arXiv:hep-th/0302014 v1 3 Feb 2003

Non-minimal Maxwell-Chern-Simons theory and the composite Fermion model

Ricardo C. Paschoal^{1,2 ∗} and José A. Helayël-Neto^{1,3 †}

1Centro Brasileiro de Pesquisas Físicas – CBPF, Rua Dr. Xavier Sigaud 150, 22290-180, Rio de Janeiro, RJ, Brasil 2Serviço Nacional de Aprendizagem Industrial, Centro de Tecnologia da Indústria Química e Têxtil – SENAI/CETIQT, Rua Dr. Manoel Cotrim 195, 20961-040, Rio de Janeiro, RJ, Brasil 3Grupo de Física Teórica José Leite Lopes, Petrópolis, RJ, Brasil

Abstract The magnetic field redefinition in Jain’s composite fermion model for the fractional quantum Hall effect is shown to be effectively described by a mean-field approximation of a model containing a Maxwell-Chern-Simons gauge field nonminimally coupled to matter. Also an explicit non-relativistic limit of the nonminimal (2+1)D Dirac equation is derived.

∗E-mail: paschoal@cbpf.br †E-mail: helayel@cbpf.br

Since the introduction of the Chern-Simons (CS) term in the Lagrangean of planar Electrodynamics [1], it has been used in many aplications, and probably the most successful of them was the establishment of a connection between CS theory and fractional statistics [2], mainly when applied to the physics of the fractional quantum Hall effect (FQHE) [3]. Moreover, the two space dimensions open the possibility for a natural inclusion of a non-minimal (Pauli-type) coupling [4, 5, 6]^1, as it will be briefly reviewed below. These two terms — CS and non-minimal coupling — are induced by radiative corrections [1, 5] in planar QED, which is a sufficient motivation for including them in the bare Lagrangean. In addition, however, some interesting connections between these two terms were also observed in the scalar theory: when a non-minimal coupling is assumed in the Lagrangean, a CS term is generated by spontaneous symmetry breaking [7] and fractional statistics may be achieved even without an explicit CS term, either in the non-relativistic limit [8] or in the relativistic one [9]; a CS counter-term cures (at oneloop^2) the non-renormalizability of a non-minimal term [11]; and, as well, a non-minimal coupling cures [12], at least in the non-relativistic limit, the singularity problem of the scalar Maxwell-Chern-Simons (MCS) theory, which were pointed out before, by Ref. [13]. Not restricted to the scalar theory, but also valid in the fermion one, other important results are the vortex solutions in MCS gauge theory, both in Abelian and non-Abelian cases, and both relativistically or not, which were made possible by the inclusion of a non-minimal coupling [12].

Another motivation for considering a non-minimal MCS theory is the success of Jain’s composite fermion (CF) model for the FQHE [14], in which each electron is assumed to have an even number of magnetic flux quanta (or fluxons) attached to it, an idea brought up by the connection between CS theory and statistics transmutation mentioned above. A CF is a “particle” with charge and flux. Since, in two space dimensions, the magnetic flux and the magnetic dipole moment have the same dimension (= mass^{−1/2} in a h̄ = c = 1 unit system)^3, a CF may be viewed as a “particle” with both charge and magnetic dipole moment, just as in a Pauli-type non-minimal coupling scheme and thus some similarity between these two models would not be much surprising. Indeed, a relation between the CS term and a fluid of particles having a charge and a magnetic moment was stablished in Ref. [15]. That work also showed the interaction between the currents of such particles and the gauge field to be equivalent — up to a surface term — to a Pauli-type one.

In order to implement a non-minimal coupling, one first notes that while in (1+3) dimensions the dual F̃^{μν} ≡^1_2 ϵ^{μνκλ}F_{κλ} of the electromagnetic field F_{κλ} is a second-rank tensor, on the other hand, in (1+2) dimensions, it is a vector, F̃^μ ≡^1_2 ϵ^{μκλ}F_{κλ}, and thus

1Even for the case of spin zero (scalar) matter [4, 5, 6].

2At two loops, the renormalizability is still kept, but only for a certain value of the non-minimal coupling constant [10].

