arXiv:hep-th/0302030 v2 14 May 2003

Brane World Dynamics and Conformal Bulk Fields

Rui Neves^∗ and Cenalo Vaz^†

Faculdade de Ciências e Tecnologia, Universidade do Algarve Campus de Gambelas, 8000-117 Faro, Portugal

Abstract

In the Randall-Sundrum scenario we investigate the dynamics of a spherically symmetric 3-brane world when matter fields are present in the bulk. To analyze the 5-dimensional Einstein equations we employ a global conformal transformation whose factor characterizes the Z_2 symmetric warp. We find a new set of exact dynamical collapse solutions which localize gravity in the vicinity of the brane for a stress-energy tensor of conformal weight -4 and a warp factor that depends only on the coordinate of the fifth dimension. Geometries which describe the dynamics of inhomogeneous dust and generalized dark radiation on the brane are shown to belong to this set. The conditions for singular or globally regular behavior and the static marginally bound limits are discussed for these examples. Also explicitly demonstrated is complete consistency with the effective point of view of a 4-dimensional observer who is confined to the brane and makes the same assumptions about the bulk degrees of freedom.

PACS numbers: 04.50.+h, 04.70.-s, 98.80.-k, 11.25.Mj

1 Introduction

Matter fields may be confined to a 3-brane world embedded in a higher dimensional space if gravity propagates away from the brane in the extra dimensions [1, 2]. Remarkably, in this context it is possible to reformulate the hierarchy problem following two alternative paths which admit a fundamental Planck scale in the TeV range. In one approach the extra dimensions need to be compactified to a large finite volume [3]. In the other, the so-called RS1 model, one considers two branes, one of which (the observable brane) must have a negative tension. An exponential hierarchy is generated by a “warp” factor that characterizes the background metric [4]-[6]. An

∗E-mail: rneves@ualg.pt
†E-mail: cvaz@ualg.pt

alternative setup involving infinite, non-compact extra dimensions and only positive tension branes was later proposed in [7].

It is also possible to consider a single brane together with infinite and non-compact extra dimensions (the so-called RS2 model). The warp localizes gravity in the vicinity of the brane, allowing for the recovery of 4-dimensional Einstein gravity at low energy scales [8]-[12]. In this framework the observable universe is a boundary hypersurface of an infinitely extended Z_2 symmetric 5-dimensional anti-de Sitter (AdS) space. The classical dynamics are defined by the Einstein equations with a negative bulk cosmological constant Λ_B , a Dirac delta source representing the brane and a stressenergy tensor describing other bulk field modes which may exist in the whole AdS space.

A set of vaccum solutions is given by the metric [9]

ds̃^2_5 = l^2 (|z − z_0| + z_0)^2 ( dz^2 + ds^2_4 ) , (1)

where ds^2_4 is a 4-dimensional line element generated by a Ricci flat metric. The parameter l is the AdS radius and is written as l = 1/ √ −Λ_Bκ^2_5/6 where κ^2_5 = 8π/M^3_5 with M_5 the fundamental 5-dimensional Planck mass. The brane is located at z = z_0 and is fine-tuned to have zero cosmological constant, giving Λ_B = −κ^2_5λ^2/6 or l = 6/(κ^2_5λ) where λ denotes the positive brane tension.

The original RS solution [8] belongs to this class and is obtained when the 4- dimensional subspace has a Minkowski metric. Another example is the black string solution [9] which induces the Schwarzschild metric on the brane^1. However, the Kretschmann scalar diverges both at the AdS horizon and at the black string singularity [9] leading to a violation of the cosmic censorship conjecture [13]. This solution is expected to be unstable near the AdS horizon [14, 15] and is therefore not an acceptable description of a black hole on the brane. It may decay to a black cylinder localized near the brane which is free from naked singularities [9] but, despite considerable effort, this still remains a conjecture.

While exact solutions interpreted as static black holes localized on a brane have been found for a 2-brane embedded in a 4-dimensional AdS space [16], a static black hole localized on a 3-brane is yet to be discovered [17]-[27]. The difficulty in finding a static solution has led to an interesting conjecture [25] which attempts to relate black hole solutions localized on the brane in an AdS_{D+1} braneworld, which are found with the brane boundary conditions, with quantum black holes in D dimensions rather than classical ones.

Many other 5-dimensional solutions have been determined within the RS brane world scenario. These include the extensions of the RS geometry to thick branes [28] and non-fine-tuned branes [29], the 5-dimensional metrics describing Friedmann- Robertson-Walker (FRW) cosmologies [30, 31] and also other solutions envolving the

1This solution was first discussed in a different context in R. C. Myers and M. J. Perry, Ann. Phys. 172, 304 (1986).

effect of scalar fields in the bulk [32]-[34]. The aplication of the covariant Gauss- Codazzi (GC) approach [35]-[37] describing the perspective of a 4-dimensional observer restricted to the brane, has permitted the analysis of even more brane world physics [38]-[46]. In addition, several connections have been established between the AdS/CFT correspondence [47] and the RS brane world scenario [11, 25, 48].

In spite of the numerous 5-dimensional exact solutions already found in the RS scenario there are still many effective 4-dimensional metrics which have not been shown to be associated with exact bulk spacetimes. This happens for instance with the inhomogeneous dust and dark radiation dynamics on the brane. While the latter has been deduced within the RS scenario using the covariant GC formulation [44], the former has not yet been shown to have a brane world description. It is thus the purpose of the present work to search for new exact 5-dimensional solutions which might reproduce such effective 4-dimensional brane world dynamics. To attain this objective we consider the generally inhomogeneous dynamics of a spherically symmetric RS 3-brane when field modes other than the Einstein-Hilbert gravity are present in the whole AdS space. Such bulk fields and their influence on the brane world dynamics have been extensively discussed within the RS scenario for example to stabilize the extra dimensions [5, 6, 32, 33] and to analyze the possibility of generating a black hole localized on a 3-brane world [18, 22].

We begin in section 2 with an analysis of the Einstein field equations for the most general 5-dimensional metric consistent with the Z_2 symmetry and with spherical symmetry on the brane. We organize the Einstein equations using a global conformal transformation whose factor characterizes the warp of the fifth dimension. If the stress-energy tensor is assumed to have conformal weight s = −4, then it is possible to decouple the gravitational dynamics of the bulk matter fields from the 5-dimensional warp. The bulk matter dynamics generate a non-zero pressure along the fifth dimension, which must satisfy a precise equation of state. Thus we obtain a new set of exact dynamical solutions for which gravity is localized near the brane by the conformal warp factor.

In sections 3 and 4 we analyze two examples which belong to this new set of exact 5-dimensional solutions. Both examples permit the use of synchronous coordinates. From the point of view of an observer confined to the brane, they correspond to bulk matter behaving on the brane as pressureless dust and a generalized form of dark radiation. We determine the static marginally bound limits and discuss the conditions for singular or globally regular behavior.

As a consistency check, we consider the point of view of an observer confined to the brane in section 5. Using the effective GC formulation we show that if such an observer uses the same description of the field variables, then it indeed leads to identical brane world dynamics. Explicit proofs are provided for dust and dark radiation. We conclude in section 6.

2 5-Dimensional Einstein Equations and Conformal Transformations

Let (t, r, θ, ϕ, z) be a set of comoving coordinates in the 5-dimensional bulk. The most general metric consistent with the Z_2 symmetry in z and with 4-dimensional spherical symmetry on the brane may be written using a global conformal transformation [49] defined by a Z_2 symmetric warp function Ω = Ω(t, r, z), g̃_{μν} = Ω^2g_{μν} . (2) The corresponding 5-dimensional line elements are related by ds̃^2_5 = Ω^2ds^2_5, (3) where ds^2_5 = dz^2 + ds^2_4 (4) has a 4-dimensional line element which depends on three Z_2 symmetric functions A = A(t, r, z), B = B(t, r, z) and R = R(t, r, z) as follows ds^2_4 = −e^{2A}dt^2 + e^{2B}dr^2 + R^2dΩ^2. (5) R(t, r, z) represents the physical radius of the 2-spheres.

