arXiv:hep-th/0301114 v4 30 Aug 2006

q-DEFORMED KINK SOLUTIONS

A. F. de Lima^{(a)} and R. de Lima Rodrigues^{(b)∗} (a)Departamento de Física, Universidade Federal de Campina Grande Campina Grande, PB -58.109-970 – Brazil (b) Centro Brasileiro de Pesquisas Físicas, Rua Dr. Xavier Sigaud, 150 Rio de Janeiro-RJ-22290-180, Brazil

Abstract

The q-deformed kink of the λϕ^4−model is obtained via the normalisable ground state eigenfunction of a fluctuation operator associated with the q-deformed hyperbolic functions. From such a bosonic zero-mode the q-deformed potential in 1+1 dimensions is found, and we show that the q-deformed kink solution is a kink displaced away from the origin.

Keywords: q-deformed kink; hyperbolic functions; kink solutions; fluctuations operator PACS numbers: 11.30.Pb, 03.65.Fd, 11.10.Ef

E-mail to RLR rafaelr@cbpf.br or rafael@df.ufcg.edu.br, and to AFL aerlima@df.ufcg.edu.br. To appear in International Journal of Modern Physics A [Particles and Fields; Gravitation;

Cosmology; Nuclear Physics], Vol. 21, No. 17 (2006) 3605-3613.

*Permanent address: Unidade Acadêmica de Ciências Exatas e da Natureza, Universidade Federal de Campina Grande, Cajazeiras, PB, 58.900-000, Brazil.

I. INTRODUCTION

The kink of a scalar potential in 1+1 dimensions is a static, non-singular, classically stable and a finite localized energy solution of the equation of motion, which can be in topologically stable sectors [1]. In a recent lecture [2], an investigation on the topological defects starting with the simplest case of domain walls was presented, and then considerations to more elaborate and realistic models were put forward.

In the present letter, one works with the algebraic technique of the supersymmetry in quantum mechanics (SUSY QM) formulated by Witten [3, 4, 5], which is associated with a second order differential equation for the q-deformed hyperbolic functions given in Ref. [6]. Recently, the q-deformed hyperbolic function was used to construct a new η−pseudo- Hermitian complex potential with PT symmetry [7]. Other potentials like Rosen-Morse well, Scarf, Eckart and the generalized Pöschl-Teller were constructed via shape invariance [8].

The stability equation for topological and non-topological solitons has been approached in the framework of SUSY QM [9, 10, 11, 12, 13, 14].

In this letter, the interesting program of proposing a new potential model in 1+1 dimensions, whose essential point is associated with the translational invariance of the q-deformed kink solutions, is investigated. We show that using the q-deformed hyperbolic functions which were introduce by Arai [6], the q-deformed kink solution, is actually the known kink, displaced away from the origin of the x-axis.

II. SOLITONS IN 1+1 DIMENSIONS

Consider the Lagrangian density for a single scalar field, ϕ(x, t), in (1+1)-dimensions, in natural system, given by

L (ϕ, ∂_μϕ) = 1 2 ∂_μϕ∂^μϕ − V (ϕ) , (1) where V (ϕ) is any positive semi-definite function of ϕ. It represents a well-behaved potential energy. However, as it will be shown below, we have found a new potential which is exactly solvable in the context of the classical theory in (1+1)-dimensions.

The field equation for a static classical configuration, ϕ = ϕ_c (x) , becomes

− d^2 dx^2 ϕ_c (x) + d dϕ_c V (ϕ_c) = 0, ϕ̇_c = 0, (2) with the following boundary conditions: ϕ_c(x) → ϕ_{vacuum} (x) as x → ±∞.

