arXiv:hep-th/0301049 v2 25 Jan 2003 �

SNUST 030101

hep-th/0301049

Rolling Tachyon with Electric and Magnetic Fields – T-duality approach –^∗

Soo-Jong Rey^{a,b} and Shigeki Sugimoto^c

School of Physics & Center for Theoretical Physics

Seoul National University, Seoul 151-747 KOREA^a

School of Natural Sciences, Institute for Advanced Study

Einstein Drive, Princeton NJ 08540 USA^b

The Niels Bohr Institute

Blegdamsvej 17, DK-2100, Copenhagen Ø, DENMARK^c

sjrey@gravity.snu.ac.kr, sugimoto@nbi.dk

abstract

We study the decay of unstable Dp-branes when the world-volume gauge field is turned on. We obtain the relevant Dp-brane boundary state with electric and magnetic fields by boosting and rotating the rolling tachyon boundary state of a D(p − 1)-brane and then T-dualizing along one of the transverse directions. A simple recipe to turn on the gauge fields in the boundary state is given. We find that the effect of the electric field is to parametrically enhance coupling of closed string oscillation modes along the electric field direction and provide an intuitive understanding of the result in the T-dualized picture. We also analyze the system by using the effective field theory and compare the result with the boundary state approach.

∗Work supported in part by the BK-21 Initiative in Physics (SNU Project-2), the KOSEF Interdisciplinary Research Grant 98-07-02-07-01-5, and the KOSEF Leading Scientist Grant.

1 Introduction

Real-time dynamics of unstable D-brane has received considerable attention recently [1] - [17]. Assuming that the open string tachyon evolves homogeneously, Sen [1] has found that rolling of the tachyon down the potential hill toward the closed string vacuum can be studied in terms of solvable conformal field theory. Intriguingly, Sen’s analysis indicates that, at late time, the unstable Dp-brane converts into a pressureless tachyon matter [2] localized on the p-dimensional hyper-surface — a result bearing potentially interesting implications in the context of D-brane driven cosmology [18].

An interesting situation concerning rolling dynamics of the tachyon is when gauge fields are excited on the world-volume of decaying D-brane [6, 7, 11, 14]. On Dp-brane world-volume, electric field induces charge and current density of fundamental string, while magnetic field induces charge and current density of lower-dimensional D-brane. The physics we have in mind is, as a Dp-brane decays, how the fundamental strings and lower-dimensional D-branes are distributed, and whether they can be liberated out off the Dp-brane and move freely in the ambient space-time. A related question is how coupling of the decaying D-brane to massless and massive closed string modes are modified once the gauge field is turned on – an issue of direct relevance for non-commutative open string theory [19].

In this paper, we study the tachyon rolling in the electric and magnetic field background on the world-volume of unstable D-brane. The rolling tachyon boundary state with the electric field was derived in [11] by carefully considering the effect of the electric field to the boundary condition and the boundary interaction. Here, instead, we utilize T-duality and Lorentz transformation to turn on the constant gauge field and shed new light on derivation and structure of the rolling tachyon boundary state in the background gauge field. We find that the coupling to massive closed string modes is affected by the electric field in two notable ways. First, because of Lorentz contraction, coupling to the Lorentz transformed modes is amplified hierarchically — unstable D-brane is more strongly coupled to higher closed string modes. Second, the decay time-scale is Lorentz dilated, prolonging the lifetime of the unstable D-brane. Combined together, we conclude that the electric field imparts significant modification to the decay of unstable Dp-brane, especially, when the electric field becomes critical. Intuitively, we interpret this as a consequence of Lorentz enhancement of the D-brane energy density in the T-dualized picture.

This paper is organized as follows. In section 2, we recapitulate some of the results in [1, 2, 11, 12] relevant for foregoing analysis. In section 3, we show that tachyon rolling dynamics in the gauge field background can be studied by an elementary chain of maps involving Lorentz boost, rotation and T-duality. We present a simple recipe for the corresponding boundary state out of the boundary state for rolling tachyon. As a corollary, we also present, beginning with a boundary state describing spatial modulation of tachyon, an analogous recipe for the boundary state describing tachyon modulation in world-volume magnetic field background. In section 4, we study explicitly how the coupling of the decaying D-brane to massless and massive closed string states is modified by the presence of the world-volume electric and magnetic field. In section 5, we analyze the system using the effective field theory and compare the result with those given in the previous sections.

2 Boundary State of Rolling Tachyon

In this section, we recapitulate aspects of rolling tachyon boundary state, as analyzed in [1, 2, 11, 12], relevant for the analysis we will make in the subsequent sections.

Consider a D25-brane in bosonic string theory. In boundary conformal field theory (CFT) description, classical dynamics of the D25-brane world-volume is described by turning on an appropriate boundary interaction. So, for the open string tachyon T (x)^† rolling down the world-volume potential hill toward the closed string minimum,

T (x^0) ∼ λ cosh(x^0),

and the corresponding boundary interaction takes the form ΔS = ~λ ∮ dσ cosh X^0(σ), (2.1)

where ~λ = ~λ(λ) is a real parameter and σ is the coordinate parameterizing the world-sheet boundary. Making the Wick-rotation of X^0 → iX, dynamics of the Euclidean time X(t, σ) described by the world-sheet action

S_X = ∫ dt ∮ dσ [ (∂_tX)^2 + (∂_σX)^2 + δ(t)~λ cos X(σ) ] (2.2)

turns out a solvable boundary conformal field theory [20, 21, 22]. Making use of the results of these works and Wick-rotating back to the Minkowski time X^0, one can examine real-time rolling dynamics of the open string tachyon.

The boundary state for a D25-brane with the boundary interaction Eq.(2.1) is expressed as

|D25⟩_T = |B⟩_X 0 ⊗ |N⟩_X ⊗ |ghost⟩. (2.3)

Here, the latter two parts are the spatial and the world-sheet ghost boundary-states for a flat D25-brane:

|N⟩_X = exp ( − 25∑ i=1 ∞∑ n=1 1 n α^i_{−n}α^i_{−n} ) |0⟩, (2.4)

|ghost⟩ = exp ( − ∞∑ n=1 (b_{−n}c_{−n} + b_{−n}c_{−n}) ) (c_0 + c_0)c_1c_1|0⟩,

†We set α^′ = 1 throughout this paper, so that the tachyon mass-squared is given by m^2 = −1.

while the first part |B⟩_X 0 is the boundary state describing real-time dynamics of the rolling tachyon.

In terms of the Wick-rotated variable X, the relevant boundary state has been constructed [20, 21, 22]. In case the X-coordinate is compactified on a circle of self-dual radius R = 1, the boundary state is given by acting SU(2) rotation on the unperturbed boundary state. The boundary state for non-compact X-coordinate is then obtained by projecting onto zero-winding subspace, and is given by |B⟩_X = ∑ j=0,^1_2 ,1,··· +j∑ m=−j D^j_{m,−m}(R)|j; m, m⟩⟩. (2.5)

Here, R is the SU(2) rotation matrix R(~λ) = ( cos(π~λ) i sin(π~λ) i sin(π~λ) cos(π~λ) ) , (2.6)

D^j_{m,−m}(R) is the spin-j representation matrix element for the rotation, and |j; m, m⟩⟩ is the Virasoro-Ishibashi state built over the primary state |j; m, m⟩ = |j, m⟩|j, m⟩.

