi−Xj )}e^{2ω2N (1+i−j−N )}} (3.15) The only surviving terms arise from x_{i+1} −x_i, 1 ≤ i ≤ N −1, and x_1 −x_N . This establishes the scaling limit of the Hamiltonian asserted above. The Lax pair also admits a scaling limit L(z) → L_{T oda}(Z), e^z = Zq^{− 12} , q → 0 (3.16) since the function Φ(u, z) scales as Φ(u, z) → { e^{− 12 u}(1 − Z^{−1}e^{u−ω2} ), if Re u → +∞; −e^12^u(1 − Z^{−1}e^{−u−ω2} ), if Re u → −∞.

(3.17)

The existence of the scaling limit of the Lax pair insures the existence of the scaling limit of the fibration of spectral curves. In fact, it is easy to derive from the scaling limit of Φ(u, z) an explicit formula for L_{T oda}(Z), and hence for the spectral curves of the Toda system Γ_{T oda} = {(k, Z); det(kI − L_{T oda}(Z)) = 0} (3.18) We find det(kI − L_{T oda}(Z)) = Z +^{M N}_Z − P (k), which is the Seiberg-Witten curve for the pure Yang-Mills theory. Thus the consistency of the scaling limit as m → ∞ has also been verified from the point of view of integrable models.

We have now recaptured the essential features of the Donagi-Witten solution of the SU(N) gauge theory in terms of Calogero-Moser systems. It turns out that the Calogero- Mose system formulation also provides another important check, namely that the effective prepotential F defined by its spectral curves does satisfy the logarithmic singularities required of the effective prepotential for the SU(N) gauge theory. This is because the SU(N) Calogero-Moser spectral curves turn out to admit a parametrization in closed form, from which the classical order parameters of the four-dimensional gauge theory can be read off, and the perturbative expansion of the periods a_{Dk} evaluated [33].

3.4 G Calogero-Moser systems and G^{(1)} affine Toda systems

The SU(N) Calogero-Moser system admits a generalization to any simple Lie group G, as introduced by Olshanetsky and Perelomov [34] in the mid 1970”s

H^G_{CM} = 1 2 n∑ i=1 p^2_i − 1 2 ∑ α∈R(G) m^2_{|α|}℘(α · x) (3.19) where m_{|α|} is a mass parameter which depends only on the length of the root α. It is natural to look to these systems for the solution of the supersymmetric four-dimensional gauge theory with gauge group G, but for this, we need to examine their scaling limits. For SU(N), we have seen that the root lattice of SU(N) reduces to the set of simple roots for the affine Lie algebra SU(N)^{(1)}. This scaling limit can be generalized to all simple Lie algebras as follows [16]. We have

m^2 ∑ α∈R(G) ℘(α · x) → M^2 ∑ α∈R(G(1)) α simple

e^{α·X} (3.20)

if m^2, x_i, and p_i scale according to

m^2 = M^2q^{− 1h}G x = X − 2ω_2 h_G ρ^∨, p = P (3.21)

where ρ^∨ is the level vector and h_G is the Coxeter number of G. The right hand side of (3.20) defines the Hamiltonian of the Toda system associated to the affine Lie algebra G^{(1)}, so that our result can be restated simply as

H^G_{CM} → H^{G(1)}_{T oda} (3.22)

3.5 G Twisted Calogero-Moser systems and (G^{(1)})^∨ affine Toda systems

The scaling limit described above for the G Calogero-Moser system is however not suitable for the Seiberg-Witten solution of the supersymmetric gauge theory with gauge group G. According to the renormalization group, the decoupling of the matter hypermultiplet should rather obey the following scaling law

m^2 = M^2q^− 1 h∨ G (3.23)

where h^∨_G is the dual Coxeter number of G. When G is not simply-laced, we have h^∨_G < h_G, and the G Calogero-Moser system does not admit a finite limit under this scaling. Thus new generalizations of the SU(N) elliptic Calogero-Moser system admitting finite limits under the scaling (3.23) are required. It turns out that these new systems are the twisted G Calogero-Moser systems defined as follows [15] H^G_{twisted} = 1 2 P^2 − 1 2 ∑ α∈R(G) m^2_{|α|}℘_{ν(α)}(α · x) (3.24)

where ν(α) = 1 if α is a long root, ν(α) = 2 if α is a short root of B_n, C_n, F_4, and ν(α) = 3 if α is a short root of G_2. The key to the twisting is the improved asymptotics for the twisted Weierstrass ℘-function

℘_ν (u) = ν−1∑ k=0 ℘(u + 2ω_2 k ν ) = ν^2 2 ∞∑ n=−∞ 1 ch ν(u − 2nω_2) − 1

, ν = 1, 2, 3. (3.25)

Then under (3.23), with new dynamical variables X_i, P_i defined by x = X − 2ω_2 h^∨_G ρ, p = P (3.26)

where ρ is the Weyl vector, the improved asymptotics lead to the finite limit H^G_{twisted} → H^{(G(1) )∨}_{T oda} (3.27) where H^{(G(1) )∨}_{T oda} is the Toda Hamiltonian associated to the dual of the affine Lie algebra G^{(1)}. The emergence of H^{(G(1) )∨}_{T oda} as the limit of the twisted G Calogero-Moser system is another confirmation of the latter system as the solution of the G gauge theory with an adjoint hypermultiplet. Indeed, generalizing the case of SU(N), the system H^{(G(1))∨}_{T oda} has been shown by Martinec and Warner [6] to be the solution of the supersymmetric pure Yang-Mills theory. Conversely, this result would follow from the solution of the theory with adjoint hypermultiplet by twisted Calogero-Moser systems.

3.6 Lax pairs with spectral parameter for Calogero-Moser systems

The twisted G Calogero-Moser systems have now been shown to be the correct models for the Seiberg-Witten solution of the G gauge theory with an adjoint hypermultiplet. However, for all Lie groups except SU(N), we still have to establish their integrability and the existence of a Lax pair with spectral parameter. Even the integrability of the untwisted G Calogero-Moser systems had not fully been established prior to [15]. The only known results at that time went back to the 1975 work of Olshanetsky and Perelomov [34], and were as follows

• G classical (B_n, C_n, or D_n): a Lax pair was known, but without spectral parameter. • G exceptional (G_2, F_4, E_6, E_7, E_8): no Lax pair was known.

The integrability of twisted Calogero-Moser systems had of course not even been an issue at this point. It turned out that all these systems admit Lax pairs with spectral parameter, and we now describe these Lax pairs.

3.6.1 Construction of the Lax pairs

A major difficulty in the search for a Lax pair in the case of a general simple Lie algebra G is that, unlike in the case of SU(N), it cannot be found in the Lie algebra G. Rather, we proceed as follows.

Let Λ : G −→ GL(N, C) be a representation of G of dimension N, λ_I (I = 1, · · · , N) its weights, and α_{IJ} = λ_I − λ_J (3.28) the weights of Λ ⊗ Λ^∗. Let h_i, i = 1, · · · , n be generators of the Cartan subalgebra H_G of G, and let h̃_j , j = n + 1, · · · , N, satisfy [h_i, h̃_j ] = [h̃_i, h̃_j ] = 0. Let H be generated by h_i ⊕ h̃_j . Let u_I be the weights of the fundamental representation of GL(N, C). We can write su_I = λ_I + v_I with λ_I ⊥ v_J , (3.29) where s^2 =^1_n ∑_N I=1 λ_I · λ_I is the Dynkin index. Let E_{IJ} = u_I u^T_J be the generators of GL(N, C). We now look for a Lax pair L(z), M(z) under the following form

L = P + X, M = D + Y (3.30)

where X = ∑ I≠J C_{IJ} Φ_{IJ} (α_{IJ} · x, z)E_{IJ} P = p · h Y = ∑ I≠J C_{IJ} Φ^′_{IJ} (α_{IJ} · x, z)E_{IJ} D = d(h ⊕ h̃) + Δ (3.31)

with the coefficients C_{IJ} and the functions Φ_{IJ} (x, z) yet to be determined. We observe that the case of SU(N) corresponds to all functions Φ_{IJ} (u, z) equal to Φ(u, z), and that the coefficients C_{IJ} are equivalent to the matrix of residues μ. In the general case, they have to be solved for. To do so, we introduce the following notation

Φ_{IJ} = Φ_{IJ} (α_{IJ} · x, z) ℘^′_{IJ} = Φ_{IJ} (α · x, z)Φ^′_{JI} (−α · x, z) − Φ_{IJ} (−α · x, z)Φ^′_{JI} (α · x, z) (3.32) Then the matrices L(z), M(z) are a Lax pair for the (twisted or untwisted) Calogero-Moser system if and only if the following functional equations are satisfied ∑ I≠J C_{IJ} C_{JI} ℘^′_{IJ} α_{IJ} = s^2 ∑ α∈R(G) m^2_{|α|}℘_{ν(α)}(α · x) ∑ I≠J C_{IJ} C_{JI} ℘^′_{IJ} (v_I − v_J ) = 0 ∑ K≠I,J C_{IK} C_{KJ} (Φ_{IK} Φ^′_{KJ} − Φ^′_{IK} Φ_{KJ} ) = ∑ K≠I,J Δ_{IJ} C_{KJ} Φ_{KJ} − ∑ K≠I,J C_{IK} Φ_{JK} Δ_{KJ} +sC_{IJ} Φ_{IJ} d · (v_I − v_J ) (3.33)

More specifically, it turns out that the condition ẋ = p is equivalent to Ẋ = [P, Y ]. The second condition above combined with the Calogero-Moser equations of motion are equivalent to Ṗ = [X, Y ]_H, where the subscript H denotes projection onto that subspace. Finally, the third condition above is equivalent to [X, Y ]_{GL(N,C)⊖H} +[X, d·(h⊕h̃)+Δ] = 0.