When bulk field modes other than the Einstein-Hilbert gravity are present in the 5-dimensional space the dynamical RS action corresponding to g̃_{μν} is given by

S̃ = ∫ d^4xdz √ −g̃ [ R̃ 2κ^2_5

− Λ_B − λ √ g̃_{55} δ (z − z_0) + L̃_B ] . (6)

The brane is assumed to be located at z = z_0 and is a fixed point of the Z_2 symmetry of the manifold. The contribution of the bulk fields is defined by the lagrangian L̃_B . A Noether variation on the action (6) gives the classical Einstein field equations, G̃^ν_μ = −κ^2_5 [ Λ_Bδ^ν_μ + λδ (z − z_0) γ̃^ν_μ − T̃^ν_μ ] , (7) where the induced metric on the brane is

γ̃^ν_μ = 1 √ g̃_{55} ( δ^ν_μ − δ^ν_5 δ^5_μ ) (8) and the stress-energy tensor associated with the bulk fields is defined by

T̃^ν_μ = L̃_B δ^ν_μ − 2 δ L̃_B δg̃^{μα} g̃^{αν} (9)

and is conserved in the bulk, ~∇_μT̃^μ_ν = 0. (10)

The Einstein field equations (7) are extremely complex when the metric g̃_{μν} is considered in its full generality. To be able to solve them we need to introduce simplifying assumptions about the field variables involved in the problem. Let us first assume that under the conformal transformation (2) the bulk stress-energy tensor has conformal weight^2 s [49], T̃^{μν} = Ω^sT^{μν} . (11)

Then substituting Eq. (11) and using the known transformation properties of the other tensors [49] we re-write Eq. (7) as

G^ν_μ = −6Ω^{−2} (∇_μΩ) g^{νρ}∇_ρΩ + 3Ω^{−1}g^{νρ}∇_ρ∇_μΩ − 3Ω^{−1}δ^ν_μg^{ρσ}∇_ρ∇_σΩ

−κ^2_5Ω^2 [ Λ_Bδ^ν_μ + λΩ^{−1}δ(z − z_0)γ^ν_μ − Ω^{s+2}T^ν_μ ] . (12)

Similarly, Eq. (10) also transforms under the conformal transformation. We have

∇_μT^μ_ν + Ω^{−1} [(s + 7)T^μ_ν ∂_μΩ − T ∂_ν Ω] = 0, (13)

where T = T^μ_μ is the trace of the bulk stress-energy tensor. If T̃^ν_μ has conformal weight s = −4, it is possible (though not necessary) to separate Eq. (12) as follows

G^ν_μ = κ^2_5T^ν_μ , (14)

6Ω^{−2}∇_μΩ∇_ρΩg^{ρν} − 3Ω^{−1}∇_μ∇_ρΩg^{ρν} + 3Ω^{−1}∇_ρ∇_σΩg^{ρσ} δ^ν_μ =

−κ^2_5Ω^2 [ Λ_Bδ^ν_μ + λΩ^{−1}δ(z − z_0)γ^ν_μ ] . (15)

In Eq. (14) we find the 5-dimensional Einstein equations with fields present in the bulk when the brane and the bulk cosmological constant are absent. It does not depend on the conformal warp factor which is dynamically defined by Eq. (15) and is then the only effect reflecting the existence of the brane or of the bulk cosmological constant in this setting. We emphasize that this is only possible for the special class of bulk fields which have a stress-energy tensor with conformal weight s = −4. The decomposition of (7) according to (14) and (15) implies a separation of Eq. (13) because of the Bianchi identity. We must have

∇_μT^μ_ν = 0, (16)

3T^μ_ν ∂_μΩ − T ∂_ν Ω = 0. (17)

Note that now T^ν_μ is a conserved tensor field which must satisfy the additional warp constraint equations (17). Since s ≠ −7 it does not need to be traceless.

Let us now consider Eq. (14). Expanding the Einstein tensor in terms of the metric functions A, B and R reveals that its only non-zero off-diagonal elements are

2Our assignment of conformal weight depends upon the index position.

G^r_t , G^z_t and G^z_r . Assuming that A = A(t, r), B = B(t, r) and R = R(t, r) sets G^z_t , G^z_r and the corresponding stress-energy tensor components to zero. Hence, we have

T^z_a = 0, (18)

where the latin index represents the 4-dimensional brane coordinates t, r, θ and ϕ. If in addition Ω = Ω(z) then Eq. (15) turns out to be independent of the metric functions A, B, R and reads

6Ω^{−2}(∂_z Ω)^2 = −κ^2_5Ω^2Λ_B,

3Ω^{−1}∂^2_z Ω = −κ^2_5Ω^2 [ Λ_B + λΩ^{−1}δ(z − z_0) ] . (19) For definiteness, take as solution of Eq. (19) the RS conformal warp factor

Ω = Ω_{RS} ≡ l |z − z_0| + z_0

(20)

where l = √ −6/(Λ_B κ^2_5) and

Λ_B + κ^2_5λ^2 6 = 0. (21)

Of course, other solutions with warp factors which depend only on the 5-dimensional coordinate z such as those corresponding to non-fine-tuned branes [29] or thick branes [28] may also be considered (see [22]). Eq. (17) constrains T^ν_μ to satisfy the equation of state 2T^z_z = T^c_c . (22) If we consider a diagonal stress-tensor, T^ν_μ = diag (−ρ, p_r, p_T , p_T , p_z ) , (23) where ρ, p_r, p_T and p_z denote the bulk matter density and pressures, then Eq. (22) is re-written as ρ − p_r − 2p_T + 2p_z = 0. (24) Because the metric functions A, B and R do not depend on z Eq. (18) applied to Eq. (16) leads to ∂_z p_z = 0 and to

∇_aT^a_b = 0, (25)

Therefore ρ, p_r and p_T must also be independent of z. Matter is, however, inhomogeneously distributed along the fifth dimension. The physical energy density, ρ̃(t, r, z), and pressures, p̃(t, r, z), are related to their counterparts, ρ(t, r) and p(t, r), by the scale factor Ω^{−2}(z).

Since all the off-diagonal components are zero, Eq. (14) also admits a similar dimensional reduction G^b_a = κ^2_5T^b_a (26) but now G^z is in general non-zero because of the existing pressure p_z ,

G^z = κ^2_5p_z . (27)

The collapse of the conformal bulk matter is inhomogeneous and defined by Eqs. (25) and (26). As we show in section 5, gravity is localized in the vicinity of the brane. The matter dynamics generates a pressure p_z along the fifth dimension, which must consistently be given by Eqs. (24) and (27). There are no further constraints.

3 Dust Dynamics on the Brane

The simplest kind of matter which we may consider is characterized by the equation of state p_r = p_T = 0. According to Eq. (24), its density ρ = ρ_D must generate a pressure p_z along the fifth dimension which satisfies p_z = −ρ_D/2. One can mimic an effective brane cosmological constant, if instead we take

ρ = ρ_D + Λ κ^2_5

, p_r = p_T = − Λ κ^2_5

, (28)

giving p_z = − 1 2 ( ρ_D + 4 Λ κ^2_5 ) . (29)

Although we will shortly see that Λ mimics a cosmological constant on the brane, it should be emphasized that Λ is a bulk quantity, distinct from a 4-dimensional cosmological constant. Since the warp factor has already been chosen to be the RS solution (20), in order to find the 5-dimensional metric describing the dynamics we must solve Eqs. (25), (26) and (27) under conditions (28) and (29).

