arXiv:hep-th/0212324 v1 29 Dec 2002

NRCPS-HE-02-23

New strings with world-sheet supersymmetry

A.Nichols^1, R.Manvelyan^2, G.K.Savvidy^3 National Research Center Demokritos, Ag. Paraskevi, GR-15310 Athens, Hellenic Republic

Abstract

We suggest a new model of string theory with world-sheet supersymmetry. It possesses an additional global fermionic symmetry which is similar in many ways to BRST symmetry. The spectrum consists of massless states of Rarita-Schwinger fields describing infinite tower of half-integer spins.

1nichols@inp.demokritos.gr 2manvel@moon.yerphi.am 3savvidy@inp.demokritos.gr

1 Introduction

In the recent articles [1, 5] there was suggested a string theory which is described by the following action: S = m · L = m π ∫ d^2ζ √ h √ K^{ia}_a K^{ib}_b , (1)

here m has dimension of mass, h_{ab} is the induced metric and K^i_{ab} is the second fundamental form (extrinsic curvature)^4. Instead of being proportional to the area of the surfaces, as it is the case in the standard string theory, the action (1) is proportional to the length of the surface L [1]. Due to the last property the model has two essentially new properties, first of all, when the surface degenerates into a single world line, the action (1) becomes proportional to the length of the world line S = m A_{xy} → m ∫_Y X ds (2) and the functional integral over surfaces naturally transforms into the Feynman path integral for a point-like relativistic particle, thus naturally extending it to relativistic strings and, secondly, the action is equal to the perimeter of the Wilson loop S = m(R+T ), where R is space distance between quarks, therefore at the classical level string tension is equal to zero. Quantization of this system and its massless spectrum have been derived in [5]. In this string theory all particles, with arbitrary large integer spin, are massless. This pure massless spectrum is consistent with the tensionless character of the model and it was conjectured in [5] that it may describe unbroken phase of standard string theory when α^′ → ∞ and all masses tend to zero M^2_n =^1_α′ (n − 1) → 0 [2] .

Our aim now is to introduce fermions and to suggest supersymmetric extension of this model using world-sheet superfields [6, 7, 8, 9, 10]. The action(1) can be written in the equivalent from [1, 5] S = m π ∫ d^2ζ √ h √ (Δ(h)X_μ)^2, (3)

here h_{ab} = ∂_aX_μ∂_bX_μ is the induced metric, Δ(h) = 1/ √ h ∂_a √ hh^{ab}∂_b is Laplace operator,^5 a, b = 1, 2; μ = 0, 1, 2, ..., D − 1. We shall fix the conformal gauge h_{ab} = ρη_{ab} using the reparametrization invariance of the action (3) and represent it in two equivalent forms [5] S = m π ∫ d^2ζ √ (∂^2X)^2 ⇔ Ś = 1 π ∫ d^2ζ{ Π^μ ∂^2X^μ − 2Ω (Π^2 − m^2) }, (4)

where the independent field Π^μ and the Lagrange multiplier Ω have been introduced. The system of equations which follows from Ś

∂^2Π^μ = 0, ∂^2X^μ − 2ΩΠ^μ = 0, Π^μΠ_μ = m^2 (5)

is equivalent to the original equation for X^μ and the Π^μ field takes the form

Π^μ = m

∂^2X^μ √ (∂^2X)^2 . Both forms of the action (4) can be extended to the supersymmetric case as follows.

4This action is essentially different in its geometrical meaning from the action considered in previous studies [4] where it is proportional to the spherical angle and has dimensionless coupling constant.

5The equivalence follows from the relation: K^{ia}_a K^{ib}_b = (Δ(h)X_μ)^2 , i, j = 1, 2, ..., D − 2

