arXiv:hep-th/0301118 v1 17 Jan 2003

Bicocca-FT-03-02 IFUP-TH 8/2003

hep-th/0301118

Non Supersymmetric Regular Solutions from Wrapped and Fractional Branes

Riccardo Apreda

Dipartimento di Fisica, Università di Pisa, via Buonarroti, 2; I-56127 Pisa, Italy.

apreda@df.unipi.it

Abstract We present two classes of regular supergravity backgrounds dual to supersymmetric and non-supersymmetric gauge theories living on the world-volume of wrapped branes. In particular we consider the Maldacena Nuñez and the Klebanov Strassler models, describing N =1 and N =2 theories, and find their non supersymmetric generalization by explicitly solving the second order equation of motion. We also study various aspects of these solutions, including the supersymmetry breaking issue and the vacuum energy.

1 Introduction

The main goal of the gravity/field theory duality is to extend the original AdS/CFT correspondence to more realistic gauge theories like QCD, non conformal and with broken or absent supersymmetry. Several approaches have been used. For example one can deform the CFT by adding finite temperature corrections [1]. Another possibility is to use directly non supersymmetric string theories [2].

Moreover one could start from a supersymmetric background and then deform it in order to break SUSY on the field theory side of the correspondence. An advantage of this approach is that it allows to study also N =2 and N =1 theories, which of course are interesting by themselves.

Deformations that leave the spacetime asymptotically AdS are obtained adding relevant operators which induce a RG flow in the field theory living on the brane [3, 4, 5].

As concern geometries which are not even asymptotically AdS, one possible deformation consists of putting branes on singular backgrounds, so that the singularity alters the inner-space symmetry group. Another way to break some symmetry is to wrap branes around compact surfaces. Various dispositions of intersecting branes are finally useful for the description of N =2 theories. However all these methods usually leads to some kind of singularity of the supergravity background. In general stringy corrections are assumed to resolve singularities of the supergravity approximation (for the N =2 model of [6] this seems indeed to be the case, via the so called enhançon mechanism). Nevertheless two cases admitting globally regular solutions already at supergravity level are known.

The first was introduced by Maldacena and Nuñez (MN) in [7], and consists of N NS5-branes wrapped on an S^2. The other case was introduced by Klebanov and Strassler (KS) in [8], and consists of a set of N regular D3 branes and M fractional D3 branes placed on a conifold singularity. These systems seem quite different at first glance, but actually the local geometry of the two non singular solutions is very similar. These models were studied in several papers, mainly in the context of preserved SUSY, so that first order differential equations could be used (see [9] for related papers not cited elsewhere).

In [10] the authors solve directly, in a numerical way, the second order equation of motion of the MN set-up, and find a class of non extremal solutions, with only one scalar deformation added to the original case. In the first part of this paper we generalize the results of [10] and find a whole class of solutions with all the four interesting scalars switched on. We also analyze various aspects of the relationships between the solutions we have found out and the corresponding gauge field theories. We mention here that a linearized version of the equations of motion was used in [11] to find approximated solutions with three scalars turned on.

In the second part of the paper we solve directly the second order equation of motion for the other relevant set-up, the KS one, again finding all possible interesting solutions (even if numerically). While this work was in preparation another work appeared [12] which also deals with non-supersymmetric extensions of the KS model. However the authors of that paper propose a different method of solution, based on a modification of the first order supersymmetric equations, and the class of solutions they find is quite different from our. Even for the KS case we discuss various aspects of the correspondence between the field theories and our solutions.

2 Gravity duals of gauge theories from wrapped fivebranes

2.1 Branes setup

We consider the general setting of wrapped five-branes with world-volume R^4 ×S^2, which can be easily adapted to describe both N =2, N =1 and N =0 theories.

In the case of N_c NS5 branes the world-volume theory is little string theory, which reduces in the IR to N =1 six-dimensional SYM theory. Wrapping two dimensions the resulting low-energy theory becomes effectively four dimensional.^1 Its gauge coupling is fixed by the volume of the wrapped dimensions, and a dependence of this volume on the transverse radius should be read as a running of the coupling. The SO(4) ∼ SU(2)_+ × SU(2)_− isometry group of the R^4 transverse space acts on the gauge theory as an SO(4) R-symmetry; on the other side of the correspondence, the relevant fields of the supergravity approximation dual to the field theory are described by an SO(4)_R gauged SUGRA.

The number of SUSYs inherited by the four dimensional theory depends on the wrapping surface. As well known however there are no covariantly constant spinor on S^2. To preserve some supersymmetry it is necessary to “twist” the wrapping of the branes on the surface along with the transverse radius, that is to twist the normal bundle . This operation corresponds in supergravity to turning on abelian background fields in the SO(4) group that cancel the spin connection of S^2. From the schematic formula for the variation of a fermion:

δΨ ∼ D_μϵ = (∂_μ + ω^{νρ}_μ γ^{νρ} − A^{ij}_μ Γ^{ij} )ϵ, (1)

where Latin letters i = 1, 2, 3, 4 label internal SO(4) indices, we see that the surviving spinors are those satisfying the twist condition:

(ω^{νρ}_μ γ^{νρ} − A^{ij}_μ Γ^{ij} )ϵ = 0. (2)

The fields needed for the twist are those of the decomposition SO(4)_R → U(1)_{(1)} ×U(1)_{(2)}, A_{(1)} and A_{(2)}. To get N = 2 solution only A_{(1)} is turned on, while in the N = 1 solution both A_{(1)} and A_{(2)} are turned on.

However in the presence only of these abelian A fields, the background is still singular. Finally in the MN model the switching on of the full non abelian field resolves the singularity.

1Actually we do not get a “pure” - i.e. without matter - four dimensional (super) Yang Mills theory, since Kaluza Klein modes are not completely decoupled

2.2 The supergravity action

Five-branes are soliton of type IIB Supergravity in ten dimensions. In MN setup however besides the world volume coordinates only the radius of the transverse space is relevant, while the other three coordinates do not play any role. It is thus convenient to use the consistent reduction down to seven dimensional, SO(4) gauged supergravity by the Kaluza-Klein mechanism as in [13]. Actually the same set up can by derived from M-theory, where the wrapping on an S_2 of N_c M5 branes is well described by the approximation of seven dimensional SO(5) gauged SUGRA; type IIB theory and SO(4) gauged SUGRA are obtained with the singular limit described in [13]. The seven-dimensional solutions can be then lifted up to ten dimension again using the method of [13, 14]. The relevant terms of the bosonic lagrangian of SO(4) gauged SUGRA are [15]:

2κ^2L = √ −g ( R + 1 2 m^2(T^2 − 2T_{ij} T^{ij} ) − T r(P_μP^μ) − 1 2 (V_I^iV_J^j F^{IJ}_{μν} )^2 ) . (3)

As we have seen in the previous section, the gauge fields in F^{IJ}_{μν} parameterize the twist of the normal bundle. We take the SO(4) = SU(2)^+ × SU(2)^− gauge fields of the form:

A = α [cos θ dϕ η^+_1 + a(ρ) dθ η^+_2 + b(ρ) sin θ dϕ η^+_3 ] + β [cos θ dϕ η^−_1 + ã(ρ) dθ η^−_2 + b̃(ρ) sin θ dϕ η^−_3 ]. (4)

The field strength is normalized as F = dA + 2m[A, A] ; the η matrices are the generators of the SU(2)^± in the SO(4) notation and take the form:

η^±_1 = 1 2 0 1 0 0 −1 0 0 0 0 0 0 ±1 0 0 ∓1 0

η^±_2 = 1 2 0 0 ∓1 0 0 0 0 1 ±1 0 0 0 0 −1 0 0

η^±_3 = 1 2 0 0 0 1 0 0 ±1 0 0 ∓1 0 0 −1 0 0 0 (5)

We remember that the fields A_{(i)} in the end of the previous section are defined as:

A_{(1)} = 1 2 cos θ dϕ (η_+ + η_−); A_{(2)} = 1 2 cos θ dϕ (η_+ − η_−).

V^I_i is the symmetric matrix for the 10 scalar degrees of freedom parameterizing the SL(4, R)/SO(4) coset space (I and i are respectively the gauge and composite SO(4) indices). Their values give the position of the branes in the transverse space. The T matrix is defined as T_{ij} = V^{−1 I}_i V^{−1 J}_j δ_{IJ} , T = T_{ij} δ_{ij} . The kinetic term for the scalars P_μ is the symmetric part of V^{−1 I}_i D_μV_I^j = (Q_μ)_{[ij]} +(P_μ)_{(ij)}, where the covariant derivatives are defined as D_μV_I^j = ∂_μV_I^j + 2mA^J_{μ I} V_J^j on the scalars, D_μψ = (∂_μ +^1_4 Q_{μij} Γ^{ij} +^1_4 ω^{νλ}_μ γ^{νλ})ψ on the spinors.