Using Eq. (28) we write Eq. (25) [50] as follows

Ḃρ_D = −ρ̇_D − 2 Ṙ R ρ_D, (30)

A^′ρ_D = 0, (31) where the dot and the prime denote, respectively, partial differentiation with respect to t and r. Because of Eq. (31) we have to take the synchronous frame where A = 0 to avoid setting ρ_D to zero. Then the off-diagonal equation is given by

G^t_r = 2 R ( Ṙ^′ − ḂR^′ ) = 0 (32)

and has the solution e^B = R^′ H , (33) where H = H(r) is an arbitrary positive function of r. Introducing Eq. (33) in Eq. (30) we get the required dust density [51],

ρ_D =

2G_N M^′ κ^2_5R^2R^′

, (34)

where G_N is Newton’s gravitational constant and M = M(r) is an arbitrary positive function of r which represents the dust mass inside a shell labelled by r. Note that ρ_D > 0 is equivalent to M^′/R^′ > 0. This implies that the weak, strong and dominant energy conditions [49] are satisfied in 4 and 5 dimensions.

Next, consider the trace equation

− G^t + G^r + 2G^θ = −2 R̈^′ R^′ − 4 R̈ R = 2G_N M^′ R^2R^′

− 2Λ. (35)

Integrating twice we find

Ṙ^2 = 2G^N M R + Λ 3 R^2 + f, (36)

where f ≡ f(r) is an arbitrary function of r to be interpreted as the energy inside a shell labelled by r. Imposing on the initial hypersurface t = 0 the condition R(0, r) = r we obtain ± t + ψ = ∫ dR √_{2GN M} R +^Λ_3 R^2 + f

, (37)

where the signs + or − refer to expansion or collapse and ψ = ψ(r) is given by the evaluation at t = 0 of the integral in the r.h.s. Applying the radial equation

G^r = −2 R̈ R + H^2 R^2 − 1 R^2 − Ṙ2 R^2

= −Λ (38)

we obtain H = √ 1 + f and this restricts f to satisfy f > −1. Then it is easy to see that Eq. (27), G^z = − R̈′ R^′ − 2 R̈ R + f − Ṙ^2 R^2 + (f − Ṙ^2)^′ RR^′ = − G_N M^′ R^2R^′

− 2Λ, (39)

is an identity for all M and f.

We have thus obtained the 5-dimensional dust collapse solutions

ds̃^2_5 = Ω^2_{RS} ( dz^2 + ds^2_4 ) , (40)

where the 4-dimensional metric has the LeMaître-Tolman-Bondi (LTB)[52, 53] form

ds^2_4 = −dt^2 + R^{′2} 1 + f dr^2 + R^2dΩ^2, (41) with the physical radius satisfying Eq. (37).

The marginally bound models (corresponding to f = 0) with constant mass function, M(r) = const., describe static solutions. Indeed, using the standard transformation from the LTB coordinates (t, r) to the curvature coordinates (T, R),

T = t + ∫ dR √_Λ

3 R^4 + 2G_N MR Λ 3 R^3 − R + 2G_N M

, (42)

we obtain an AdS/dS-Schwarzschild black string solution given by Eq. (40) where

ds^2_4 = − ( 1 − 2G_N M R − Λ 3 R^2 ) dT^2 + ( 1 − 2G_N M R − Λ 3 R^2 )_{−1} dR^2 + R^2dΩ^2. (43)

In the vaccum we obtain the original RS static solution [8] and not the Schwarzschild black string [9]. By Birkhoff’s theorem, there are no other static vaccum solutions.

In general the solutions are dynamical and inhomogeneous. An analysis of the potential V =^Λ_3 R^3 + fR + 2G_N M uncovers a rich set of singular and globally regular solutions [54].

4 Generalized Dark Radiation Dynamics on the Brane

Let us now consider the possibility of generating on the brane the localized gravitational interaction between a generalized form of inhomogeneous dark radiation and an effective cosmological constant. This system is defined by conformal bulk matter with the equations of state

ρ + p_r = 0, p_T + ηρ + Λ κ^2_5

(1 − η) = 0, (44)

where η is the parameter characterizing the dark radiation model and ρ is given by

ρ = ρ_{DR} + Λ κ^2_5

. (45)

Applying Eq. (24) we find

p_z = − (1 + η) ρ − Λ κ^2_5

(1 − η) . (46)

As before, Λ is a bulk quantity and not a 4-dimensional cosmological constant. Nevertheless it will mimic a 4-dimensional cosmological constant on the brane. Thus only for standard dark radiation [31, 44] with η = −1 and Λ = 0, is the fifth dimensional pressure p_z equal to zero. Furthermore, the trace of the stress-energy tensor is

T^μ_μ = T^a_a + p_z , (47) and T^a_a = 2p_z , so it only vanishes when η = −1 and Λ = 0. This implies that only the standard form of dark radiation may be associated with the traceless projected Weyl tensor and so with the 4-dimensional brane world vaccum in the effective Gauss- Codazzi approach [44].

After decoupling the RS warp factor the determination of the 5-dimensional metric for the dark radiation system requires the solution of Eqs. (25), (26) and (27) under conditions (44)-(46). Let us start by introducing Eqs. (44) and (45) in Eq. (25). The contribution of Λ cancels out and we find the following dark radiation conservation equations

ρ̇_{DR} + 2(1 − η) Ṙ R ρ_{DR} = 0 = ρ_{DR}^′ + 2(1 − η) R^′ R ρ_{DR}. (48)

Note that for this generalized dark radiation system we may also safely take the synchronous frame (A = 0). Because of the equation of state ρ + p_r = 0 the dark radiation has a density defined independently of A as a consequence of which, despite the existing pressures, it admits a synchronous solution. Note as well that this is independent of the relation between ρ and p_T . As a consequence the general equations given in [50] simplify to give Eq. (48). The corresponding inhomogeneous density solution is given by

ρ_{DR} = Q_η κ^2_5

R^{2η−2}, (49)

where the constant Q_η is the dark radiation tidal charge. If Q_η > 0 then the dark radiation density is positive. As a consequence the weak, the dominant and the strong energy conditions in 4 dimensions imply, respectively, η ≤ 1, |η| ≤ 1 and η ≤ 0. If these conditions are imposed in 5 dimensions then we find that they lead, respectively, to η ≤ 0, −2 ≤ η ≤ 0 and η ≤ −1/3. Of course if Q_η < 0 then the dark radiation density is negative and all the energy conditions are violated.

Substituting Eq. (49) in the Einstein trace equation we obtain

− G^t + G^r + 2G^θ = −2 R̈^′ R^′ − 4 R̈ R = −2ηQ_ηR^{2η−2} − 2Λ. (50)

After two integrations we find

Ṙ^2 = Q^η 2η + 1

R^{2η} + Λ 3 R^2 + f, (51)

where f ≡ f(r) is the arbitrary function of r interpreted as the energy inside a shell labelled by r. Imposing the condition R(0, r) = r on the initial hypersurface t = 0 and integrating Eq. (51) we get ± t + ψ = ∫ dR √_Λ

3 R^2 + f +^{Qη}_{2η+1} R^{2η}

, (52)

Note that we have assumed η ≠ −1/2. For η = −1/2 we obtain

Ṙ^2 = Q^{-1/2} R (1 + ln R) + Λ 3 R^2 + f, (53)

and then ± t + ψ = ∫ dR √_Λ

3 R^2 + f +^{Q-1/2}_R (1 + ln R)

. (54)

Note as well that if the evolution is to be dominated by Λ as R goes to infinity then η should satisfy η < 1. This is true when Q_η > 0 and any one of the energy conditions is satisfied. Applying the radial equation

G^r = −2 R̈ R + H^2 R^2 − 1 R^2 − Ṙ2 R^2

= −Q_ηR^{2η−2} − Λ (55)

we again obtain H = √ 1 + f with f > −1. Then Eq. (27), G^z = − R̈′ R^′ − 2 R̈ R + f − Ṙ^2 R^2 + (f − Ṙ^2)^′ RR^′ = − (1 + η) Q_ηR^{2η−2} − 2Λ = κ^2_5p_z , (56)

is an identity for all functions R and f. Thus we conclude that the metric has the RS-LTB form (40) and (41) with the physical radius given by Eq. (52) for η ≠ −1/2 and by Eq. (54) for η = −1/2.