Since the potential is positive, it can be written as

V (ϕ) = 1 2 U^2(ϕ). (3) Thus, the total energy for the q-kink becomes

E = 1 2 ∫_∞ −∞ [ (ϕ^′)^2 + U^2 ] dx = 1 2 ∫_∞ −∞ [ (ϕ^′ ∓ U)^2 ± 2Uϕ^′ ] dx. (4) In this case, the Bogomol’nyi form of the energy, consisting of a sum of squares and surface terms, becomes

E ≥ | | | | | ∫_∞ −∞ dx ∂ ∂x U[ϕ(x)] | | | | | = W_{12}, (5) under the well-known Bogomol’nyi condition for the kink solution, dϕ dx = ±U(ϕ) (6) where the solutions with the plus and minus signs represent two static field configurations, and the superpotential W (ϕ) in field theory must satisfy the following condition: ∂ ∂ϕ W (ϕ) = U(ϕ). (7) The Bogomol’nyi mass bound of the energy result in a topological charge it is given by W_{12} = W [ϕ_2] − W [ϕ_1], where ϕ_1 and ϕ_2 represent the vacuum states.

III. STABILITY EQUATION

The classical stability of the soliton solution is investigated by considering small perturbations around it,

ϕ(x, t) = ϕ_c(x) + η(x, t), (8) where we expand the fluctuations in terms of the normal modes, η(x, t) = ∑ n ϵ_nη_n(x)e^{iωnt}, (9) with the ϵ^′_ns chosen so that η(x, t) is real. A localized classical configuration is said to be dynamically stable if the fluctuation does not destroy it. The equation of motion becomes a Schrödinger-like equation, viz.,

O_F η_n(x) = ω_n^2η_n(x), O_F = − d^2 dx^2 + V^{′′}(ϕ_c), (10) where O_F is the fluctuation operator. According to (3), one obtains the supersymmetric form [12, 13]

V^{′′}(ϕ_c) = U^{′2}(ϕ_c) + U(ϕ_c)U^{′′}(ϕ_c), (11) where the primes stand for a second derivative with respect to the argument.

If the normal modes of (10) satisfy ω_n^2 ≥ 0, the stability of the Schrödinger-like equation is ensured. Now, we are able to implement a method that provides a new potential from the potential term that appears in the fluctuation operator.

Next, we consider the following generalized potential as corresponding to the potential part of the fluctuation operator:

V^{′′}(ϕ_c) = V (x; q) = m^2 [ 2 − 3qsech^2_q ( m √ 2 x )] , (12) where q > 0 and we are using the q-deformed hyperbolic functions which were introduce by Arai [6]:

cosh_q(x) = e^x + qe^{−x} 2 sinh_q(x) = e^x − qe^{−x} 2 tanh_q(x) = sinh_q(x) cosh_q(x) sech_q(x) = 1 cosh_q (x) (13)

where xϵR. Thus d dx cosh_q(x) = sinh_q(x) d dx sinh_q(x) = cosh_q(x) d dx tanh_q(x) = qsech^2_q(x) d dx sech_q(x) = −tanh_q(x)sech_q(x) tanh^2_q(x) +qsech^2_q(x) = 1. (14)

The q-deformed potential term provides a fluctuation operator, so that their eigenvalues satisfy the condition ω_n^2 ≥ 0, and the ground state associated to the zero mode (ω^2_0 = 0) is given by

η^{(0)}(x; q) = Nsech^2_q ( m √ 2 x ) , (15) where N is the normalization constant. Thus, the stability of the Schrödinger-like equation is ensured.

The potential model we are now going to study presents translational invariance, then, the bosonic zero-mode eigenfunction of the stability equation is related with the kink by

ϕ_q(x) = ∫_x η^{(0)}(y; q)dy, (16) so that, a priori, we may find the static classical configuration by a first integration. Therefore, the potential model

V (ϕ; q) = 1 2 ( d dx ϕ(x; q) )_2

(17) yields a class of q-deformed scalar potentials, V (ϕ) = V (ϕ; q), which have exact solutions.

Expressing the position coordinate in terms of the kink, i.e. x = x(ϕ_k), then, from (15) and (16) we obtain the q-deformed kink

ϕ(x; q) = m λq tanh_q ( m √ 2 x ) . (18) The explicit form of the q-kink for few values of q is shown in Fig. 1.