Before twisting the ten scalar are dual to the bilinear operator T rX_iX_j , where X_i are the six dimensional scalar fields. Upon compactification on S^2 and related twist, X_1 and X_2 get masses. From a geometrical point of view it means that the branes are no more free to move in the two twisted directions. In the N =2 case X_3 and X_4 remain massless, and parameterize the moduli space of N =2 field theories. Thus the relevant solutions are expected to involve only the three scalars left (one being the dilaton) and the matrix V_{iJ} can be diagonalized to the form:

V_I^i = diage^{f2} (e^{− l2} , e^{− l2} , e^{l2 −k}, e^{l2 +k} ). (6)

In the N =1 case also X_3 and X_4 get masses from the twist (there is no moduli space for N =1), but it is still possible to use the above general form for the matrix V_{iJ} , and constraint it later on.

The ansatz for the metric (in the Einstein frame) is:

ds^2_7 = e^{2f} (dx^2_4 + dρ^2) + e^{2g}(dθ^2 + sin^2 θdϕ^2). (7)

Moreover the integration of the action in the variable θ selects b(ρ) = a(ρ); for β ≠ 0 this also leads to b̃ = ã and β = α, while for β = 0 (N =1) it is necessary to put k(ρ)=0.

Finally for the full SO(4), choosing the normalization α = β =^1_2 , m = 1 and the notation G(ρ) = exp[2(g − f)], the resulting unidimensional effective lagrangian can be written:

L = e^{5f} G^{−1} (Ġ2 2 + 25ḟ^2G^2 + 10GĠḟ − l̇^2G^2 − 2k̇^2G^2 − G 2 (ȧ^2 + ˙ã) cosh 2k − Gȧ ˙ã sinh 2k

+ 2G + G^2(4 cosh 2k − 2e^{−2l} sinh 2k^2) − G(a^2 + ã^2)(cosh 2k cosh 2l − 1) (8) − (a^2 − 1)^2 + (ã^2 − 1)^2 4 cosh 2l − 2Gaã sinh 2k sinh 2l +

(a^2 − 1)(ã^2 − 1) 2 sinh 2l )

The SU(2)_+ lagrangian reduces to

L = e^{5f} G^{−1} (Ġ^2 2 + 25ḟ^2G^2 + 10GĠḟ − l̇^2G^2 − G 2 ȧ^2 + 2G + 4G^2 (9)

−Ga^2(cosh 2l − 1) −

(a^2 − 1)^2 4 cosh 2l )

Starting from a different ansatz for the fields a particular case of these lagrangians was found in [16, 10].

The Eulero-Lagrange equations for the effective actions coincide with the independent relationships in the full ten dimensional equations of motion. We note however that the dimensional reduction is consistent only if all massive modes are effectively decoupled. Sometimes this is guaranteed by the symmetries of the problem. Otherwise the issue should be analyzed according to circumstances, and eventually checked by hand.

2.3 Gauge theory: identification of the fields

Every SO(4) supergravity background is dual to a deformation of the four dimensional N = 2 SYM theory, which has, besides the gauge field, two fermionic and two scalar fields.

The two fermions, λ and ψ, can be identified looking at their charges under the various symmetries; in particular they have opposite chirality and different behavior under the R-symmetry generators.

Following [17],we start from the original six dimensional theory living on the fivebrane, that is the (1,1) SYM. It has fermions Ψ = Ψ^+ + Ψ^−, which transform in the representation (4,2)+(4’,2’) of SO(5, 1) × SO(4)_R, and have opposite (six-dimensional) chirality: Ψ^± = ±γ_7Ψ^±.

Since after wrapping the branes on the S_2 the Lorentz group is broken down to SO(3, 1) it is convenient to re-write these fermions as 2 × 2 matrix of four dimensional spinors:

Ψ^+ = ( p q iq^c −ip^c ) , Ψ^− = ( p̃ q̃ iq̃^c −ip̃^c ) . (10)

Translating in this four dimensional notation the generators of the various global symmetries and imposing the consequent constraints on Ψ, we easily get the following charge assignments:

p = λ p̃ = ψ̄ q q̃

U(1)_R = U(1)_{(2)} 1 -1 -1 1

U(1)_J = U(1)_S2 1 1 1 1

U(1)_{(1)} 1 1 -1 -1

Table 1: Charge assignment of the spinors.

Since q and q̃ have opposite charges under the twisted U(1) and under the S_2 generator, they become massive after compactification. Thus the two gauginos of four dimensional N =2 SYM should be identified with the other two fermions remaining massless. From the analysis of charges we conclude that p has to be identified with λ and p̃ with ψ̄.

Now we can associate two particular bilinears of these fermions with the corresponding supergravity fields, simply looking at the coupling:

A^μ_{ij}Ψ̄γ^μΓ^{ij} Ψ.

Substituting in this formula the expressions (4) for A the spinors q and q̃ get opposite contributions in the sum over θ and ϕ indices and cancel out,while for the other fields we get that a and ã couple to the fermionic bilinears as: a λ̄^cλ, ãψ̄^cψ. We remark here the fact that the same supergravity fields which de-singularize the supergravity solution are on one hand associated to the gaugino condensates, i.e. to the non trivial IR dynamics of the gauge theory, on the other hand enter in the process of soft supersymmetry breaking.

For the N = 1 case one can repeat the same analysis and find again that the supergravity field a correspond to the bilinear describing the gaugino condensate. Its behavior is in agreement with field theory prediction, as already studied in [17, 18] The identification for scalar fields is quicker.

The N =2 SYM has two massless scalar degrees of freedom, encoded in the complex field ϕ; its classical solutions give the two-dimensional moduli space of the theory.

On the supergravity side, we have seen that the T_{ij} matrix is related to the motion of the branes in the transverse space; every static disposition of the branes in the transverse space correspond to a vacua of the four dimensional theory. After the twist branes are no longer free to move in the twisted R^2, and every displacement in that directions correspond to an highly massive mode of field theory. Conversely displacements in the two untwisted dimensions still have no energy cost and correspond to the massless scalars of the field theory, i.e. to ϕ; the freedom to choose the static position of branes finally gives rise to the moduli space of N =2 SYM.

The motion in the untwisted R^2 is parameterized by the sector with i, j = 3, 4 only of T_{ij} , and the corresponding scalars are dual to the chiral bilinear operators of N = 2 gauge theory. Thus the field l, which parameterize the difference between the twisted and the untwisted sector of T_{ij} , is associated to T rϕϕ̄, while field k which explicitly breaks the remaining U(1)_R has to be associated with the operator T rϕ^2.

In N =1 SYM there are no massless scalars and no moduli space, and indeed with the different twist all the modes describing branes displacements get masses. In the supergravity background the field l can be still introduced, but there is no place for k, as we have seen in the previous section.

The dual of such backgrounds with l turned on are N =1 field theories with a massive deformation, deformation that can be seen as the remainder of the breaking of an original N =2 theory.

We stress the fact that while in the N =2 case l and k correspond to operators which give vev or masses to massless fields, in the N =1 case the leading perturbation associated to l corresponds to adding mass to a field which is already very massive (as in [11]).

2.4 Supersymmetric solutions

We review now the known analytic solutions, which are all supersymmetric. The naive N =1 solution has only one scalar in the coset space and only the abelian field turned on (a(ρ) = 0, β = 0 in (4) ). This leads to the singular background: G(ρ) = ρ, e^{−5f (ρ)} = 1 √ ρ e^ρ, a(ρ) = 0. (11)

The non-singular, N =1 solution of [7], corresponding to one scalar in the coset space but group SU(2)^+, can be obtained from the general equations setting l = 0, k = 0 and β = 0. The resulting equations are solved by the functions in [7]:

G(ρ) = ρ coth 2ρ − ρ^2 sinh^2 2ρ − 1 4 , a(ρ) = 2ρ sinh 2ρ

, e^{−5f (ρ)} = 2 √ G(ρ) sinh 2ρ

. (12)

In fact as pointed out in [10] the general supersymmetric solution for one scalar and group SU(2)^+ is:

G(ρ) = ρ coth (2ρ + c)− 1 4 a(ρ)^2− 1 4 , a(ρ) = 2ρ sinh (2ρ + c)

, e^{−5f (ρ)} = 2 √ G(ρ) sinh (2ρ + c) .

The parameter c (which may be assumed positive) is essential: as it changes from 0 to infinity it spans all the BPS solutions, connecting the Abelian one (c → ∞) to the regular, MN one (c = 0).

Adding the scalar l(ρ) it is still possible to find an analytic, supersymmetric solution [17]: with the change of variables du/dρ = cosh l we get

l(u) = −arcsinh ( c_1 2 √ 1 − 8u^2 − cosh 4u + 4u sinh 4u ) (13)

and the same expression of (12) for the other fields with the substitution ρ → u. This background however doesn’t flow to the MN solution in the IR and indeed is singular.

