arXiv:hep-th/0302134 v1 17 Feb 2003

HYPERBOLIC TOPOLOGICAL INVARIANTS AND THE BLACK HOLE GEOMETRY

A. A. BYTSENKO, E. ELIZALDE, AND S. A. SUKHANOV

Abstract. We discuss the isometry group structure of three-dimensional black holes and Chern–Simons invariants. Aspects of the holographic principle relevant to black hole geometry are analyzed.

1. Introduction

The discovery of black hole solutions in three–dimensional gravity offers a promising new area for the analysis of interesting and difficult problems that were posed in the four-dimensional case. We begin here with the discussion of some geometrical aspects of the non–rotating, three–dimensional black hole [1]. It is known that a static Lorentzian metric is a solution of the three– dimensional vacuum Einstein equation with negative cosmological constant Λ, i.e. R_{μν} = 2Λg_{μν} , R = 6Λ = −6σ^{−2}. The sectional curvature k is constant and negative, namely k = −σ^{−2} . The metric describes a space– time which is locally isometric to the anti–de Sitter space. The Euclidean section is obtained by the Wick rotation t → iτ, and reads

ds^2 = ( r^2σ^{−2} − M ) dτ^2 + ( r^2σ^{−2} − M )_{−1} dr^2 + r^2dφ^2 , (1.1)

where the coordinates (t, r, φ) have been used (8G=1 is assumed, so that the mass M is dimensionless), and σ is a dimensional constant. The metric (1.1) has a horizon radius given by r_+ = σM^{1/2}. With a change of coordinates, (τ, r, φ) → (y, x_1, x_2), of the form y = r_+ r exp ( r_+ σ φ ) , x_1 + ix_2 = 1 r ( r^2 − r^2_+ )_{1/2} exp ( i r_+ σ^2 τ + r_+ σ φ ) , (1.2) the metric becomes

ds^2 = σ^2 y^2 ( dy^2 + dx^2_1 + dx^2 ) . (1.3)

As a consequence, the metric describes a manifold homeomorphic to the real hyperbolic space H^3 . The group of isometries of H^3 is SL(2, C).

Date: February, 2003.

The research of A.A.B. has been supported in part by the Russian Foundation for Basic Research (grant No. 01–02–17157). E.E. has been supported by DGI/SGPI (Spain), project BFM2000-0810, and by CIRIT (Generalitat de Catalunya), contract 1999SGR- 00257. 1

Let us now consider a discrete subgroup Γ ⊂ P SL(2, C ) ≡ SL(2, C)/{±Id} (Id is the identity element), which acts discontinuously at the point z belonging to the extended complex plane C ⋃ {∞}. We recall that a transformation γ ≠ Id, γ ∈ Γ, with γz = (az + b)(cz + d)^{−1} , ad − bc = 1 , a, b, c, d ∈ C , is called elliptic if (Trγ)^2 = (a + d)^2 satisfies 0 ≤ (Trγ)^2 < 4, hyperbolic if (Trγ)^2 > 4, parabolic if (Trγ)^2 = 4, and loxodromic if (Trγ)^2 ∈ C \[0, 4]. The periodicity of the angular coordinate φ allows to describe the black hole manifold as the quotient Γ\H^3 , Γ being a discrete group of isometries possessing a primitive element γ_h ∈ Γ, defined by the identification γ_h(y, w) = (exp(2πr_+σ^{−1})y, exp(2πr_+σ^{−1}w)) ∼ (y, w). Therefore, the matrix

γ_h = ( e^{r+}σ 0 0 e^{− r+}σ ) , (1.4)

corresponds to an hyperbolic element (Trγ_h > 2) consisting in a pure dilatation. Furthermore, since in Euclidean coordinates τ becomes an angular variable, with period β, one is led also to the identification γ_e(y, w) = (y, exp(iβr_+σ^{−2})w) ∼ (y, w). This identification is generated by an elliptic element in the group Γ, namely

γ_e = e^{iβ} r+ σ2 0 0 e^{−iβ r+}σ^2 , (1.5) as long as Trγ_e < 2, and a conical singularity will be present. If βr_+σ^{−2} = 2π, then γ_e = Id and the conical singularity is absent. As a result, the period is determined to be β_H = 2πσ^2(r_+)^{−1} and this is interpreted as the inverse of the Hawking temperature. The M = 0 line element has the form ds^2_0 = r^2σ^{−2}dτ^2 + r^{−2}σ^2dr^2 + r^2dφ^2. It is clear that τ can be identified with any period β (in particular with β = ∞), and that φ has period 2π. Through the coordinate change: r = y^{−1}σ^2, τ = x_1, φ = x_2σ^{−1}, one gets the metric of the hyperbolic space: ds^2_0 = σ^2y^{−2}(dx^2_1 + dx^2 + dy^2), and the identification γ_p(w, y) = (w + β + 2iπσ y) ≃ (w, y). This identification is generated by elements of Γ of the form