Theorem 1. [15]. Lax pairs L(z), M(z) with spectral parameter z ∈ C/Z + τ Z of the above form can be found for both twisted and untwisted Calogero-Moser systems, for all simple Lie algebras G, except possibly in the case of twisted G_2. In the case of E_8, we have to assume the existence of a sign assignment satisfying a cocycle-type condition.

3.6.2 The scaling limit of the Lax pair

The basic property of the Lax pairs for the twisted and untwisted Calogero-Moser systems which we just constructed is

Theorem 2. [16]. All Lax pairs constructed above admit a finite scaing limit. More precisely, the limit is taken with respect to the scaling law (3.21) for untwisted Calogero- Moser systems, and with respect to 3.23 for twisted Calogero-Moser systems.

We have seen that the scaling limit of the Calogero-Moser Hamiltonian was a consequence of some precise asymptotics for the Weierstrass ℘-function. For the Lax pairs, we need the precise asymptotics of the functions Φ_{IJ} (u, z). In the case of untwisted Calogero- Moser systems, set C_{IJ} = M_{|α|}e^{δω2} c_{IJ} , Z = e^z q^{− 12} (3.34) All the functions Φ_{IJ} (u, z) are given in this case by Φ(u, z), and the scaling limit of the Lax pair L(z), M(z) followed from L : C_{IJ} Φ(α · x, z) → ±c_{IJ} e^{∓ 1}2^{α·X} , if l(α) = ±1; ∓c_{IJ} e^{± 1}2^{α·X} , if l(α) = ±l_0; 0 if otherwise.

(3.35) M : C_{IJ} Φ^′(α · x, z) → 1 2 ϵ_α lim C_{IJ} Φ(α · x, z), ϵ_α = { 1, if l(α) = l_0 or l(α) = −1; −1, if l(α) = −l_0 or l(α) = 1.

In the case of twisted Calogero-Moser systems, set instead C_{IJ} = M_{|α|}e^{δ∨ω2} c_{IJ} . In this case, several distinct functions Φ_{IJ} (u, z) arise Φ_1(u, z) = Φ(u, z) − Φ(u + ω_1, z)e^{πiζ(z)+zζ(ω1)} Φ_2(u, z) =

Φ(u, z)Φ(u + ω_1, z) Φ(ω_1, z)

(3.36)

as well as Φ_2(u + ϵ_{IJ} ω_2, z) where ϵ_{IJ} = ±1. The existence of the scaling limit of the Lax pairs for the twisted Calogero-Moser systems follows from the scaling limits of Φ_1(u, z), Φ_2(u, z), Φ_1(u, z) → ∓2Z^{∓1}e^{± 12 u−ω2} , u → ±∞ Φ_2(u, z) → ±2e^{∓u}(1 − Z^{∓1}e^{±2u−2ω2} ), u → ±∞ (3.37)

3.7 Exact solution for super Yang-Mills with adjoint hypermultiplet

The Lax pair L(z), M(z) of the twisted G Calogero-Moser system provides now the Seiberg- Witten solution of the N = 2 supersymmetric gauge theory with gauge group G and a hypermultiplet in the adjoint representation [17]. It is given by Γ = {(k, z); det(kI − L(z)) = 0}, dλ = kdz (3.38) This can be checked explicitly for low D_n and low rank n, by working out the logarithmic singularities of the above fibration in the trigonometric limit. In this limit, ℘(z) → 1 Z^2 − 1 6 , Φ(x, z) → 1 2 coth 1 2 x − 1 Z , 1 Z = 1 2 coth 1 2 x (3.39)

and the equation for the fibration simplifies considerably

det (kI − L(z)) = m^2 + mA − 2k^m_z

m^2 + 2mA H(A) + mA + 2k^m_Z m^2 + 2mA

H(A + m) (3.40)

Here the moduli vacua are parametrized now by monic polynomials H(A) of the form H(A) = ∏_n j=1(A^2 − p^2_j ), and the variable A is related to the variables (k, z) by

A^2 + mA + 2k m Z − k^2 = 0 (3.41)

The Seiberg-Witten form dλ can then be re-expressed as dλ = −Adu, e^u = (k + A + m)(k − A − m) k^2 − A^2

(3.42)

The methods of [33] lead then to the desired prepotential F = − 1 8πi ∑ α∈R(D_n) (α · ϕ)^2ln (α · ϕ)^2 − (α · ϕ + m)^2ln (α · ϕ + m)^2 (3.43)

3.8 Other developments

There has been many related developments since the works [15, 16, 17].

Seiberg-Witten solutions for the N = 2 gauge theory with gauge group G and several hypermultiplets in the adjoint representation have been proposed by Uranga and Yokono [35], under the assumption of total zero mass.

Lax pairs with spectral parameter for both twisted and untwisted Calogero-Moser systems, including the case of twisted G_2, have been constructed by Bordner, Sasaki, Corrigan, et al. [36]. These Lax pairs are different from the ones constructed in [15]. In particular, they do not admit finite scaling limits under (3.23), and are not candidates for the Seiberg-Witten solution of the G gauge theory with adjoint hypermultiplet.

It is intriguing that, except for SU(N), the Lax pairs obtained so far do not fit in the framework of classical Hitchin systems. Recently, Hurtubise and Markman [37] have proposed a new general for modified Hitchin systems, which can incorporate both Lax pairs constructed in [15] and in [36], at least for the case of untwisted Calogero-Moser systems.

The Calogero-Moser systems can be viewed as non-relativistic limits of Ruijsenaars- Schneider systems [38]. Except for SU(N), the integrability of these systems is still incompletely understood. It may be hoped that advances in the theory of Calogero-Moser systems may help advances on Ruijsenaars-Schneider systems. Recently, there has been progress on the integrability of Ruijsenaars-Schneider systems for certain classical algebras, thanks to the works of B.Y. Hou et al. [39].

Ruijsenaars-Schneider systems have been proposed by H. Braden, A. Marshakov, A. Mironov, and A. Morozov [26] as the Seiberg-Witten solution of supersymmetric gauge theories in dimensions 5 and 6, with the relativization coming from the contributions of the infinite tower of Kaluza-Klein modes. This is an imprtant direction of investigation, since supersymmetric gauge theories in 5 and 6 dimensions are difficult to explore otherwise.

Relations with the E-string and the reduction on T^2 of the 6-dimensional (2,0) theory may be found in [40]. Recently, Dijkgraaf and Vafa [41] have proposed a promising relation between the effective prepotential for supersymmetric gauge theories and matrix models. Some developments in this direction and related to the issues discussed here can be found in [42].

4 New Spin Chain Models from M Theory

In the previous section, we have seen how integrable models can produce the Seiberg- Witten exact solution of a supersymmetric gauge theory. The correspondence can also go the other way: here we discuss how the Seiberg-Witten solution of a gauge theory, in this case the SU(N) theory with a hypermultiplet in either the symmetric or the antisymmetric representation, can lead to new integrable models.

4.1 A periodic generalized spin chain model

We consider first the case of a hypermultiplet in the antisymmetric representation. Recall that the fibration Γ(Λ) and differential dλ have been found by Landsteiner and Lopez, and are given by (2.29). Postponing for the moment the choice of dλ, our problem is to find L(x), M(x) satisfying a Lax equation, with the spectrum of L(x) determined by Γ(Λ). We shall look for such a Lax pair in a (generalized) spin chain model [21]. Henceforth, we set Λ = 1 for notational simplicity.

In general, an integrable chain model {ψ_n}_{n∈Z} is defined as the compatibility condition for two linear equations of the form { ψ_{n+1} = L_n(x)ψ_n ψ̇_n = M_n(x)ψ_n } ⇒ L̇^n(x) = M^{n+1}(x)L^n(x) − L^n(x)M^n(x) (4.1)

Under the periodicity condition L_{N +2}(x) = L_0(x), M_{N +2}(x) = M_0(x), the equation on the right hand side implies the Lax pair equation

L̇(x) = [M(x), L(x)] (4.2)

where L(x) is defined by L(x) = L_{N +1}(x)L_N (x) · · · L_0(x) ≡

∏_{N +1}

j=0 L_j (x), and M(x) = M_0(x). The spectral curve Γ of such an integrable system can then be defined as usual by

Γ = {(x, y); det (yI − L(x)) = 0} (4.3)

Returning to the construction of the desired integrable model, the key property is the invariance of the Landsteiner-Lopez curve under the involution

σ : (x, y) ↔ (−x, y^{−1}) (4.4)

We see then that the spectral curve Γ would reproduce the Landsteiner-Lopez curve if the matrix L(x) is 3 × 3, and satisfies

det L(x) = 1, L(x)^{−1} = −L(x), T r L(x) = 3 + O(x^2) (4.5)

In analogy with the 2 × 2 Lax matrix used in [44] for the integration of a quasi-classical approximation to a system of reggeons in QCD, we can achieve this by setting

L_n(x) = 1 + x s_ns^T_n , M_n(x) = x 1 s^T_n s_{n+1}

(s_{n−1}s^T_n + s_ns^T_{n−1}) (4.6)

where s_n is a periodic sequence of complex 3-vectors satisfying s^T_n s_n = 0, s_{n+N +2} = s_n. We obtain in this way an integrable model, with s_n as dynamical variables satisfying the equation of motion ṡ_n = s_{n+1} s^T_{n+1}s_n − s_{n−1} s^T_{n−1}s_n (4.7)

This integrable model admits the same spectral curves as the SU(N) gauge theory with a hypermultiplet in the antisymmetric representation. However, it turns out that the associated differentials dλ in the two theories do not coincide. The reason is the parity of the differential dλ under the involution (x, y) → (−x, y^{−1}), which requires instead the following model

ṗ_n = p_{n+1} p^T_{n+1}q_n + p_{n−1} p^T_{n−1}q_n + μ_np_n, q̇_n = − q_{n+1} p^T_n q_{n+1} − q_{n−1} p^T_n q_{n−1} − μ_nq_n (4.8)