Enlarging the gauge group to the other SU(2)_− we get solutions with N =2 supersymmetry in the UV. The simpler has only A_{(1)} turned on, that is group U(1)_+ × U(1)_−, and only two scalars in the coset spaces. It reads [20, 19]: du dρ ≡ e^l; A = 1 2 cos θ dϕ (14)

G(u) = u; l(u) = 1 2 log [ 1 − 1 2u + 2Ke^{−2u} u ] ; f(u) = 2 5 G(u) + 1 5 l(u). The free parameter K should satisfy K ≥^1_4 to have u ∈ [0, ∞).

A more general case consider the three scalars f, l, k [19]; the relations du/dρ ≡ e^l and G(u) = u still hold and moreover we have:

e^{k(u)} = e^{2u} − b^2 e^{2u} + b^2

(15)

We note that all the known N =2 solutions are singular in the origin, even if it is supposed that the enhançon mechanism should regularize the IR behavior. The solutions we will find in the next section are instead regular at the origin by construction.

2.5 General solutions: the IR behavior

We require the regularity of the solution, thus for small u we look for expansions of the form ϕ(u) ≃ ϕ_0 + ϕ_1 u + ϕ_2 u^2 + . . .

for each of the six fields in the lagrangian (8).

In the full SU(2)_+ × SU(2)_− group case, to obtain a simple expression for the UV expansion, is useful to redefine the radial coordinate as du/dr = exp[−l(u)]. Solving the second order equations of motion with these ansatz we find:

a(u) ≃ 1 + C_a u^2 + a_4u^4 + . . . , ã(u) ≃ 1 + C_ã u^2 + ã_4u^4 + . . . , l(u) ≃ C_l u^2 + l_4u^4 + . . . , k(u) ≃ k_2u^2 + k_4u^4 + . . . , G(u) ≃ u^2 + G_4u^4 + . . . , f(u) ≃ C_f + f_2u^2 + f_4u^4 + . . . .

(16)

Here C_f is unfixed, and represents the freedom to shift the constant value of the dilaton. C_a, C_ã, C_l are the free parameters, while the coefficients labeled as ϕ_i are determined in function of these. For example

f_2 = 2 15 + (C^2_a + C^2_ã ) 10 , G_4 = − 2 9 − C^2_a + C^2_ã 2 , k_2 =

C_aC_ã + C_l 2 , a_4 = − 2 9 C_a + 3 10 C^2_a − 1 10 C^3_a − 7 10 C_aC^2_ã − C_ãC_l, . . . . (17)

For gauge group SU(2)_+ only, that is for β = 0 and, for consistency, k(u) = 0, one can retain the original variable ρ or use the change: du/dr = cosh[l(u)] with only slight differences. Using the above redefinition we have:

a(u) ≃ 1 + C_a u^2 + a_4u^4 + . . . , l(u) ≃ C_l u + l_3u^3 + . . . , G(u) ≃ u^2 + G_4u^4 + . . . , f(u) ≃ C_f + f_2u^2 + f_4u^4 + . . . ,

(18)

with, for example:

l_3 = C_l 90 (−4 + 36C_a + 27C^2_a + 3C^2_l ), f_2 = 2 15 + C^2_a 10 , G_4 = − 2 9 − C^2_a + C^2_l 2 , . . . . and only two free parameters C_a and C_l (plus C_f ). The MN solution correspond to C_a = −2/3, C_l = 0.

2.6 General solutions: the complete UV behavior

We start with the full SO(4) case.

We are searching supersymmetry breaking solutions, so we want that in the far UV the general solution is asymptotic to the original MN one. Corrections to the supersymmetric background can be of two types, normalizable and non-normalizable, whether we are giving a vev to the corresponding operator or turning on a mass. However, since the supergravity background is not an AdS one, there is no direct correlation between the infinitesimal order of the solution and the dimension of the corresponding operator, such as it is usual in AdS/CFT correspondence and as we will find for the Klebanov Strassler case. For example all non-normalizable (but still vanishing as ρ → ∞) corrections are polynomial in 1/u. Nevertheless it is not difficult to find that corrections are all in the form of a polynomial times a power of e^{2u}. Thus the expression for the leading terms of UV expansion is: G(u) ≃ u + G_∞ − M^2_a + M^2_ã 4 1 u + . . . f(u) ≃ 2 5 u + f_∞ + (− 1 20 + M^2_a + M^2_ã 10 ) 1 u + . . . (19) a(u) ≃ u^{− 12} M_a [ 1 + 1 4 (1 − 2M^2_a − 2G_∞) 1 u + . . . ]

ã(u) ≃ u^{− 12} M_ã [ 1 + 1 4 (1 − 2M^2_ã − 2G_∞) 1 u + . . . ]

l(u) ≃ 1 4 1 u + ( 1 16 − M^2_a + M^2_ã + G_∞ 4 ) 1 u^2 . . . k(u) ≃ M_aM_ã 4 1 u^2 [ −1 + (−2 + 2G_∞ + 3

M^2_a + M^2_ã 2 ) 1 u + . . . ]

The full expression for the sub-leading expansion is rather involved. For simplicity in the following formulas we have truncated the dependence of the sub-leading coefficients from the mass parameters M_i to the linear order, which is the only relevant for our purposes. We have also used the freedom to shift u to eliminate the dependence on G_∞.

a(u) : e^{−2u} √ uV_a [ 1 + ( 3 4 + V_k M_ã V_a ) 1 u + ( 7 32 + V_k M_ã 4V_a ) 1 u^2 + . . . ]

ã(u) : e^{−2u} √ uV_ã [ 1 + ( 3 4 + V_k M_a V_ã ) 1 u + ( 7 32 + V_k M_a 4V_ã ) 1 u^2 + . . . ]

G(u) : e^{−2u}(M_aV_a + M_ãV_ã) [( 2u + 9 16 1 u + . . . ) + V_G ( 1 + 5 8 1 u + . . . )] (20)

l(u) : e^{−2u}(M_aV_a + M_ãV_ã) [ V_L ( 1 u + 1 2 1 u^2 + . . . ) + V_G ( 1 4 1 u^2 − 1 8 1 u^3 + . . . ) + ( 1 u^2 + . . . )]

f(u) : e^{−2u}(M_aV_a+M_ãV_ã) [( 2 5 + 3 10u + . . . ) − 1 5 V_L ( 1 u + 1 2u^2 + . . . ) + V_G ( − 1 8u^2 + . . . )]

k(u) : e^{−2u} [ V_K + (M_aV_ã + M_ãV_a) ( 1 2u + 1 4u^2 . . . )]

The free parameters V_G and V_l scale in such way that even for the solutions with M_i → 0 the product (M_aV_a + M_ãV_ã) × V_{G,l} remains finite.

The N =1 case, with only SU(2)_+ turned on, shows some differences. It is still possible to find the subleading exponentially suppressed expansion for all the fields:

G(u) : e^{−2u}u^{32} [ V_G(1 + 1 2u + 1 8u^2

+ . . .) − 40V_f ( 1 2u + 1 8u^2 + . . .) ] , f(u) : e^{−2u}u^{12} [ − 1 5 V_G(1 + 1 2u + . . .) + V_f u^2

(1 + 1 2u + . . .) ] , (21)

a(u) : e^{−2u}V_a(u + 1 4 + . . .), l(u) : e^{−2u}V_lu^{− 12} .

It is not possible however to find a polynomial expansion for all the four fields; when the difference of the scalars is turned on the leading term of the UV expansion becomes probably exponentially divergent. Indeed, substituting a polynomial expansion for the fields in the equations of motion one gets simply that l = 0 at all orders, while for a, G, f we have the known expression:

a(u) = M_au^{− 12} [ 1 − 1 2u (−1 + M^2_a + G_∞) + . . . ]

f(u) = 2 5 u − 1 10 log u + f_∞ − G_∞ 10u + . . . (22)

G(u) = u + G_∞ −

M^2_a 2u + . . . 2.7 Numerical interpolation

It is now possible to find globally defined solutions. First of all the free parameters in UV expansions are not independent from that of IR one. We show for example in fig. 1 the dependence respectively of the four leading parameters and of the four subleading parameters from the variation of the IR parameter C_a, when C_ã and C_l are zero.

Then, using numerical interpolation, it is possible to find numerical solutions of the equations of motion for all the values of the radius u (or equivalently r). We show for example in fig. 2 the solutions corresponding to changing C_a in the same range of fig. 1, with C_ã and C_l vanishing. Note that a vanishes at infinity only if we start with C_a < 0. For the limiting case C_a = 0 we have the U(1) × U(1) solution with a(u) = 1.