2 N=1 World-sheet Supersymmetry

For the basic fields (X, Π, Ω) in (4) we shall introduce the corresponding superfields [8, 9, 10] X̂^μ = X^μ + ϑ̄Ψ^μ + 1 2 ϑ̄ϑF^μ Π̂^μ = Π^μ + ϑ̄η^μ + 1 2 ϑ̄ϑΦ^μ Ω̂ = ω + ϑ̄ξ + 1 2 ϑ̄ϑΩ, (6) where ϑ is an anti-commuting variable and shall define the supersymmetric action simply exchanging basic fields (X, Π, Ω) in (4) by corresponding superfields as follows S = −i 2π ∫ d^2ζd^2θ{ Π̂^μD̄DX̂^μ − 2Ω̂(Π̂^2 − m^2) }, (7) where D_A = ∂ ∂ϑ̄^A −i(ρ^aϑ)_A∂_a, Ψ^μ_A(ζ) ≡ ( Ψ^μ_−(ζ) Ψ^μ_+(ζ) ) , η^μ_A(ζ) ≡ ( η^μ_−(ζ) η^μ_+(ζ) ) , ξ_A(ζ) ≡ ( ξ_−(ζ) ξ_+(ζ) ) , (8) μ is a space-time vector index, A = 1, 2 is a two-dimensional spinor index. Ψ̄^μ = Ψ^{+μ}ρ^0 = Ψ^{T μ}ρ^0 and ρ^α are two-dimensional Dirac matrices {ρ^a, ρ^b} = −2η^{ab}. (9) In Majorana basis the ρ^′s are given by

ρ^0 = ( 0 −i i 0 ) , ρ^1 = ( 0 i i 0 ) (10)

and iρ^α∂_α is a real operator. The two-dimensional chiral fields are defined as ρ^3Ψ^μ_± = ∓Ψ^μ_±, where ρ^3 = ρ^0ρ^1. We should compute different expressions involved in the action, D̄^A D_AX̂^μ = 2F^μ + 2iϑ̄ρ^a∂_aΨ^μ − ϑ̄ϑ∂^2X^μ, thus

Π̂^μD̄DX̂^μ = (Π^μ + ϑ̄η^μ + 1 2 ϑ̄ϑΦ^μ)(2F^μ + 2iϑ̄ρ^a∂_aΨ^μ − ϑ̄ϑ∂^2X^μ)

and the quadratic part in ϑ is equal to −ϑ̄ϑ Π^μ∂^2X^μ + ϑ̄ϑ F^μΦ^μ + 2iϑ̄η^μ ϑ̄ρ^a∂_aΨ^μ.

The integral over Grassmann variables is defined as ∫ d^2θϑ̄ϑ = −2i, therefore −i 2 ∫ d^2θ{ − ϑ̄ϑ Π^μ∂^2X^μ + ϑ̄ϑ F^μΦ^μ + 2iϑ̄η^μ ϑ̄ρ^a∂_aΨ^μ }

= Π^μ∂^2X^μ + iη̄^μρ^a∂_aΨ^μ − F^μΦ^μ, where we have used the relation 2iϑ̄η^μ ϑ̄ρ^a∂_aΨ^μ = −iϑ̄ϑη̄^μρ^a∂_aΨ^μ. Now we have to compute also the second term in the Lagrangian

Ω̂(Π̂^2 − m^2) = ω(Π^2 − m^2) + 2ωΠ^μϑ̄η^μ + ω(ϑ̄η^μϑ̄η^μ + ϑ̄ϑ Π^μΦ^μ)

+ϑ̄ξ(Π^2 − m^2) + 2ϑ̄ξΠ^μϑ̄η^μ + 1 2 ϑ̄ϑΩ(Π^2 − m^2)

and to integrate it over Grassmann variables −i 2 ∫ d^2θ{−2Ω̂(Π̂^2 − m^2)} = Ω(Π^2 − m^2) + ω(2Π^μΦ^μ + η̄^μη^μ) + 2Π^μ η̄^μξ.

The full action is now equal to the following expression S = 1 π ∫ d^2ζ { Π^μ∂^2X^μ + iη̄^μρ^a∂_aΨ^μ − F^μΦ^μ − Ω(Π^2 − m^2) − ω(2Π^μΦ^μ + η̄^μη^μ) − 2Π^μ η̄^μξ }. (11)

The equations of motion are:

(I) Φ^μ = 0 ∂^2Π^μ = 0 iρ^a∂_aη^μ = 0 2ωΠ^μ + F^μ = 0 ∂^2X^μ − 2ΩΠ^μ − 2ωΦ^μ − 2η̄^μξ = 0 iρ^a∂_aΨ^μ − 2Π^μξ − 2ωη^μ = 0, (12)

and the variation over Lagrange multipliers gives constraints

(II) Π^2 − m^2 = 0 2Π^μΦ^μ + η̄^μη^μ = 0 2Π^μ η^μ = 0. (13)