Here μ_n is an arbitrary multiplier, and the dynamical variables q_n, p_n are complex 3-vectors, satisfying the following conditions q_{n+N +2} = q_n, p_{n+N +2} = p_n (4.9) p^T_n q_n = 0, p_n = g_0p_{−n−1}, q_n = g_0q_{−n−1} (4.10) where g_0 is the 3 × 3 diagonal matrix with g_{ii} = (−1)^{i+1}. Then the system admits a Lax pair L(x), M(x) given by L(x) = N +1∏ n=0 (1 + xq_np^T_n ), M(x) = x ( q_{N +1}p^T_0 p^T_0 q_{N +1} − q_0p^T_{N +1} p^T_{N +1}q_0 ) (4.11)

The corresponding spectral curve Γ = {(x, y); det (yI − L(x)) = 0} is the Landsteiner- Lopez curve. Furthermore, there is a correspondence between the variables (q_n, p_n) and pairs (Γ, [D]) (q_n, p_n) ↔ (Γ, [D]) (4.12) where [D] = [z_1, · · · , z_{2N +1}] is a divisor even under the involution σ. For given (q_n, p_n), [D] is the divisor of poles of the Bloch eigenfunction ψ_n(x, y) defined by ψ_{n+1}(x, y) = L_n(x)ψ_n(x), ψ_{n+N +2}(x, y) = yψ_n(x, y), for (x, y) ∈ Γ. We shall denote also denote the points (x, y) on Γ by Q. Let the action variables a_i and the angle variables ϕ_i be defined on the 2(N − 1)-dimensional space M_0 by

a_i = ∮ A_i dλ, ϕ_i = 2N +1∑ i=1 ∫_{zi} dω_i (4.13)

where {A_i}_{1≤i≤N −1} and {dω_i}_{1≤i≤N −1}, are respectively a basis for the even cycles and a basis for the even holomorphic differentials on Γ. Then the form ω = δ( ∑ dλ(z_i)) defines a symplectic form on M_0 which can also be expressed as ω = N −1∑ i=1 δa_i ∧ δϕ_i (4.14)

The dynamical system (4.8) is Hamiltonian with respect to this symplectic form, with Hamiltonian

H = u_{N −2} = N +1∑ n=0 (p^T_n q_{n−3}) (p^T_n q_{n−1})(p^T_{n−1}q_{n−2})(p^T_{n−2}q_{n−3}) − (p^T_n q_{n−2})^2 2(p^T_n q_{n−1})^2(p^T_{n−1}q_{n−2})^2

(4.15)

Thus the system (4.8) is the integrable model that we were looking for. The correspondence between the Hamiltonian structure for the dynamical variables (q_n, p_n) and the geometric symplectic form ω for (Γ, [D]) depends fundamentally on the fact that they both coincide with a symplectic form which can be defined in terms of the Lax pair ω = 1 2 3∑ α=1 Res_{Pα} ⟨Ψ^∗_{n+1}(Q)δL_n(x) ∧ δΨ_n(Q)⟩dx (4.16)

where P_α are the points in Γ lying above x = ∞.

4.2 Models with twisted monodromies

We turn now to the problem of finding an integrable model corresponding to the Seiberg- Witten solution of the SU(N) gauge theory with matter in the symmetric representation. In this case, the spectral curves still admit an involution σ, but which is now of the form

σ : (x, y) −→ (−x, x^4y^{−1}) (4.17)

As suggested earlier [2], such shifts are indicative of twisted monodromy conditions. We consider then the following dynamical system [22]

ṗ_n = p_{n+1} p^T_{n+1}q_n + p_{n−1} p^T_{n−1}q_n + μ_np_n, q̇_n = − q_{n+1} p^T_n q_{n+1} − q_{n−1} p^T_n q_{n−1} − μ_np_n ȧ = { q_{m−1}p^T_m p^T_mq_{m−1} − q_mp^T_{m−1} p^T_{m−1}q_m , b}, ḃ = { q_{m−1}p^T_m p^T_mq_{m−1} − q_mp^T_{m−1} p^T_{m−1}q_m , c}, ċ = 0 (4.18)

Here μ_n(t) is again an arbitrary scalar function, and we have set m = −^N_2 + 1 for N even and m = −^N_2 +^1_2 for N odd. The variables q_n, p_n, a, b, c are all 3 × 3 matrices satisfying

q^T_n p_n = 0, p_n = hp_{−n−1}, q_n = hq_{−n−1}, (4.19) a^2 = 1, ab = ba, b^2 = ac + ca, bc = cb, c^2 = 0 (4.20)

where h is the 3 × 3 matrix whose only non-zero entries are h_{31} = h_{22} = h_{13} = 1. The above system appears uncoupled, but it will not be after imposing twisted monodromy conditions on (q_n, p_n). More precisely, let L_n(x) = 1 + xq_np^T_n as before. Then • There are unique 3 × 3 matrices g_n(x) = a_nx^2 + b_nx + c_n which satisfy the periodicity condition g_{n+1}L_{n+N −2} = L_ng_n (4.21) for any fixed data a_r, b_r, c_r, (p_n, q_n)^{n=r+N −3}_{n=r} with the constraint q^T_n p_n = 0.

• The above dynamical system with a_m = ah, b_m = bh, c_m = ch is integrable, in the sense that it is equivalent to the following Lax equation

L̇_n = M_{n+1}L_n − L_nM_n, M_n(x) ≡ x (q_{n−1}p^T_n p^T_n q_{n−1} − q_np^T_{n−1} p^T_{n−1}q_n ) (4.22)

• The spectral curve Γ = {(x, y); det(yI − g_n(x)L_{n+N −3}(x) · · · L_n(x)) = 0} is independent of n and coincides with the Landsteiner-Lopez curve (2.56). The dynamical system (4.18) is Hamiltonian with respect to the symplectic form ω = ∑_{N −2} i=1 δx(z_i) ∧^{δy}_y (z_i) on the reduced phase space u_N = 1, u_{N −1} = 0, through the usual correspondence between dynamical variables and curves and divisors. The Hamiltonian is H = u_{N −2}.

• The symplectic form ω can also be expressed in terms of the Lax operator L_n(x) and the matrices g_k (x) defining the twisted monodromy conditions ω = 1 2 3∑ α=1 Res_{Pα} (⟨ψ^∗_{n+1}(Q)δL_n(x) ∧ δψ_n(Q)⟩_k + ψ^∗_k(δg_k g^{−1}_k ) ∧ δψ_k) dx (4.23)

Here ⟨f_n⟩_k is defined to be ∑_{N +k−3} n=k f_n, ψ_n(Q) is the Baker-Akhiezer function, and ψ^∗_n(Q) the dual Baker-Akhiezer function characterized by

ψ^∗_{n+1}(Q)L_n(x) = ψ^∗_n(Q), ψ^∗_{k+N −2}g^{−1}_k (Q) = y^{−1}ψ^∗_n(Q), ψ^∗_k (Q)ψ_k(Q) = 1. (4.24)

In summary, we have

Theorem 3. [21, 22] The Seiberg-Witten solution for both SU(N) gauge theories with a hypermultiplet in either the symmetric or the antisymmetric representation can be realized as the spectral curves and symplectic form of a Hamiltonian system admitting a Lax pair representation. These systems are given by spin chains, with twisted monodromy in the case of the symmetric representation. The Hamiltonian for each model turn is the beta function of the corresponding gauge theory.

5 Hamiltonian Formulation of Soliton Equations

The correspondence between N = 2 supersymmetric gauge theories and integrable models begins with the identification of their spectral curves. However, as we have seen in the case of the SU(N) with a hypermultiplet in the antisymmetric representation, the identification of spectral curves has to be supplemented by an identification of symplectic structures. More precisely, on the gauge theory side, the Seiberg-Witten meromorphic form dλ equips a moduli space of spectral curves and divisors with a symplectic form. On the integrable model side, the phase space must be then equipped with a corresponding symplectic structure with respect to which the integrable model is Hamiltonian. What is this symplectic structure? Since the integrable model is given by its Lax pair, what is needed is a general construction of a Hamiltonian structure for an integrable model directly from its Lax representation. Such a construction was found in [2] [3], and developed further in [43]. The essential features of this symplectic form are summarized in the following general formula ω = 1 2 ∑ α Res_α⟨ψ^†(x, k)δL(x) ∧ δψ(x, k)⟩dk (5.1) The set-up for this formula is broadly as follows. The phase space of the system is a space L of operators L(x). The operators L(x) can be finite-dimensional matrices, or differential operators in the variable x. The expression ψ(x, k) is the Baker-Akhiezer (or Bloch) function, which is an eigenvector of L(x). The variable k is the spectral parameter, or an analogous quantity^2. The expression ψ^†(x, k) is the analogous dual Baker-Akhiezer

2The variable k here is the analogue of the variable x of §4, and of the variable z of §3. The notation of (5.1) is consistent with the case of the Korteweg-deVries equation, where x corresponds to the variable in L(x) = ∂^2_x + u(x). Unfortunately, the diversity of integrable models and entrenched practices makes attempts at a uniform notation impractical.

function, which should be viewed as a row vector, if ψ is a column vector. The functions ψ(x, k), ψ^†(x, k) have compensating essential singularities in k, so that all combined expressions are meromorphic. The differential δ denotes exterior differentiation on the space L, and ⟨·⟩ denotes averaging with respect to all variables x. The points P_α are given fixed poles. Thus (5.1) defines a 2-form on the phase space L.