The boundary state |B⟩_X is expressible in terms of X-coordinate oscillators by facilitating the fact that the state |j, m⟩ belongs to the spin-j representation of the SU(2) current algebra defined by

J^± = ∮ dz 2πi e^{±2iXR(z)}, J^3 = ∮ dz 2πi i∂_zX_R(z). Explicitly, |j, j⟩ = e^{2ijX(0)}|0⟩ and |j, m⟩ = N_{j,m}[J^−]^{(j−m)}|j, j⟩, where N_{j,m} is the normalization constant. Virasoro-Ishibashi states, which preserves the diagonal part of the left- and the right-moving Virasoro symmetries, are then constructed as |0; 0, 0⟩⟩ = ( 1 + 1 2 α^2_{−1}α^2_{−1} + · · · ) |0⟩ | | | 1 2 ; ± 1 2 , ± 1 2 ⟩⟩ = ( 1 + α_{−1}α_{−1} + 1 6 ( α^2_{−1} ± √ α_{−2} ) ( α^2_{−1} ± √ 2α_{−2} ) + · · · ) e^{±iX(0)} |0⟩ |1; 0, 0⟩⟩ = ( α_{−1}α_{−1} + 1 2 α^2_{−1}α^2_{−1} + · · · ) |0⟩ |j; ±j, ±j⟩⟩ = ( 1 + α_{−1}α_{−1} + 1 2 α^2_{−1}α^2_{−1} + 1 2 α_{−2}α_{−2} + · · · ) e^{±2ijX(0)} |0⟩ (j ≥ 1) | | | | 3 2 ; ± 1 2 , ± 1 2 ⟩⟩ = (1 6 ( α_{−2} ∓ √ 2α^2_{−1} ) ( α_{−2} ∓ √ 2α^2_{−1} ) + · · · ) e^{±iX(0)} |0⟩, etc. Relative phase-factors among these Ishibashi states are determinable by demanding the physics that the boundary state represents an array of D-branes localized at X = (2n + 1)π when ~λ = 1/2 [1]. Multiplying the relevant matrix elements of the SU(2) rotation R: D^j_{±j,∓j} (R) = ( i sin(π~λ) )_{2j} (j = 0, 1/2, 1, · · ·) D^1_{0 , 0}(R) = cos(2π~λ) D^{32}_{± 12 ,∓ 12} (R) = i sin(π~λ) ( 3 cos^2(π~λ) − 1 ) D^2_{±1,∓1}(R) = − sin^2(π~λ) cos(2π~λ) to the Virasoro-Ishibashi states, and Wick-rotating back to the X^0-coordinate, the sought-for boundary state is obtained as | B ⟩_X 0 = f(^x^0) | 0 ⟩ + g(^x^0) α^0_{−1}α^0_{−1} | 0 ⟩ + h_1(^x^0) α^0_{−2}α^0_{−2} | 0 ⟩ + h_2(^x^0) (α^0_{−1})^2(α^0_{−1})^2 | 0 ⟩ + h_3(^x^0) ( (α^0_{−1})^2α^0_{−2} + α^0_{−2}(α^0_{−1})^2 ) | 0 ⟩ + · · · . (2.7) The functions f(x^0) is defined as f(x^0) = ( 1 + e^{x0} sin(~λπ) )_{−1} + ( 1 + e^{−x0} sin(~λπ) )_{−1} − 1, (2.8) and the functions g(x^0), h_1(x^0), h_2(x^0) and h_3(x^0) are defined in terms of f(x^0): g(x^0) = 1 + cos(2~λπ) − f(x^0) (2.9) h_1(x^0) = 1 2 ( 1 + cos(2~λπ) ) − sin(~λπ) cos^2(~λπ) cosh(x^0) − 1 2 f(x^0) h_2(x^0) = 2 sin(~λπ) cos^2(~λπ) cosh(x^0) + 1 2 f(x^0) h_3(x^0) = −i √ 2 sin(~λπ) cos^2(~λπ) sinh(x^0). (2.10) In the above expressions, we have omitted the overall normalization factor given by D25-brane tension T_{25} for notational simplicity. We will recover the normalization factor when we compute the coupling to closed string states in section 4.

Notice that the function f(x^0) exponentially vanishes at late time, while the function g(x^0) converges to a finite constant. On the other hand, the functions h_1(x^0), h_2(x^0) and h_3(x^0) contain terms depending on either cosh(x^0) or sinh(x^0), and hence blow up exponentially when |x^0| → ∞. As such, the tachyon matter couples hierarchically strongly to higher-mass closed string states, hinting that unstable D25-brane would preferentially populate massive closed string modes rather than doing so massless (graviton, dilaton, anti-symmetric tensor) modes [12].

3 Tachyon Rolling in Constant Gauge Field Background

In this section, starting from the result given in the previous section, we construct the boundary state describing a D25-brane with both rolling tachyon and homogeneous gauge fields turned on. This is facilitated by making a chain of operations that leave solvability of the conformal field theory intact. To do so, we will first consider a D25-brane, on whose world-volume all excitations are set to zero except the rolling tachyon, and compactify a spatial direction on a circle. We T-dualize it to a D24-brane, and then boost the D24-brane rigidly along the compactified spatial direction. Subsequently, we T-dualize back along the boosted spatial direction. The final configuration we obtain is a D25-brane, whose world-volume excitation involves both rolling tachyon and constant electric field. This argument can be generalized to the cases with both electric and magnetic fields by combining Lorentz boost and rotation in the T-dualized picture.^‡

3.1 Turning on Constant Electric Field

We begin with our prescription. Consider a D25-brane^§ in R^{1,25} and let the tachyon field roll as in the previous section. We will compactify, say, x^1-direction on a circle S_1 of radius R, and wrap the D25-brane on S_1. In describing the open string dynamics in terms of the boundary states, it is convenient to decompose the world-sheet fields X^a(z, z̄) into the left-moving part X^a_L(z) and the right-moving part X^a_R(z̄), respectively.

We now perform a chain of maps, which retains the solvability of the boundary conformal field theory. First, T-dualize the x^1-direction, so that the world-sheet fields X^{0,1} are converted as T − dual : ( X^0_L X^1_L ) → ( +1 0 0 +1 ) ( X^0_L X^1_L )

( X^0_R X^1_R ) → ( +1 0 0 −1 ) ( X^0_R X^1_R ) . (3.11)

At the same time, the D25-brane is turned into an array of localized D24-brane on the dual circle ~S_1 of radius ~R = 2π/R. We then take the decompactification limit ~R → ∞, and isolate a localized D24-brane. In the boundary state description, the process maps the X^1-part of the Neumann state Eq.(2.4) into the following Dirichlet state:

|D⟩_X 1 = exp ( + ∞∑ n=1 1 n α^1_{−n}α^1_{−n} ) δ(^x^1) |0⟩. (3.12)

‡See for example [23] for a comprehensive review of boosted and rotated D-brane boundary states and their T-duality relations.

§Extension to lower-dimensional D-branes is trivial. We will phrase the prescription so that it is applicable to all Dp-branes (p ≥ 1).

Notice that it involves Dirac delta-function of the zero-mode operator, ^x^1. Next, we boost the D24-brane along x^1-direction with velocity e. The world-sheet fields X^0, X^1 are then mapped as e − boost : ( X^0_L X^1_L ) → ( Y^0_L Y^1_L ) = γ ( 1 e e 1 ) ( X^0_L X^1_L )

( X^0_R X^1_R ) → ( Y^0_R Y^1_R ) = γ ( 1 e e 1 ) ( X^0_R X^1_R ) , (3.13)

where γ = 1/ √ 1 − e^2 denotes the Lorentz factor. Notice that, the zero-mode constraint in Eq.(3.12) for the localized D24-brane renders two elementary but significant changes after the boost: because of Lorentz time dilation and length contraction effects, we find that

^x^0 = γ^{−1} ^y^0 = √ 1 − e^2 ^y^0 δ(^x^1) = δ ( γ(^y^1 + e^y^0) ) = γ^{−1}δ ( ^y^1 + e^y^0 ) . (3.14)

We then compactify the y^1-direction on a circle S^′_1 of radius R^′, and arrange an array of D24-branes. Finally, T-dualize back along the y^1-direction, under which the world-sheet fields transform as

T − dual : ( Y^0_L Y^1_L ) → ( +1 0 0 +1 ) ( Y^0_L Y^1_L )

( Y^0_R Y^1_R ) → ( +1 0 0 −1 ) ( Y^0_R Y^1_R ) . (3.15)

Moreover, the zero-mode part Eq.(3.14) in the boundary state transforms as

γ^{−1}δ(^y^1 + e^y^0)|0⟩ = γ^{−1} ∑ n∈Z e^{i nR′ (ŷ1 +eŷ0 )}|0⟩ → γ^{−1} ∑ m∈Z e^{im(ŷ1L−ŷ1R +eŷ0 )R′} |0⟩, (3.16) yielding D25-branes wrapped on a dual circle S^′_1 of radius ~R^′ = 2π/R^′. Decompactify the y^1-direction, R^′ → ∞. Then, in Eq.(3.16), only the m = 0 term contributes to the boundary state, and yields the Born-Infeld factor: √ 1 − e^2|0⟩ [24]. The resulting configuration is a D25- brane whose world-volume dynamics involves, in addition to the rolling tachyon field T (γ^{−1}y^0), a homogeneous electric field F_{01} = e.