4.1 Static Limits

Of the dynamical dark radiation models the marginally bound correspond to f = 0 and are actually static solutions. Consider first η ≠ −1/2. Transforming from the LTB coordinates (t, r) to the curvature coordinates (T, R) defined by

T = t + ∫ dR √_Λ

3 R^2 +^{Qη}_{2η+1} R^{2η} Λ 3 R^2 − 1 +^{Qη}_{2η+1} R^{2η}

(57)

we find new black string solutions given by Eq. (40) with

ds^2_4 = − ( 1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 ) dT^2 + ( 1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 )_{−1} dR^2 + R^2dΩ^2.

(58) The 4-dimensional solution (58) for η = −1 is the inhomogeneous static exterior of a collapsing sphere of homogeneous standard dark radiation [41, 42, 44]. When Λ = 0 it corresponds to the zero mass limit of the tidal Reissner-Nordström black hole on the brane [38]. The horizons covering the physical singularity at R_s = 0 are defined by the transcendental equation 1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 = 0. (59)

For Λ = 0 and if the other parameters allowed it there may be an horizon located at

R_h = ( 2η + 1 Q_η ) 1_{2η}

. (60)

If Λ ≠ 0 then in general it is not possible to obtain the exact location of the horizons. The two single exceptions are the models corresponding to η = −1 and η = 1/2. For η = −1 we find the standard dark radiation horizons [41, 44]. For η = 1/2 the horizons are given by

R_h =

3Q_{1/2} 4Λ −1 ± 1 + 16Λ 9Q^2_{1/2} . (61) If Λ < 0 and Q_{1/2} > 0 then we have an inner horizon R^−_h and an outer horizon R^+_h . The two horizons merge for Q_{1/2} = 4 √ −Λ/3 and for Q_{1/2} < 4 √ −Λ/3 the singularity at R_s = 0 becomes naked. If Λ > 0 and Q_{1/2} > 0 there is a single horizon at R = R^+_h and for Λ > 0 and Q_{1/2} < 0 the horizon is at R^−_h . Note that for η = −1 the dark radiation with a positive tidal charge satisfies all energy conditions. For η = 1/2 this is no longer true. Indeed, the strong condition is violated in 4 dimensions and in 5 dimensions none of the energy conditions holds.

For η = −1/2 we proceed analogously to find a black string given by Eq. (40) and

ds^2_4 = − [ 1 − Q_{-1/2} R (1 + ln R) − Λ 3 R^2 ] dT^2 + [ 1 − Q_{-1/2} R (1 + ln R) − Λ 3 R^2 ]_{−1} dR^2 + R^2dΩ^2. (62)

4.2 Exact Dynamical Solutions

Let us now consider the non-marginally bound models corresponding to f ≠ 0. These are the ones which actually lead to dynamical and inhomogeneous evolutions. In general it is not possible to determine the exact solutions of Eqs. (52) and (54). The only exceptions are η = −1 and η = 1/2. If η = −1 we have standard dark radiation and the solutions have already been determined in [44]. They are inhomogeneous cosmologies characterized by Λ, Q_{-1} ≡ Q and f. The corresponding rich structure of physical singularities and regular rebounces was also identified in [44]. However, note that for the 5-dimensional solutions defined by Eqs. (40), (41) and (52) the gravitational field is always localized near the brane and the inhomogeneous dark radiation dynamics has been generated on the brane by the bulk fields. They are not a pure vaccum phenomena even if η = −1 and for such a vaccum gravity is not always confined to the vicinity of the brane [44].

The dynamics for η = 1/2 is actually similar to that of standard dark radiation [44]. Indeed, the solutions may also be organized by Λ and by the functions Y and β now defined as Y = R +

3Q_{1/2} 4Λ , β = 3 Λ ( 3Q^2_{1/2} 16Λ − f ) . (63)

To ilustrate consider Λ > 0 [55] and allow Q_{1/2} to be a real parameter as Q [56]. If β > 0 then −1 < f < 3Q^2_{1/2} /(16Λ) and so the solutions are | | | |R + 3Q_{1/2} 4Λ | | | | = √ β cosh ± √ Λ 3 t + cosh^{−1} | | |r +^{3Q1/2}_{4Λ} | | | √ β . (64) If β < 0 then f > 3Q^2_{1/2} /(16Λ) and we obtain R + 3Q_{1/2} 4Λ = √ −β sinh ± √ Λ 3 t + sinh^{−1} r +^{3Q1/2}_{4Λ} √ −β . (65) If β = 0 then f = 3Q^2_{1/2} /(16Λ) and we get an homogeneous solution | | | |R + 3Q_{1/2} 4Λ | | | | = | | | |r + 3Q_{1/2} 4Λ | | | | exp ± √ Λ 3 t . (66) Clearly, solutions (64) and (65) are intrinsically dependent on r and so correspond to inhomogeneous cosmologies which cannot be reduced to the standard homogeneous dS or Robertson-Walker spaces [57] by any coordinate transformation.

4.3 Singularities and Regular Rebounces

To analyze the space of solutions of the dark radiation models let us first take η ≠ −1/2. Then we consider Eq. (51) written as

R^σṘ^2 = V, (67)

where the potential V is V = V (R, r) = Q_η 2η + 1

R^{2η+σ} + Λ 3 R^{2+σ} + fR^σ , (68)

and the parameter σ ≥ 0 is only non-zero when η is negative. For example if η = −1 then σ = −2η = 2. Again in general it is not possible to study this potential exactly. The same is true for η = −1/2 which involves a logarithm of R. Only for η = −1 and η = 1/2 is such exact analysis possible. For η = −1 a rich structure of singularities and regular rebounces was found and discussed in [44]. A similar structure of solutions may now be shown to exist for η = 1/2. To ilustrate consider Λ > 0. The potential is written as V = Λ 3 R^2 +

Q_{1/2} 2 R + f = Λ 3 ( Y^2 − β ) . (69)

Then as for η = −1 there are at most two regular rebounce epochs and a phase of continuous accelerated expansion to infinity.

For β < 0 it is clear that V > 0 for all values of R ≥ 0. It satisfies V (0, r) = f with f > 3Q^2_{1/2} /(16Λ) and it grows to infinity with R as ΛR^2. The dark radiation shells may either expand forever or collapse to the singularity after a proper time t = t_s(r) given by

t_s(r) = √ 3 Λ sinh^{−1} r +^{3Q1/2}_{4Λ} √ −β − sinh^{−1} ( 3Q_{1/2} 4Λ √ −β ) . (70) For β > 0 and independently of Q_{1/2} the configuration −1 < f < 0 leads to globally regular solutions with a single rebounce epoch at R = R_∗ where

R_∗ = −

3Q_{1/2} 4Λ + √ β. (71)

Indeed, this is the minimum radius a collapsing dark radiation shell can have and it is reached after the time t = t_∗(r) where

t_∗(r) = √ 3 Λ cosh^{−1} r +^{3Q1/2}_{4Λ} √ β . (72) At this point the shells reverse their motion and expand continuously with ever increasing speed.