From equations (7), (27) and (18), we find a q-deformed ϕ^4−potential model with spontaneously broken symmetry in scalar field theory and the superpotential, respectielly, viz.,

V (ϕ; q) = λ^2q^2 4 ( ϕ^2_q − m^2 λ^2q^2

)_2 , W (ϕ; q) = λq √ 2 ( 1 3 ϕ^3_q − m^2 λ^2q^2 ϕ_q ) . (19)

It represents a well-behaved potential energy. Note that the q-deformed ϕ^4 model has a discrete symmetry as ϕ_q → −ϕ_q but it is spontaneously broken for the vacuum state by the existence of two degenerate vacua:

ϕ_1 = m qλ , ϕ_2 = − m qλ . (20) The fact that the energy is finite is ensured because the kink by the behavior of the approaches one of the vacuum solutions at ±∞. In the q-deformed ϕ^4 model there are four topological sectors, which are represented by two spaces Γ_1 and Γ_2 containing the q-deformed vacuum solutions ϕ_1 and ϕ_2 and two spaces Γ_3 and Γ_4 containing the kink and the anti-kink solutions.

The energy density of the q-kink is given by

ϵ(x) = 1 2 [ (ϕ^′)^2 + U^2 ] = m^4 2λ^2 sech^4_q ( m √ 2 x ) . (21) Therefore, the kink mass or the so-called classical mass of the pseudoparticle is given by

M_{cl} = ∫_{+∞} −∞ ϵ(x)dx = √ 2 3 ( m^3 λ^2q^2 ) (22) which is dependent of q. Note that when q = 1 the undeformed case is re-obtained. In figure 2, we plot the energy density given by Eq.(21), for few values of q. Also, the Bogomol’nyi mass bound of the energy becomes E_B =| W_{12} |= M_{cl}.

The conserved topological current becomes:

J_μ = 1 2 ϵ_{μν} ∂^νϕ̃_q, ϕ̃_q = qλ m ϕ_q, ∂^μJ_μ = 0, (23) where ϵ_{μν} is the antisymmetric tensor in two dimensions ϵ_{01} = −ϵ_{10} = 1 and is zero for the case with repeated index. The kink number or conserved topological charge is given by

Q = ∫_{+∞} −∞ J_0dx = 1 2 [ lim_{x→+∞} ϕ̃_q(x) − lim_{x→−∞} ϕ̃_q(x)] = 1, (24) which does not generate symmetries of the Lagrangian density and, therefore, Q is not a Noether charge. However, this charge is absolutely conserved,^d_{dt} Q = 0, so that the q−kink represents stable particle-like states. Thus, the q-kink states can not decay by quantum tunneling into the vacuum.

From the q-deformed potential, one then obtains the supersymmetric form

V_−(x; q) = W^2_q (x) + W^′_q, (25) where the prime mean a first derivative with respect to the argument, and W_q(x) = −U^′_q(ϕ_k) is the q-deformed superpotential associated to the q-kink solution. Thus, the bosonic and fermionic sector fluctuation operators are respectively given by O_{F −} = − d^2 dx^2 + W^2_q + W^′_q

O_{F +} = − d^2 dx^2 + W^2_q − W^′_q, (26)

where W_q(x) = − √ 2mtanh_q (_m √ 2 x ) . These fluctuation operators are also called the supersymmetric partners, which are isospectral up to the ground state. The shape invariance condition of the pair of SUSY partner potential will be investigated in a forthcoming paper.

Now let us show that the q-deformed potential of the stability equation may be obtained from a translation of the position coordinate x by x − a, for the following choosing of the parameter q :

q = e^{2a}. (27) Indeed, when one substitutes the Eq. (27) in Eq. (26) for the q-deformed supersymmetric partners we find

V_−(x − a; q = 1) → V_−(x; q) = m^2 [ 2 − 3qsech^2_q ( m √ 2 x )]

V_+(x − a; q = 1) → V_+(x; q) = m^2 [ 2 − qsech^2_q ( m √ 2 x )] , (28)

non-deformed supersymmetric ones.