3It is worth stressing that this is a peculiarity of two space dimensions. It is not valid in (1 + 3) dimensions, where the magnetic flux is mass^0 and the magnetic dipole moment is mass^{−1}. Indeed, the main result of the present work — built up in two space dimensions — is in accordance with the idea of identifying these two quantities.

the minimal covariant derivative D_μ ≡ ∂_μ + iqA_μ (1) may be generalized to a non-minimal one, D_μ ≡ ∂_μ + iqA_μ + igF̃_μ, (2) where g is the planar analogue of the magnetic dipole moment, which couples nonminimally with the magnetic field^4. Indeed, since F̃^μ = (−B, −E_y, E_x) ≡ (−B, − ~⃗E), the equation above splits in components as:

D_0 ≡ ∂ ∂t + iqΦ − igB (3) and D_i ≡ ∂_i − iq( ⃗A)_i + igẼ_i. (4) To obtain the Schrödinger equation for an electron subject to an electromagnetic field, one proceeds as usual, substituting ∂_0 = ∂_t with D_0 (or, equivalently, summing the term qΦ − gB to the Hamiltonian) and ∂_i with D_i, these substitutions being readily seen to be equivalent to the minimal prescription, except for the following changes:

Φ → Φ − g q B (5) and ( ⃗A)_i → ( ⃗A)_i − g q Ẽ_i, (6)

which, due to the definitions^5: B ≡ ⃗∇ × ⃗A ≡ ϵ_{ij} ∂_i( ⃗A)_j (7) and ⃗E ≡ ∂ ∂t (− ⃗A_i) − ⃗∇_iϕ, (8) imply that:

B → B^′ = B + g q ( ⃗∇ · ⃗E ) (9) and ⃗E → ⃗E^′ = ⃗E + g q ⃗∇B + ∂ ~⃗E ∂t , (10) the Lorentz force preserving its form.

4Notice that the derivative (2) behaves like a covariant one, since the non-minimal term is gauge covariant, by definition.

5It is worthwhile to remark that Eq. (7) is a scalar one.

Performing the substitutions described above, one easily obtains the Schrödinger equation for the electron wave function ψ(x, y, t):

i ∂ψ ∂t = qΦ + ( ⃗p − q ⃗A + g ~⃗E )_2 2M − gB ψ, (11)

where M is the electron mass, ⃗p = −i⃗∇ is the canonical momentum and −gB plays the role of a magnetic dipole energy. The term involving g ~⃗E was shown in Ref. [8] to give rise to an Aharonov-Casher phase in the scalar theory^6. Now, a good issue is to write down the (2+1)-dimensional Dirac equation using the same non-minimal covariant derivative and verify whether its non-relativistic limit differs from equation above by some extra term(s), as it occurs with Pauli term in the minimal (3+1)-dimensional well known case [16]. This question is already positively answered in Refs. [4, 5, 6], but rather exploring the peculiar properties of the (2+1)-dimensionality than by means of the explicit use of the (2+1)- dimensional Dirac equation, which seeems to be lacking in the literature and will be performed below^7.

From Dirac equation, (iγ^μD_μ − M) Ψ = 0, with the covariant derivative (2) and a two-component Dirac spinor Ψ = (φ^′ χ^′)^T (in view of the three spacetime dimensions), one obtains: i ∂ ∂t ( φ χ ) = (qΦ − gB) ( φ χ ) − 2M ( 0 χ ) + π̃_x ( χ φ ) + iπ̃_y ( −χ φ ) , (12)

where (φ^′ χ^′) = e^{−imt}(φ χ), ~⃗π = (π_y, −π_x) and ⃗π = ⃗p − q ⃗A + g ⃗E is the kinetic momentum. The following representation of the gamma matrices was used: γ^0 = σ_z , γ^1 = iσ_x and γ^2 = iσ_y, the σ’s being the usual 2 × 2 Pauli matrices.

In the non-relativistic and weak field limits (2M, π̃_i ≫ i∂_t, qΦ, gB), the second equation above reads: χ = π̃_+φ 2M , (13)

where π̃_± ≡ π̃_x ± iπ̃_y, showing that χ is negligible compared to φ. Substituting (13) in the first component of Eq. (12), one obtains: i ∂φ ∂t = ( qΦ − gB + π_−π_+ 2M ) φ, (14)

which, after the proper substitutions and using [p_i, f] = −i(∂_if), yields the non-relativistic limit of the (2+1)-dimensional Dirac equation with a non-minimal coupling to an Abelian

6Besides the Aharonov-Bohm phase generated by the −q ⃗A term, as usual.