The above formula provides a universal framework for the construction of symplectic forms in terms of the Lax operator L(x). In practice, for each integrable model, a suitable ambiant space L for the operators L(x) has to be specified, in order for all terms in (5.1) to have the desirable meromorphicity properties and the resulting formula to be independent of the normalization for the Baker-Akhiezer functions. The integrable model is then obtained by constructing an operator-valued function M(x) on L and considering the corresponding flow ∂_tL(x) = [L(x), M(x)] (5.2)

which will be Hamiltonian with respect to ω. This was done in some generality in [2, 3], where L was constructed from the leaves in a foliated moduli space of curves with two specified Abelian integrals, as well as from spaces of ordinary differential operators. It is also evident that the symplectic forms found in §4 in the context of the SU(N) gauge theories with symmetric or antisymmetric hypermultiplets are examples of the same construction. It may be helpful to have an intermediate framework which is at the same time sufficiently specific for easy use, and broad enough to encompass all models encountered in supersymmetric gauge theories. We present such a framework below, together with a brief description of some further recent developments.

5.1 The universal symplectic form

For finite-dimensional integrable systems which admit a Lax pair representation with a rational spectral parameter, a practical framework is the following.

Let Ł(D) be a space of meromorphic matrix functions

L(z) = u_0 + n∑ m=1 h_m∑ l=1 u_{ml} (z − z_m)^l (5.3)

with a fixed divisor of poles D = ∑_n m=1 h_mz_m. The integrable models we consider are flows on the space Ł(D) which can be constructed as follows. For each L ∈ Ł(D), the matrix functions M_{n,p}(z, L) are defined by the formula M_{n,p}(z, L) = L^n(p) z − p , p ≠ z_m. (5.4)

Then the commutator [M, L] has no pole at z = p. If we identify the vector space Ł(D) with its own tangent space, [M, L] can be regarded as a tangent vector field ∂_{n,p} to Ł(D).

The corresponding flow on Ł(D) ∂ ∂t_{n,p} L = [M_{n,p}, L] (5.5)

is a dynamical system which admits by construction a Lax representation. Here t_{n,p} is the time of the flow defined by M_{n,p}(z, L). Standard arguments from the theory of solitons show that all these flows commute with each other. We stress that the construction of the flows on Ł(D) does not depend on a Hamiltonian structure.

Next, we define a two-form on Ł(D) by the formula ω = 1 2 ∑ a Res_{za} Tr ( Ψ^{−1}δL(z) ∧ δΨ(z) ) dz (5.6)

The sum is taken over the set of all the poles of L together with the pole of dz at z_0 = ∞, i.e., z_a = {z_0, z_1, · · · , z_n}. We shall assume for simplicity that the normalization point z_0 does not coincide with any of the other punctures z_m. The case when z_0 coincides with one of the punctures can be treated with only slight technical modifications. The various components of the above formula are as follows. The entries of matrices u_0, u_{ml} can be viewed as coordinates on Ł(D). If we denote the exterior differentiation on Ł(D) by δ, then δL(z) can be regarded as a matrix valued one-form on Ł(D)

δL(z) = δu_0 + ∑ m h_m∑ l=1 δu_{ml} (z − z_m)^l (5.7)

Let Ψ(z) be the matrix whose columns are normalized eigenvectors of L(z), i.e.

L(z)Ψ(z) = Ψ(z)K(z), e_0Ψ = e_0 (5.8)

where K is a diagonal matrix K^{ij} = k_iδ^{ij} , and k_i are the eigenvalues of L(z). The covector e_0 defining the normalization of the eigenvectors is e_0 = (1, 1 . . . , 1). The external differential δΨ of Ψ can be viewed as a one-form on Ł(D), and the formula (5.6) defines a two-form on Ł(D).

A change of normalization vector e_0 leads to a transformation

Ψ(z) → Ψ(z)^′ = Ψ(z)h(z) (5.9)

where h(z) is a diagonal matrix. Under such transformation ω gets changed to

ω^′ = ω + 1 2 ∑ a Res_{za} Tr ( Ψ^{−1}δL(z)Ψ(z) ∧ δhh^{−1} ) dz = ω + 1 2 ∑ a Res_{za} Tr ( δK ∧ δhh^{−1} ) dz (5.10)

We fix now a set of diagonal matrices C = (C_0, C_m)

C_0(z) = C_{0,0} + C_{0,1}z^{−1}, C_m(z) = h_m∑ l=1 C_{m,l}(z − z_m)^{−l}, m > 0 (5.11)

and define a subspace M = M^C of Ł(D) by the constraints

K(z) = C_0(z) + O(z^{−2}), z → z_0 (5.12) K(z) = C_m(z) + O(1), z → z_m. (5.13)

The number of independent constraints is (N + 2)r − 1 because Tr K(z) = Tr L(z) is a meromorphic function of z. Thus dim M = (deg D)r(r − 1) − 2r + r^2 + 1. The restriction of δK to M is regular at the poles of L and has a zero of order 2 at z_0. Therefore, the form ω restricted to M is independent on the choice of the normalization of the eigenvectors.

We can now define the phase space for our system, over which the form ω will be intrinsic and non-degenerate. The space Ł(D) and its subspaces M^C are invariant under the adjoint action L → gLg^{−1} of SL_r. Let

P = P^C = M^C /SL_r (5.14)

be the quotient space. Its dimension equals dim P = (deg D)r(r − 1) − 2r + 2. Then we have

Theorem 4. (a) The two-form ω defined by (5.6) restricted to M is gauge invariant and descends to a symplectic form on P;

(b) The Lax equation (5.5) is Hamiltonian with respect to ω. The Hamiltonian is H_{n,p} = − 1 (n + 1)

Tr L^{n+1}(p). (5.15)

(c) All the Hamiltonians H_{n,p} are in involution with respect to ω.

This provides a straightforward way of exhibiting Lax equations as Hamiltonian systems.

5.2 The universal symplectic form: logarithmic version

There are situations, such as chain models, where a modified version of the above symplectic form (5.1), defined on a slightly different phase space, can also be constructed. Which symplectic form is more appropriate for a given model can be subtle. It can be traced back to the fact that there are two basic algebraic structures on a space of operators. The first one is the Lie algebra structure defined by the commutator of operators. The second one is the Lie group structure. The basic symplectic form introduced in the previous section is related to the Lie algebra structure. We present now a construction of another symplectic structure, related to the Lie group structure, defined on suitable leaves in Ł(D).

Consider the open subspace of Ł(D) consisting of meromorphic matrix functions which are invertible at a generic point z, i.e. the subspace of matrices L(z) ∈ Ł(D) such that L^{−1}(z) is also a meromorphic function. We define subspaces of Ł(D) with fixed divisor for the poles of L^{−1}(z) as follows. Fix a set D^− of (deg D)r distinct points z^−_s and define a subspace Ł(D, D_− ) ⊂ Ł(D) by the constraints

L(z) ∈ Ł(D, D_− ) : det L(z) = c ∏_{N r} s=1(z − z^−_s ) ∏_n m=1(z − z_m)^r , c = const ≠ 0. (5.16) If C_0(z) is the same as in (5.11), a subspace M_1 = M^{C0}_1 ⊂ Ł(D, D_−) can be defined by the constraints (5.12). The following two-form on M_1 is obviously a group version of (5.6)

ω^# = 1 2 ∑ Res_{za} Tr ( Ψ^{−1}L^{−1}(z)δL(z) ∧ δΨ(z) ) dz (5.17)

Here the sum is taken over all the punctures z_a = {z_0, z_m, z^−_s }. The subspace M_1 is invariant under the flows defined by the same Lax equations (5.5), which are also gauge invariant and therefore define flows on the quotient space P_1 = P^{C0}_1 = M^{C0}_1 /SL_r .

Theorem 5. The two-form ω^# restricted to M_1 is independent on the normalization of the eigenvectors. It is gauge invariant and descents to a symplectic form on P_1. The Lax equation (5.5) is Hamiltonian with respect to ω^#. The Hamiltonian is H_{n−1,p} = − 1 n Tr L^n(p). (5.18)

All the Hamiltonians H_{n,p} are in involution with respect to ω^#.

Thus Theorems 4 and 5 provide a framework for the existence of so-called bi-Hamiltonian structures. It was first observed by Magri that the KdV hierarchy possesses a bi-Hamiltonian structure, in the sense that all the flows of the hierarchy are Hamiltonian with respect to two different symplectic structures. If H_n is the Hamiltonian generating the n-th flow of the KdV hierarchy with respect to the first Gardner-Zakharov-Faddeev symplectic form, then the same flow is generated by the Hamiltonian H_{n−1} with respect to the second Lenard-Magri symplectic form.

The two symplectic structures ω and ω^# are equally good in the case of a single matrix function L(z), but there is a marked difference between them when periodic chains of operators are considered. Let L_n(z) ∈ Ł(D) be a periodic chain of matrix-valued functions with a pole divisor D, L_n = L_{n+N} . The total space of such chains is Ł(D)^{⊗N} . The monodromy matrix T_n(z) = L_{n+N −1}(z)L_{n+N −2}(z) · · · L_n(z) (5.19) is a meromorphic matrix function with poles of order Nh_m at the puncture z_m, i.e. T_n(z) ∈ Ł(ND). For different n they are conjugated to each other. Thus the map Ł(D)^{⊗N} −→ Ł(ND)/SL_r (5.20) is well-defined. However, the natural attempt to obtain a symplectic structure on the space Ł(D)^{⊗N} by pulling back the first symplectic form ω on Ł(ND) runs immediately into obstacles. The main obstacle is that the form ω is only well-defined on the symplectic leaves of Ł(ND) consisting of matrices with fixed singular parts for the eigenvalues at the punctures. These constraints are non-local, and cannot be described in terms of constraints for each matrix L_n(z) separately.