If β > 0 and 0 < f < 3Q^2_{1/2} /(16Λ) then for Q_{1/2} > 0 there are no rebounce points in the allowed dynamical region R ≥ 0. The time to reach the singularity is now given by

t_s(r) = √ 3 Λ cosh^{−1} r +^{3Q1/2}_{4Λ} √ β − cosh^{−1} ( 3Q_{1/2} 4Λ √ β ) . (73) On the other hand for Q_{1/2} < 0 there are two rebounce epochs at R = R_{∗±} with R_{∗±} = − 3Q_{1/2} 4Λ ± √ β. (74)

Since V (0, r) = f > 0 a singularity also forms at R_s = 0. The phase space of allowed dynamics is divided in two disconnected regions separated by the forbidden interval R_{∗−} < R < R_{∗+} where the potential is negative. For 0 ≤ R ≤ R_{∗−} the dark radiation shells may expand to a maximum radius R = R_{∗−} in the time t_{∗−} = t_∗ where

t_∗(r) = √ 3 Λ cosh^{−1} | | |r +^{3Q1/2}_{4Λ} | | | √ β . (75) At this rebounce epoch the shells start to fall towards the singularity which is reached after the time

t_s(r) = √ 3 Λ cosh^{−1} ( |3Q_{1/2} | 4Λ √ β ) . (76)

If R ≥ R_{∗+} then there is a collapsing phase to the minimum radius R = R_{∗+} taking the time t_{∗+} = t_∗ followed by reversal and subsequent accelerated continuous expansion. The singularity at R_s = 0 does not form and so the solutions are globally regular.

If β = 0 then f = 3Q^2_{1/2} /(16Λ). For Q_{1/2} < 0 there is one rebounce point at

R_∗ = −

3Q_{1/2} 4Λ . (77)

In this case V (0, r) = f > 0 and then a singularity also forms at R_s = 0. There is no forbidden region in phase space but the point at R_∗ turns out to be a regular fixed point which divides two distinct dynamical regions. Indeed if a shell starts at R = R_∗ then it will not move for all times. If initially R < R_∗ then either the shell expands towards R_∗ or it collapses to the singularity. The time to get to the singularity is finite,

t_s(r) = 3 Λ ln |3Q_{1/2}| 4Λ | | |r +^{3Q1/2}_{4Λ} | | | , (78) but the time to expand to R_∗ is infinite. If initially R > R_∗ then the collapsing dark radiation shells also take an infinite time to reach R_∗. If Q_{1/2} > 0 there are no real rebounce epochs and the collapsing dark radiation simply falls to the singularity at R_s = 0. The colision proper time is

t_s(r) = − 3 Λ ln 3Q_{1/2} 4Λ r +^{3Q1/2}_{4Λ} . (79) 5 Gauss-Codazzi Equations and the Localization of Gravity on the Brane

In the special conformal setting we have defined the RS warp solution (20) has been factored out of the 5-dimensional problem. This is then reduced to the resolution of Eqs. (25) and (26) with the fifth dimensional pressure, p_z , satisfying conditions (24) and (27). A set of effective 4-dimensional brane world geometries are generated and two examples are the inhomogenous dust and dark radiation dynamics. These effective 4-dimensional metrics should be deduced by an observer confined to the brane which makes the same assumptions about the bulk degrees of freedom. Moreover, in this case the 4-dimensional observer should also agree about the localization of gravity in the vicinity of the brane. Let us now show that the 5-dimensional approach developed in this work is in this sense consistent with the effective Gauss-Codazzi formulation [35]-[37].

Consider then the Gauss-Codazzi approach for the RS brane world scenario and assume that the matter degrees of freedom which exist on the brane only originate in matter modes present in the AdS bulk space. Then the effective 4-dimensional Einstein equations are given by

G^ν_μ =

2κ^2_5 3 [ T^β_α q^α_μ q^ν_β + ( T^β_α n^αn_β − 1 4 T^α_α ) q^ν_μ ] + K^αK^ν_μ − K^α_μ K^ν_α − 1 2 q^ν_μ ( K^2 − K^β_αK^α_β ) − E^ν_μ , (80)

where G^ν_μ = G^β_αq^α_μ q^ν_β, n^μ = δ^μ_z is the unit normal to the brane, q^ν_μ = δ^ν_μ − n_μn^ν is the tensor which projects orthogonaly to n^μ,

T^ν_μ = −Λ_Bδ^ν_μ + T^ν_μ (81)

is the stress-energy tensor,

K^ν_μ = lim_{z→z0 +}K^ν_μ = − κ^2_5λ 6 q^ν_μ (82)

is the extrinsic curvature and

E^ν_μ = lim_{z→z0 +}C_{ρασβ} n^αn^β q^ρ_μq^{σν} (83)

is the traceless projection of the 5-dimensional Weyl tensor.

Substituting Eqs. (81) and (82) in Eq. (80) we find

G^ν_μ = − κ^2_5 2 ( Λ_B + κ^2_5λ^2 6 ) δ^ν_μ +

2κ^2_5 3 [ T^β_α q^α_μ q^ν_β + ( T^β_α n^αn_β − 1 4 T^α_α ) q^ν_μ ] − E^ν_μ . (84)

Applying the covariant derivative it is clear that in general the projected Weyl tensor is not conserved because of the fields present in the bulk.

In the effective 4-dimensional point of view the metric g_{μν} is defined by Eqs. (4) and (5). Then we obtain E^μ_z = 0. If in addition the RS identity (21) is assumed to be satisfied then Eq. (84) is written as

G^b_a =

2κ^2_5 3 ( T^b_a + 1 4 T^z_z δ^b_a ) − E^b_a. (85)

Moreover, if T^b_a is conserved as in Eq. (25) then the projected Weyl tensor must satisfy ∇_aE^a_b = κ^2_5 6 ∇_bT^z_z . (86)

If it is verified that E^b_a = κ^2_5 3 ( −T^b_a + 1 2 T^z_z δ^b_a ) (87)

then Eq. (85) becomes Eq. (26) and so the 4-dimensional observer does find the same dynamics on the brane.

This may be explicitly checked for the dust and dark radiation systems. First determine E^ν_μ using the alternative Eqs. (83) and (87). For dust both lead to the same result E^t_t = κ^2_5 4 ρ_D, E^r_r = E^θ_θ = E^ϕ_ϕ = − κ^2_5 12 ρ_D. (88)

Thus Eq. (87) is indeed verified and then it is easy to see that Eq. (85) reduces to the 4-dimensional Einstein equations for dust and a cosmological constant

G^t = −κ^2_5ρ_D − Λ, G^r = G^θ = G^ϕ = −Λ. (89)

For the dark radiation system we also conclude that both Eqs. (83) and (87) lead to the same result

E^t_t = E^r_r = κ^2_5 6 (1 − η)ρ_{DR}, E^θ_θ = E^ϕ_ϕ = − κ^2_5 6 (1 − η)ρ_{DR} (90)

so that Eq. (87) is satisfied. Then Eq. (85) reduces to the 4-dimensional Einstein equations for dark radiation and a cosmological constant

G^t = G^r = −κ^2_5ρ_{DR} − Λ, G^θ = G^ϕ = κ^2_5ρ_{DR} − Λ. (91)