Therefore, the q-deformed potentials recently investigated in literature can be investigated, for a particular choice given by Eq. (27) as corresponding to a simple translation. In this case the energy eigenvalues are the same under the identification of their potential parameters. Inversely, we can find from a non-deformed hyperbolic potential a class of q-deformed hyperbolic ones by a simple translation of the variable x → x − a, with a = ℓn (√ q ) , so that the q−kink and vacuum states become ϕ(x−a)) =^m_λ e^{−2a}tanh (_{m√} 2 (x − a) ) and ±^m_λ e^{−2a}, respectively.

IV. CONCLUSION

In conclusion, we can say that, starting from a potential V (x; q) in terms of the q-deformed hyperbolic functions in the stability equation, we construct the q-deformed topological kink associated to the q-deformed ϕ^4 potential model. We shown that the q−kink mass is dependent of q.

We stress that a very rich spectrum of the states (the q−kink and the quantum excitations about them), which was totally unexpected in this model has emerged because of the existence of q-soliton solutions. However, what we have call q-deformed kink solution, is actually the known kink, displaced away from the origin of the x-axis. Specifically, if we set q = exp(2a) the q-deformed hyperbolic tangent is just the ordinary tanh with its argument shifted by a, i.e. tanh_q(x) = tanh(x − a). So, the q-deformed kink (18) is just the known kink of the potential (19), centered around (ℓnq)/2. This can be checked on the graphs of Fig.1. Of course, the asymptotic value is^m_{qλ} , which is also shown in Fig.1.

This particular choice of the q−deformation parameter means that we can map a qdeformed system into one with a simple translation. It is worth to call the attention to the fact that this new translated system is also a q-deformed system by the initial correspondence we have established. All that we have done was to shown that it is possible to find a suitable choice of the parameter in order to describe the q−deformed one terms of a pure translation.

Finally, it is important to pointed out that one can extend our approach to 3+1 dimensions. Indeed, the present work opens a new route for future investigations on domain walls [2] from q−deformation of potential model in terms of coupled scalar fields. For instance, let us point out that our approach can be applied from two [15, 16] and three [17] coupled scalar fields, where in both cases the soliton solutions only depend on z but not on x and y.

Acknowledgments

RLR wishes to thanks the staff of CBPF and UACEN-CFP-UFCG for facilities. This research was supported in part by CNPq (Brazilian Research Agency). RLR is grateful to Prof. J. A. Helayel-Neto and Prof. M. A. Rego-Monteiro for fruitful discussions. The authors would also like to thank A. Arai and S.-C. Jia for the kind interest in pointing out relevant references on the subject of this paper.

[1] R. Rajaraman, Solitons and Instantons, (North-Holland, Amsterdam, 1982). [2] T. Vachaspati, Domain wall solutions, hep-th/0211109, Lectures at NATO ASI ”Patterns of symmetry breaking”, Cracow, September 2002; T. Vachaspati, Phys. Rev. D69, 043510 (2004).

[3] E. Witten, Nucl. Phys. B185, 513 (1981).

[4] L. É. Gendenshtein, JETP Lett. 38, 356 (1983); C. V. Sukumar, J. Phys. A: Math. Gen. 18, 2917 (1985); L. É. Gendenshtein and I. V. Krive, Sov. Phys. Usp. 28, 645 (1985); R. Dutt, A. Khare and U. P. Sukhatme, Am. J. Phys. 56, 163 (1988); A. Lahiri, P. K. Roy and B. Bagchi, Int. J. Mod. Phys. A5, 1383, (1990).

[5] F. Cooper, A. Khare and U. Sukhatme, Phys. Rep. 251, 267-285, (1995); R. de Lima Rodrigues, “The Quantum Mechanics SUSY Algebra: an Introductory Review,” hep-th/0205017.