7In Ref. [8], this procedure is undertaken for the scalar theory but the fermion field is considered only after a dimensional reduction of the (3+1)-dimensional Dirac equation.

vector gauge field:

i ∂φ ∂t = qΦ + ( ⃗p − q ⃗A + g ~⃗E )_2 2M − qB 2M − gB − g 2M ( ⃗∇ · ⃗E ) φ. (15)

In the Hamiltonian inside the brackets of Eq. (15), one recognizes the first term as the usual electric charge-field energy; the second one is a generalization of the usual kinetic energy, with the kinetic momentum now given by ⃗p − q ⃗A + g ~⃗E; the third and fourth terms respectively are the (2+1)-dimensional Pauli term and a tree-level anomalous magnetic moment contribution as described in Refs. [4, 5, 6]; and the last one as an electric quadrupole moment interaction, which deserves deeper interpretation, but is indeed much more surprising (for a point-like particle) than the magnetic dipole term itself, once for the latter there exists the appeal to the particle spin as the usual interpretation^8. Equation above is equal to the first component of the 2-component spinor Eq. (21) in Ref. [8], derived from the non-relativistic limit of the (3+1)-dimensional (4-component) Dirac equation with a Pauli term, by means of a dimensional reduction. However, the equation above seems more natural to describe a planar particle, which does not have two spin degrees of freedom, but just one. Nevertheless, it is interesting to know that the directly (2+1)-dimensional approach adopted here can describe essentially the same physics as the dimensional reduction of the “real” (3+1)-dimensional world.

The gauge field, A_μ, will be assumed to be governed by a MCS action, which generates the following Euler-Lagrange field equations [1]: ⃗∇ · ⃗E − mB = ρ (16) ⃗∇ × ⃗E = −∂B ∂t (17) ~⃗∇B − m ~⃗E = ⃗J + ∂ ⃗E ∂t , (18)

where:

~⃗∇_i ≡ ϵ_{ij} ⃗∇_j = ϵ_{ij} ∂_j (19)

~⃗E_i ≡ ϵ_{ij} ⃗E_j = −F̃_i = F̃_i (20)

J^μ = (ρ, ⃗J). (21)

These equations do not take into account the electromagnetic fields generated by the magnetic dipoles g. This is an approximation which is in accordance with the fact that the applied magnetic field in a Hall bar is much stronger than those fields^9. Other

8Although even this argument fails in the scalar case, for which the anomalous magnetic moment term remains, as already mentioned above.

9Otherwise, the Lagrangian and the corresponding field equations would be respectively [17]: L = −^1_4 F^2_{μν} +^m_2 ϵ^{μκλ}A_μ∂_κA_λ − J_μA^μ − μϵ^{μκλ}J_μ∂_κA_λ; ⃗∇ · ⃗E − mB = ρ − μ⃗∇ · ~⃗J; ⃗∇ × ⃗E = −^{∂B}_{∂t} ; and ~⃗∇B − m ~⃗E = ⃗J +_∂ ⃗_{E∂t} + μ ( ~⃗∇ρ +_∂^~⃗_{J∂t} ), where μ ≡ g/q.

approximations will be made, all of them consistent with the mean fields inside a Hall bar: it will be assumed ρ = 0 (locally neutral specimen) and magnetic and electrical fields constant with time. Hence ⃗∇ · ⃗E = mB (22) ⃗∇B = m ⃗E − ~⃗J. (23) In a Hall bar, electric and magnetic fields are also uniform, but the unconventional MCS equation (22) does not allow it to be true with respect to the electric field. Indeed, the connection between charge and magnetic flux (which is more evident after an area integration of (16) ) is a well-known characteristics of (M)CS theory, and both the magnetic field and electrical charge may be viewed as a font of ⃗E. However, Eq. (23) enables the magnetic field to be kept as uniform, provided the condition m ⃗E = ~⃗J is satisfied, which is nothing but the identification of the CS parameter m with the Hall conductivity, another well-known result of CS theory, which is thus also valid in MCS Electrostatics (plus a uniform magnetic field).

The conclusion is that, in a Hall bar, a particle which possesses both an electric charge, q, and a magnetic dipole moment, g, subject to electric and magnetic fields ⃗E and B, may be thought of as a particle with the same charge, q, but no magnetic dipole moment, ‘feeling’ the following modified fields of Eqs. (9) and (10):

B^′ = B + g q ( ⃗∇ · ⃗E ) = B ( 1 + gm q ) (24) and ⃗E^′ = ⃗E, (25) where Eqs. (22) and (23), along with ⃗∇B = 0, were used.

Now, a similar result of Jain’s CF model for the FQHE [14] will be mentioned: it also refers to a redefinition of the magnetic field:

B^∗ = B_0 − 2nρ_eϕ_0, (26)

where B_0 is the external magnetic field, experienced by the electron; B^∗ is the effective magnetic field seen by the CF (an electron with an even number of magnetic fluxons attached); n is a positive integer; ρ_e is the mean electron (area) density; and ϕ_0 is the fluxon value (or the magnetic flux quantum), ϕ_0 = hc/e, or ϕ_0 = 2π/e in h̄ = c = 1 unit system.