3.2 Recipe for the Boundary State Construction

Considerations of the previous subsection facilitates us an elementary recipe for construction of the boundary state describing tachyon rolling in a constant electric field background. Begin with the D25-brane boundary state Eq.(2.3) describing open string tachyon rolling dynamics.

Using the result Eq.(2.7) and expanding in powers of the string oscillators, the boundary state is expandable in oscillator-level: |D25⟩_T = |D25⟩^{matter}_T ⊗ |ghost⟩ (3.17)

|D25⟩^{matter}_T = |B⟩_X 0 ⊗ |N⟩_X 1 ⊗_{i≠0,1} |N⟩_X i = F (^x^0)|0⟩ + G_{ab}(^x^0) α^a_{−1}α^b_{−1}|0⟩ + H_{ab}(^x^0) α^a_{−2}α^b_{−2}|0⟩ + I_{abcd}(^x^0) α^a_{−1}α^b_{−1}α^c_{−1}α^d_{−1}|0⟩ + · · · , (3.18) where |0⟩ denotes the Fock-space vacuum of α^a, α^a oscillators.

3.2.1 Turning on electric field As explained in the previous subsection, the D25-brane boundary state describing rolling tachyon and electric field is then obtainable by applying sequentially the chain of maps, Eqs.(3.11, 3.13, 3.15), to Eq.(3.18). We find that the resulting boundary state is given by the following replacement to Eq.(3.18): |0⟩ → γ^{−1}|0⟩ x^0 → γ^{−1}y^0 ( α^0_{−n} α^1_{−n} ) → Λ^{−1} ( β^0_{−n} β^1_{−n} )

( α^0_{−n} α^1_{−n} ) → Λ β^0_{−n} β^1_{−n} , (3.19)

where Λ = γ ( 1 +e +e 1 ) and Λ^{−1} = γ ( 1 −e −e 1 ) . (3.20)

Here, β^a_{−n} and β^a_{−n} denote the oscillators of Y^a_L and Y^a_R after the T-duality (3.15), respectively. The resulting boundary state is that |D25⟩^{matter}_{T,e} = F^e(^y^0)|0⟩ + G^e_{ab}(^y^0) β^a_{−1}β^b_{−1}|0⟩ + H^e_{ab}(^y^0) β^a_{−2}β^b_{−2}|0⟩ + I^e_{abcd}(^y^0) β^a_{−1}β^b_{−1}β^c_{−1}β^d_{−1}|0⟩ + · · · where F^e(y^0) = γ^{−1} F (γ^{−1}y^0) G^e_{ab}(y^0) = γ^{−1} (_t Λ^{−1}G(γ^{−1}y^0)Λ ) ab H^e_{ab}(y^0) = γ^{−1} (_t Λ^{−1}H(γ^{−1}y^0)Λ ) ab I^e_{abcd}(y^0) = γ^{−1} (_t Λ^{−1} (_t Λ^{−1}I(γ^{−1}y^0)Λ ) ac Λ ) bd , (3.21) and so on. The physics behind the above transformation is clear. Nonzero electric field induces the Lorentz time dilation effect, and hence slowing down the tachyon-rolling time-scale.

3.2.2 Turning on magnetic field It is straightforward to extend the above recipe to the boundary state describing tachyon modulation in a constant magnetic field background by replacing the e-boost Eq.(3.13) by a rotation. Begin with the D25-brane boundary state with tachyon modulation along the x^1- direction:

|D25⟩^{matter}_T = |B⟩_X 1 ⊗ |N⟩_X 2 ⊗_{i≠1,2} |N⟩_X i = F (^x^1)|0⟩ + G_{ab}(^x^1) α^a_{−1}α^b_{−1}|0⟩ + H_{ab}(^x^1) α^a_{−2}α^b_{−2}|0⟩ + I_{abcd}(^x^1) α^a_{−1}α^b_{−1}α^c_{−1}α^d_{−1}|0⟩ + · · · . (3.22) Then, after a chain of T-dual map → rotation in (1 − 2)-plane → T-dual map, the boundary state describing tachyon modulation in a constant magnetic field background is given by the replacement in Eq.(3.22) by |0⟩ → ~γ^{−1}|0⟩ x^1 → ~γ^{−1}y^1 ( α^1_{−n} α^2_{−n} ) → Ω^{−1} ( β^1_{−n} β^2_{−n} )

( α^1_{−n} α^2_{−n} ) → Ω β^1_{−n} β^2_{−n} , (3.23)

where ~γ = 1/ √ 1 + b^2, and Ω = ~γ ( 1 −b +b 1 ) and Ω^{−1} = ~γ ( 1 +b −b 1 ) . (3.24)

As a result, the sought-for boundary state is obtained as |D25⟩^{matter}_{T,b} = F^b(^y^1)|0⟩ + G^b_{ab}(^y^1)β^a_{−1}β^b_{−1}|0⟩ + H^b_{ab}(^y^1)β^a_{−2}β^b_{−2}|0⟩ + I^b_{abcd}(^y^1) β^a_{−1}β^b_{−1}β^c_{−1}β^d_{−1}|0⟩ + · · · , (3.25) where F^b(y^1) = ~γ^{−1}F (~γ^{−1}y^1) G^b_{ab}(y^1) = ~γ^{−1} (_t Ω^{−1}G(~γ^{−1}y^1)Ω ) ab H^b_{ab}(y^1) = ~γ^{−1} (_t Ω^{−1}H(~γ^{−1}y^1)Ω ) ab I^b_{abcd}(y^1) = ~γ^{−1} (_t Ω^{−1} (_t Ω^{−1}I(~γ^{−1}y^1)Ω ) bc Ω ) ad (3.26) and so on.

3.2.3 Turning on electric + magnetic fields

We can also extend the recipes given in the previous subsections to the situation turning on both electric and magnetic field. This is achieved by T-dualizing, boosting and rotating in (2 + 1)-dimensional sub-space, and finally T-dualizing back the system.

Suppose that the matter part of the boundary state we start with is of the form

| D25 ⟩^{matter}_T = ( |B⟩_X 0 ⊗ |B⟩_X 1 ⊗ |N⟩_X 2 ) ⊗_{i≠0,1,2} |N⟩_X i = F (^x^0, ^x^1) | 0 ⟩ + G_{ab}(^x^0, ^x^1) α^a_{−1}α^b_{−1} | 0 ⟩ + H_{ab}(^x^0, ^x^1) α^a_{−2}α^b_{−2}|0⟩ + I_{abcd}(^x^0, ^x^1) α^a_{−1}α^b_{−1}α^c_{−1}α^d_{−1}|0⟩ + · · · , (3.27)

describing the tachyon field, modulated along the x^1-direction, is rolling. Then the corresponding boundary state with both electric field e = F_{02} and magnetic field b = F_{12} turned on is given by the following replacement

| 0 ⟩ → ~γ^{−1}γ^{−1} | 0 ⟩ (3.28) x^0 → γ^{−1}y^0 (3.29) x^1 → ~γ^{−1}y^1 − be~γ y^0 (3.30) α^0_{−n} α^1_{−n} α^2_{−n} → Λ^{−1}Ω^{−1} β^0_{−n} β^1_{−n} β^2_{−n} (3.31) α^0_{−n} α^1_{−n} α^2_{−n} → ΛΩ β^0_{−n} β^1_{−n} β^2_{−n} , (3.32)

where Λ = γ 0 γe^′ 0 1 0 γe^′ 0 γ and Ω =

1 0 0 0 ~γ −~γb 0 +~γb ~γ , (3.33)

in which γ = 1/ √ 1 − e^{′2} and ~γ = 1/ √ 1 + b^2. (3.34)

Here, we set e^′ = e/ √ 1 + b^2. This redefinition of electric flux is necessary, since the velocity of the D24-brane along y^2-direction in the T-dualized picture is changed by the rotation. Note that we have reproduced correctly the Born-Infeld factor:

γ^{−1} ~γ^{−1} = √ 1 − e^2 + b^2 = √ − det(η_{ab} + F_{ab}). (3.35)

The recipe Eq.(3.29) and Eq.(3.30) follows from the following relation in the T-dualized picture: y^0 y^1 y^2

= ΩΛ x^0 x^1 x^2 with x^2 = 0, (3.36) where the right-hand-side refers to a D24-brane localized at x^2 = 0.