We show in fig 3 what happens to the solution in the MN setup (gauge group SU(2), C_a = −2/3) if we turn on gradually the other free parameter C_l. We note that all the numerical solutions we are been able to find for this case do not connect in the UV to the wanted one with both a and l vanishing. Instead l(u) seems to diverge exponentially for u large enough. As already pointed out, neither the supersymmetric solution of the previous section flows in the IR to the regular one. It is not clear whether a globally regular solution exists or not.

Figure 1: Dependence of the UV parameters from the IR parameter of the condensate a(u), when the

other IR parameters vanish. To the left, the dependence of the mass parameters, to the right that of the vev parameters. The dotted line represents the behavior of M_a and V_a, the solid line that of G_∞ and V_G, the dash-dotted f_∞,V_f and the dashed line M_ã and V_ã. The ordinate of M_a, f_∞, G_∞ should be red on the left axes, that of M_ã on the right one. The plots for the vev parameters have been rescaled to fit in the same graphic, the labels of vertical axes should not be taken as absolute values. Note that both parameters M_ã and V_ã of the second condensate ã(u) do not depend on the first one a, as expected since they are independent operators.

a(u) ã(u)

f(u) G(u)

Figure 2: Behavior of SO(4) solutions as C_a changes from 0 (shortest-dashed line) to -2 (longest-dashed

line), with the other IR parameters set to zero. For C_a > 0 the solution for the field a(u) diverges.

a(u) l(u)

f(u) G(u)

Figure 3: Behavior of the solutions for SU (2)_+ gauge group for different values of C_l: C_l = 0 is the

solid line, dash-dotted lines have C_l positive and increasing while dotted ones have C_l < 0. Even if not shown in the figure, all solutions with C_l ≠ 0 diverge as u goes to infinity

2.8 Vacuum energy

The vacuum energy for various N =1 deformations of the MN background was computed in [10, 21]. We now generalize the computation to our solutions. The redefinition:

h(r) = 2g(r) − 2f(r) = LogG(r); A(r) = 3f(r) + 2g(r)

diagonalizes the kinetic terms of the lagrangians (8),(10). The result can be expressed for both cases in the form: L = e^A ( Ȧ^2 − 1 2 G_{ab}ϕ̇^aϕ̇^b − V (ϕ) ) (23)

where the notation ϕ_a indicates the other fields different from A.

After integration by parts and the use of the equations of motion, the action is thus given by I ∼ lim_{r→∞} 2Ȧ(r)e^{A(r)} (24)

For the N = 1 case this is exactly the expression of [10, 21] and we do not re-discuss the consequent computation here. For the N = 2 case, we have to make the change of variables dr → du e^{l(u)}, so that:

I ∼ lim_{u→∞} 2Ȧ(u)e^{A(u)−l(u)} (25)

We remark that this expression, even if deduced from the effective uni-dimensional lagrangian, is the same that we get starting from the full action, in the Einstein frame, and including both the volume and the boundary contributions.

If we substitute the general expression for the fields in the above formula we have of course a divergent result. Divergences will cancel however when we compare the energies of any two solutions, provided that we have correctly matched the two corresponding metrics on the boundary. We take the BPS zero gaugino mass spacetime as our reference geometry. For that metric, using the freedom to shift u and f_∞ we find I ∼ lim_{u→∞} ∂_u ( 2(u + u^∗) + 1 2 log [ (u + u^∗)^2 −

(u + u^∗) 2 ] + 5(f_∞ + f^∗) ) (u+u^∗)e^{2(u+u∗)+5(f∞+f ∗)} The matching of the dilaton and of the S_2 metric fixes u^∗ and f^∗, and corresponds to equating the gauge coupling in the UV. We have, at linear order in the mass parameters (the label “S” indicate the subleading contribution):

5f(u) − l(u) : 2(u + u^∗) + 5(f_∞ + f^∗) ≡ 2u + 5f_∞ + 5f_S (u) − l_S (u) G(u) : u + G_∞ + u^∗ ≡ u + G_∞ + G_S (u)

Thus u^∗ ∼ G_S (u) + . . . 5f^∗ ∼ 5f_S (u) − l_S (u) − 2G_S (u) + . . . (26) When comparing two vacuum energies this leads to ΔI ∼ lim_{u→∞} ue^{2u+5f∞} [ l̇_S + 1 4u^2

Ġ_S + O (G_S u^3 )] (27)

Substituting the expressions for the subleading terms we finally have:

ΔI ∝ e^{2Φ∞} (V_l + 1)(Re(M_aV_a) + Re(M_ãV_ã)) (28)

For simplicity we have not shown the contributions of high order in the masses in the intermediate steps. However in the difference between solutions all contributions that are not vanishing by themselves in the limit u → ∞ exactly cancel, and the final result for ΔI does not change.

It is clear that in the supersymmetric limit when the masses of the two gauginos are both vanishing the solutions with different phases for the two condensates are degenerate. When we introduce instead a soft supersymmetry-breaking mass term for one gaugino (or both) this degeneracy is lifted by a term proportional to the mass itself (or to the sum of the masses), as expected from gauge theory analysis.

3 Gravity duals of gauge theories from regular and fractional D3 branes on a deformed conifold

3.1 Branes setup

Putting branes on singular backgrounds is a promising way of breaking supersymmetries in the context of gauge theory/supergravity correspondence. In particular it is possible to have a dual of a N = 1 theory putting N D3-branes at the tip of a singular Calabi- Yau space known as the conifold. There are various way to identify this space: it is the complex manifold described by the equation ∑ i z^2_i = 0; it has metric

ds^2_6 = dr^2 + r^2ds^2_T 1,1 = dr^2 + r^2 1 9 (dψ + 2∑ i=1 cos θ_iϕ_i)^2 + 1 6 2∑ i=1 (dθ^2_i + sin^2 θ_idϕ^2_i );

the base of the conifold T^{1,1} is the coset space (SU(2) × SU(2))/U(1) with topology S^2 × S^3.

The spacetime we get for the system of N ordinary D3 branes placed at the origin of the conifold in the supergravity limit is AdS_5 × T^{1,1}. The dual gauge theory is conformal, has N = 1 SUSY and gauge group SU(N) × SU(N) coupled to chiral superfields (two bifundamentals A_1, A_2 transforming in the (N, N̄ ) representation and their two conjugates B_1, B_2 transforming in the (N̄, N)) [22]. At this level the supergravity background remain singular.

Adding M fractional D3 branes, which in this context can be viewed as D5 branes wrapped on a collapsing two cycle of the T^{1,1}, changes the gauge group to SU(N) × SU(N + M) and breaks the conformal symmetry [8]. The relative gauge coupling starts to run logarithmically, and so does the D3 brane charge. Along the RG flow the theory experiences a series of Seiberg dualities, in which the gauge group factors are repeatedly lowered by M units, until finally in the far IR the gauge group become simply SU(M)^2. Non perturbative effects become essential and the exact Z_{2M} R-symmetry is dynamically broken to Z_2. The chiral symmetry breaking of gauge theory corresponds in supergravity to the deformation of the conifold, which resolves the singularity. This deformation is obtained keeping the S_3 of T^{1,1} of finite size even in the origin, so that the D5 branes no longer concentrate but smear over the S^3, keeping the 3-form flux finite. The deformed conifold is now described by the equation ∑ i z^2_i = ϵ^2, with ϵ given by the mass scale of the gauge theory: ϵ^2 ∼ m^3. The supergravity background becomes a sort of warped AdS_5 times the deformed conifold base.

3.2 Supergravity action and supersymmetric solution

We start from the usual ten dimensional type IIB action:

S_{10} = − 1 2κ^2_{10} ∫ d^{10}x (√ −g_{10}[ R_{10} −^1_2 (∂Φ)^2 −^1_{12} e^{−Φ}(∂B_2)^2 (29)

−^1_2 e^{2Φ}(∂C)^2 −^1_{12} e^Φ(∂C_2 − C∂B_2)^2 −^1_{4·5!} F^2_5 ] −^1_{2·4!·(3!)2} ϵ_{10}C_4∂C_2∂B_2 + ... ) , (∂B_2)_{M N K} ≡ 3∂_{[M} B_{N K]} , (∂C_4)_{M N KLP} ≡ 5∂_{[M} C_{N KLP ]} , F_5 = ∂C_4 + 5(B_2∂C_2 − C_2∂B_2) ,

with the additional on-shell constraint F_5 = ∗F_5.