On the other hand, the second symplectic form ω^# has essentially the desired local property. Indeed, let L_n be a chain of matrices such that L_n ∈ Ł(D, D_− ). Then the monodromy matrix defines a map ^T : Ł(D, D_−)^{⊗N} −→ Ł(ND, ND_−)/SL_r (5.21) The group SL^N_r of z-independent matrices g_n ∈ SL_r , g_n = g_{n+N} acts on Ł(D, D_−)^{⊗N} by the gauge transformation L_n → g_{n+1}L_ng^{−1}_n (5.22)

which is compatible with the monodromy matrix map (5.21). Let the space P_{chain} be defined as the corresponding quotient space of a preimage under ^T of a symplectic leaf Φ^{C0}_1 ⊂ Ł(ND, ND_− )/SL_r P_{chain} = ( ^T^{−1} ( P^{C0}_1 )) /SL^N_r (5.23)

The dimension of this space is equal to

dim P_{chain} = N(deg D)r(r − 1) − 2r + 2. (5.24)

Theorem 6. The pull-back by ^T of the second symplectic form ω_1

ω_{chain} = ^T^∗(ω_2) (5.25)

restricted to ^T^{−1} ( P^{C0}_1 ) is gauge invariant and descends to a symplectic form on P_{chain}. It can also be expressed by the local expression ω_{chain} = 1 2 ∑ Res_{za} N∑ n=1 Tr ( Ψ^{−1}_{n+1}δL_n(z) ∧ δΨ_n(z) ) dz (5.26)

where Ψ_{n+1} = L_nΨ_n, Ψ_{n+N} = Ψ_nK, K^{ij} = diag(k_i)δ^{ij} , (5.27)

All the coefficients of the characteristic polynomial of T (z) are in involution with respect to this symplectic form. The number of independent integrals equals dim P_{chain}/2.

The symplectic forms (4.16) and (4.23) for the spin chain models corresponding to the SU(N) gauge theory with matter in the symmetric and the antisymmetric representations can be recognized as examples of this construction. So is of course the symplectic structure for the Toda chain.

5.3 Vector bundles and Lax equations on algebraic curves

As we have seen in the case of the elliptic Calogero-Moser systems, the spectral parameter of the Lax pair is sometimes defined on an elliptic curve. Below we present briefly results of [23], where it was shown that the scheme presented above can be extended to the case of the Lax equations on an arbitrary algebraic curve.

The Riemann-Roch theorem shows that the naive direct generalization of the zero curvature equation for matrix functions which are meromorphic on an algebraic curve of genus g > 0 leads to an overdetermined system of equations. Indeed, the dimension of r×r matrix functions of fixed degree d divisor of poles in general position is r^2(d − g + 1). If the divisors of L and M have degrees n and m, then the commutator [L, M] is of degree n+m. Thus the number of equations r^2(n + m − g + 1) exceeds the number r^2(n + m − 2g + 1) of unknown functions modulo gauge equivalence. There are two ways to overcome this

difficulty in defining zero curvature equations on algebraic curves. The first way is based on a choice of L with essential singularity at some point or with entries as sections of some bundle over the curve. We have seen above that the standard Lax pair for the elliptic Calogero-Moser system falls into this category. The second way, based on a theory of high rank solutions of the Kadomtsev-Petviashvili equation, was discovered in [47]. There it was shown that if in addition to fixed poles the matrix functions L and M have rg moving poles of a special form, then the Lax equation is a well-defined system on the space of singular parts of L and M at fixed poles.

We begin by describing a suitable space of meromorphic matrix functions L(z) on an algebraic curve Γ of genus g. As before, we fix a divisor D = ∑ h_mz_m on Γ, and introduce a space Ł(D) = Ł(D, Γ) of meromorphic matrix functions L on Γ with a pole of order h_m at z_m, such that outside of D L ∈ Ł(D) has simple poles at a set of rg distinct points γ_s. The Laurent expansion of L in the neighborhood of γ_s L = L_{s0} z − z_s + L_{s1} + O(z − z_s), z_s = z(γ_s), (5.28)

is assumed to satisfy the following constraints:

(i) the singular term L_0 is a traceless, rank 1 matrix, i.e. it can be represented in the form L_{s0} = β_sα^T_s , α^T_s β_s = tr L_{s0} = 0; (5.29)

where α_s, β_s are r-dimensional vectors;

(ii) α^T_s is a left eigenvector of the matrix L_{s1} α^T_s L_{s1} = α^T_s κ_s. (5.30) The following characterization of the constraints (5.29,5.30) is key: A meromorphic matrix-function L in the neighborhood U of γ_s with a pole at γ_s satisfies the constraints (5.29) and (5.30) if and only if it is of the form L = Φ_s(z) ~L_s(z)Φ^{−1}_s (z), (5.31) where ~L_s and Φ_s are holomorphic in U, and det Φ_s has at most simple zero at γ_s.

We would like to emphasize that the points γ_s are not fixed and are themselves dynamical variables. For a non-special degree N ≥ g divisor D, the space Ł(D) is of dimension dim Ł(D) = r^2(N + 1) . (5.32) As in the genus g = 0 (rational) case, we define a two-form ω on Ł(D) by the formula ω = 1 2 [ ∑ m Res_{zm} Tr ( Ψ^{−1}δL(z) ∧ δΨ(z) ) + ∑ s Res_{γs} Tr ( Ψ^{−1}δL(z) ∧ δΨ(z) ) ] dz (5.33)

Here dz is a holomorphic differential on Γ. Here we follow again the rule of summing over all poles of L.

Let k_i(z) be eigenvalues of L(z), i.e., the roots of the characteristic equation det (kI − L(z)) = 0 (5.34) Then we obtain as previously a foliation structure on Ł(D) by the constraint:

The differentials δk_i(z)dz are holomorphic in the neighborhood of all the punctures z_m. In other words, a leaf M of the foliation is fixed by the singular parts of eigenvalues of L at the points z_m where dz(z_m) ≠ 0.

Theorem 7. [23] If the divisor D contains the zero divisor K of the holomorphic differential dz, then the two-form ω defined by (5.33) is invariant under gauge transformations and descends to a symplectic form on the quotient space P = M/SL_r. The functions H_{n,p} given by (5.15) are in involution with respect to the symplectic form ω. Example 1. Let D = K. Then the constraints defining M are trivial and M = Ł(K). As shown in [23], the corresponding quotient space Ł(K) is isomorphic to an open subspace of the cotangent bundle T^∗(V ect) of a moduli space of stable, rank r, and degree rg holomorphic vector bundles over Γ. The symplectic form ω coincides with a canonical symplectic structure on the cotangent bundle. The integrable structure of T^∗(V ect) was established first by Hitchin [46] using a completely different approach.

Example 2. Consider the Lax matrices on an elliptic curve G = C/{2ω_1Z + 2ω_2Z} with one puncture, which we can put at z = 0 without loss of generality. In this example we denote the parameters γ_s and κ_s by q_s and p_s, respectively. In the gauge α_s = e_s, e^j_s = δ^j_s, the j-th column of the Lax matrix L^{ij} has poles only at the points q_j and z = 0. ¿From (5.29) it follows that L^{jj} is regular everywhere, i.e. it is a constant. Equation (5.30) implies that L^{ji}(q_j ) = 0, i ≠ j and L^{jj} = p_j . An elliptic function with two poles and one zero fixed is uniquely defined up to a constant. It can be written in terms of the Weierstrass σ-function as follows L^{ij} (z) = f^{ij} σ(z + q_i − q_j ) σ(z − q_i)σ(q_j ) σ(z)σ(z − q_j ) σ(q_i − q_j ) σ(q_i) , i ≠ j; L^{ii} = p_i. (5.35)

Let f^{ij} be a rank 1 matrix f^{ij} = a^ib^j . The equations α_i = e_i fix the gauge up to transformations by diagonal matrices. We can use these transformation to make a^i = b^i. The corresponding momentum is given then by the collection (a^i)^2 and we fix it to the values (a^i)^2 = 1. We compare now the different formalisms for the Lax operator of the elliptic Calogero-Moser system. In §3.2, the Lax operator L(z) had entries with essential singularities. Its gauge-transform L̃(z) by G_{ij} = δ_{ij} e^{qiζ(z)} has meromorphic entries with poles only at the fixed puncture z = 0, but these entries are sections of a non-trivial bundle over the elliptic curve. The present Lax pair L(z) is yet another gauge-transform of the Lax pair of §3.2, this time by the gauge-transformation

G_{ij} = δ_{ij} Φ(q_i) (5.36)

As we have seen, its entries are now just meromorphic functions, but with poles at the points q_j as well as at the puncture z = 0.

The new gauge in which the Lax matrix for the elliptic Calogero-Moser system is meromorphic gives a new geometric interpretation of the elliptic Calogero-Moser system. The dynamical variables q_i can be identified with the so-called Tyurin parameters of the semi-stable vector bundle over the elliptic curve.

5.4 2 + 1 soliton equations of zero curvature form

The integrable models corresponding to the Seiberg-Witten solutions of gauge theories are mechanical systems with a finite number of degrees of freedom, and their symplectic forms are finite dimensional. Nevertheless, the formula 5.1 is quite general. It turns out that it provides also infinite-dimensional symplectic forms for general soliton equations admitting a Lax or zero curvature representation. These symplectic forms are defined on spaces of functions satisfying suitable constraints, which can be identified by a straightforward algorithm [3]. This is a welcome development, since except for the R-matrix approach pioneered by Faddeev and Takhtajan [1] (see also the recent proposal in [45]), there was no systematic Hamiltonian theory for soliton equations. Although a Hamiltonian structure was known for most of them, they did not appear to fit in any particular scheme.