In the 5-dimensional picture it is clear that whatever the effective 4-dimensional solution to be considered, the conformal RS warp factor ensures that gravity is always localized in the vicinity of the brane. Let us now show that the observer confined to the brane may reach the same conclusion. In the covariant Gauss-Codazzi approach the tidal acceleration away from the brane is defined by [37, 46]

a_T = − lim_{z→z0 +}R_{μναβ} n^ν u^ν n^αn^β , (92)

where u^μ = δ^μ_t is the extension off the brane of the 4-velocity field which satisfies u^μn_μ = 0 and u^μu_μ = −1. For the gravitational field to be localized near the brane a_T must be negative. Consider the identity [36] R_{μναβ} = C_{μναβ} + 2 3 { g_{μ[α}R_{β]ν} + g_{ν[β} R_{α]μ} } − 1 6 Rg_{μ[α}g_{β]ν} , (93) where the square brackets denote anti-symmetrization. Introducing the 5-dimensional Einstein equation G^ν_μ = κ^2_5T^ν_μ (94) we find for the tidal acceleration the following expression

a_T = κ^2_5Λ_B 6 − κ^2_5 3 ( T^β_α u^αu_β − T^z_z + T^α_α 2 ) − E^β_α u^αu_β. (95)

If the contributions of T^ν_μ and E^ν_μ cancel each other,

E^β_α u^αu_β = − κ^2_5 3 ( T^β_α u^αu_β − T^z_z + T^α_α 2 ) , (96) then the tidal acceleration is given by

a_T = κ^2_5Λ_B 6 , (97)

which is indeed always negative in the RS 5-dimensional AdS space.

This may also be explicitly confirmed for the dust and dark radiation systems. For dust Eqs. (28) and (29) imply

a_T = κ^2_5Λ_B 6 − κ^2_5 4 ρ_D − E^β_α u^αu_β . (98)

Then using Eq. (88) it is easy to see that Eq. (96) is indeed verified. In the vaccum the solutions are conformally flat and so we also obtain the same result. Note, however, that using the effective Gauss-Codazzi approach it is possible to find a much richer non-conformally flat vaccum dynamics which also admits a brane cosmological constant [44]. Then it turns out that gravity is not always confined to the vicinity of the brane [44]. On the other hand for dark radiation generated on the brane by the conformal bulk fields Eqs. (44)-(46) imply

a_T = κ^2_5Λ_B 6 − κ^2_5 3 (1 − η)ρ_{DR} − E^β_α u^αu_β. (99)

Once more Eq. (96) is verified as may be checked introducing Eq. (90). Then the gravitational field is always bound to the vicinity of the brane.

6 Conclusions

Any theory in which our universe is viewed as a brane must reproduce the large scale predictions of 4-dimensional general relativity, in particular the gravitational collapse of matter, on it. In the bulk, this matter could be localized about the brane or extended. In this work, we have analyzed the dynamical collapse of extended matter in a Z_2 symmetric, 5-dimensional world in which a single spherically symmetric, positive tension, gravity confining brane exists. We have applied a global conformal transformation to give a clarifying organization to the Einstein equations for the most general 5-dimensional metric consistent with the Z_2 symmetry and with the spherical symmetry on the brane. Assuming that the bulk stress-energy tensor has conformal weight s = −4 and that only the conformal warp factor depends on the coordinate of the fifth dimension, we showed that the bulk matter dynamics on the brane produces a pressure along the fifth dimension which is required to satisfy a well defined equation of state.

With this analysis we have discovered a new class of exact dynamical solutions for which the conformal warp factor localizes gravity in the vicinity of the brane. We have considered the two specific examples of 5-dimensional geometries which define on the brane the gravitational dynamics of inhomogeneous dust and generalized dark radiation in the presence of an effective brane cosmological constant, also generated by bulk matter. For these examples we have discussed the static marginally bound limits and the conditions defining the solutions as singular or as globally regular.

Finally, we have also analyzed the point of view of an observer confined to the brane to show that an identical description of the variables in the problem consistently leads to the same localized brane world dynamics.

The bulk matter we consider is extended and not localized near the brane because the conformal weight of the stress-energy tensor is s = −4. Its density and pressures depend on the coordinate of the fifth dimension and diverge on the horizon. This problem is also encountered by the black string solution [9], where the Kretschmann invariant is shown to diverge on the AdS horizon. It can be solved if we use the first RS model in which there are two branes with opposite tensions present and we live on the brane with negative tension. Alternatively, one can look for solutions in a single brane model that respect the localization of gravity while incorporating a simultaneous localization of matter about the brane. This would amount to looking for solutions in which the conformal metric is g_{μν} (t, r, z), with g_{μν} (t, r, z = z_0) = g_{μν} (t, r) where g_{μν} (t, r) corresponds to one of the class of solutions we have presented plus (possibly) quantum corrections [25] (see [22] for a similar approach regarding static black hole solutions). This will be examined in future work.

Acknowledgements

We are grateful for financial support from the Fundação para a Ciência e a Tecnologia (FCT) as well as the Fundo Social Europeu (FSE) under the contracts SFRH/BPD/7182/2001 and POCTI/32694/FIS/2000 (III Quadro Comunitário de Apoio).

References

[1] K. Akama, Lecture notes in Physics Vol. 176 in ”Gauge Theory and Gravitation:

Proceedings of the International Symposium on Gauge Theory and Gravitation, Nara, Japan, 1982”, edited by K. Kikkawa, N. Nakanishi and H. Nariai, (Springer-Verlag, Berlin, 1983), p. 267 [arXiv:hep-th/0001113];

V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. 125B, 139 (1983); M. Visser, Phys. Lett. 159B, 22 (1985) [arXiv:hep-th/9910093];

E. J. Squires, Phys. Lett. 167B, 286 (1986);

G. W. Gibbons and D. L. Wiltshire, Nucl. Phys. B287, 717 (1987) [arXiv:hep-th/0109093].

[2] J. Dai, R. G. Leigh and J. Polchinski, Mod. Phys. Lett. A 4, 2073 (1989);

R. G. Leigh, Mod. Phys. Lett. A 4, 2767 (1989);

J. Polchinski, Phys. Rev. Lett. 75, 4724 (1995) [arXiv:hep-th/9510017]; P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996) [arXiv:hep-th/9510209]; Nucl. Phys. B475, 94 (1996) [arXiv:hep-th/9603142]; E. Witten, Nucl. Phys. B471, 135 (1996) [arXiv:hep-th/9602070]; T. Banks and M. Dine, Nucl. Phys. B479, 173 (1996) [arXiv:hep-th/9605136]; A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, Phys. Rev. D 59, 086001 (1999) [arXiv:hep-th/9803235]; Nucl. Phys. B552, 246 (1999) [arXiv:hep-th/9806051];

A. Lukas, B. A. Ovrut and D. Waldram, Phys. Rev. D 60, 086001 (1999) [arXiv:hep-th/9806022].

[3] I. Antoniadis, Phys. Lett. B 246, 377 (1990);

N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315]; Phys. Rev. D 59, 086004 (1999) [arxiv:hep-ph/9807344];

K. R. Dienes, E. Dudas and T. Gherguetta, Phys. Lett. B 436, 55 (1998) [arXiv:hep-ph/9803466]; Nucl. Phys. B537, 47 (1999) [arXiv:hep-ph/9806292]; I. Antoniadis, N. Arkani-Hamed, S. Dimopolous and G. Dvali, Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398].

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221].

[5] W. D. Goldberger and M. B. Wise, Phys. Rev. D. 60, 107505 (1999) [arXiv:hep-ph/9907218]; Phys. Rev. Lett. 83, 4922 (1999) [arXiv:hep-ph/9907447]; Phys. Lett. B 475, 275 (2000) [arXiv:hep-ph/9911457].

[6] T. Tanaka and X. Montes, Nucl. Phys. B582, 259 (2000) [arXiv:hep-th/0001092]. [7] J. Lykken and L. Randall, J. High Energy Phys. 0006, 014 (2000) [arXiv:hep-th/9908076];

[8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[9] A. Chamblin, S. W. Hawking and H. S. Reall, Phys. Rev. D 61, 065007 (2000) [arXiv:hep-th/9909205].