The SUSY transformation is: δX^μ = ϵ̄Ψ^μ, δΨ^μ = −iρ^a∂_aX^μ ϵ + F^μ ϵ, δF^μ = −iϵ̄ρ^a∂_aΨ^μ, δΠ^μ = ϵ̄η^μ, δη^μ = −iρ^a∂_aΠ^μ ϵ + Φ^μ ϵ, δΦ^μ = −iϵ̄ρ^a∂_aη^μ, δω = ϵ̄ξ, δξ^μ = −iρ^a∂_aω ϵ + Ω ϵ, δΩ = −iϵ̄ρ^a∂_aξ, (14)

where the anti-commuting parameter ϵ is a two-dimensional spinor ϵ ≡ ( ϵ_− ϵ_+ ) . The action (11), equations (12) and the constraints (13) completely define the system which exhibits the supersymmetry (14).

3 Fermionic BRST-like symmetry

As we shall see bellow the action (11) possesses surprisingly new global fermionic symmetry which is similar in many ways to the BRST symmetry. This can be seen in the light-cone coordinates. In the light-cone coordinates the action takes the form S = 2 π ∫ d^2ζ {−2Π^μ∂_+∂_−X^μ + iη^μ_+∂_−ψ^μ_+ + iη^μ_−∂_+ψ^μ_− − 1 2 F^μΦ^μ − 1 2 Ω(Π^2 − m^2) − ω(Π^μΦ^μ + iη^μ_+η^μ_−) − iΠ^μ η^μ_+ξ_− + iΠ^μ η^μ_−ξ_+ }. (15)

As one can check in addition to the SUSY transformation (14) this system is invariant under fermion transformation laws δ and δ̄:

δX^μ = 0, δΨ^μ_− = −2ϵ_+∂_−X^μ, δΨ^μ_+ = 0, δF^μ = −2iϵ_+∂_−Ψ^μ_+, δΠ^μ = iϵ_+η^μ_−, δη^μ_− = 0, δη^μ_+ = −ϵ_+Φ^μ , δΦ^μ = 0, δ̄X μ = 0, δ̄Ψ^μ_− = 0, δ̄Ψ^μ_+ = −2ϵ_−∂_+X μ, δ̄F μ = 2iϵ_−∂_+Ψ^μ_−, δ̄Πμ = iϵ_−η^μ_+, δ̄η^μ_− = ϵ_−Φμ , δ̄η^μ_+ = 0, δ̄Φμ = 0, δω = iϵ_+ξ_−, δξ_− = 0, δξ_+ = −ϵ_+Ω, δΩ = 0, δ̄ω = iϵ_−ξ_+, δ̄ξ_− = ϵ_−Ω, δ̄ξ_+ = 0, δ̄Ω = 0,

(16)

The algebra obeyed by the fermionic symmetries is nilpotent and is very similar to BRST transformations

δ_ϵδ_{ϵ́} (H) = δ̄_ϵδ̄_{ϵ́} (H) = 0, (δ_ϵδ̄_{ϵ́} − δ̄_{ϵ́}δ_ϵ) (H) = 0. (17)

where H is any of the fields (X, Ψ, F, Π, η, Φ, ω, ξ, Ω). The important fact now is that the Lagrangian is a variation of the super-potentials W and W̄

W = Π^μ ∂_+Ψ^μ_− + 1 2 η^μ_+ F^μ, W̄ = Π^μ ∂_−Ψ^μ_+ − 1 2 η^μ_− F^μ, (18)

so that δW = ϵ_+L, δ̄ W̄ = ϵ_−L. (19) It is also true that there exists a potential V such that δ V = −iϵ_+W̄ , δ̄ V = iϵ_−W, V = 1 2 Π^μF^μ, (20)

thus iδδ̄V = ϵ_+ϵ_−L, iδ̄δV = ϵ_+ϵ_−L. The constrains (II) can also be represented by the δ̄δ transformation and therefore the full Lagrangian in (15) can be represented as 2ϵ_+ϵ_−L_{tot} = iδ̄δ ( Π^μF^μ + ω(Π^2 − m^2) ) . (21)

From (17) is follows that the action is invariant under fermionic symmetries (16) and can be represented as BRST commutator L = {Q, W } = {Q̄, W̄ } where δ = ϵ_+Q, δ̄ = ϵ_−Q̄, as it takes place in topological field theories [3].