As a result, the matter part of the boundary state becomes

| D25 ⟩^{matter}_{T,e+b} = F^{e+b}(^y^0, ^y^1) | 0 ⟩ + G^{e+b}_{ab} (^y^0, ^y^1) β^a_{−1}β^b_{−1} | 0 ⟩ + H^{e+b}_{ab} (^y^0, ^y^1)β^a_{−2}β^b_{−2}|0⟩ + I^{e+b}_{abcd}(^y^0, ^y^1) β^a_{−1}β^b_{−1}β^c_{−1}β^d_{−1}|0⟩ + · · · ,

where

F^{e+b}(y^0, y^1) = γ^{−1} ~γ^{−1}F (γ^{−1}y^0, ~γ^{−1}y^1 − be~γ y^0), (3.37) G^{e+b}_{ab} (y^0, y^1) = γ^{−1} ~γ^{−1} (_t (ΩΛ)^{−1}G(γ^{−1}y^0, ~γ^{−1}y^1 − be~γ y^0) ΛΩ ) ab , (3.38) H^{e+b}_{ab} (y^0, y^1) = γ^{−1} ~γ^{−1} (_t (ΩΛ)^{−1}H(γ^{−1}y^0, ~γ^{−1}y^1 − be~γy^0)ΛΩ ) ab , I^{e+b}_{abcd}(y^0, y^1) = γ^{−1} ~γ^{−1} (_t (ΩΛ)^{−1} (_t (ΩΛ)^{−1}I(γ^{−1}y^0, ~γ^{−1}y^1 − be~γy^0)ΛΩ ) bc ΛΩ ) ad , and so on.

As a check, we apply our prescription to the boundary state of a static D25-brane. The boundary state is given by the Neumann state:

| D25 ⟩^{matter} = exp ( − ∞∑ n=1 1 n η_{ab}α^a_{−n}α^b_{−n} ) |0⟩. From Eqs.(3.28), (3.31) and (3.32), we obtain the boundary state of a static D25-brane with electric and magnetic field turned on

| D25 ⟩^{matter}_{e,b} = γ^{−1} ~γ^{−1} exp ( − ∞∑ k=1 1 k (_t (ΩΛ)^{−1}η ΛΩ ) ab β^a_{−k} β^b_{−k} ) |0⟩. Using the relation Eq.(3.35) and (_t (ΩΛ)^{−1}η ΛΩ ) ab = (1 − e^2 + b^2)^{−1}

−(1 + e^2 + b^2) −2eb −2e −2eb 1 − e^2 − b^2 −2b +2e +2b 1 + e^2 − b^2 ab = (1 − F 1 + F ) ab , (3.39)

where F := (F^a_b) = (η^{ac}F_{cb}), we obtain the boundary state as

| D25 ⟩^{matter}_{e+b} = √ det(1 + F ) exp ( − ∞∑ n=1 1 n (1 − F 1 + F ) ab β^a_{−n}β^b_{−n} ) |0⟩. (3.40)

The result is in perfect agreement with the Neumann boundary state with constant gauge fields, as computed previously in [25].

3.3 Generalization to super-string theory

It is straightforward to extend the derivation given in the previous subsections for the problem of rolling tachyon on an unstable Dp-brane in super-string theories. If we use the NSR-formulation, the Lorentz transformation and the T-duality map are given in the same way as the bosonic string case. Therefore, our recipe of turning on electric and magnetic fields given in the previous subsections are equally applicable to the super-string theories, with an understanding that the NSR fermionic oscillators transform the same as Eqs.(3.31, 3.32) under the e-boost and the brotation. In particular, this renders that the relations such as Eq.(3.37) and Eq.(3.38) continue to hold. In the absence of the world-volume gauge field, explicit form of the lower-level states in the rolling tachyon boundary state in super-string theory was obtained in [2, 12]. For the massless modes, compared with the bosonic string result, the only change is in the functional form of f(x^0). Adopting the argument of [2], we can obtain the source of massless closed string states in the rolling tachyon boundary state for super-string by simply replacing the function f(x^0) with

f(x^0) = ( 1 + e^{√2x0} sin^2(~λπ) )_{−1} + ( 1 + e^{−√2x0} sin^2(~λπ) )_{−1} − 1 in the corresponding results for bosonic string theory. It is then evident that, applying the argument given in the previous sub-sections, this is also the case even if we turn on constant electric and magnetic fields.

4 Coupling to Closed String States

Based on the recipe prescribed in the previous section, we now compute the boundary state representing the rolling tachyon with electric and magnetic field and extract the coupling strength of the unstable D-brane to lower-level closed string modes. In order to extract the coupling, it is useful to recall that the closed string wave function for the bosonic string is given as

| Φ ⟩ = { T (^x) + h_{(ab)}(^x)α^a_{−1}α^b_{−1} + B_{[ab]}(^x)α^a_{−1}α^b_{−1} + ϕ_s(^x)(c̄_{−1}b_{−1} + c_{−1}b_{−1}) } c_1c_1 | 0 ⟩ + · · · (4.41)

up to the oscillator-level (1,1) states, where ellipses denote higher oscillator-level states. Here, ϕ_s(x) is Siegel’s dilaton field, and is related to the sigma model dilaton field φ(x) as φ(x) = ϕ_s(x) − 1 2 h^a_a(x), (4.42)

which couples to the world-sheet curvature scalar and behaves as a scalar under the linearized general coordinate transformation [25]. The boundary state couples to the closed string field through a term proportional to ⟨ Φ | (c_0 − c_0) | B ⟩ and hence it acts as a source for the closed string field in the linearized equation of motion, (Q_B + Q_B) | Φ ⟩ = | B ⟩, where Q_B is the BRST operator.

4.1 Rolling Tachyon with Electric Field

First, we demonstrate how to construct the boundary state for the rolling tachyon with electric field. We start with the boundary state representing the homogeneous tachyon rolling without gauge fields given in Eq.(2.3) with Eq.(2.4) and Eq.(2.7). The boundary state with electric field e = F_{01} is obtained by the replacement summarized in Eq.(3.19). The result is | D25 ⟩_{T,e} = | B ⟩_Y 0 ⊗ | B ⟩_Y 1 ⊗_{i≠0,1} | N ⟩_X i ⊗ | ghost ⟩ , (4.43) where

| B ⟩_Y 0 = f(γ^{−1} ^y^0)|0⟩ + g(γ^{−1} ^y^0)γ^2 [ (β^0_{−1} − eβ^1_{−1})(β^0_{−1} + eβ^1_{−1}) ] |0⟩ + h_1(γ^{−1} ^y^0)γ^2 [ (β^0_{−2} − eβ^1_{−2})(β^0_{−2} + eβ^1_{−2}) ] |0⟩ + h_2(γ^{−1} ^y^0)γ^4 [ (β^0_{−1} − eβ^1_{−1})^2(β^0_{−1} + eβ^1_{−1})^2 ] |0⟩ + h_3(γ^{−1} ^y^0)γ^3 [ (β^0_{−1} − eβ^1_{−1})^2(β^0_{−2} + eβ^1_{−2}) + (β^0_{−2} − eβ^1_{−2})(β^0_{−1} + eβ^1_{−1})^2 ] |0⟩ + · · · , (4.44) and |B⟩_Y 1 = γ^{−1} exp ( − ∞∑ n=1 γ^2 n (β^1_{−n} − eβ^0_{−n})(β^1_{−n} + eβ^0_{−n}) ) |0⟩. (4.45)

Here, f(x^0) and g(x^0) are the functions given in Eqs.(2.8, 2.9), and h_1(x^0), h_2(x^0), h_3(x^0) are the functions given in Eq.(2.10). The resulting boundary state is consistent with that given in [11]. Notice that, in Eqs.(4.44, 4.45), the power of the Lorentz factor γ is determined by the total number of β, β-oscillators.