To be specific, we shall construct a whole class of soliton equations in zero curvature form and their symplectic forms. Fix an integer n ≥ 2, and consider the space M = {(u_0, · · · , u_{n−2}); u_i(x + 1, y) = u_i(x, y + 1) = u_i(x, y)} of smooth doubly periodic functions. The points of M can be identified with the Lax operator

L = ∂^n_x + n−2∑ i=0 u_i∂^i_x (5.37)

The integer n classifies different hierarchies of soliton equations. For example, the case n = 2 corresponds to the Kadomtsev-Petviashvili hierarchy, which reduces to the KdV hierarchy when L is independent of y. The Baker-Akhiezer function ψ(x, y, k) is defined to be the unique function of the form ψ(x, y, k) = e^{kx+kn y+} ∑_{n−2} i=0 B_i(y)k^i (1 + ξ

1k^{−1} + ξ_2k^{−2} + · · ·) (5.38)

characterized by the normalization condition ψ(0, 0, k) = 1 and

(∂_y − L)ψ = 0 ψ(x + 1, y, k) = e^kψ(x, y, k), ψ(x, y + 1, k) = e^{Kn} ψ(x, y, k) (5.39) This key observation is that this determines uniquely both the functions B_i(y) and the coefficients ξ_s(x, y) as certain integro-differential expressions in (u_0, · · · , u_{n−2}), which can be written down explicitly. The dual Baker-Akhiezer function ψ^†(x, ymk) is characterized by the condition that it be of the form ψ^†(x, y, k) = e^{−(kx+kn y+} ∑_{n−2} i=0 B_i(y)k^i )(1 + ξ†

1k^{−1} + ξ^†_2k^{−2} + · · ·) (5.40)

and satisfies Res_∞⟨ψ^†∂^m_x ψ⟩ dk = 0, m = 0, 1, 2, · · · (5.41) We can now define the phase space of the flow to be the subspace M(b) defined by the equations dB_i(y) dy = b_i, i = 0, · · · , n − 2 (5.42)

where b_0, · · · , b_{n−2} are some fixed constants. For each m, there is a unique operator A_m = ∂^m_x + ∑_{m−1} i=0 v_{mi}∂^i_x satisfying (A_m − K^m)ψ = O(k^{−1})ψ (5.43) The soliton equations we consider are the flows on L(b) defined by ∂L ∂t_m = ∂A_m ∂y + [A_m, L] (5.44)

where t_m is the time variable of the m-th flow. By construction, these equations are in zero curvature form. Then

Theorem 8. [3] The above flows form an infinite system of commuting flows on the space L(b). The expression ω = 1 2 Res_∞⟨ψ^†δL ∧ δψ⟩ dk (5.45) defines a symplectic form on L(b). With respect to this form, the flows are Hamiltonian, with Hamiltonian nH_{m+n} , where H_s is defined by

k = K + ∞∑ s=1 H_sK^{−s} (5.46)

It may be helpful to note that, in the context of KdV and the Kadomtsev-Petviashvili hierarchy, the parameter k above plays the role of spectral parameter. The role of the spectral curve is assumed here by the complex plane, with ∞ as the distinguished point.Indeed, the Baker-Akhiezer function ψ(x, y, k) satisfies by definition the boundary condition ψ(x + 1, y, k) = e^kψ(x, y, k), and the Lax operator L(x) acting on such a space should be viewed as dependent on k. Thus the symplectic form in Theorem 8 is a close analogue of the symplectic forms constructed earlier for Lax operators with spectral parameter.

We illustrate this construction when n = 2 and when n = 3. The case n = 2 corresponds to the Kadomtsev-Petviashvili hierarchy, and the operator L is given by L = ∂^2_x +u. A straightforward calculation shows that

ψ(x, y, k) = e^{kx+k2 y+B(y)}(1 + ξ_1k^{−1} + · · ·) (5.47)

with B(y) = ∫_y 0 ∫_1

0 u(x, α)dxdα, and ∂_xξ_1 = −^1_2 u +^{dB}_{dy} . The space L(b) is defined then by the constraint ∫_1 0 u(x, y)dx = b (5.48) and we have ξ_1 = −^1_2 ∫_x u+bx. It follows readily that ψ^† = e^{−(kx+k2y+B(y))}(1−ξ_1k^{−1} +· · ·), and the symplectic form becomes ω = Res_∞⟨(1−ξ_1k^{−1} +· · ·) δu∧(δξ_1k^{−1} +· · ·)⟩ dk = ⟨δu∧δξ_1⟩ = − 1 2 ⟨δu(x)∧ ∫_x δu⟩ (5.49)

This is the Gardner-Faddeev-Zakharov symplectic form for the KdV equation.

The case n = 3 corresponds to the Boussinesq hierarchy. Here L = ∂^3_x + u∂_x + v, and the space L(b_0, b_1) is the space of doubly periodic functions u and v satisfying

∫_1 0 u(x, y)dx = b_0, ∫_1 0 v(x, y) = b_1. (5.50)

We find the following expression for the symplectic form ω = − 1 3 (δu ∧ ∫_x x_0 δvdx + δv ∧ ∫_x x_0 δudx) (5.51)

5.5 Calogero-Moser field equations and isomonodromy equations

Suitably interpreted, the universal formula 5.1 can produce a Hamiltonian structure for differential equations in diverse contexts, including field versions of Calogero-Moser equations and monodromy equations [23] [24]. We describe these symplectic structures briefly.

The field version of Calogero-Moser system arises as a zero curvature equation for a Lax pair L(x, q), M(x, q) L_t = M_x + [M, L] (5.52)

with elliptic spectral parameter q. Here L(x, q) is a r × r matrix, periodic of period 1 in x and meromorphic in q. The set-up is analogous to the one considered in Example 2 in the previous section, with an additional space variable x. The matrix L^{ij} (x, q) now has poles in q only at q = 0 and q = q_j(x). On a suitable space Ł of operators L(x, q) satisfying some specific constraints on their poles and residues, one can construct as before an infinite number of r ×r matrix valued operators M_n(x, q) whose coefficients are differential expressions in terms of the coefficients of L(x, q), which satisfy the condition that ∂_xM +[M, L] is tangent to Ł. The equation (5.52) defines then an infinite number of commuting flows on Ł. As in the construction of the symplectic form for the Kadomtsev-Petviashvili hierarchy, a unique suitably normalized solution Ψ(x, q) of the equation (∂_x − L(x, q))Ψ(x, q) = 0 can be found, with monodromy of the form

Ψ(x + 1, q) = e^{p(q)}Ψ(x, q) (5.53)

for some unique p(q). Then the following modification of the universal symplectic form (5.1) ω = − 1 2 ∑ α Res_αT r(

∫_{x0+1}

x_0

(Ψ^{−1}δL ∧ δΨ)dx − (Ψ^{−1}δΨ)(x_0) ∧ δp)dz (5.54)

defines a symplectic structure on Ł with respect to which all the flows (5.52) are Hamiltonian. For r = 2, one finds the following expression for the corresponding Hamiltonian H = ∫ (p^2(1 − q^2_x) − q^2_{xx} 2(1 − q_x)^2

+ 2(1 − 3q^2_x) ℘(2q))dx (5.55)

giving the equations of motion for the poles q(x). In terms of q(x) and its conjugate variable p(x), the symplectic structure leads to the simple Poisson bracket {p(x), q(y)} = δ(x − y). (5.56) It is noteworthy that after a change of variables, this system coincides with the well-known Landau-Lifshitz equation.

Next, we discuss the isomonodromy problem. Let V be a stable rank r and degree rg holomorphic bundle on a genus g Riemann surface Γ, and let [V ] = {γ_s} be the divisor of its determinant bundle. Let D = ∑ m(h_m + 1)P_m be a divisor which does not intersect [V ].

Consider meromorphic connections L = L(z)dz on V with poles at P_m of degree ≤ h_m + 1. As shown in [24], they can be represented by meromorphic matrix-valued differentials L with a pole of order h_m + 1 at P_m, with the property that outside D, the differential L has simple poles at the points γ_s. The Laurent expansion of L in a neighborhood of γ_s

L = ( L_{s0} z − z_s + L_{s1} + O(z − z_s))dz, z_s = z(γ_s) (5.57)

is assumed to satisfy the following constraints

(i) the singular term L_{s0} is a rank 1 and trace 1 matrix, i.e.,

L_{s0} = β_sα^T_s , α^T_s β_s = T r L_{s0} = 1, (5.58)

where α_s, β_s are r-dimensional vectors.

(ii) The vector α^T_s is a left eigenvector of the matrix L_{s1}

α^T_s L_{s1} = α^T_s κ_s. (5.59)

The following characterization of these constraints is essential: A meromorphic matrixvalued function L in a neighborhood U of γ_s with pole at γ_s satisfies them if and only if it is of the form L = dΦ_s(z)Φ_s(z)^{−1} + Φ_s(z)L̃_s(z)Φ^{−1}_s (z), (5.60)

where L̃_s and Φ_s are holomorphic in U, and det Φ_s has at most a simple zero at γ_s. For any point P ∈ Γ, it follows from (5.60) that the equation

dΨ = LΨ (5.61)

admits a multi-valued solution in Γ \ D. The analytic continuation of Ψ defines the monodromy representation of L. The isomonodromy problem is the problem of describing the deformations of L which preserve the monodromy representation as well as certain local data at the singular points P_m called Stokes matrices and exponents. In order to define these data, it is necessary to fix a normalization point Q ∈ Γ, and h_m-jets of local coordinates in the neighborhoods of the punctures P_m.