To describe the brane setup of the model we take the following ansatz for the metric:

ds^2 = e^{2p−x}(dr^2 + e^{2A(r)}dx_μdx^μ) + e^{−6p−x}g^2_5 + e^{x+y} (g^2_1 + g^2 ) + e^{x−y}(g^2_3 + g^2_4 ) (30)

This is the general form for a warped and deformed version of the original AdS_5 × T^{1,1}. The 1-forms g_i are combinations of the angular differential 1-forms:

2Anyway even for the KS case we do not get a pure SYM, since for g_sM ≫ 1, where supergravity is a valid approximation, the duality cascade is dense. There is no finite energy range in which extra modes decouple.

g_1 =

− sin θ_1ϕ_1 − cos ψ sin θ_2dϕ_2 + sin ψdθ_2 √ 2 , g_2 = dθ_1 − sin ψ sin θ_2dϕ_2 − cos ψdθ_2 √ 2 ,

g_3 =

− sin θ_1ϕ_1 + cos ψ sin θ_2dϕ_2 − sin ψdθ_2 √ 2 , g_4 = dθ_1 + sin ψ sin θ_2dϕ_2 + cos ψdθ_2 √ 2 , g_5 = dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2

The function y describes the asymmetry between the two S_2.

In order to diagonalize the kinetic terms of the lagrangian preserving the same normalization of [24], we introduce the fields q and f: p = −q + f + 1 4 log 3 , x = 3q + 2f − 1 4 log 12. (31)

We can safely take C = 0, while the expressions for the other forms are constrained by the closure conditions and by the symmetries of the system. Finally, to avoid confusion with future notations, we rename the number M of fractional D-branes as P , and the number N of regular branes as Q. So the ansatz for all the fields becomes:

ds^2 = √ 2 3^{34} ( e^{−5q(r)}(dr^2 + e^{2A(r)}dx_μdx^μ) + ds^2_{5′} ) ds^2_{5′} =^1_9 e^{3q−8f} g^2_5 +^1_6 e^{3q+2f +y}(g^2_1 + g^2 ) +^1_6 e^{3q+2f −y}(g^2_3 + g^2_4) C = C_4 = 0 , B_{(2)} = g(r) g_1 ∧ g_2 + k(r) g_3 ∧ g_4 ∂C_2 ≡ F_{(3)} = 2P g_5 ∧ g_3 ∧ g_4 + d[F (r)(g_1 ∧ g_3 + g_2 ∧ g_4)] F_{(5)} = L(r)g_1 ∧ g_2 ∧ g_3 ∧ g_4 ∧ g_5 + ∗(L(r)g_1 ∧ g_2 ∧ g_3 ∧ g_4 ∧ g_5) L(r) = Q + (k(r) − g(r))F (r) + 2P g(r). (32)

It is now easy to derive an effective action for the relevant fields [24, 25]: L = ∫ dre^{4A} ( 3(∂A)^2 − 1 2 G_{ab}∂ϕ^a∂ϕ^b − V (ϕ) )

G_{ab}∂ϕ^aϕ^b = 15(∂q)^2 + 10(∂f)^2 +

(∂y)^2 2 + (∂Φ)^2 4 + e^{−Φ−6q−4f} (e^{−2y} √ 3(∂g)^2 2 + e^{2y} √ 3(∂k)^2 2 ) + √ 3e^{Φ−6q−4f} (∂F )^2 V (ϕ) = e^{−8q} ( e^{−12f} − 6e^{−2f} cosh y + 9 4 e^{8f} sinh y^2 ) + 9 √ 3 8 e^{4f −14q}e^{−Φ}(g − k)^2 + 9 √ 3 4 e^{4f −14q+Φ}(e^{−2y}F^2 + e^{2y}(2P − F )^2) + 27 2 e^{−20q}L^2. (33)

Einstein equations also impose the constraint 3(∂A)^2 −^1_2 G_{ab}∂ϕ^aϕ^b + V (ϕ) = 0. The undeformed conifold case is obtained for y = 0, k = g, F = 0. It is useful now to introduce the new radial coordinate τ so that dτ ≡ e^{4p}dr (34)

The supersymmetric solution of [8] reads

g(τ ) = τ coth τ − 1

2 sinh τ

(cosh τ − 1), k(τ ) = τ coth τ − 1

2 sinh τ

(cosh τ + 1),

F (τ ) = sinh τ − τ 2 sinh τ

, e^y = tanh τ 2 , Φ = 0, (35)

e^{10f} = K sinh τ, e^{15q} = h^{5/2}K^2(sinh τ )^4, e^{2A} = h^{1/3}K^{2/3}(sinh τ )^{4/3},

K(τ ) =

(sinh(2τ ) − 2τ )^{1/3} 2^{1/3} sinh τ h(τ ) ∝ ∫_∞ τ dx x coth x − 1

sinh^2 x

(sinh(2x) − 2x)^{1/3}

3.3 Gauge theory: identification of the fields

The supergravity background for the KS model is not a regular AdS one. Nevertheless, since it is only a deformation of an AdS spacetime, we can guess that the AdS prescription that links the masses of the supergravity fields to their asymptotic UV behaviors and to the dimensions of the corresponding operators of field theory, still holds. According with this prescription a field of mass m is dual to an operator of dimension Δ given, for all the cases we are going to consider in this paper, by

Δ = 2 + √ 4 + m^2.

The two independent solutions for that field behave in the UV as the powers Δ and 4−Δ of the exponential of minus the radius.

Looking at the lagrangian (33) we can extract the masses for the various fields in the undeformed case. First we have to make the redefinitions s = k + g, d = k − g, N_1 = F + d/2, N_2 = d/2 − F in order to diagonalize the mass matrix. We get that A, s, Φ are massless, m^2_q = 32, m^2_f = 12, m^2_y = −3, m_{N1} = 21, m_{N2} = −3.

According with the above AdS prescription we thus expect that the two independent solutions for each field behave as the following power of e^{−τ /3} (we remember that, due to the different conifold definition for the metric, this is the right quantity in comparison with the usual AdS one), each multiplied by a certain polynomial of τ to account for the deformation of the background:

Φ, A, s : 4, 0; y, N_2 : 3, 1; f : 6, −2; N_1 : 7, −3; q : 8, −4;

We will see in the next section that the explicit asymptotic solutions derived from the equations of motion have really these features. Since the UV behaviors confirm the reliability of AdS prescriptions even for the warped AdS space of this model, we can link the masses of the supergravity fields with the dimensions of the corresponding gauge theory operators.

The field s = k + g does not appear in the potential of (33): it is the massless field ∫ S_2 B(2) associated with a marginal direction in the CFT; the corresponding operator is 1 g^2 (F(1) + F(2)) [22]. For the other fields we have Δq = 8, ΔN^1 = 7, Δf = 6, Δy = 3,

Δ_{N2} = 3. Thus, following the notations and the results of [23, 27], we can identify these fields with operators in the multiplets: q, f → Tr(W^2W̄^2) N_1 → Tr(AĀ + BB̄)W^2 N_2 → Tr(W^2_{(1)} + W^2_{(2)}) (36) y → Tr(W^2_{(1)} − W^2_{(2)}) In particular N_2 and y contain the two operators associated to the condensates. Indeed, in pure SYM (that is in the far IR) the gaugino condensate is a protected operator of dimension 3, and it was argued in [8] that also in the UV, for N ≫ M, the anomalous dimensions of such operators are only of order O(M/N) or less.

We define as trλλ the combination of the two condensates which is charged under the broken U(1)_R; it has to be described by a supergravity object that transforms by a phase when ψ → ψ + δψ. In [28] this combination was thus associated with one polarization of C_2 = C^{RR}_2 + iB^{N S}_2 . We see that both reasonings lead to the same result. In [28] the authors also show that for KS solution the above identification for the condensate is in agreement with field theory. To do the same for our class of solutions we need the UV behavior of the supergravity fields, thus we postpone the question after the next section.

3.4 General solution: asymptotic behavior in the IR

We now look for solutions of the full second order equations of motion. Requiring that fields must approach the KS background in the IR, we found:

AIR(τ ) ≃^2_3 Log(τ ) +^1_6 Log(^{A0}_{32} ) + a2τ^2 + a4τ^4 + . . . q_{IR}(τ ) ≃^4_{15} Log(τ ) +^1_6 Log(A0 3^910 2^{− 7}5 ) + q2τ^2 + q4τ^4 + . . . f_{IR}(τ ) ≃^1_{10} Log(τ ) +^1_{10} Log(^2_3 ) + f2τ^2 + f4τ^4 + . . . y_{IR}(τ ) ≃ Log(τ ) − Log(2) + Cy t^2 + y4τ^4 + . . . ΦIR(τ ) ≃ Φ0 + Φ2τ^2 + Φ4τ^4 + . . . F IR(τ ) ≃ CF τ^2 + F 4τ^4 + . . . kIR(τ ) ≃ −^Q_{2 P} + Ckτ + k3τ^3 + k5τ^5 + . . . g_{IR}(τ ) ≃ −^Q_{2 P} + Cgτ^3 + g5τ^5 + . . .