4.1.1 Tachyon Coupling The part of the boundary state that couples to the closed string tachyon is given by |0⟩, and is furnished by the first term in the expansion of | D25 ⟩_{T,e}. Using Eqs.(4.44,4.45), we find ρ_{tachyon}(y^0) = T_{25}γ^{−1}f(γ^{−1}y^0), (4.46) where we have reinstated dependence of the boundary state on the D25-brane tension T_{25}. We see that the tachyon coupling vanishes exponentially as |y^0| → ∞, finding qualitatively the same behavior as the situation without electric field. Time evolution of the tachyon coupling is

Figure 1: Behavior of ρ_{tachyon} = ρ_{dilaton} = −T_{ii}(i ≠ 0, 1) (vertical axis in arbitrary unit) in y^0 = [0, 10] and ~λ = [0, 1/2] parameter space. The left is for e = 0, while the right is for e = 0.9.

plotted in Fig.1 for various values of ~λ. The result exhibits that the tachyon coupling reaches vacuum value 0 faster at larger ~λ, and is compatible with Sen’s interpretation that ~λ refers to the initial value of the open string tachyon field. Notice that, when compared with the situation without electric field, the decay process takes place slower by the Lorentz factor γ, and weaker by the inverse Lorentz factor γ^{−1}. The latter suppression factor is precisely the Born-Infeld factor.

4.1.2 Graviton Coupling

The boundary state that couples to the closed string graviton is given by the energy-momentum tensor of the D25-brane. A prescription of extracting energy-momentum tensor of the boundary state was provided in [2]. If the boundary state takes the form

| D25 ⟩^{matter}_{T,e} = F^e(^y^0)|0⟩ + G^e_{ab}(^y^0)β^a_{−1}β^b_{−1}|0⟩ + · · · , (4.47)

the energy-momentum tensor is given by

T^e_{ab}(y^0) :=

T_{25} 2 ( G^e_{(ab)}(y^0) − η_{ab}F^e(y^0) ) . (4.48)

The second term in the right-hand side comes from the ghost contribution, which couples to the trace of the graviton field, h^a_a, via the dilaton field relation Eq.(4.42). In our case, we have

F^e(y^0) = γ^{−1}f(γ^{−1}y^0) = γ(1 − e^2)f(γ^{−1}y^0)

Figure 2: Behavior of T_{11} (vertical axis in arbitrary unit) in y^0 = [0, 10] and ~λ = [0, 1/2] parameter space. The left is for e = 0, while the right is for e = 0.9. and G^e_{00}(y^0) = γ g(γ^{−1}y^0) + γe^2 f(γ^{−1}y^0)

= γ(1 + cos(2~λπ)) − γ(1 − e^2)f(γ^{−1}y^0), G^e_{11}(y^0) = −e^2γ g(γ^{−1}y^0) − γf(γ^{−1}y^0)

= −e^2γ(1 + cos(2~λπ)) − γ(1 − e^2)f(γ^{−1}y^0), G^e_{ii}(y^0) = −γ^{−1}f(γ^{−1}y^0) (i = 2, · · · , 25), G^e_{01}(y^0) = −G^e_{10}(y^0) = eγ(1 + cos(2~λπ)). (4.49) Putting them together, we obtain non-vanishing components of the energy-momentum tensor as T^e_{00}(y^0) = +T_{25}γ cos^2(~λπ) (4.50) T^e_{11}(y^0) = −T_{25}e^2γ cos^2(~λπ) − T_{25}γ^{−1}f(γ^{−1}y^0) (4.51) T^e_{ii}(y^0) = −T_{25}γ^{−1}f(γ^{−1}y^0) (i = 2, · · · , 25). (4.52) The results are in agreement with those obtained in [11] – the energy-momentum tensor consists of a linear superposition of the tachyon matter and the fundamental string fluid. We also confirm that the energy density is independent of time, and hence the energy-momentum tensor obeys the conservation condition ∂^aT_{ab} = 0 trivially.

4.1.3 Kalb-Ramond Coupling The boundary state that couples to the closed string Kalb-Ramond field B_{[ab]} is given by the anti-symmetric part of G^e_{ab} in Eq.(4.49), and defines the fundamental string current density tensor Q^e_{[ab]}: Q^e_{01} :=

T_{25} 2 G^e_{[01]} = T_{25}eγ cos^2(~λπ). (4.53) The result is again in agreement with that obtained in [11]. We notice that the fundamental string current density is a nonzero constant, and is seeded by the nonzero electric field e. As such, it obeys the conservation condition ∂^aQ^e_{[ab]} = 0 trivially. As we will see in section 5, the factor cos^2(~λπ) is intimately related to the tachyon potential (as well as the world-volume displacement field). Notice also that the coupling is enhanced by the Lorentz factor γ.

From Eqs.(4.50, 4.51, 4.53), we observe that these level-(1,1) couplings obey the following inequality relations:

T^e_{00} ≥ |Q^e_{01}| ≥ −T^e_{11} at |y^0| → ∞. In the critical limit, e → 1, we thus find that T^e_{00} = −T^e_{11} = |Q^e_{01}| , yielding precisely a sort of BPS-type equation obeyed by the fundamental closed string. 4.1.4 Dilaton Coupling The boundary state that couples to the sigma model dilaton of the closed string is given by (c_0 + c_0)(c_{−1}c_1 + c_{−1}c_1)|0⟩_{gh}.

Thus, the coupling of the decaying D25-brane to the closed string dilaton is given by ρ_{dilaton}(y^0) = T_{25}γ^{−1}f(γ^{−1}y^0). (4.54) This is identical to the coupling to the closed string tachyon, so exhibits the same asymptotic behavior. In particular, despite the Lorentz time dilation and the Born-Infeld suppression effects, the dilaton tadpole vanishes exponentially as |y^0| → ∞. 4.1.5 Massive State Coupling Coupling of the decaying D25-brane to a massive closed string state can be read off from Eqs.(4.44, 4.45). As is evident from Eq.(4.44), power of the Lorentz factor γ is fixed by the number of β, β oscillators for 0, 1−coordinates. Hence, at 2n-th level, among the boundary states created by these β-oscillators, the state created by

β^0_{−1} · · · β^0_{−1}

n_0

β^1_{−1} · · · β^1_{−1}

n_1

β^0_{−1} · · · β^0_{−1}

n^′_0

β^1_{−1} · · · β^1_{−1}

n^′_1

|0⟩ with n_0 + n_1 = n^′_0 + n^′_1 = n

Figure 3: Behavior of h_2 (vertical axis in arbitrary unit) in y^0 = [0, 10] and ~λ = [0, 1/2] parameter space. The left is for e = 0, while the right is for e = 0.9.

couples to the 2n-th level closed string most strongly by the factor γ^{2n−1}. We thus find that two important consequences come about for the massive closed string state coupling of the D25- brane once nonzero electric field is turned on. Recall that, as was already noticed in [11, 12], the couplings to massive closed string modes blows up as |y^0| → ∞. This may be interpreted as an indication of strong back-reaction effects. Once the electric field is turned on, characteristic time-scale of the back-reaction is prolonged by the (inverse) Born-Infeld factor γ, reflecting the familiar Lorentz dilation effect. In addition, the overall coupling strength is parametrically enhanced by γ^{2n−1} at 2n-th level. This is to be contrasted with parametric suppression of the tachyon and the sigma model dilaton couplings Eqs.(4.46, 4.54) by the factor γ^{−1}.

4.2 Rolling Tachyon with Electric + Magnetic Field

Next, we consider turning on both electric and magnetic fields on the D25-brane world-volume. We again start with the boundary state Eq.(2.3) and then perform e-boost and b-rotation. The matter part of Eq.(2.3) can be written as Eq.(3.27), where the first two coefficient functions are F (x^0) = f(x^0), G_{00}(x^0) = g(x^0), G_{ii}(x^0) = −f(x^0), (i = 1, · · · , 25). (4.55)

Here, f(x^0) and g(x^0) are the functions defined in Eqs.(2.8, 2.9).