Since a CF is endowed with both an electric charge and a magnetic flux (which, as already pointed out, in (1+2) dimensions has the same unit as a magnetic dipole moment), an analogy emerges between the quantities {B_0, B^∗} and respectively the quantities {B^′, B} in Eq. (24) above. Indeed, from Eqs. (26) and (24), the equality between these two pairs of quantities is possible if one assumes that (q = −e): m = − 4πρ_e Bg n. (27)

An important quantity in the QHE is the so-called filling factor ν_e = ρ_eϕ_0/B_0 (or, identifying B_0 with B^′ and using ϕ_0 = 2π/e, ν_e = 2πρ_e/eB^′). It corresponds to the number of occupied Landau levels, or, more precisely, the ratio between the number of electrons and the degeneracy of each Landau level. An equivalent quantity is defined for the CFs [14]: ν_{CF} = ρ_eϕ_0/B^∗ (or ν_{CF} = 2πρ_e/eB), where ν_{CF} and B^∗ (or B, as proposed here) may be both positive, or both negative, depending respectively whether the magnetic fields B_0 and B^∗ are parallel or antiparallel. From these two definitions and Eq. (26), a relation is derived [14] between ν_e and ν_{CF} :

ν_e = |ν_{CF} | 2n |ν_{CF} | ± 1 , (28)

where the upper (lower) sign corresponds to B_0 and B^∗ being parallel (antiparallel).

Now consider the system of CFs with quantized Hall conductivity, i.e., m = e^2 h n^∗ = e ϕ_0 n^∗, (29)

with n^∗ a positive integer, which is nothing but the absolute value of the CF filling factor: |ν_{CF} | = n^∗. This quantization may be accomplished by means of, for example, Laughlin’s argument [18] applied to the CF system. In this case, Eq. (28) gives:

ν_e = n^∗ 2nn^∗ ± 1 , (30)

which coincides with almost all experimentally observed values of the (electron) Hall conductivity σ_H = (e^2/h)ν_e in the fractional QHE, constituting one of the successes of Jain’s model. Because of this relation, the CF model is known as a description of the fractional QHE of the (interacting) electrons as an integer QHE of the (free) CFs. The possible equivalence between this feature of Jain’s model and the non-minimal MCS model described above (in mean field approximation), expressed in proposition (27), is enforced by the fact that, in the case of the fractional QHE (i.e., integer QHE for the CFs, m = (e/ϕ_0)n^∗), Eq. (27) leads to:

g = ∓2nϕ_0, (31)

in agreement with the idea in Jain’s model that an even number of fluxons corresponds to the value of the CF magnetic dipole moment. Of course, the path undertaken until here could be inverted and Jain’s redefinition (26) would be derived from Eq. (31). In other words: one assumes g = ∓2nϕ_0 in the non-minimal covariant derivative (2), as a description of particles with charge and magnetic moment (the CFs). Then, assuming that the gauge field, A^μ, is governed by MCS equations in a mean field approximation (Eqs. (22- 23)), the redefinition of the magnetic field given by Eq. (24) leads to B^′ = B ∓2nϕ_0mB/q, where B^′ is the magnetic field as seen by particles with the same charge as the CFs, but with no fluxons attached (thus, the electrons themselves). Finally, one uses Eq. (23) in the static case and with a uniform magnetic field to identify the CS parameter m with the Hall conductivity, which, if quantized as in Eq. (29), leads, along with q = −e and n^∗ = |ν_{CF} | = ρ_eϕ_0/ |B|, to Jain’s equation (26), with B (B^′) playing the role of B^∗ (B_0).

It is noticeable that the interesting result above has been obtained with very simple (mean field) approximations on the fields inside a Hall bar. However, it would not be attainable if a single of the following assumptions made here were not satisfied: (i) planar physics (which permits the identification of the dimensions of g with that of ϕ_0, and allows for the existence of the CS term); (ii) CS term (if m = 0, Eq. (24) does not redefine the magnetic moment as in Jain’s model); (iii) non-minimal coupling (idem for g); (iv) Maxwell term (in order to the divergence of the electrical field to be present in Eq. (16)). Of course, additional investigations are needed in order to discover to which extent the non-minimal MCS Electrodynamics yields correct results for the FQHE. One of them, already under study, is to relax the restrictions concerning the fields and consider the flutuactions in ρ, by means of a full quantum field theory, assuming (for example) Dirac (spinor) matter fields. Another calculation, not related to the QHE, but which may yield useful results is the electromagnetic field produced by an accelerated charge, in a non-minimal coupling, classical MCS theory. Some interesting results, such as violation of Huygens principle, were already obtained in [19] under a minimal coupling scheme. It will be studied whether the non-minimal coupling introduces new features. Probably a kind of dipole field will arise. Finally, we mention that more quantitative data, concerning the minimal MCS classical theory, will be published in Ref. [20].