Let h = {h_m, ∑ m(h_m + 1) = N} be a set of non-negative integers. We denote by M_{g,1}(h) the moduli space of smooth genus g algebraic curves with a puncture Q ∈ Γ, and fixed h_m-jets [w_m] of local coordinates w_m in the neighborhoods of the punctures P_m. The space M_{g,1}(h) has dimension

dim calM_{g,1}(h) = 3g − 2 + N (5.62)

The space A(h) of admissible meromorphic differentials L on algebraic curves with fixed multiplicities h_m + 1 at the poles can be viewed as the total space of the bundle A(h) −→ M_{g,1}(h) = {Γ, P_m, [w_m], Q} (5.63)

For a fixed point of M_{g,1}(h), the monodromy data, Stokes matrices, and exponents uniquely define L. In [24], special coordinates t_a were introduced and it was shown that the isomonodromy deformations on the space A of meromorphic connections are described by the zero curvature equations

∂_{ta}L̃ − dM^{(a)} + [L̃, M^{(a)}] = 0 (5.64)

for suitable M^{(a)}. The corresponding flows commute. Furthermore, as in all the models described previously, they turn out to be Hamiltonian with respect to the symplectic structure defined by ω = − 1 2 (Res_{[V ]}T r(ψ^{−1}δL ∧ δψ) + Res_DT r(Ψ^{−1}_m δL ∧ δΨ_m) (5.65)

Here ψ and ψ_m are the solutions of the equation (5.61) in the neighborhoods of the points in the divisors [V ] and D respectively. An explicit expression of the symplectic form in terms of the monodromy data and Stokes matrices was also found in [24]. It should be stressed that, even in the case of genus 0, a symplectic structure on the space of Stokes matrices with one irregular singularity of order 2 and one regular singularity was found only recently [48]. In the case of elliptic curves, the monodromy data consists of just two matrices A and B, modulo conjugation, and the monodromy matrix is J = B^{−1}A^{−1}BA. The symplectic form ω becomes in this case ω(A, B) = T r(B^{−1}δB ∧ δAA^{−1} − A^{−1}δA ∧ δBB^{−1} + δJJ^{−1} ∧ B^{−1}A^{−1}δ(AB)) (5.66) It had also been found in [49] under a different form.

References

[1] L. Faddeev and L. Takhtajan, “Hamiltonian methods in the theory of solitons, Springer Series in Soviet Mathematics, Springer, Berlin (1987) 592 pp.

[2] I.M. Krichever and D.H. Phong, “On the integrable geometry of N = 2 supersymmetric gauge theories and soliton equations”, J. Differential Geometry 45 (1997) 349-389, hepth/9604199.

[3] I.M. Krichever and D.H. Phong, “Symplectic forms in the theory of solitons”, Surveys in Differential Geometry IV, edited by C.L. Terng and K. Uhlenbeck, 239-313, International Press, hep-th/9708170

[4] N. Seiberg and E. Witten, “Electro-magnetic duality, monopole condensation, and confinement in N = 2 supersymmetric Yang-Mills theory”, Nucl. Phys. B426 (1994) 19-53, hep-th/9407087;

“Monopoles, duality, and chiral symmetry breaking in N = 2 supersymmetric QCD”, Nucl. Phys. B431 (1994) 494, hep-th/9410167.

[5] A. Gorskii, I.M. Krichever, A. Marshakov, A. Mironov and A. Morozov, “Integrability and Seiberg-Witten exact solution”, Phys. Lett. B355 (1995) 466, hep-th/9505035;

[6] E. Martinec and N. Warner, “Integrable systems and supersymmetric gauge theories”, Nucl. Phys. B 459 (1996) 97-112, hep-th/9509161.

[7] E. Martinec, “Integrable structures in supersymmetric gauge and string theory”, hepth/9510204 ;

[8] I.M. Krichever, “The tau function of the universal Whitham hierarchy, matrix models, and topological field theories”, Comm. Pure Appl. Math. 47 (1994) 437-475;

[9] D’Hoker, E. and D.H. Phong, “Lectures on supersymmetric Yang-Mills theory and integrable models”, in Banff 1999, “Theoretical physics at the end of the twentieth century, Springer-Verlag, 1-125, hep-th/9912271;

W. Lerche, “Introduction to Seiberg-Witten theory and its stringy origins”, Proceedings of the Spring School and Workshop on String Theory, ICTP, Trieste (1996), hepth/9611190, Nucl. Phys. Proc. Suppl. B 55 (1997) 83 ;

A. Marshakov, “On integrable systems and supersymmetric gauge theories”, Theor. Math. Phys. 112 (1997) 791-826, hep-th/9702083 ;

A. Klemm, “On the geometry behind N=2 supersymmetric effective actions in four dimensions”, Trieste 1996, “High Energy Physics and Cosmology”, 120-242, hepth/9705131 ;

A. Marshakov and A. Mironov, “Seiberg-Witten systems and Whitham hierarchires: a short review”, hep-th/9809196.

[10] A. Klemm, W. Lerche, and S. Theisen, Int. J. Mod. Phys. A11 (1996) 1929, hepth/9505150;

A. Ceresole, R. D’Auria, and S. Ferrara, Phys. Lett. B 339 (1994) 71-76, hepth/9408036 ;

J. Isidro, A. Mukherjee, J. Nunes and H. Schnitzer, “A new derivation of Picard-Fuchs equations for effective N=2 super Yang-Mills theories”, Nucl. Phys. 492 (1997) 647, hep-th/9609116;

Int. J. Mod. Phys. A13 (1998) 233, hep-th/9703176; Nucl. Phys. B502 (1997) 363, hep-th/9704174.

[11] E. D’Hoker, I.M. Krichever, and D.H. Phong, “The effective prepotential for N = 2 supersymmetric SU(N_c) gauge theories”, Nucl. Phys. B489 (1997) 179, hep-th/9609041; E. D’Hoker, I.M. Krichever, and D.H. Phong, “The effective prepotential of N = 2 supersymmetric SO(N_c) and Sp(N_c) gauge theories”, Nucl. Phys. B489 (1997) 211, hep-th/9609145;

E. D’Hoker and D.H. Phong, “Strong coupling expansions of SU(N) Seiberg-Witten theory”, Phys. Lett. B397 (1997) 94, hep-th/9701055.

[12] S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of a Seiberg- Witten curve from M-theory : the symmetric representation”, Nucl. Phys. B533 (1988) 275, hep-th/9804105;

I.P. Ennes, S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of a Seiberg-Witten curve from M-theory : the anti-symmetric case”, Int. J. Mod. Phys. A14 (1999) 301, hep-th/9804151;

“One instanton predictions for non-hyper-elliptic curves derived from M-theory”, Nucl. Phys. B536 (1988) 245, hep-th/9806144; “One instanton predictions of Seiberg-Witten curves for product groups”, hep-th/9901124;

“Two antisymmetric hypermultiplets in N=2 SU(N) gauge theory: Seiberg-Witten curve and M theory interpretation”, hep-th/9904078

[13] T. Hollowood, “Calculating the prepotential by localization in the moduli space of instantons”, JHEP 0203 (2002) 038, hep-th/0201075;

N. Dorey, T. Hollowood, V. Khoze, and M. Mattis, “The calculus of many instantons”, Phys. Rep. 371 (2002) 231-459, hep-th/0206063;

N. Nekrasov, “Seiberg-Witten prepotential from instanton counting”, hep-th/0206161; I.P. Ennes, S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of Seiberg-Witten curves for product groups”, hep-th/9901124 ;

U. Feichtinger, “The Prepotential of N=2 SU(2) x SU(2) Supersymmetric Yang-Mills Theory with Bifundamental Matter”, hep-th/9908143;

J. Minahan, D. Nemeschansky, and N. Warner, “Instanton expansions for mass deformed N = 4 super Yang-Mills theory”, hep-th/9710146.

[14] E. D’Hoker, I.M. Krichever, and D.H. Phong, “The renormalization group equation for N = 2 supersymmetric gauge theories”, Nucl. Phys. B 494 (1997) 89-104, hepth/9610156.

[15] E. D’Hoker and D.H. Phong, “Calogero-Moser Lax pairs with spectral parameter for general Lie algebras”, Nucl. Phys. B 530 (1998) 537-610, hep-th/9804124.

[16] E. D’Hoker and D.H. Phong, “Calogero-Moser and Toda systems for twisted and untwisted affine Lie algebras”, Nucl. Phys. B 530 (1998) 611-640, hep-th/9804125.

[17] E. D’Hoker and D.H. Phong, “Spectral curves for super Yang-Mills with adjoint hypermultiplet for general Lie algebras”, Nucl. Phys. B 534 (1998) 697-719, hep-th/9804126.

[18] E. Witten, “Solutions of four-dimensional field theories via M-Theory”, Nucl. Phys.

B 500 (1997) 3, hep-th/9703166.

[19] K. Landsteiner and E. Lopez, “New curves from branes”, Nucl. Phys. B 516 (1998) 273-296, hep-th/9708118;

K. Landsteiner, E. Lopez, and D.A. Lowe, “N=2 supersymmetric gauge theories, branes and orientifolds”, Nucl. Phys. B 507 (1997) 197, hep-th/9705199. K. Landsteiner, E. Lopez and D. Lowe, “Supersymmetric gauge theories from Branes and orientifold planes”, hep-th/9805158.

[20] S. Katz, P. Mayr, and C. Vafa, “Mirror symmetry and exact solutions of 4D N = 2 gauge theories”, Adv. Theor. Math. Phys. 1 (1998) 53, hep-th/9706110 ; S. Katz, A. Klemm, and C. Vafa, “Geometric engineering of quantum field theories”, Nucl. Phys. B 497 (1997) 173, hep-th/9609239 ;

M. Bershadsky, K. Intriligator, S. Kachru, D.R. Morrison, V. Sadov, and C. Vafa, “Geometric singularities and enhanced gauge symmetries” Nucl. Phys. B 481 (1996) 215, hep-th/9605200 ;

S. Kachru and C. Vafa, “Exact results for N=2 compactifications of heterotic strings”, Nucl. Phys. B 450 (1995) 69, hep-th/9505105

[21] I.M. Krichever and D.H. Phong, “Spin chain models with spectral curves from M theory”, Commun. Math. Phys. 213 (2000) 539-574, hep-th/9912180

[22] I.M. Krichever and D.H. Phong, “Spin chains with twisted monodromy”, Journal de l’Institut. Math. Jussieu 1 (2002) 477-492, hep-th/0110098

[23] I.M. Krichever, “Vector bundles and Lax equations on algebraic curves”, hepth/0108110.

[24] I.M. Krichever, “Isomonodromy equations on algebraic curves, canonical transformations and Whitham equations”, hep-th/0112096.