γ_{p1} = ( 1 β 0 1 ) , γ_{p2} = ( 1 2iπσ 0 1 ) , (1.6)

which are parabolic. Therefore the on–shell three–dimensional black hole can be regarded as a strictly hyperbolic, non–compact manifold Γ\H^3 (see Sect. 2).

The group SL(2, C) being the universal covering of the Lorentz group, for a Euclidean space there are one–forms which can be combined to build a single SL(2, C) connection A^a_μ. It has been shown [2] that the Einstein action can be reduced to the Chern–Simons action associated with the connection A^a_μ. SL(2, C) gauge transformations in the Chern–Simons formulation are equivalent to diffeomorphisms and local Lorentz transformations in the metric formulation of the black hole [3]. In Sect. 3 we will work with the

Chern–Simons formulation, which follows from the relationship (non-trivial, in fact, since it has a nonvanishing holonomy) between flat connections and geometric structures related to one–forms. Some aspects of the holographic principle for hyperbolic geometry will be considered in Sect. 4.

2. The Arithmetic Geometry of Γ = SL(2, Z+ iZ)/{±Id}

Here we shall summarize the geometry and local isometry associated with a simple three–dimensional complex Lie group. We shall consider that the discrete subgroup Γ acts discontinuously at the points of the extended complex plane. The isometric circle of a transformation γ ∈ G = SL(2, C)/{±Id} for which ∞ is not a fixed point is defined to be the circle I(γ) = {z : |γz| = 1}, or I(γ) = {z : |z + d/c| = |c|^{−1}}, c ≠ 0. A transformation γ carries its isometric circle I(γ) into I(γ^{−1}). For Γ ⊂ G, one can choose a subgroup Γ of the form SL(2, Z+ iZ)/{±Id}, where Zis the ring of integers. The element γ ∈ Γ will be identified with −γ. The group Γ has, within a conjugation, one maximal parabolic subgroup Γ_∞. The fundamental domain related to Γ has one parabolic vertex, and can be taken to be of the form: F (Γ) = {(y, w) : x^2_1 + x^2 + y^2 > 1, −1/2 < x_2 < x_1 < 1/2}.

The Selberg trace formula can be constructed as an expansion in eigenfunctions of the automorphic Laplacian. Since the discrete group Γ has a cusp at ∞, each element of the stabilizer Γ_∞ is a translation. The conjugacy class {γ}_Γ, γ ∈ Γ_∞, with γ different from the identity, and the centralizers related to this class of γ, have been calculated in Refs. 4,5. Let λ_j be the isolated eigenvalues of the self–adjoint extension of the Laplace operator and let us introduce a suitable analytic function h(r) and r^2_j = λ_j − 1. For one parabolic vertex let us introduce a subdomain F_Y of the fundamental region F (Γ) by means of F_Y = {z ∈ F (Γ), z = {y, x}|y ≤ Y}, where Y is a sufficiently large positive number.

Lemma 1 (Ref. [4] , Eq. (13)). Suppose h(r) to be an even analytic function in the strip |ℑr| < 1 + ε (ε > 0), and h(r) = O(1 + |r|^2)^{−2}. Then the following formula holds: ∑ j h(r_j ) = lim_{Y→∞} ∫ F_Y ∑ {γ}_Γ k(u(z, γz)) dμ(z)

− 1 2π ∫ R_+ h(r) ∫ F_Y |E(z, 1 + ir)|^2 dμ(z)dr } , (2.1)

where dμ(z) = y^{−3}dydx_1dx_2 is the invariant measure on H^3 , k(z, z^′) = k(u(z, z^′)) is the kernel of the invariant operator, u(z, z^′) = |z − z^′|^2/yy^′, and E(z, s) is the Eisenstein–Maass series associated with one cusp.

The final result (see for detail Ref. [5]) could be considered as an addition to this Lemma 1.