4 SUSY Solution

As one can see the SUSY solution of equations (12) is: i)Ω = ω = ξ = 0 and the rest of the equations (I) reduce to the following form

(I) ∂^2Π^μ = 0, iρ^a∂_aη^μ = 0, ∂^2X^μ = 0, iρ^a∂_aΨ^μ = 0, F^μ = Φ^μ = 0 (22) and should be accompanied by the constraints (II) Π^2 − m^2 = 0, η̄^μη^μ = 0, Π^μ η^μ = 0. (23) In the light-cone coordinates these equations are easy to solve since they take the from ∂_+∂_−Π^μ = 0, ∂_±η^μ_∓ = 0, ∂_+∂_−X^μ = 0, ∂_±ψ^μ_∓ = 0, Π^2 − m^2 = 0, η^μ_+η^μ_− − η^μ_−η^μ_+ = 0 Π^μ η^μ_± = 0. (24) The mass-shell supersymmetry transformation of the action Ś = 2 π ∫ d^2ζ {−2Π^μ∂_+∂_−X^μ + iη^μ_+∂_−ψ^μ_+ + iη^μ_−∂_+ψ^μ_− } (25) is: (III) δX^μ = iϵ_+ψ^μ_− − iϵ_−ψ^μ_+, δψ^μ_− = −2ϵ_+∂_−X^μ δψ^μ_+ = 2ϵ_−∂_+X^μ δΠ^μ = iϵ_+η^μ_− − iϵ_−η^μ_+, δη^μ_− = −2ϵ_+∂_−Π^μ δη^μ_+ = 2ϵ_−∂_+Π^μ.

(26)

The solution of fermionic fields can be represented in the form of mode expansion η^μ_+ = ∑ c^μ_ne^{−inζ+} , ψ^μ_+ = ∑ d^μ_ne^{−inζ+} η^μ_− = ∑ c̃^μ_ne^{−inζ−} , ψ^μ_− = ∑ d̃^μ_ne^{−inζ−} (27) and the basic anti-commutators should be defined as: {η^μ_±(ζ), ψ^ν_±(ζ^′ )} = 2πη^{μν} δ(ζ − ζ^′ ), (28) with all others equal to zero {η^μ_±(ζ), η^ν_±(ζ^′ )} = 0, {ψ^μ_±(ζ), ψ^ν_±(ζ^′ )} = 0. Substituting the mode expansion into the anti-commutators requires following relations between modes {c^μ_n, d^ν_k} = η^{μν} δ_{n+k,0}, {c^μ_n, c^ν_k} = 0, {d^μ_n, d^ν_k } = 0, (29) and similar ones for c̃^μ_n and d̃^μ_n. The commutation relations for bosonic coordinates X and Π remain the same as in [5].

Our aim now is to describe the ground state sector. Let us consider for that the fermion zero mode sector {c^μ_0 , d^ν_0 } = η^{μν} , {c^μ_0 , c^ν_0 } = 0, {d^μ_0 , d^ν_0 } = 0, (30) {c̃^μ_0 , d̃^μ_0 } = η^{μν} , {c̃^μ_0 , c̃^ν_0} = 0, {d̃^μ_0 , d̃^ν_0 } = 0 (31) together with the constraint η^μ_+η^μ_− − η^μ_−η^μ_+ = 0, which for the ground state takes the form c^μ_0c̃^μ_0 − c̃^μ_0 c^μ_0 = 0. The nontrivial solution of the last equations is:

2c^μ_0 = iγ^μγ̀^{D+1} + γ̀^μ, 2d^μ_0 = iγ^μγ̀^{D+1} − γ̀^μ, (32) 2c̃^μ_0 = γ^μ + iγ^{D+1}γ̀^μ, 2d̃^μ_0 = −γ^μ + iγ^{D+1}γ̀^μ, (33)

where [γ^μ, γ̀^ν ] = 0. The matrix γ^{D+1}γ̀^{D+1} anticommutes with all these matrices and therefore the nonzero modes should be multiplied by this matrix to fulfill anticommutation relations between zero modes and nonzero modes. Thus we have the solution for boson [5] and fermion fields in the form