[10] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000) [arXiv:hep-th/9911055].

[11] S. Giddings, E. Katz and L. Randall, J. High Energy Phys. 03, 023 (2000) [arXiv:hep-th/0002091].

[12] I. Giannakis and H. c. Ren, Phys. Rev. D 63, 024001 (2001) [arXiv:hep-th/0007053].

[13] R. Penrose, Riv. del Nuovo Cim. 1, 252 (1969).

[14] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837 (1993) [arXiv:hep-th/9301052]; Nucl. Phys. B428, 399 (1994) [arXiv:hep-th/9404071].

[15] S. S. Gubser and I. Mitra, J. High Energy Phys. 0108, 018 (2001) [arXiv:hep-th/0011127];

G. T. Horowitz and K. Maeda, Phys. Rev. Lett. 87, 131301 (2001) [arXiv:hep-th/0105111]; Phys. Rev. D 65, 104028 (2002) [arXiv:hep-th/0201241]; H. S. Reall, Phys. Rev. D 64, 044005 (2001) [arXiv:hep-th/0104071]; S. S. Gubser, Class. Quant. Grav. 19, 4825 (2002) [arXiv:hep-th/0110193]; T. Wiseman, Class. Quant. Grav. 20, 1137 (2003) [arXiv:hep-th/0209051]; Class. Quant. Grav. 20, 1177 (2003) [arXiv:hep-th/0211028].

[16] R. Emparan, G. T. Horowitz and R. C. Myers, J. High Energy Phys. 0001, 007 (2000) [arXiv:hep-th/9911043]; J. High Energy Phys. 0001, 021 (2000) [arXiv:hep-th/9912135]; Phys. Rev. Lett. 85, 499 (2000) [arXiv:hep-th/0003118].

[17] T. Shiromizu and M. Shibata, Phys. Rev. D 62, 127502 (2000) [arXiv:hep-th/0007203].

[18] H. Lü and C. N. Pope, Nucl. Phys. B598, 492 (2001) [arXiv:hep-th/0008050]. [19] A. Chamblin, H. R. Reall, H. a. Shinkai and T. Shiromizu, Phys. Rev. D 63, 064015 (2001) [arXiv:hep-th/0008177].

[20] M. S. Modgil, S. Panda and G. Sengupta, Mod. Phys. Lett. A 17, 1479 (2002) [arXiv:hep-th/0104122].

[21] P. Singh and N. Dadhich, Phys. Lett. B 511, 291 (2001) [arXiv:hep-th/0104174]. [22] P. Kanti and K. Tamvakis, Phys. Rev. D 65, 084010 (2002) [arXiv:hep-th/0110298].

[23] G. Kofinas, E. Papantonopoulos and I. Pappa, Phys. Rev. D 66, 104014 (2002) [arXiv:hep-th/0112019];

G. Kofinas, E. Papantonopoulos and V. Zamarias, Phys. Rev. D 66, 104028 (2002) [arXiv:hep-th/0208207].

[24] R. Casadio and L. Mazzacurati, Mod. Phys. Lett. A 18, 651 (2003) [arXiv:gr-qc/0205129].

[25] R. Emparan, A. Fabbri and N. Kaloper, J. High Energy Phys. 0208, 043 (2002) [arXiv:hep-th/0206155], R. Emparan, J. Garcia-Bellido and N. Kaloper, J. High Energy Phys. 0301, 079 (2003) [arXiv:hep-th/0212132].

[26] P. Suranyi and L. C. R. Wijewardhana, Black Holes in Brane Worlds, [arXiv:hep-th/0207084].

[27] P. Kanti, I. Olasagasti and K. Tamvakis, Phys. Rev. D 66, 104026 (2002) [arXiv:hep-th/0207283].

[28] C. Csáki, J. Ehrlich, T. J. Hollowood and Y. Shirman, Nucl. Phys. B581, 309 (2000) [arXiv:hep-th/0001033].

[29] A. Karch and L. Randall, J. High Energy Phys. 0105, 008 (2001) [arXiv:hep-th/0011156].

[30] P. Binétruy, C. Deffayet and D. Langlois, Nucl. Phys. B565, 269 (2000) [arXiv:hep-th/9905012];

T. Nihei, Phys. Lett. B 465, 81 (1999) [arXiv:hep-ph/9905487]; N. Kaloper, Phys. Rev. D 60, 123506 (1999) [arXiv:hep-th/9905210]; C. Csáki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999) [arXiv:hep-ph/9906513];

J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999) [arXiv:hep-ph/9906523];

D. J. H. Chung and K. Freese, Phys. Rev. D 61, 023511 (2000) [arXiv:hep-ph/9906542];

H. B. Kim and H. D. Kim, Phys. Rev. D 61, 064003 (2000) [arXiv:hep-th/9909053];

P. Kraus, J. High Energy Phys. 9912, 011 (1999) [arXiv:hep-th/9910149]; É. É. Flanagan, S. H. Henry Tye and I. Wasserman, Phys. Rev. D 62, 044039 (2000) [arXiv:hep-ph/9910498];

C. Barceló and M. Visser, Phys. Lett. B 482, 183 (2000) [arXiv:hep-th/0004056]; H. Stoica, S. H. Henry Tye and I. Wasserman, Phys. Lett. B 482, 205 (2000) [arXiv:hep-th/0004126];

S. Nojiri and S. D. Odintsov, J. High Energy Phys. 0007, 049 (2000) [arXiv:hep-th/0006232];

P. Singh and N. Dadhich, Localization of Gravity in Brane World Cosmologies, [arXiv:hep-th/0204190]; Localized Gravity on FRW Branes, [arXiv:hep-th/0208080].

[31] P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000) [arXiv:hep-th/9910219];

S. Mukohyama, Phys. Lett. B 473, 241 (2000) [arXiv:hep-th/9911165]; D. Ida, J. High Energy Phys. 0009, 014 (2000) [arXiv:gr-qc/9912002]; S. Mukohyama, T. Shiromizu and K. I. Maeda, Phys. Rev. D 62, 024028 (2000) [Erratum-Phys. Rev. D 63, 029901 (2001)] [arXiv:hep-th/9912287]; P. Bowcock, C. Charmousis and R. Gregory, Class. Quant. Grav. 17, 4745 (2000) [arXiv:hep-th/0007177];

[32] O. DeWolf, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D 62, 046008 (2000) [arXiv:hep-th/9909134];

N. Arkadi-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, Phys. Lett. B 480, 193 (2000) [arXiv:hep-th/0001197];

S. Kachru, M. B. Schulz and E. Silvertein, Phys. Rev. D 62, 045021 (2000) [arXiv:hep-th/0001206];

P. Kanti, K. A. Olive and M. Pospelov, Phys. Lett. B 481, 386 (2000) [arXiv:hep-ph/0002229];

J. Garriga, O. Pujolas and T. Tanaka, Nucl. Phys. B605, 192 (2001) [arXiv:hep-th/0004109];

B. Grinstein, D. R. Nolte and W. Skiba, Phys. Rev. D 62, 086006 (2000) [arXiv:hep-th/0005001];

J. M. Cline and H. Firouzjahi, Phys. Rev. D 64, 023505 (2001) [arXiv:hep-ph/0005235];

S. Forste, Z. Lalak, S. Lavignac and H. P. Nilles, J. High Energy Phys. 0009, 034 (2000) [arXiv:hep-th/0006139];

V. D. Barger, T. Han, T. Li, J. D. Lykken and D. Marfatia, Phys. Lett. B 488, 97 (2000) [arXiv:hep-ph/0006275];

P. Binetruy, J. M. Cline and C. Grojean, Phys. Lett. B 489, 403 (2000) [arXiv:hep-th/0007029];

C. Csaki, M. L. Graesser and G. D. Kribs, Phys. Rev. D 63, 065002 (2001) [arXiv:hep-th/0008151];

A. Mennim and R. A. Battye, Class. Quant. Grav. 18, 2171 (2001) [arXiv:hep-th/0008192];

I. Brevik, K. A. Milton, S. Nojiri and S. D. Odintsov, Nucl. Phys. B599, 305 (2001) [arXiv:hep-th/0010205];

I. Z. Rothstein, Phys. Rev. D 64, 084024 (2001) [arXiv:hep-th/0106022]; É. É. Flanagan, S. H. Henry Tye and I. Wasserman, Phys. Lett B 522, 155 (2001) [arXiv:hep-th/0110070].