[6] A. Arai, J. Math. Phys. Anal. Appl. 158, 63 (1991); A. Arai, J. Phys. A: Math. and Gen. 34, 4281 (2001).

[7] C.-S. Jia, P.-Y. Lin and L.-T. Sun, Phys. Lett., A298, 78 (2002). [8] C.-S. Jia, S.-C. Li and L.-T. Sun, Phys. Lett., A300, 115 (2002).

[9] A. Khare and U. P. Sukhatme, J. Phys. A: Math. Gen. 22, 2847 (1989); B. Talukdar, U.

Das, C. Bhattacharyya, and P. K. Bera, J. Phys. A: Math. Gen. 25, 4073 (1992). [10] Q. Wang, U. P. Sukhatme and W.-Y. Keung, Mod. Phys. Lett. A5, 525 (1990); D. S. Kulshreshtha, J.-Q. Liang and H. J. W. Müller-Kirsten, Ann. Phys. (N. Y.) 225, 191 (1993).

[11] J. Casahorran and S. Nam, Int. J. Mod. Phys. A6, 5467 (1991); C. V. Sukumar, J. Phys. A:

Math. Gen. 19, 2297 (1986); J. Hruby, J. Phys. A: Math. Gen. 22, 1807 (1989); L. J. Boya. and J. Casahorran, Ann. Phys. (N. Y.) 196, 361 (1989).

[12] P. Barbosa da Silva Filho, R. de Lima Rodrigues, and A. N. Vaidya, J. Phys. A: Math. Gen.

32, 2395 (1999); C. N. Kumar, J. Phys. A: Math. Gen. 20, 5397 (1987); G. Junker and P. Roy, Ann. Phys. (N. Y.) 256, 302 (1997).

[13] R. de Lima Rodrigues, Mod. Phys. Lett., 10A, 1309 (1995); G. Junker and P. Roy, Ann. of

Phys. 256, 302 (1997).

[14] V. Gomes Lima, V. Silva Santos and R. de Lima Rodrigues, Phys. Lett. A298, 91 (2002), hep-th/0204175.

[15] R. Rajaraman, Phys. Rev. Lett., 42, 200 (1979); L. J. Boya and J. Casahorran, Phys. Rev.

A39, 4298 (1989); R. de Lima Rodrigues and A. N. Vaidya SUSY QM for the Two-Component Wave Functions, XVII Brazilian National Meeting on Particles and Fields, pp. 622 (1996); R. de Lima Rodrigues, P. Barbosa da Silva Filho, and A. N. Vaidya, Phys. Rev. D58, 125023 (1998); J. A. Epichán Carrilo and A. Maia Jr., Int. Ther. Phys. 38, 2183 (1999), hep-th/9905158; J. A. Epichán Carrilo and A. Maia Jr., J. Phys. A33, 2081 (2000).

[16] A. Alonso Izquierdo, M. A. González León and J. Mateos Guilarte, Phys. Rev. D65, (2002), 085012, hep-th/0201200; G. S. Dias, E. L. Graça, and R. de Lima Rodrigues, Stability equation and two-component eigenmode for domain walls in a scalar potential model, e-print hep-th/0205195.

[17] R. de Lima Rodrigues, P. B. da Silva Filho and A. N. Vaidya, Linear classical stability from three coupled real scalar fields, XVI Brazilian National Meeting on Particles and Fields, pp. 446 (1995); R. de Lima Rodrigues, A. F. de Lima, E. R. Bezerra de Mello and V. B. Bezerra, SUSY QM FROM THREE DOMAIN WALLS IN A SCALAR POTENTIAL, in preparation.

FIG. 1: The q-deformed kink profile, with q = 0.8(thickness=1), q = 1.0(dotted curve), and q = 3.0(thickness=3), respectively, for m = λ = √ 2.

FIG. 2: The energy density given by Eq.(21), with q = 0.8(thickness=1), q = 1.0(dotted curve), and q = 3.0(thickness=3), respectively, for m = λ = √ 2.