Theorem 2 For the special discrete group SL(2, Z+ iZ)/{±Id} and h(r) satisfying the conditions of Lemma 1, the Selberg’s trace formula holds ∑ j h(r_j) − ∑ {γ}_Γ,γ≠Id, γ−non−parabolic

∫ k(u(z, γz)) dμ(z) = vol(F ) ∫ R_+

r^2 2π^2 h(r) dr

+ 1 4π ∫ R h(r) ( d ds log S(s)|_{(s=1+ir)} − ψ(1 + ir/2) ) + h(0) 4 (1 − S(1))+ Cg(0).

(2.2) Here vol(F ) is the (finite) volume of the fundamental domain F with respect to the measure dμ, the function S(s) (in the general case it is the S–matrix) is given by a generalized Dirichlet series, convergent for ℜs > 1. The functions E(z, s) and S(s) can be analytically extended on the whole complex s− plane, where they satisfy the functional equations S(s)S(1 − s) = Id, S(s) = S(s̄), E(z, s) = S(s)E(z, 1 − s). ψ(s) is the logarithmic derivative of the Euler Γ− function, C a computable constant and g(u) denotes the Fourier transform of h(r).

2.1. The functional determinant. In general, the determinant of an elliptic differential operator requires a regularization. It is convenient to introduce the operator L_Γ(δ) = L_Γ + δ^2 − 1, with δ a suitable parameter. One of the most widely used regularization is the zeta–function regularization (see Refs. [6,7,8]). Thus one has logdetL_Γ(δ) = −(d/ds)ζ(s|L_Γ(δ))|_{(s=0)}. In standard cases, the zeta function at s = 0 is well defined and one gets a finite result. The meromorphic structure of the analytically continued zeta function is related to the asymptotic properties of the heat–kernel trace. For the rank one symmetric space Γ\H^3 the trace of the operator exp[−(tL_Γ(δ))] could be computed by using Theorem 2 (Eq. (2.2)) with the choice h(r) = exp[−t(r^2 + δ^2)] (we use units in which the curvature of H^3 is equal to −1). Thus we have g(u) = (4πt)^{−1/2} exp(−tδ^2 − u^2(4t)^{−1}), g(0) = (4πt)^{−1/2} exp(−tδ^2), and h(0) = exp(−tδ^2).

We shall consider additive terms of the zeta function associated with the identity and parabolic elements of the group Γ only (the heat kernel and the zeta–function analysis for co–compact discrete group Γ has been done, for example, in Refs. [6,7]), Tr ( exp(−t(L_Γ(δ) − δ^2)) ) = vol(F ) + 4πtC (4πt)^{3/2} + 1 4 − 1 4π ∫ R ψ(1 + ir/2)e^{−tr2} dr. (2.3) Making use of the trace formula, we compute the functional determinant of the Laplace–type operator on Γ\H^3 . The zeta function for ℜs sufficiently large, can be rewritten in the form

ζ(s|L_Γ(δ)) = ∑ σ ρ_σ ( λ_σ + δ^2 − 1 )_{−s} = ∑ j ( λ_j + δ^2 − 1 )_{−s}

+ ∫ R_+ ( λ + δ^2 − 1 )_{−s} ρ_λ dλ, (2.4)

where the sum over j runs over the discrete spectrum, {λ_j } ∈ Spec(L_Γ). For the continuous spectrum, ρ_λ is proportional to the logarithmic derivative of the S–matrix S(s).

One has (d/ds)ζ(s|L_Γ(δ)) = − ∑ σ ρ_σ ( λ_σ + δ^2 − 1 )_{−s} log(λ_σ +δ^2 −1), and d dδ ( 1 2δ d dδ d ds ζ(s|L_Γ(δ)) ) = 2δ ∑ σ ρ_σ ( λ_σ + δ^2 − 1 )_{−s−2} + O(s). (2.5)

A standard Tauberian argument gives a Weyl’s estimate for large σ, namely [5]: (λ_σ + δ^2 − 1)^{−1} ≃ σ^{−2/3}. As a consequence, in the limit s → 0, the right hand side of Eq. (2.5) is finite. This works for two– and three–dimensional cases. In higher dimensions it is necessary to take further derivatives with respect to δ [9]. The inclusion of the contribution related to the hyperbolic elements is almost straightforward and can be found, for example, in Refs. [6,7]. It is additive and reads simply logZ_Γ(1 + δ), like before Z_Γ(s) is the Selberg zeta function. Summarizing, the final result ist:

Theorem 3 (Ref. [5], Theorem 2). The following identity holds

det L_Γ(δ) = 2 (πδ)^{1/2}Γ(δ/2) exp ( − vol(F )δ^3 6π + Cδ ) Z_Γ(1 + δ). (2.6)

3. Topological Invariants of the Hyperbolic Geometry

The Chern–Simons partition function may be expressed through the asymptotics which lead to a series of C^∞− invariants associated with triplets {X; F; ξ}, with X a smooth homology three-sphere, F a homology class of framings of X, and ξ an acyclic conjugacy class of orthogonal representations of the fundamental group π_1(X) [10]. In addition, the cohomology H(X; Adξ) of X with respect to the local system related to Ad ξ vanishes.