Π^μ = me^μ + k^μτ + Π^μ_{oscil}, X^μ = x^μ + 1 m π^μτ + X^μ_{oscil}, (34) η^μ_+ = c^μ_0 + η^μ_{+ oscil}, η^μ_− = c̃^μ_0 + η^μ_{− oscil}, (35)

where [e^μ, π^ν ] = [x^μ, k^ν ] = iη^{μν} is a pair of conjugate variables describing bosonic zero mode sector. The important difference between the standard string theory and the present one is the appearance of conjugate variables e and π, where e^μ is a polarization vector orthogonal to the momentum vector k^μ ( e^μk^μ = 0 ) [5] . It is convenient to denote the ground state wave function as |k, e, 0 >, so that the constraint L_0Ψ_{phys} = {k · π + oscillators....}Ψ_{phys} = 0, which take place in this theory ( see for details [5]), take the form k · π|k, e, 0 >= k · ∂_e|k, e, 0 >= 0. (36) The new constraints Π · η_± Ψ_{phys} = 0, which appear now in supersymmetric case, on the ground state wave function |k, e, 0 > will take the form

(iγ^μγ̀^{D+1} + γ̀^μ)k^μ|k, e, 0 >= 0 (iγ^μγ̀^{D+1} + γ̀^μ)e^μ|k, e, 0 >= 0

(γ^μ + iγ^{D+1}γ̀^μ)k^μ|k, e, 0 >= 0 (γ^μ + iγ^{D+1}γ̀^μ)e^μ|k, e, 0 >= 0. (37)

Expanding the ground wave function in e^μ series

|k, e, 0 >= ψ + e^μ ψ^μ + e^{μ1} e^{μ2} ψ^{μ1μ2} + ... (38)

we shall get Dirac equations on the spin tensor ψ^{μ1μ2 ...μJ}

(1 + γ^{D+1}γ̀^{D+1})γ^μk^μ ψ^{μ1μ2 ...μJ} = 0 (1 + γ^{D+1}γ̀^{D+1})γ̀^μk^μ ψ^{μ1μ2 ...μJ} = 0 (39)

together with the constraint (36) k^{μ1} ψ^{μ1μ2 ...μJ} = 0, (40) thus describing massless particles of half-integer spin J + 1/2 = 1/2, 3/2, ...... One should study in great details full Hilbert space of exited states in order to learn more about complete spin content of the theory and to prove the absence of the negative norm states. The details will be given elsewhere.

5 Second Order Formulation

In this section we shall return back to the original action (4) with its unique variable X^μ. Using superfield formalism one can extend this form of the action to supersymmetric case as well. We need just one superfield X̂^μ = X^μ + ϑ̄Ψ^μ +^1_2ϑ̄ϑF^μ. The worldsheet supersymmecric action can be written in the form S = − im 2π ∫ d^2ζd^2θ √ (D̄DX̂^μ)^2. (41)

Let us demonstrate now that classically it defines a model which is equivalent to (7). Indeed the superfield equations which follow from (7) are: D̄DX̂^μ − 4Ω̂Π̂^μ = 0 D̄DΠ̂^μ = 0 Π̂^2 − m^2 = 0 (42)

and one can see that Π̂^μ = 1 4Ω̂ D̄DX̂^μ . From the last equation it follows that 1 4Ω̂ = m √ (D̄DX̂^μ )^2 and field equations take the form D̄D{m D̄DX̂ μ √ (D̄DX̂^μ)^2

} = 0. (43)

The last equation simply follows from (41) by direct variation over X̂, thus these models are indeed classically equivalent.

In this formulation we have

(D̄DX̂^μ )^2 = 4(F^μF^μ + 2iF^μϑ̄ρ^a∂_aΨ^μ − ϑ̄ϑ F^μ∂^2X^μ − ϑ̄ρ^a∂_aΨ^μϑ̄ρ^b∂_bΨ^μ)

so that √ (D̄DX̂^μ)^2 = 2 √ F^μF^μ{ 1 − ϑ̄ϑ F^μ∂^2X^μ/2F^2 − (ϑ̄ρ^a∂_aΨ^μ)^2/2F^2 + iϑ̄ρ^a∂_aΨ^μF^μ/F^2 − (1/8)(2iϑ̄ρ^a∂_aΨ^μF^μ/F^2)^2 } and S = m π ∫ d^2ζ 1 √ F^2

{F^μ∂^2X^μ + 1 2 ∂_aΨ̄^μρ^aK^{μν} ρ^b∂_bΨ^ν }, K^{μν} = η^{μν} − F^μF^ν F^2

. (44)

The supersymmetry transformation is: δX^μ = ϵ̄Ψ^μ, δΨ^μ = −iρ^a∂_aX^μ ϵ + F^μ ϵ, δF^μ = −iϵ̄ρ^a∂_aΨ^μ. (45)