Acknowledgements

We thank A.L.M.A. Nogueira and D. Barci for fruitful discussions and H. Belich Jr. and M. Messias Jr. for reading the manuscript.

References

[1] The most important original paper is: S. Deser, R. Jackiw and S. Templeton, Ann.

Phys. 140 (1982) 372-411, [Erratum-ibid. 185 (1988) 406], reprinted in ibid. 281 (2000) 409-449. More recent and introductory articles are: G.V. Dunne, “Aspects of Chern-Simons Theory,” http://arXiv.org/abs/hep-th/9902115; R. Jackiw, “Topics In Planar Physics,” MIT-CTP-1824 DIAS Working Seminar, Dublin, Ireland, May 1989: 19th GIFT School, Jaca, Spain, Jun 1989: 8th Symp., Mt. Sorak, Korea, Jul 1989: Banff Summer School, Aug 1989: 29th Schladming School, Schladming, Austria, Mar 1990.

[2] F. Wilczek, Fractional Statistics and Anyon Superconductivity, World Scientific, Singapore, 1990, which contains the most important original papers; A. Lerda, Anyons: Quantum Mechanics of Particles with Fractional Statistics, Lecture Notes in Physics vol. m14, Springer, Berlin, 1992.

[3] R.E. Prange and S.M. Girvin (Eds.), The Quantum Hall Effect, 2nd. ed., Springer- Verlag, New York, 1990; S. Das Sarma and A. Pinczuk (Eds.), Perspectives in Quantum Hall Effects, Wiley, New York, 1997; O. Heinonen (Ed.), Composite Fermions, World Scientific, Singapore, 1998.

[4] J. Stern, Phys. Lett. B 265 (1991) 119-123. [5] I.I. Kogan, Phys. Lett. B 262 (1991) 83-87.

[6] S.M. Latinsky and D.P. Sorokin, JETP Lett. 53 (1991) 187-189; Mod. Phys. Lett.

A 6 (1991) 3525-3530, and references therein.

[7] S.K. Paul and A. Khare, Phys. Lett. B 193 (1987) 253, Erratum-ibid. B 196 (1987) 571.

[8] M.E. Carrington and G. Kunstatter, Phys. Rev. D 51 (1995) 1903-1905. [9] F.A.S. Nobre and C.A.S. Almeida, Phys. Lett. B 455 (1999) 213-216, hep-th/9904159. [10] M.E. Carrington et al, Phys. Rev. D 60 (1999), 125018, hep-th/9905172. [11] M.E. Carrington and G. Kunstatter, Phys. Rev. D 50 (1994) 2830, hep-th/9403375. [12] B.S. Kim, H.-j. Lee and J.H. Yee, Phys. Rev. D 61 (1999) 025010, hep-th/9903138, and references therein.

[13] Z. Németh, Phys. Rev. D 58 (1998) 067703, hep-th/9802159.

[14] For an introductory review with original references see for example: J.K. Jain’s Chapter in S.D. Sarma and A. Pinczuk (eds.), Perspectives in Quantum Hall Effects (Wiley-Interscience, New York, 1997); J.K. Jain, “Microscopic theory of the fractional quantum Hall effect,” Adv. in Phys. 41(2) 105-146 (1992); or S. H. Simon’s and A. Lopez & E. Fradkin’s chapters in O. Heinonen, Ref. [3], also avaiable respectivelly at cond-mat/9812186 and cond-mat/9704055.

[15] D.G. Barci and L.E. Oxman, Phys. Rev. D 52 (1995) 1169-1175, hep-th/9503100. [16] J.D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics, McGraw-Hill, 1964, Chap. 1.

[17] See, for example, Y. Georgelin and J.C. Wallet, Mod. Phys. Lett. A 7 (1992) 1149- 1156.

[18] R.B. Laughlin, Phys. Rev. B 23 (1981) 5632.

[19] W.A. Moura-Melo and J.A. Helayël-Neto, Phys. Rev. D 63 (2001) 065013, hepth/0004143; W.A. Moura-Melo, Peculiar Aspects of Planar Maxwell and Maxwell- Chern-Simons Electrodynamics, Ph.D. Thesis, CBPF, 2001 (avaiable — in Portuguese — at http://www.cbpf.br/∼dcp/papers/).

[20] R.C. Paschoal, J.A. Helayël-Neto and F.A.B.R. de Carvalho, to be published.