We next turn on constant electric field e = F_{02} and magnetic field b = F_{12}. Following the prescription given in section 3.2.3, we obtain the matter part of the corresponding boundary state as

| D25 ⟩^{matter}_{T,e+b} = F^{e+b}(^y^0) | 0 ⟩ + G^{e+b}_{ab} (^y^0) β^a_{−1}β^b_{−1} | 0 ⟩ + · · · , (4.56) where the functions F^{e+b}(y^0) and G^{e+b}(y^0) are obtained by inserting Eq.(4.55) into the formulae Eq.(3.37) and Eq.(3.38). Explicitly,

F^{e+b}(y^0) = 1 γ ~γ f(γ^{−1}y^0), (4.57) and G^{e+b}_{00} (y^0) = +γ ~γ(1 + b^2)(1 + cos(2~λπ))) − 1 γ ~γ f(γ^{−1}y^0),

G^{e+b}_{11} (y^0) = +γ ~γ ( e^2b^2 1 + b^2 ) (1 + cos(2~λπ)) − 1 γ ~γ ( 1 − b^2 1 + b^2 ) f(γ^{−1}y^0),

G^{e+b}_{22} (y^0) = −γ ~γ ( e^2 1 + b^2 ) (1 + cos(2~λπ)) − 1 γ ~γ ( 1 − b^2 1 + b^2 ) f(γ^{−1}y^0),

G^{e+b}_{ii} (y^0) = − 1 γ ~γ f(γ^{−1}y^0) (i = 3, · · · , 25),

G^{e+b}_{01} (y^0) = +G^{e+b}_{10} (y^0) = γ ~γeb (1 + cos(2~λπ)), G^{e+b}_{02} (y^0) = −G^{e+b}_{20} (y^0) = γ ~γe (1 + cos(2~λπ)),

G^{e+b}_{12} (y^0) = −G^{e+b}_{21} (y^0) = γ ~γ ( e^2b 1 + b^2 ) (1 + cos(2~λπ)) + 1 γ ~γ ( 2b 1 + b^2 ) f(γ^{−1}y^0).

Thus the coupling to the closed string tachyon and the dilaton field can be immediately read off as

ρ_{tachyon}(y^0) = ρ_{dilaton}(y^0) = T_{25} 1 γ ~γ f(γ^{−1}y^0). (4.58)

The energy-momentum tensor defined by Eq.(4.48) is

T^{e+b}_{00} (y^0) = +T_{25}γ ~γ(1 + b^2) cos^2(~λπ),

T^{e+b}_{11} (y^0) = +T_{25} ( γ ~γ ( e^2b^2 1 + b^2 ) cos^2(~λπ) − 1 γ ~γ ( 1 1 + b^2 ) f(γ^{−1}y^0) ) , T^{e+b}_{22} (y^0) = −T_{25} ( γ ~γ ( e^2 1 + b^2 ) cos^2(~λπ) + 1 γ ~γ ( 1 1 + b^2 ) f(γ^{−1}y^0) ) , T^{e+b}_{ii} (y^0) = −T_{25} 1 γ ~γ f(γ^{−1}y^0), (i = 3, 4, . . . , 25),

T^{e+b}_{01} (y^0) = T^{e+b}_{10} (y^0) = T_{25}γ ~γeb cos^2(~λπ). (4.59)

The fundamental string current density Q^{e+b}_{[ab]} :=^1_2 T_{25}G^{e+b}_{[ab]} is obtained as:

Q^{e+b}_{02} (y^0) = −Q^{e+b}_{20} (y^0) = T_{25}γ ~γe cos^2(~λπ), (4.60)

Q^{e+b}_{12} (y^0) = −Q^{e+b}_{21} (y^0) = T_{25} ( γ ~γ ( e^2b 1 + b^2 ) cos^2(~λπ) + 1 γ ~γ ( b 1 + b^2 ) f(γ^{−1}y^0) ) .

The result may be understood heuristically as follows. The mutually orthogonal electric and magnetic fields give rise to nonzero field momentum on the Dp-brane world-volume (for instance, for p = 3, the field momentum is given by the Poynting vector, whose magnitude is eb and direction is perpendicular to the plane spanned by the electric and magnetic fields). As such, non-vanishing components of the energy-momentum tensor T^{e+b}_{01} and the string current density tensor Q^{e+b}_{12} are interpretable as arising from rigid flow of the fundamental string fluid. Indeed, it is possible to boost the system along 1-direction by V = T^{e+b}_{01} T^{e+b}_{00} = eb 1 + b^2 and Γ = 1/ √ 1 − V^2

into an inertial ‘rest’ frame, where the fluid is at rest. This rigid flow is also expected from the relation Eq.(3.30). From the requirement that e^2 ≤ (1 + b^2), we deduce that the boost velocity V never exceeds the speed of light. Note that the magnetic field induces D23-brane density. However, as this D23-brane is also unstable and will eventually evaporate, we expect that the system behaves in a manner similar to that in pure electric field at late time. Indeed, in the ‘rest’ frame, non-vanishing components of the energy-momentum tensor are

^T^{e+b}_{00} = +T_{25} cos^2(~λπ)γ ~γ ( 1 + b^2 Γ^2 )

^T^{e+b}_{22} = −T_{25} cos^2(~λπ)γ ~γ ( e^2 1 + b^2 ) = −v^2_s ^T^{e+b}_{00} ,

while that of the fundamental string current density tensor is

^Q^{e+b}_{02} = T_{25} cos^2(~λπ)γ ~γ ( e Γ ) = v_s ^T^{e+b}_{00} .

Here, we have denoted the sound velocity of the fundamental string fluid as

v^2_s := | | | | | ^T_{22} ^T_{00} | | | | | = e^2 (1 + b^2)^2 − e^2b^2 , and suppressed f(γ^{−1}y^0)-dependent contributions, as they drop out at late time or in the critical limit.

Since the gauge field strengths are constrained e^2 ≤ (1 + b^2), we find that the sound velocity cannot exceed the speed of light

v^2_s ≤ e^2 1 + b^2

≤ 1. (4.61)

Therefore, it is now evident that the BPS-like inequality comes about as

^T^{e+b}_{00} ≥ | ^Q^{e+b}_{02} | ≥ − ^T^{e+b}_{22} . (4.62)

For sub-critical background e^2 < (1 + b^2), the fundamental string fluid behaves as a nonrelativistic medium in that the sound velocity of the fluid is given by v_s. One readily finds that the two inequalities Eqs.(4.62, 4.61) are saturated precisely in the critical limit e^2 = (1 + b^2).

5 Comparison with Effective Field Theory Approach

Finally, we shall be considering the rolling tachyon with electric and magnetic fields in the effective field theory approach. Consider the Dp-brane effective action of the form

S_{DBI} = −T_p ∫ Σ_{p+1}

d^{p+1}x V (T ) √ − det(η + F ) F(z), (5.63)

where z = ( 1 η + F )_{(ab)} ∂_aT ∂_bT. We will not make use of the explicit form of the function F(z) and the tachyon potential V (T ) in the following discussion. If we choose F(z) = z4^z Γ(z)^2 2Γ(2z) and V (T ) = e^{− 14 T 2} ,

the action Eq.(5.63) coincides with the background-independent string field theory action for a non-BPS D-brane in super-string theory given in [26, 27]. We can also get the action proposed in [28] with an alternative choice F(z) = √ 1 + z. A similar treatment can be found in [14].

We consider the situation considered in section 4.2, and assume that we can safely restrict our consideration with homogeneous tachyon rolling with constant electric field e = F_{02} and magnetic field b = F_{12}. Then, the D-brane world-volume Lagrangian density becomes L = −T_p V (T ) √ 1 − e^2 + b^2 F(z),

in which z = − ( 1 + b^2 1 − e^2 + b^2 ) Ṫ^2(t).