We can write the action in terms of components in the following form S = 2m π ∫ d^2ζ 1 √ F^2 { −2F^μ∂_+∂_−X^μ + i [ ∂_−Ψ^μ_+∂_+Ψ^ν_− − ∂_+Ψ^μ_−∂_−Ψ^ν_+ ] K^{μν} } (46)

with the following equations of motion for F^μ, Ψ^μ_± and X^μ:

K^{μν} ∂_+∂_−X^ν − i 2 [ ∂_+Ψ^ν_−∂_−Ψ^λ_+ − ∂_−Ψ^ν_+∂_+Ψ^λ_− ] F_{{μ}K_{νλ}} F^2

= 0, (47) ∂_± [ 1 √ F^2 K_{μν} ∂_∓Ψ^ν_± ] = 0, (48)

∂^2 ( F^μ √ F^2 ) = 0, (49)

where {μνλ} = μνλ + cycl.perm.. Solving Eq. (48) and using (47) we shall get the following solution and constraints for fermions

Ψ^μ_+(ζ^+, ζ^−) = ψ^μ_+(ζ^+) + ∫_ζ− 0 dζ̃^− ( 1 m η^μ_−(ζ̃^−)Λ(ζ^+ζ̃^−) − 1 2 Π^μ(ζ^+ζ̃^+)ξ_−(ζ^+ζ̃^−) ) (50)

Ψ^μ_−(ζ^+, ζ^−) = ψ^μ_−(ζ^−) +

∫_ζ+ 0 dζ̃^+ ( 1 m η^μ_+(ζ̃^+)Λ(ζ̃^+ζ^−) − 1 2 Π^μ(ζ̃^+ zeta^+)ξ_+(ζ̃^+ζ^−) ) (51)

Π^μη^μ_± = 0, η^μ_+η^μ_− − η^μ_−η^μ_+ = 0 (52) where we have introduced instead of vector F^μ the normalized variable Π^μ = m^{F μ√}_{F 2} and scalar variable Λ = √ F^2 corresponding to the length of F^μ. The remaining equations in the bosonic sector are the same as in the “first” order formalism described in the previous sections ∂_+∂_−Π^μ = 0, Π^2 − m^2 = 0, (53)

∂_+∂_−X^μ + 1 2 ΩΠ^μ + i 2 (η^μ_+ξ_− − η_−ξ_+) = 0. (54)

From the action (46) we can derive the canonical momenta for fermionic fields

P^μ_{Ψ−} = −→ δ L δ∂_0Ψ^μ_− = − 2m π √ F^2

K_{μν} ∂_−Ψ_+ (55)

P^μ_{Ψ+} = ←− δ L δ∂_0Ψ^μ_+ = − 2m π √ F^2

K_{μν} ∂_+Ψ_− (56)

Using solutions (50) and (52) we can see that these momenta are equal to η^μ_±, and anticommutators between η and ψ coincide with anti-commutation relations (29) of the previous section.

The advantage of the last formalism is that it has less fields and therefore some hidden symmetries of the model are much easier to detect. In particular, it is much easier to observe a surprising property of the action (46), that it is BRST exact and might be related to the topological nature of this supersymmetric extension. More precisely we can define the following set of nilpotent Grassmann odd symmetries related with some part of supersymmetry transformations SΨ^μ_+ = ∂_+X^μ, SX^μ = 0, SF^μ = −i∂_+Ψ^μ_−, SΨ^μ_− = 0, S^2 = 0 (57) or the similar in left moving sector

S̄Ψ^μ_− = ∂_−X^μ, S̄X^μ = 0, S̄F^μ = i∂_−Ψ^μ_+, S̄Ψ^μ_+ = 0, S̄^2 = 0 (58)

The action (46) can be expressed in the BRST exact form S = −4m π ∫ d^2ζSW = −4m π ∫ d^2ζS̄W̄ , (59)

where we have introduced so called gauge fermions

W = ∂_−Ψ^μ_+ F^μ √ F^2

, W̄ = ∂_+Ψ^μ_− F^μ √ F^2

. (60)

Then we can observe that these two nilpotent symmetries anticomute { S, S̄ } = 0 (61)

and we can express our two gauge fermions in term of one gauge boson and generators of the second symmetry

W = S̄ √ F^2, W̄ = −S √ F^2, (62) S = −4m π ∫ d^2ζ SS̄ √ F^2. (63)

So we can deduce that the action (46) is BRST and anti-BRST exact and somehow is equivalent to the sum of gauge fixing term and Faddeev-Popov determinant for some gauge transformation of our fields (may be in this case nonlocal).