(37) where A_0, Φ_0, C_y , C_F , C_g, and C_k are free parameters, while the other coefficients are determined in function of these. For example:

f_2 =

−7A_0 − 52A_0C_y + e^{Φ0} (20P^2 + 80C^2_F ) + e^{−Φ0} (720C^2_g − 5C^2_k ) 200A_0

a_2 =

18A_0 + 48A_0C_y − 40e^{Φ0} P^2 + e^{−Φ0} (720C^2_g − 15C^2_k ) 180A_0

(38)

q_2 =

72 A_0 + 192 A_0 C_y − e^{Φ0} (720C^2_F + 220P^2) + e^{−Φ0} (720C^2_g − 105C^2_k ) 1800A_0

In fact A_0 is not a relevant parameter, since it is related to the freedom to shift τ to τ + τ^∗ in the Lagrangian; in the same way, one of the three parameters C_F , C_g, C_k only represents the freedom to shift the zero value of s(τ ) = g(τ )+k(τ ), which is used in [8] to eliminate the dependence on Q in the solutions. Thus we have 4 physical free parameters, corresponding to the two gauge couplings and to the two masses, as expected from field theory analysis.

3.5 General solution: asymptotic behavior in the UV and interpolation

Solving the equations of motion in the UV we find that all fields can be expanded in powers of e^{τ /3}, each power multiplied by a certain polynomial. In this expansion all coefficients are determined in terms of a few number of free parameters only. These free parameters characterize the independent solutions, the ones that exist even if the other fields are switched off. Moreover, they appear in the polynomial multiplying exactly the power of e^{τ /3} we would have expected from the AdS prescription.

As concern the two independent solutions of each field, they have different features. Some fields start with exponentially divergent non renormalizable solution, while for other fields this non renormalizable solution is only polynomial. Finally, the remaining fields have both the independent solutions exponentially suppressed. Of course each field, which would have presented in the UV expansion two exponential orders as the independent solutions, actually gets non independent, induced contributions at other orders of e^{τ /3} when the other fields are switched on.

For sake of simplicity we do not show the exponentially divergent solutions, which are not asymptotic to the KS one. The relevant terms in the UV expansion for the eight fields are thus, for the polynomial part:

A(τ ) ≃^1_3 τ +^1_6 Log(τ −^1_4 ) + A_∞ + a_{0,−1}^1_τ + a_{0,−2}^1_{τ 2} + . . . + O(e^{− 2}3^τ )

q(τ ) ≃^1_6 Log(τ −^1_4 ) +^1_6 Log(3 √ 3e^{Φ∞} P^2) + q_{0,−1}^1_τ + q_{0,−2}^1_{τ 2} + . . . + O(e^{− 23 τ} )

f(τ ) ≃ O(e^{− 2}3^τ )

y(τ ) ≃ O(e^{− 13 τ} )

Φ(τ ) ≃ Φ_∞ + O(e^{− 2}3^τ )

g(τ ) ≃ e^{Φ∞} P τ + S_∞ + O(e^{− 13 τ} )

k(τ ) ≃ e^{Φ∞} P τ + S_∞ + O(e^{− 1}3^τ )

F (τ ) ≃ P + O(e^{− 13 τ} )

(39)

a_{0,−1} = q_{0,−1} =

Q + 2e^{Φ∞} P^2 + 2S_∞P

12e^{Φ∞} P^2 , a_{0,−2} = q_{0,−2} =

(Q + 2e^{Φ∞} P^2 + 2S_∞P ) (Q + e^{Φ∞} P^2 + 2S_∞P ) 48e^{2 Φ∞} P^2 , . . . This is the general expression one gets from the equations of motion. As in the IR there is in fact the freedom to shift the constant values of A, Φ and s = g +k. For the KS solution this freedom is used to set Q = 0, S_∞ = −P , Φ_∞ = 0 and A_∞ =^1_6 Log(2^{−6}3e^{Φ∞} P^2). For the general solution it is more useful to keep all this quantities unfixed. For sake of clearness however in the following we leave only Φ_∞ unfixed and show the simpler coefficients that one gets using redefinition freedom to eliminate the dependence on Q and to set S_∞ = −P e^{Φ∞} .

For the exponentially suppressed part of the expansions we have:

g(τ ) : −M_2e^{− 1}3^τ + e^{− 2}3^τ (g_{2,2}τ^2 + g_{2,1}τ + g_{2,0}) + e^{−τ} (g_{3,5}τ^5 + . . . + g_{3,1}τ − V_2) +e^{− 4}3^τ (g_{4,6}τ^6 + . . . + g_{4,1}τ + V_s) + e^{− 5}3^τ (g_{5,7}τ^7 + . . .) + e^{−2τ} (g_{6,9}τ^9 + . . .) +e^{− 7}3^τ (g_{7,11}τ^{11} + . . .) + e^{− 8}3^τ (g_{8,12}τ^{12} + . . .) + . . .

k(τ ) : M_2e^{− 1}3^τ + e^{− 2}3^τ (k_{2,2}τ^2 + k_{2,1}τ + k_{2,0}) + e^{−τ} (k_{3,5}τ^5 + . . . + k_{3,1}τ + V_2) +e^{− 4}3^τ (k_{4,6}τ^6 + . . . + k_{4,1}τ + V_s) + e^{− 5}3^τ (k_{5,7}τ^7 + . . .) + e^{−2τ} (k_{6,9}τ^9 + . . .) +e^{− 7}3^τ (k_{7,11}τ^{11} + . . .) + e^{− 8}3^τ (k_{8,12}τ^{12} + . . .) + . . .

y(τ ) : (M_1τ + y_{1,0})e^{− 1}3^τ + e^{−τ} (y_{3,4}τ^4 + . . . + y_{3,1}τ + V_1) + e^{− 5}3^τ (y_{5,7}τ^7 + . . .)

+e^{− 7}3^τ (y_{7,10}τ^{10} + . . .) + . . .

F (τ ) : (F_{1,1}τ + F_{1,0})e^{− 1}3^τ + e^{−τ} (F_{3,5}τ^5 + . . . + P V_1τ + F_{3,0}) + e^{− 5}3^τ (F_{5,7}τ^7 + . . .)

+e^{− 7}3^τ (F_{7,11}τ^{11} + . . . + V_{N1} τ + F_{7,0}) + . . .

Φ(τ ) : e^{− 2}3^τ (Φ_{2,1}τ + Φ_{2,0}) + e^{− 4}3^τ (Φ_{4,5}τ^5 + . . . + V_Φt + Φ_{4,0}) + e^{−2τ} (Φ_{6,8}τ^8 + . . .)

+e^{− 83 τ} (Φ_{8,11}τ^{11} + . . .) + . . .

A(τ ) : e^{− 23 τ} (A_{2,2}τ^2 + . . . + A_{2,−1} 1 τ + . . .) + e^{− 43 τ} (A_{4,5}τ^5 + . . .) + e^{−2τ} (A_{6,9}τ^9 + . . .)

+e^{− 83 τ} (A_{8,12}τ^{12} + . . .) + . . .

q(τ ) : e^{− 23 τ} (q_{2,2}τ^2 + . . . + q_{2,−1} 1 τ + . . .) + e^{− 43 τ} (q_{4,5}τ^5 + . . .) + e^{−2τ} (q_{6,9}τ^9 + . . .)

+e^{− 83 τ} (q_{8,12}τ^{12} + . . . + V_q τ + . . .) + . . .

f(τ ) : e^{− 23 τ} (f_{2,2}τ^2 + f_{2,1}τ + f_{2,0}) + e^{− 43 τ} (f_{4,5}τ^5 + . . . + f_{4,0})

+e^{−2τ} (f_{6,9}τ^9 + . . . + f_{6,1}τ + V_f ) + e^{− 83 τ} (f_{8,12}τ^{12} + . . .) + . . . (40)

where we have labeled the free parameters as M_a, V_a according whether they correspond to a mass or to a vev (actually there is a certain ambiguity in choosing which combinations of the coefficients M_{1,2} and V_{1,2} correspond exactly to the masses and vevs of the two gauginos) , and the derived coefficients as ϕ_{i,j} , with i order of the negative exponential and j of the power of τ multiplying the coefficient itself.