The canonical conjugate momenta are π ≡ δL δe = T_p e √ 1 − e^2 + b^2

V (T )D(z), (5.64) P_T ≡ δL δṪ = T_p 2(1 + b^2) √ 1 − e^2 + b^2 V (T )F^′(z) Ṫ , where we have defined D(z) := F(z) − 2zF^′(z). The Hamiltonian density is then obtained as H = ( eπ + Ṫ P_T − L ) = T_p 1 + b^2 √ 1 − e^2 + b^2

V (T )D(z). (5.65)

This Hamiltonian density should be compared with the energy density T^{e+b}_{00} computed in the previous section from the corresponding boundary state. We find a complete agreement between Eq.(4.59) and Eq.(5.65) provided we identify V (T )D(z) ←→ 1 2 ( 1 + cos(2πλ̃) ) . (5.66) 19

For example, with F_{ab} = Ṫ = 0, D(z) = 1 and V (T ) → 0 as ~λ → 1/2. This explains Sen’s identification of the closed string vacuum with ~λ = 1/2.

Coupling to the Kalb-Ramond field B_{ab} can be introduced by replacing F_{ab} with the gaugeinvariant combination (F_{ab} + B_{ab}) in Eq.(5.63). As such, the source for B_{ab} field is obtained by varying the Lagrangian density with respect to F_{ab}. Therefore, the electric displacement field π in Eq.(5.64) ought to correspond to Q^{02}_{e+b} = −Q^{e+b}_{02} in Eq.(4.60). In fact, they agree each other once the identification Eq.(5.66) is made. Similarly, the source current tensor that couples to the B_{12} field is obtained as ∂L ∂b = −T_p ( γ ~γ ( e^2b 1 + b^2 ) V (T )D(z) + 1 γ ~γ ( b 1 + b^2 ) V (T )F(z) ) . Again, this agrees with Q^{e+b}_{12} in Eq.(4.60) provided, in addition to the previous identification Eq.(5.66), we also make the identification

V (T )F(z) ←→ f(γ^{−1}y^0). (5.67)

The energy-momentum tensor is computable from the Lagrangian density Eq.(5.63) by replacing the flat metric η_{ab} with a curved one g_{ab} and keep the terms which are linear with respect to the virtual variation δg_{ab} = g_{ab} − η_{ab}. Some useful relations are δ √ − det(g + F ) = √ − det(η + F ) ( 1 η + F )_{(ab)} δg_{ab} = γ ~γ ( −(1 + b^2)δg_{00} + be(δg_{01} + δg_{10}) + (1 − e^2)δg_{11} + δg_{22} ) + 1 γ ~γ ∑ i≥3 δg_{ii}, and δz = − ( 1 η + F δg 1 η + F )_{(ab)} ∂_aT ∂_bT = −γ^4 ~γ^4 [ (1 + b^2)δg_{00} − be(1 + b^2)(δg_{01} + δg_{10}) + b^2e^2δg_{11} − e^2δg_{22} ] Ṫ^2.

As a result, we obtain δL δg_{00} = T_p 2 γ ~γ(1 + b^2) V (T )D(z), δL δg_{11} = T_p 2 ( +γ ~γ e^2b^2 1 + b^2 V (T )D(z) − 1 γ ~γ 1 1 + b^2 V (T )F(z) ) , δL δg_{22} = T_p 2 ( −γ ~γ e^2 1 + b^2 V (T )D(z) − 1 γ ~γ 1 1 + b^2 V (T )F(z) ) , δL δg_{ii} = − T_p 2 1 γ ~γ V (T )F(z), (i = 3, · · · , p), δL δg_{01} = δL δg_{10} = − T_p 2 γ ~γ eb V (T )D(z).

We confirm that all these reproduce correctly the energy-momentum tensor given in Eq.(4.59), once we make use of the relations Eq.(5.66) and Eq.(5.67).

The coupling to the sigma model dilaton field is obtainable by multiplying e^{−φ} factor to the Dp-brane world-volume Lagrangian density. As such, the dilaton tadpole is given by

ρ_{dilaton} = −L(T ) = T_pV (T ) √ 1 − e^2 + b^2F(z).

This agrees with the result Eq.(4.58) obtained from the boundary state formalism in the previous section provided the identification Eq.(5.67) is again used.

How does the coupling to the closed string modes look like in the Einstein frame? Take, for instance, the massless modes. The dilaton, metric, and Kalb-Ramond fields in the Einstein frame, φ^E, g^E_{ab}, B^E_{ab}, are related to those in the sigma model frame as φ^E = φ, g^E_{ab} = e^{−αφ}g_{ab}, B^E_{ab} = e^{−αφ}B_{ab}, where α = 1/6 for bosonic string and α = 1/2 for super-string theories, respectively. Expanding the Dp-brane world-volume Lagrangian density up to the linear order with respect to the fluctuation of these fields around the flat background, we obtain

δL ∼ ρ_{dilaton}δφ + 1 2 T^{ab}δg_{ab} + 1 2 Q^{ab}δB_{ab} ∼ ( ρ_{dilaton} + α 2 η_{ab}T^{ab} ) δφ^E + 1 2 T^{ab}δg^E_{ab} + 1 2 Q^{ab}δB^E_{ab}. It shows that the energy-momentum tensor and the string current tensor remains unchanged, while the dilaton coupling is modified in the Einstein frame to:

ρ^E_{dilaton} = ρ_{dilaton} + α 2 η_{ab}T^{ab}. As the trace of the energy-momentum tensor asymptotes to a non-vanishing constant value at late time (see Eq.(4.59)), we see that the dilaton coupling remains finite in the Einstein frame, though it vanishes in the sigma model frame.

Acknowledgement

SJR thanks Ik-Jae Shin, Fumihiko Sugino and Sangheon Yoon for useful discussions, and Paolo Di Vecchia and staffs at NORDITA and Niels Bohr Institute for warm hospitality during this work. SS thanks Koji Hashimoto, Takuya Okuda, Ashoke Sen, Seiji Terashima, Paolo Di Vecchia and Takashi Yokono for useful discussions, and String Theory group at Seoul National University for warm hospitality during this work. The work of SJR is supported in part by the Fellowship of the Institute for Advanced Study. The work of SS is supported in part by Danish Natural Science Research Council.

References

[1] A. Sen, ”Rolling tachyon”, JHEP 0204, 048 (2002) [arXiv:hep-th/0203211]. [2] A. Sen, ”Tachyon matter”, [arXiv:hep-th/0203265]. [3] A. Sen, ”Field theory of tachyon matter”, [arXiv:hep-th/0204143]. [4] S. Sugimoto and S. Terashima, ”Tachyon matter in boundary string field theory”, JHEP 0207, 025 (2002) [arXiv:hep-th/0205085].

[5] J.A. Minahan, ”Rolling the tachyon in super BSFT”, JHEP 0207, 030 (2002) [arXiv:hepth/0205098].

[6] A. Ishida and S. Uehara, ”Gauge fields on tachyon matter”, Phys. Lett B 544, 353 (2002) [arXiv:hep-th/0206102].

[7] T. Mehen and B. Wecht, ”Gauge fields and scalars in rolling tachyon backgrounds”, [arXiv:hep-th/0206212].

[8] K. Ohta and T. Yokono, ”Gravitational approach to tachyon matter”, [arXiv:hepth/0207004].

[9] A. Sen, ”Time evolution in open string theory”, [arXiv:hep-th/0207105]. [10] N. Moeller and B. Zwiebach, ”Dynamics with infinitely many time derivatives and rolling tachyons”, JHEP 0210, 034 (2002) [arXiv:hep-th/ 0207107].

[11] P. Mukhopadhyay and A. Sen, ”Decay of unstable D-branes with electric field”, JHEP 0211, 047 (2002) [arXiv:hep-th/0208142].

[12] T. Okuda and S. Sugimoto, ”Coupling of rolling tachyon to closed strings”, Nucl. Phys.

B647, 101 (2002) [arXiv:hep-th/0208196].

[13] N.D. Lambert and I. Sachs, ”Tachyon dynamics and the effective action approximation”, [arXiv:hep-th/0208217].

[14] G.W. Gibbons, K. Hashimoto and P. Yi, ”Tachyon condensates, Carrollian contraction of Lorentz group, and fundamental strings”, JHEP 0209, 061 (2002) [arXiv:hepth/0209034].

[15] A. Sen, ”Time and tachyon”, [arXiv:hep-th/0209122].