One can formally express the partition function in terms of singular determinant, if for a moment ignor its zero modes. Indeed, integrating in Z Z = ∫ exp [iS] DF^μDΨ^μ_− DΨ^μ_+DΨ^μ_− (64)

over Ψ^μ_± and X^μ we shall get the following expression Z = ∫ det [ ∂_− δΠ^μ δF^μ ∂_+ ] δ (∂_+∂_−Π^μ) DF^μ, (65)

where Π^μ =^{F μ√}_{F 2} and^{δΠμ}_{δF ν} =^{Kμν√}_{F 2} . It is clear that if one changes the integration variable F^μ to a unit length function Π^μ then two determinants will cancel each other and the partition function Z will be equal to one. But we have to notice that this transformation is degenerate because the corresponding Jacobian^{δΠμ}_{δF μ} is proportional to the projector K^{μν} and therefore one should properly account its zero modes.

As usually in the case of BRST exact actions [3], we can construct observables. For any form A = A (F )_{μ1 ....μn} dF^{μ1} ∧ .... ∧ dF^{μn} we can define the corresponding operator O_A replacing dF^{μi} by the BRST exact operator ∂_−Ψ^{μi}_+

O_A = A (F )_{μ1 ....μn} ∂_−Ψ^{μ1}_+ ... ∂_−Ψ^{μn}_+ . (66)

From (57) it follows that iS̄O_A = ∂A_{μ1....μn} ∂F^{μ0} ∂_−Ψ^{μ0}_+ ∂_−Ψ^{μ1}_+ ... ∂_−Ψ^{μn}_+ (67)

iS̄O_A = O_{dA} (68)

where dA is the exterior derivative of A. Thus closed forms dA = 0 induce BRST invariant operators O_A and de Rham cohomology classes of forms transform to the BRST cohomology classes, and we have at our disposal a set of nontrivial invariant observables [3].

References

[1] G.K.Savvidy and K.G.Savvidy, Mod.Phys.Lett. A8 (1993) 2963

G.K.Savvidy, JHEP 0009 (2000) 044 R.V.Ambartzumian and et al, Phys.Lett. B275 (1992) 99 G.K.Savvidy and K.G.Savvidy, Int.J.Mod.Phys. A8 (1993) 3993 R. Manvelian and G. Savvidy, Phys.Lett.B533 (2002) 138

[2] D.Gross, High-Energy symmetries of string theory, Phys.Rev.Lett. 60 (1988) 1229

[3] E.Witten, Comm.Math.Phys.117 (1988) 353

E.Witten, Comm.Math.Phys.118 (1988) 411

[4] A.M.Polyakov. Nucl.Phys.B268 (1986) 406

H.Kleinert. Phys.Lett. 174B (1986) 335 T.Curtright and P. van Nieuwenhuizen, Nucl.Phys.B294 (1987)125

[5] G.K. Savvidy, Conformal Invariant Tensionless Strings, Phys.Lett.B533 (2002) 138 G.K. Savvidy, Superstring with Extrinsic Curvature Action, Phys.Lett.B533 (2002) 138 [6] P.Ramond, Phys.Rev.D3 (1971) 2415

[7] A.Neveu and J.Schwarz, Nucl.Phys.B31 (1971) 86

[8] J.L.Gervais and B.Sakita, Nucl.Phys.B34 (1971) 632

Y.Iwasaki and K.Kikkawa,Phys.Rev.D8 (1973) 440 B.Zumino, ”Relativistic Strings and Supergauges” pp.367-381 in ”Renormalisation and Invariance in QFT” ed. E.Caianiello (Plenum Press, 1974) L.Brink,P. Di Vecchia and P.Howe, Phys.Lett.65B (1976) 471 S.Deser and B.Zumino, Phys.Lett.65B (1976) 369 A.M.Polyakov. Phys.Lett.103B (1981) 207; Phys.Lett.103B (1981) 211

[9] M.B.Green, J.H.Schwarz and E.Witten, Superstring Theory. Vol.1,2 Cambridge:

Cambridge University Press (1997).

[10] J. Polchinski, String Theory. Vol.1,2 Cambridge: Cambridge University Press (1998) .