[25] R. Donagi and E. Witten, “Supersymmetric Yang-Mills and integrable systems”, Nucl.

Phys. B 460 (1996) 288-334, hep-th/9510101.

R. Donagi, “Seiberg-Witten integrable systems”, alg-geom/9705010.

[26] H. Braden, A. Marshakov, A. Mironov, and A. Morozov, “The Ruijsenaars-Schneider model in the context of Seiberg-Witten theory”, hep-th/9902205 ; Y. Ohta, “Instanton correction of prepotential in Ruijsenaars model associated with N=2 SU(2) Seiberg-Witten, hep-th/9909196 ;

H.W. Braden, A. Marshakov, A. Mironov, and A. Morozov, “Seiberg-Witten theory for a nontrivial compactification from five-dimensions to four dimensions”, Phys. Lett. B 448 (1999) 195-202, hep-th/9812078 ;

A.M. Khvedelidze and D.M. Mladenov, “Euler-Calogero-Moser system from SU(2) Yang-Mills theory”, hep-th/9906033 .

[27] M. Matone, “Instanton recursion relations in N=2 susy gauge theories”, Phys. Lett.

B357 (1996) 342, hep-th/9506102;

T. Eguchi and S.K. Yang, “Prepotentials of N=2 susy gauge theories and soliton equations”, hep-th/9510183;

T. Nakatsu and K. Takasaki, “Whitham-Toda Hierarchy and N = 2 supersymmetric Yang-Mills Theory”, Mod. Phys. Lett. A11 (1996) 157, hep-th/9509162; J. Sonnenschein, S. Theisen and S. Yankielowicz, “On the relation between the holomorphic prepotential and the quantum moduli in susy gauge theories”, Phys. Lett. B367 (1996) 145, hep-th/9510129;

K. Takasaki, “Whitham deformations and tau functions in N=2 supersymmetric gauge theories”, hep-th/9905224;

J. Edelstein, M. Gomez-Reina and J. Mas, “Instanton corrections in N=2 supersymmetric theories with classical gauge groups and fundamental matter hypermultiplets”, hep-th/9904087;

G. Chan and E. D’Hoker, “Instanton Recursion Relations for the Effective Prepotential in N = 2 Super Yang-Mills”, hep-th/9906193;

M. Marino and G. Moore, “The Donaldson-Witten function for gauge groups of rank larger than one”, hep-th/9802185;

M. Marino, “The uses of Whitham hierarchies”, hep-th/9905053.

[28] A. Marshakov, A. Mironov, and A. Morozov, “WDVV-like equations in N = 2 SUSY Yang-Mills theory”, Phys. Lett. B 389 (1996) 43, hep-th/9607109 A. Marshakov, A. Mironov, and A. Morozov, “More evidence for the WDVV equations in N = 2 SUSY Yang-Mills theory”, hep-th/9701123 ; J.M. Isidro, “On the WDVV equation and M theory”, Nucl. Phys. B 539 (1999) 379-402, hep-th/9805051.

[29] A. Klemm, W. Lerche, S. Theisen, and S. Yankielowicz, “Simple singularities and N=2 supersymmetric gauge theories”, Phys. Lett. B 344 (1995) 169, hep-th/9411058;

P. Argyres and A. Faraggi, “The vacuum structure and spectrum of N=2 supersymmetric SU(N) gauge theory”, Phys. Rev. Lett. 73 (1995) 3931, hep-th/9411057; P. Argyres, M.R. Plesser, and A. Shapere, “The Coulomb phase of N = 2 supersymmetric QCD”, Phys. Rev. Lett. 75 (1995) 1699, hep-th/9505100.

[30] I.M. Krichever, “Elliptic solutions of the Kadomtsev-Petviashvili equation and integrable systems of particles”, Funct. Anal. Appl. 14 (1980) 282-290.

[31] A. Gorsky and N. Nekrasov, “Elliptic Calogero-Moser system from two-dimensional current algebra”, preprint ITEP-NG/1-94, hep-th/9401121 ;

N. Nekrasov, “Holomorphic bundles and many-body systems”, Comm. Math. Phys. 180 (1996) 587-604, hep-th/9503157 ;

M. Olshanetsky, “Generalized Hitchin systems and the Knizhnik-Zamolodchikov- Bernard equation on elliptic curves”, hep-th/9510143

[32] I. Inozemtsev, “Lax representation with spectral parameter on a torus for integrable particle systems”, Lett. Math. Phys. 17 (1989) 11-17; “The finite Toda lattices”, Comm. Math. Phys. 121 (1989) 628-638.

[33] E. D’Hoker and D.H. Phong, “Calogero-Moser systems in SU(N) Seiberg-Witten theory”, Nucl. Phys. B 513 (1998) 405-444, hep-th/9709053;

E. D’Hoker and D.H. Phong, “Order parameters, free fermions, and conservation laws for Calogero-Moser systems”, Asian J. Math. 2 (1998) 750, hep-th/9808156; E. D’Hoker and D.H. Phong, “Lax pairs and spectral curves for Calogero-Moser and Spin Calogero-Moser systems”, Regular and Chaotic Dynamics (1999), hepth/9903002.

[34] M.A. Olshanetsky and A.M. Perelomov, “Completely integrable Hamiltonian systems connected with semisimple Lie algebras”, Inventiones Math. 37 (1976) 93-108; M.A. Olshanetsky and A.M. Perelomov, “Classical integrable finite-dimensional systems related to Lie algebras”, Phys. Rep. 71 C (1981) 313-400.

[35] A.M. Uranga, “Towards mass deformed N = 4 SO(N) and Sp(K) gauge theories from brane configurations”, Nucl. Phys. B 526 (1998) 241-277, hep-th/9803054; T. Yokono, “Orientifold four plane in brane configurations and N = 4 USp(2N) and SO(2N) theory”, Nucl. Phys. B 532 (1998) 210-226, hep-th/9803123.

[36] A. Bordner, E. Corrigan, and R. Sasaki, “Calogero-Moser systems: a new formulation”, Prog. Theor. Phys. 100 (1998) 1107, hep-th/9805106;

A. Bordner, R. Sasaki and K. Takasaki, “Calogero-Moser systems II: symmetries and foldings”, Prog. Theor. Phys. 101 (1999) 487, hep-th/9809068;

A. Bordner, R. Sasaki, “Calogero-Moser models III: elliptic potentials and twisting”, Prog. Theor. Phys. 101 (1999) 799-829, hep-th/9812232;

S.P. Khastgir, R. Sasaki and K. Takasaki, “Calogero-Moser Models IV : Limits to Toda theory”, Prog. Theor. Phys. 102 (1999) 5, hep-th/9907102.

[37] J. Hurtubise and E. Markman, “Calogero-Moser systems and Hitchin systems”, Commun.Math.Phys. 223 (2001) 533-552, math.ag/9912161

[38] S.N.M. Ruijsenaars, “Systems of Calogero-Moser type”, in Proceedings of the 1994 CRM Banff Summer School, Particles and Fields, ed. G. Semenoff and L. Vinet, (1999) 251-352.

[39] K. Chen, B.y. Hou, and W.L. Yang, “The Lax pairs for elliptic C(N) and BC(N) Ruijsenaars-Schneider and their spectral curves”, J. Math. Physics 42 (2001) 4894- 4914;

B.y. Hou, D. Peng, K.J. Shie, R.H. Yue, “Solitons on non-commutative torus as elliptic Calogero-Gaudin models, branes, and Laughlin wave functions”, hep-th/0204163

[40] T. Eguchi and K. Sakai, “Seiberg-Witten curve for the E-string theory,” JHEP 0205, 058 (2002) hep-th/0203025;

T. Eguchi and K. Sakai, “Seiberg-Witten curve for E-string theory revisited,” hepth/0211213.

[41] R. Dijkgraaf and C. Vafa, “Matrix models, topological strings, and supersymetric gauge theories” Nucl. Phys. B 644 (2002) 3-20, hep-th/0206255; R. Dijkgraaf and C. Vafa, “On geometry and matrix models”, Nucl. Phys. B 644 (2002) 21-39, hep-th/0207106;

[42] S. Naculich, H. Schnitzer, and N. Wyllard, “The N=2 U(N) gauge theory prepotential and periods from a perturbative matrix model calculation”, hep-th/0211123; H. Itoyama and A. Morozov, “The Dijkgraaf-Vafa prepotential in the context of general Seiberg-Witten theory”, hep-th/0211245;

S. Naculich, H. Schnitzer, and N. Wyllard, “Matrix model approach to the N=2 U(N) gauge theory with matter in the fundamental representation”, hep-th/0211254; S. Ashok, R. Corrado, N. Halmagyi, K. Kennaway, and C. Romelsberger, “Unoriented strings, loop equations, and N=1 superpotentials from matrix models”, hepth/0211291.

[43] I. Krichever, “Elliptic analog of the Toda lattice”, hep-th/9909224

[44] G.P. Korchemsky, “Integrability of high-energy QCD”, Prog.Theor.Phys.Suppl. 135 :211-233,1999.

[45] O. Babelon and M. Talon, “Riemann surfaces, separation of variables, and classical and quantum integrability”, hep-th/0209071.

[46] N. Hitchin, “Stable bundles and integrable systems”, Duke Math. J. 54 (1987) 91.

[47] I.M. Krichever and S.P. Novikov, “Holomorphic bundles over algebraic curves and non-linear equations”, Uspekhi Mat. Nauk. 35 (1980) 6.

[48] P. Boalch, “Stokes matrices and Poisson Lie groups”, arXiv:math.DG/0011062;

P. Boalch, “G-bundles, isomonodromy and quantum Weil groups”, arXiv:math.DG/0108152

[49] W. Goldman, “The symplectic nature of the fundamental group of surfaces”, Advances Math. 54 (1984) 200-255