The derived coefficients that will be useful in future computations are, at linear order in the mass parameters:

y_{1,0} = − 4 3P e^{Φ∞} M_2 + 2M_1, F_{1,1} = 3 2 P M_1, F_{1,0} = −3e^{−Φ∞} M_2 + 33 8 P M_1,

F_{3,1} = P V_1 +O(M^3_i ), F_{3,0} = P V_1 −e^{−Φ∞} V_2 +O(M^3_i ), k_{3,1} = −g_{3,1} = e^{Φ∞} P V_1 +O(M^3_i ),

A_{4,1} = − 1 2 M_1V_1 + O(M^4_i ), A_{4,0} = − 1 8 V_Φ − 13 16 M_1V_1 + 5 6P e^{−Φ∞} M_2V_1 + O(M^4_i ),

q_{4,1} = − 1 20 M_1V_1 + O(M^4_i ), q_{4,0} = − 3 20 V_Φ +

M_1V_1 16 + M_2V_1 5P e^{Φ∞} + M_1V_2 40P e^{Φ∞} + O(M^4_i ),

f_{4,1} = − 3 10 M_1V_1 + O(M^4_i ), f_{4,0} = 1 10 V_Φ −

M_1V_1 2 + 8M_2V_1 15P e^{Φ∞} − M_1V_2 10P e^{Φ∞} + O(M^4_i ),

Φ_{4,0} = − 5 4 V_Φ −

4e^{Φ∞} V_s 3P + 21 2 M_1V_1 −

16M_2V_1 3P e^{Φ∞} + 8M_2V_2 3P^2e^{2Φ∞} − 11M_1V_2 2P e^{Φ∞} + O(M^4_i ),

k_{4,2} = 3 2 P e^{Φ∞} M_1V_1, k_{4,1} = − 3 2 V_ΦP e^{Φ∞} + 51 8 M_1V_1P e^{Φ∞} − 2M_2V_1 − 3 2 M_1V_2 + O(M^4_i ),

g_{4,2} = k_{4,2}, g_{4,1} = k_{4,1}, V_Φ = k_Φ(

M_2V_2 P e^{Φ∞} + M_1V_1). (41)

where k_Φ scales in such a way that even when M_{2,1} → 0, V_Φ remains finite. All the other derived coefficients ϕ_{i,j} for i ≤ 4 (and almost all for i ≥ 5) are of order (M_a)^i in the mass parameters.

Once the IR and the UV expansions are found it is possible to relate the UV parameters to the IR ones, and find numerical solutions. Anyway plots are not particularly enlightening and we do not report them here.

3.6 The gluino condensate

It was already pointed out in section 3.3 that the supergravity field dual to the gluino bilinear trλλ is one of the polarization of C_2 = C^{RR}_2 + iB^{N S}_2 . Since

H_3 = dB_2 = du ∧ (ġg_1 ∧ g_2 + k̇g_3 ∧ g_4) + 1 2 (k − g)g_5 ∧ (g_1 ∧ g_3 + g_2 ∧ g_4)

F_3 = dC^{RR}_2 = Ḟ du ∧ (g_1 ∧ g_3 + g_2 ∧ g_4) + F g_5 ∧ g_1 ∧ g_2 + (2P − F )g_5 ∧ g_3 ∧ g_4

we have that G_3 = dC_2 behaves at τ → ∞ as (we write only the polarizations along T^{1,1}):

G_3 ≃ [ P + e^{− τ}3 (F_{1,1}τ + F_{1,0}) + e^{−τ} (F_{3,5}τ^5 + . . . + (P V_1 + O(M^3_i ))τ + . . .) ] g_5 ∧ g_1 ∧ g_2 + [ P − e^{− τ3} (F_{1,1}τ + F_{1,0}) − e^{−τ} (F_{3,5}τ^5 + . . . + (P V_1 + O(M^3_i ))τ + . . .) ] g_5 ∧ g_3 ∧ g_4 + i [ M_2e^{− τ}3 + e^{−τ} (k_{3,5}τ^5 + . . . + (P e^{Φ∞} V_1 + O(M^3_i ))τ + . . .) ] g_5 ∧ (g_1 ∧ g_3 + g_2 ∧ g_4)

If we subtract the values of G_3 for two solutions with the same masses M_i we get, at leading order (we relabel for simplicity ΔV_1 as V_1):

ΔG_3 = (P V_1τ e^{−τ} +. . .) ω_3, ω_3 = − [g_5 ∧ (g_3 ∧ g_4 − g_1 ∧ g_2) + ig_sg_5 ∧ (g_1 ∧ g_3 + g_2 ∧ g_4)]

where g_s = e^{Φ∞} . Thus the polarization of C_2 we are interested in is

C_2 = −P V_1τ e^{−τ} ω_2, ω_2 = − [(g_1 ∧ g_3 + g_2 ∧ g_4) + ig_s(g_1 ∧ g_2 − g_3 ∧ g_4)]

For large τ we can perform the change of variables τ →^1_3 Log(ϵ^{− 2}3 u). Since the deformation parameter ϵ is related to the 4d mass scale as ϵ ∼ m^{− 23} , finally we get that for large τ the operator we would like to associate with the gluino condensate scales as P V_1 m^3 u^3

Log u^3 m^3 This result can be expressed simply as P V_1m^3/u^3, according to field theory prediction, with a redefinition of the scale as in [18, 26]; it would be interesting to evaluate the consequences of this issue.

3.7 Vacuum energy

Looking at the expression (33) for the effective action it is clear that, after integration by parts and the use of the equations of motion, the action becomes I ∼ lim_{r→∞} 3 2 Ȧ(r)e^{4A(r)} (42)

In order to use the results of previous section we also have to perform the change of variables dr → dτ e^{4p(τ )}. The action is therefore given by: I ∼ lim_{τ →∞} 9 2 Ȧ(τ )e^{4A(τ )−4q(τ )+4f (τ)} (43)

Even in the KS case, in order to cancel the divergences common to all vacuum energies, we have to subtract the actions of two solutions with different vevs. Again we take the supersymmetric solution, that is the KS one, as our reference geometry. It reads:

A_{KS} (τ ) =^1_3 τ +^1_6 Log(τ − 1/4) +^1_6 Log(2^{−6}3P^2e^{Φ∞} ) + O(e^{−2τ} ) q_{KS} (τ ) = +^1_6 Log(τ − 1/4) +^1_6 Log(3 √ 3P^2e^{Φ∞} ) + O(e^{−2τ} ) f_{KS} (τ ) = O(e^{−2τ} )

(44)

Accounting also for the freedom to shift τ and Φ_∞ the action for this supersymmetric background is given, at leading order, by:

I_{KS} ∝ lim_{τ →∞} e^{43 (τ +τ ∗)} ∂_τ ( τ + τ^∗ 3 + 1 6 log (τ − 1/4 + τ^∗) + 1 6 log(2^{−6}3P^2e^{Φ∞+Φ∗} ) ) (45)

The general solution have of course the form given in (39) and (40). In KS solution S_∞ is chosen in such a way that polynomial coefficients a_{0,j}, q_{0,j} in (39) vanish. To account for the freedom to shift s = g + k we take the value of S_∞ for the general solution as the one that makes the above mentioned coefficients vanish, plus a correction S^∗. The polynomial series in A(τ ), q(τ ) thus becomes, at leading order in S^∗: S^∗ 1 6P τ e^{Φ∞} (1 + 1 4τ + 1 (4τ )^2 + . . .) = S^∗ 1 6P τ e^{Φ∞} · 1 1 −^1_{4τ} = S^∗ 1 6P e^{Φ∞} (τ −^1_4 ) So the action for the general solution is: I ∝ lim_{τ →∞} e^{4/3τ +4(AS(τ )−qS(τ )+fS (τ ))} × ∂_τ (τ 3 + 1 6 log(τ − 1 4 ) + 1 6 log(2^{−6}3P^2e^{Φ∞} ) (46) + S^∗ 6P e^{Φ∞} (τ −^1_4 ) + O ( (S^∗)^2 ) + A_S (τ ) )

Here ϕ_S (τ ) indicates for each field its exponentially suppressed part.

To compare the energy of two solutions we have to match the corresponding metrics and scalar fields at the boundary. Besides the metrics the two relevant fields are of course those related to the two gauge couplings, i.e. Φ and s = g + k.

Using again the freedom to shift τ and the constant values of Φ and s, the matching gives the following constraints:

Φ(τ ) : Φ_∞ + Φ^∗ ≡ Φ_∞ + Φ_S (τ ) s(τ ) : e^{Φ∞ +Φ∗} P (τ + τ^∗) − e^{Φ∞ +Φ∗} P ≡ e^{Φ∞} P τ − e^{Φ∞} P + S^∗ + s_S (τ ) A(τ ) − q(τ ) :^1_3 (τ + τ^∗) ≡^1_3 τ + (A_S (τ ) − q_S (τ ))

Solving for infinitesimal τ^∗, S^∗ and Φ^∗ one gets:

Φ^∗ ∼ Φ_S (τ ) S^∗ ∼ (−s_S (τ ) + e^{Φ∞} P ((τ − 1)Φ_s(τ ) + 3A_S (τ ) − 3q_S (τ )) τ^∗ ∼ 3(A_S (τ ) − q_S (τ )) (47)

Substituting (47) in (45) and subtracting (46) we get, at leading order: ΔI ∝ lim_{τ →∞} e^{4/3τ} [( −8f_S + s_S P e^{Φ∞} τ^2 − 3p_s 4τ^2

− 6q̇_S + ṡ_S P e^{Φ∞} τ + 3ṗ_S 4τ ) ( 1 + O(τ^{−1}) )] (48)

As in the MN case, if we use the full expression (40),(41) for the solutions, that is if we perform the calculation to all orders in the M_a, divergent terms of the form ∼ M^2e^{2/3τ} appear in the vacuum energy. They depend on the masses but not on the condensates, and reflect the fact that the vacuum energy in the softly broken theory is infinite. All these terms however exactly cancel when computing difference in the energy for different vacua. The result is the same as if we do the calculation at first order in the mass parameters. In both cases the leading surviving contributions come from O(e^{−4/3τ} ) and give a vacuum energy: ΔI ∝ Re(M_1V_1)τ

which, however, is still divergent.