[33] P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Lett. B 468, 31 (1999) [arXiv:hep-ph/9909481]; Phys. Rev. D 61, 106004 (2000) [arXiv:hep-ph/9912266];

P. Kanti, K. A. Olive and M. Pospelov, Phys. Lett. B 538, 146 (2002) [arXiv:hep-ph/0204202];

P. Kanti, S. Lee and K. A. Olive, Phys. Rev. D 67, 024037 (2003) [arXiv:hep-ph/0209036].

[34] C. Csáki, M. Graesser, L. Randall and J. Terning, Phys. Rev. D 62, 045015 (2000) [arXiv:hep-ph/9911406].

[35] B. Carter, Phys. Rev. D 48, 4835 (1993);

R. Capovilla and J. Guven, Phys. Rev. D 51, 6736 (1995) [arXiv:gr-qc/9411060]; Phys. Rev. D 52, 1072 (1995) [arXiv:gr-qc/9411061].

[36] T. Shiromizu, K. I. Maeda and M. Sasaki, Phys. Rev. D 62, 024012 (2000) [arXiv:gr-qc/9910076];

M. Sasaki, T. Shiromizu and K. I. Maeda, Phys. Rev. D 62, 024008 (2000) [arXiv:hep-th/9912233].

[37] R. Maartens, Geometry and Dynamics of the Brane-World (2001), [arXiv:gr-qc/0101059].

[38] N. Dadhich, R. Maartens, P. Papadopoulos and V. Rezania, Phys. Lett. B 487, 1 (2000) [arXiv:hep-th/0003061];

[39] N. Dadhich and S. G. Ghosh, Phys. Lett. B 518, 1 (2001) [arXiv:hep-th/0101019].

[40] C. Germani and R. Maartens, Phys. Rev. D 64, 124010 (2001) [arXiv:hep-th/0107011];

T. Wiseman, Phys. Rev. D 65, 124007 (2002) [arXiv:hep-th/0111057]; Class. Quant. Grav. 19, 3083 (2002) [arXiv:hep-th/0201127].

[41] M. Bruni, C. Germani and R. Maartens, Phys. Rev. Lett. 87, 231302 (2001) [arXiv:gr-qc/0108013].

[42] M. Govender and N. Dadhich, Phys. Lett. B 538, 233 (2002) [arXiv:hep-th/0109086].

[43] R. Casadio, A. Fabbri and L. Mazzacurati, Phys. Rev. D 65, 084040 (2002) [arXiv:gr-qc/0111072];

[44] R. Neves and C. Vaz, Phys. Rev. D 66, 124002 (2002) [arXiv:hep-th/0207173]. [45] J. Garriga and M. Sasaki, Phys. Rev. D 62, 043523 (2000) [arXiv:hep-th/9912118];

R. Maartens, D. Wands, B. A. Bassett and I. P. C. Heard, Phys. Rev. D 62, 041301 (2000) [arXiv:hep-ph/9912464].

H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D 62, 064022 (2000) [arXiv:hep-th/0004160];

D. Langlois, Phys. Rev. D 62, 126012 (2000) [arXiv:hep-th/0005025]; C. van de Bruck, M. Dorca, R. H. Brandenberger and A. Lukas, Phys. Rev. D 62, 123515 (2000) [arXiv:hep-th/0005032];

K. Koyama and J. Soda, Phys. Rev. D 62, 123502 (2000) [arXiv:hep-th/0005239]; D. Langlois, R. Maartens, M. Sasaki and D. Wands, Phys. Rev. D 63, 084009 (2001) [arXiv:hep-th/0012044].

[46] R. Maartens, Phys. Rev. D 62, 084023 (2000) [arXiv:hep-th/0004166]. [47] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200];

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109];

E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150]; O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri e Y. Oz, Phys. Rep. 323, 183 (2000) [arXiv:hep-th/9905111].

[48] H. Verlinde, Nucl. Phys. B580, 264 (2000) [arXiv:hep-th/9906182];

S. S. Gubser, Phys. Rev. D 63, 084017 (2001) [arXiv:hep-th/9912001]; S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 62, 064006 (2000) [arXiv:hep-th/0001192];

S. W. Hawking, T. Hertog and H. S. Reall, Phys. Rev. D 62, 043501 (2000) [arXiv:hep-th/0003052];

M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85, 2052 (2000) [Class. Quant. Grav. 18, 3207 (2001)] [arXiv:hep-th/0003237];

S. Nojiri and S. D. Odintsov, Phys. Lett. B 484, 119 (2000) [arXiv:hep-th/0004057];

L. Anchordoqui, C. Nunez and K. Olsen, J. High Energy Phys. 0010, 050 (2000) [arXiv:hep-th/0007064];

S. de Haro, K. Skenderis and S. N. Solodukhin, Class. Quant. Grav. 18, 3171 (2001) [arXiv:hep-th/0011230];

T. Shiromizu and D. Ida, Phys. Rev. D 64, 044015 (2001), [arXiv:hep-th/0102035].

[49] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984). [50] T. P. Singh, Class. Quant. Grav. 16, 3307 (1999) [arXiv:gr-qc/9808003]. [51] P. S. Joshi, Global Aspects in Gravitation and Cosmology (Clarendon Press, Oxford, England, 1993).

[52] G. LeMaître, Ann. Soc. Sci. Bruxelles I A53, 51 (1933). An English translation can be found in Gen. Rel. Grav. 29, 641 (1997).

[53] R. C. Tolman, Proc. Natl. Acad. Sci. USA 20, 410 (1934);

H. Bondi, Mon. Not. Astronom. Soc. 107, 343 (1947).

[54] S. S. Deshingkar, S. Jhingan, A. Chamorro and P. S. Joshi, Phys. Rev. D 63, 124005 (2001) [arXiv:gr-qc/0010027].

[55] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J.

116, 1009 (1998) [arXiv:astro-ph/9805201]; Astrophys. J. 560, 49 (2001) [arXiv:astro-ph/0104455];

S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [arXiv:astro-ph/9812133];

S. Perlmutter, M. S. Turner and M. White, Phys. Rev. Lett. 83, 670 (1999) [arXiv:astro-ph/9901052];

N. A. Bahcall, J. P. Ostriker, S. Perlmutter and P. J. Steinhardt, Science 284, 1481 (1999) [arXiv:astro-ph/9906463];

U. Ellwanger, The Cosmological Constant, [arXiv:hep-ph/0203252]. [56] K. Ichiki, M. Yahiro, T. Kajino, M. Orito and G. J. Mathews, Phys. Rev. D 66, 043521 (2002) [arXiv:astro-ph/0203272];

P. Singh, R. G. Vishwakarma and N. Dadhich, Brane Curvature and Supernovae IA Observations, [arXiv:hep-th/0206193];

R. G. Vishwakarma and P. Singh, Can Brane Cosmology with a Vanishing Lambda Explain the Observations, [arXiv:astro-ph/0211285].

[57] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-time (Cambridge University Press, Cambridge, England, 1973).