[16] B. Chen, M. Li and F.L. Lin, ”Gravitational radiation of rolling tachyon”, JHEP 0211, 050 (2002) [arXiv:hep-th/0209222].

[17] F. Larsen, A. Naqvi and S. Terashima, ”Rolling tachyons and decaying branes”, [arXiv:hep-th/0212248].

[18] G. W. Gibbons, “Cosmological evolution of the rolling tachyon”, Phys. Lett. B 537 (2002) 1 [arXiv:hep-th/0204008];

M. Fairbairn and M. H. Tytgat, “Inflation from a tachyon fluid?”, Phys. Lett. B 546 (2002) 1 [arXiv:hep-th/0204070];

S. Mukohyama, “Brane cosmology driven by the rolling tachyon”, Phys. Rev. D 66 (2002) 024009 [arXiv:hep-th/0204084];

A. Feinstein, “Power-law inflation from the rolling tachyon”, Phys. Rev. D 66 (2002) 063511 [arXiv:hep-th/0204140];

T. Padmanabhan, “Accelerated expansion of the universe driven by tachyonic matter”, Phys. Rev. D 66 (2002) 021301 [arXiv:hep-th/0204150].;

A. V. Frolov, L. Kofman and A. A. Starobinsky, “Prospects and problems of tachyon matter cosmology”, Phys. Lett. B 545 (2002) 8 [arXiv:hep-th/0204187]; D. Choudhury, D. Ghoshal, D. P. Jatkar and S. Panda, “On the cosmological relevance of the tachyon”, Phys. Lett. B 544 (2002) 231 [arXiv:hep-th/0204204]; X. Li, J. Hao and D. Liu, “Can quintessence be the rolling tachyon”, Chin. Phys. Lett. 19 (2002) 1584 [arXiv:hep-th/0204252];

G. Shiu and I. Wasserman, “Cosmological constraints on tachyon matter”, Phys. Lett. B 541 (2002) 6 [arXiv:hep-th/0205003];

L. Kofman and A. Linde, “Problems with tachyon inflation”, JHEP 0207 (2002) 004 [arXiv:hep-th/0205121];

M. Sami, P. Chingangbam and T. Qureshi, “Aspects of tachyonic inflation with exponential potential”, Phys. Rev. D 66 (2002) 043530 [arXiv:hep-th/0205179]; J. Hwang and H. Noh, “Cosmological perturbations in a generalized gravity including tachyonic condensation”, Phys. Rev. D 66 (2002) 084009 [arXiv:hep-th/0206100]; G. Shiu, S. H. Tye and I. Wasserman, “Rolling tachyon in brane world cosmology from superstring field theory”, [arXiv:hep-th/0207119];

Y. S. Piao, R. G. Cai, X. m. Zhang and Y. Z. Zhang, “Assisted tachyonic inflation”, Phys. Rev. D 66 (2002) 121301 [arXiv:hep-ph/0207143];

X. Li, D. Liu and J. Hao, “On the tachyon inflation”, [arXiv:hep-th/0207146]; J. Cline, H. Firouzjahi and P. Martineau, “Reheating from tachyon condensation”, JHEP 0211 (2002) 041 [arXiv:hep-th/0207156];

A. Buchel, P. Langfelder and J. Walcher, “Does the tachyon matter?”, Annals Phys. 302

(2002) 78 [arXiv:hep-th/0207235];

B. Wang, E. Abdalla and R. K. Su, “Dynamics and holographic discreteness of tachyonic inflation”, [arXiv:hep-th/0208023];

S. Mukohyama, “Inhomogeneous tachyon decay, light-cone structure and D-brane network problem in tachyon cosmology”, [arXiv:hep-th/0208094];

M.C. Bento, O. Bertolami and A.A. Sen, “Tachyonic inflation in the brane-world scenario”, [arXiv:hep-th/0208124];

J. Hao and X. Li, “Reconstructing the equation of state of tachyon”, Phys. Rev. D 66 (2002) 087301 [arXiv:hep-th/0209041];

C. Kim, H. B. Kim and Y. Kim, “Rolling tachyons in string cosmology”, [arXiv:hepth/0210101].

[19] N. Seiberg, L. Susskind and N. Toumbas, “Strings in background electric field, space/time noncommutativity and a new noncritical string theory”, JHEP 0006 (2000) 021 [arXiv:hep-th/0005040];

R. Gopakumar, J. M. Maldacena, S. Minwalla and A. Strominger, “S-duality and noncommutative gauge theory”, JHEP 0006 (2000) 036 [arXiv:hep-th/0005048].; D. J. Gross and N. A. Nekrasov, “Monopoles and strings in noncommutative gauge theory”, JHEP 0007 (2000) 034 [arXiv:hep-th/0005204].;

R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, “OM theory in diverse dimensions”, JHEP 0008 (2000) 008 [arXiv:hep-th/0006062];

I. R. Klebanov and J. M. Maldacena, “1+1 dimensional NCOS and its U(N) gauge theory dual”, Int. J. Mod. Phys. A 16 (2001) 922 [arXiv:hep-th/0006085]; S. J. Rey and R. von Unge, “S-duality, noncritical open string and noncommutative gauge theory”, Phys. Lett. B 499 (2001) 215 [arXiv:hep-th/0007089];

S. S. Gubser, S. Gukov, I. R. Klebanov, M. Rangamani and E. Witten, “The Hagedorn transition in non-commutative open string theory”, J. Math. Phys. 42 (2001) 2749 [arXiv:hep-th/0009140];

U. H. Danielsson, A. Guijosa and M. Kruczenski, “IIA/B, wound and wrapped”, JHEP 0010 (2000) 020 [arXiv:hep-th/0009182];

A. Hashimoto and N. Itzhaki, “Traveling faster than the speed of light in non-commutative geometry”, Phys. Rev. D 63 (2001) 126004 [arXiv:hep-th/0012093]; U. H. Danielsson, A. Guijosa and M. Kruczenski, “Newtonian gravitons and D-brane collective coordinates in wound string theory”, JHEP 0103 (2001) 041 [arXiv:hepth/0012183];

R. G. Cai, J. X. Lu and N. Ohta, Phys. Lett. B 551 (2003) 178 [arXiv:hep-th/0210206].

[20] C.G. Callan, I.R. Klebanov, A.W. Ludwig and J.M. Maldacena, ”Exact solution of a boundary conformal field theory”, Nucl. Phys. B 422, 417 (1994) [arXiv:hep-th/9402113].

[21] J. Polchinski and L. Thorlacius, ”Free fermion representation of a boundary conformal field theory”, Phys. Rev. D 50, 622 (1994) [arXiv:hep-th/9404008].

[22] A. Recknagel and V. Schomerus, ”Boundary deformation theory and moduli space of D-branes”, Nucl. Phys. B 545, 233 (1999) [arXiv:hep-th/9811237].

[23] P. Di Vecchia and A. Liccardo, ”D-branes in string theory, II”, [arXiv:hep-th/9912275].

[24] M. Billó, D. Cangemi and P. Di Vecchia, ”Boundary states for moving D-branes”, Phys.

Lett. B 400 (1997) 63, [arXiv:hep-th/09701190].

[25] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, ”String loop corrections to beta functions”, Nucl. Phys. B 288, 525 (1987); ”Adding holes and crosscaps to the superstring”, Nucl. Phys. B 293, 83 (1987); ”Loop corrections to superstring equations of motion”, Nucl. Phys. B 308, 221 (1988).

[26] D. Kutasov, M. Marino and G. Moore, ”Remarks on tachyon condensation in superstring field theory”, [arXiv:hep-th/0010108].

[27] S. Terashima and T. Uesugi, ”On the supersymmetry of non-BPS D-brane”, JHEP 0104, 054 (2001) [arXiv:hep-th/0104176].

[28] M.R. Garousi, ”Tachyon couplings on non-BPS D-branes and Dirac-Born-Infeld action”, Nucl. Phys. B 584 284, (2000), [arXiv: hep-th/0003122].

E.A. Bergshoeff, M. de Roo, T.C. de Wit, E. Eyras and S. Panda, ”T-duality and Actions for Non-BPS D-branes”, JHEP 0005, 009 (2000), [arXiv:hep-th/0003221].