Conversely, if we set M_1 to zero, contributions come from the next term and we have a finite result:

ΔI ∝ e^{−Φ∞} (Re(M_2V_2) + k^′_ΦRe(M_2V_1)) (49)

It is not completely clear why giving a mass to both the fields associated with y and N_2 leads to an infinite energy difference between two different vacua. Nevertheless it is remarkable that at least in the particular case of only one mass parameter switched on we recover a finite vacuum energy.

4 Conclusions

We have studied softly broken N = 1 and N = 2 theories by deforming the Maldacena- Nuñez background and N = 1 theories by deforming the Klebanov-Strassler one.

We have found classes of solutions for both the systems that are globally regular. For these solutions we have computed the vacuum energy and verified that the degeneracy of supersymmetric vacua is lifted in the softly broken theory, according to expectation. We note that even if SUSY is broken, the U(1)_R symmetry is not, so many of the qualitative features of supersymmetric solutions persist. In particular we are still left with N vacua, which differ only in the phase of the gaugino condensate. Moreover we remark that, at least for a subclass of backgrounds, energy differences between inequivalent vacua remain finite.

The key ingredient involved either in the singularity resolution, either in vacuum computations is for both systems the gaugino condensate. An intriguing aspect is that information about condensates and vacuum energies are encoded in the subleading UV behavior of the supergravity solutions, but we have seen that UV parameters are actually fixed by regularity and boundary conditions in the IR. In other words, supergravity solutions show manifestly the deep interplay between UV and IR phenomena. Further investigations in that direction would be very interesting.

A correlated problem concern the analysis of other features of the softly broken theory encoded in the full solutions or in their IR behavior, such as for example the glueball spectrum.

Different kind of deformations of the 5D part of backgrounds, for example with suitable operators, analogue to the ones of [29] for AdS, would be another fruitful direction of analysis.

We should also discuss the issue of stability of general solutions, since supersymmetry is not protecting them any more. It is generally assumed that, since N = 1 theory has a mass gap, at least for small deformations stability is preserved. A more detailed analysis is nevertheless necessary to exclude the possibility of tachionic instabilities.

Finally, as pointed out in [10], globally regular solutions with finite vacuum energy, such as the ones of MN setup, have four dimensional Poincare invariance and positive cosmological constant and could be useful in string cosmology. For example, in [10] was outlined a possible model for Universe evolution that could account for cosmological supersymmetry breaking.

Acknowledgments

The author would like to thank first of all Prof. A . Zaffaroni, who suggested this investigation, for his continuous help. He would also like to thank Dott. A. Cotrone and Dott. F. Bigazzi for useful discussions and the Physics Department of the Milano-Bicocca University for kind hospitality. The author is partially supported by INFN and MURST.

References

[1] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 505, hep-th/9803131.

[2] I.R. Klebanov and A.A. Tseytlin, Nucl. Phys. B546 (1999) 155, hep-th/9811035, Nucl. Phys. B547 (1999) 143, hep-th/9812089, JHEP 9903 (1999) 015, hep-th/9901101;

[3] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, JHEP 9812 (1998) 022 [arXiv:hep-th/9810126].

[4] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, Adv. Theor. Math. Phys.

3 (1999) 363 [arXiv:hep-th/9904017].

[5] J. Polchinski and M. J. Strassler, arXiv:hep-th/0003136.

[6] C. V. Johnson, A. W. Peet and J. Polchinski, Phys. Rev. D 61 (2000) 086001 [arXiv:hep-th/9911161].

[7] J. M. Maldacena and C. Nuñez, Phys. Rev. Lett. 86 (2001) 588-591; hep-th/0008001.

[8] I.R. Klebanov and M.J. Strassler, JHEP 0008 (2000) 052, hep-th/0007191.

[9] J. D. Edelstein, A. Paredes and A. V. Ramallo, arXiv:hep-th/0212139. E. G. Gimon, L. A. Zayas, J. Sonnenschein and M. J. Strassler, arXiv:hep-th/0212061. X. J. Wang and S. Hu, arXiv:hep-th/0210041. T. Mateos, J. M. Pons and P. Talavera, arXiv:hep-th/0209150. R. Marotta and F. Sannino, Phys. Lett. B 545 (2002) 162 [arXiv:hep-th/0207163]. X. J. Wang and S. Hu, JHEP 0210 (2002) 005 [arXiv:hep-th/0207145]. A. Buchel, P. Langfelder and J. Walcher, arXiv:hep-th/0207214. E. Imeroni, Phys. Lett. B 541 (2002) 189 [arXiv:hep-th/0205216]. I. R. Klebanov, P. Ouyang and E. Witten, Phys. Rev. D 65 (2002) 105007 [arXiv:hep-th/0202056]. S. Kachru, J. Pearson and H. Verlinde, JHEP 0206 (2002) 021 [arXiv:hep-th/0112197]. J. Babington and N. Evans, JHEP 0201 (2002) 016 [arXiv:hep-th/0111082]. C. P. Herzog and I. R. Klebanov, Phys. Lett. B 526 (2002) 388 [arXiv:hep-th/0111078]. K. Dasgupta, K. h. Oh, J. Park and R. Tatar, JHEP 0201 (2002) 031 [arXiv:hep-th/0110050]. S. Frolov, I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B 620 (2002) 84 [arXiv:hep-th/0108106]. E. Caceres and R. Hernandez, Phys. Lett. B 504 (2001) 64 [arXiv:hep-th/0011204]. M. Krasnitz, arXiv:hep-th/0011179. S. S. Gubser, arXiv:hep-th/0010010.

[10] S. S. Gubser, A. A. Tseytlin and M. S. Volkov, JHEP 0109 (2001) 017 [arXiv:hep-th/0108205].

[11] O. Aharony, E. Schreiber and J. Sonnenschein, JHEP 0204 (2002) 011 [arXiv:hep-th/0201224].

[12] V. Borokhov and S. S. Gubser, arXiv:hep-th/0206098.

[13] M. Cvetic, H. Lu and C. N. Pope, Phys. Rev. D 62 (2000) 064028 [arXiv:hep-th/0003286].

[14] A. H. Chamseddine and W. A. Sabra, Phys. Lett. B 476 (2000) 415 [arXiv:hep-th/9911180].

[15] A. Salam and E. Sezgin, Phys. Lett. B 126 (1983) 295.

[16] G. Papadopoulos and A. A. Tseytlin, Class. Quant. Grav. 18 (2001) 1333 [arXiv:hep-th/0012034].

[17] R. Apreda, F. Bigazzi, A. L. Cotrone, M. Petrini and A. Zaffaroni, Phys. Lett. B 536 (2002) 161 [arXiv:hep-th/0112236].

[18] P. Di Vecchia, A. Lerda and P. Merlatti, Nucl. Phys. B 646 (2002) 43 [arXiv:hep-th/0205204].

[19] F. Bigazzi, A. L. Cotrone and A. Zaffaroni, Phys. Lett. B 519 (2001) 269 [arXiv:hep-th/0106160].

[20] J. P. Gauntlett, N. Kim, D. Martelli and D. Waldram, Phys. Rev. D 64 (2001) 106008 [arXiv:hep-th/0106117].

[21] N. Evans, M. Petrini and A. Zaffaroni, JHEP 0206 (2002) 004 [arXiv:hep-th/0203203].

[22] I. R. Klebanov and E. Witten, Nucl. Phys. B536 (1998) 199, [arXiv:hep-th/9807080] [23] F. Bigazzi, L. Girardello and A. Zaffaroni, Nucl. Phys. B 598 (2001) 530 [arXiv:hep-th/0011041].

[24] I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B 578 (2000) 123 [arXiv:hep-th/0002159].

[25] L. A. Pando Zayas and A. A. Tseytlin, JHEP 0011 (2000) 028 [arXiv:hep-th/0010088].

[26] M. Bertolini and P. Merlatti, arXiv:hep-th/0211142.

[27] A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara Phys. Rev. D61 (2000) 066001 [arXiv:hep-th/9905226] [28] A. Loewy and J. Sonnenschein, JHEP 0108 (2001) 007 [arXiv:hep-th/0103163]. [29] J. Babington, D. E. Crooks and N. Evans, arXiv:hep-th/0210068.

J. Babington, D. E. Crooks and N. Evans, arXiv:hep-th/0207076.