We turn into Chern–Simons invariants related to real hyperbolic spaces. Let M = G/K be an irreducible rank one symmetric space of non–compact type, where G is a connected non–compact simple split rank one Lie group with finite centre, and K ⊂ G a maximal compact subgroup [11]. Let Γ ⊂ G be a discrete, co–compact torsion free subgroup. Then X = Γ\M is a compact Riemannian manifold with fundamental group Γ, i.e. X is a compact locally symmetric space. For a real hyperbolic manifold, we have G = SO_1(n, 1) (n ∈ Z_+), K = SO(n), and X = Γ\H^n . Given a finite– dimensional unitary representation χ of Γ, there is the corresponding vector bundle V_χ → X over X, given by V_χ = Γ\(M ⊗ F_χ), where F_χ (the fibre of V_χ) is the representation space of χ and where Γ acts on M ⊗ F_χ by the rule γ · (m, f) = (γ · m, χ(γ)f) for (γ, m, f) ∈ (Γ ⊗ M ⊗ F_χ). Let L_Γ be the Laplace–Beltrami operator of X acting on smooth sections of V_χ; we obtain L_Γ by projecting the Laplace–Beltrami operator of M (which is G− invariant and thus Γ− invariant) to X. For any representation χ : Γ → U(n) one can construct a vector bundle ~E_χ over a certain 4-manifold Y with boundary ∂Y = X which is an extension of a flat vector bundle E_χ over X. Let ~A_χ be any extension of a flat connection A_χ corresponding to χ.

The index theorem of Atiyah–Patodi–Singer for the twisted Dirac operator D ~_{Aχ} [12, 13, 14] gives here

Index ( D ~_{Aχ} ) = ∫ Y ch(~E_χ ) ^A(Y ) − 1 2 (η(0, D_χ) + h(0, D_χ)), (3.1)

where ch(~E_χ ) and ^A(Y ) are the Chern character and ^A−genus respectively, ^A = 1 − p_1(Y )/24, p_1(Y ) is the 1–st Pontryagin class, η(0, D_χ) is the holomorphic eta function, h(0, D_χ) is the dimension of the space of harmonic spinors on X (h(0, D_χ) = dimker D_χ = multiplicity of the 0–eigenvalue of D_χ acting on X); and D_χ is a Dirac operator on X acting on spinors with coefficients in χ. The Chern–Simons invariants of X can be derived from Eq. (3.1). Indeed we have: CS(A_χ) ≡ 1 2 (dimχη(0, D) − η(0, D_χ)) , mod(Z/2). (3.2)

A remarkable formula relating η(s, D), to the closed geodesics on an hyperbolic manifold of (4n − 1)− dimension has been derived in [15, 16]. More explicitly the following function can be defined, initially for ℜ(s^2) ≫ 0, by the formula

logZ_Γ(s)^{def}= ∑ [γ]∈E_1(Γ)

(−1)^q L(γ, D) |det(I − P_h(γ))|^{1/2} e^{−sℓ(γ)} m(γ) , (3.3)

where E_1(Γ) is the set of those conjugacy classes [γ] for which X_γ has the property that the Euclidean de Rham factor of ~X_γ is 1-dimensional ( ~X is a simply connected cover of X which is a symmetric space of noncompact type), the number q is half the dimension of the fibre of the centre bundle C(T X) over X_γ , ℓ(γ) is the length of the closed geodesic c_γ (with multiplicity m(γ)) in the free homotopy class corresponding to [γ], P_h(γ) is the restriction of the linear Poincaré map P (γ) at (c_γ , ċ_γ) ∈ T X to the directions normal to the geodesic flow and L(γ, D) is the Lefschetz number (see Ref. 16).

3.1. The twisted Dirac operator. Let now χ : Γ → U(F ) be a unitary representation of Γ on F . The Hermitian vector bundle F = ~X ×_Γ F over X inherits a flat connection from the trivial connection on ~X × F . We specialize to the case of locally homogeneous Dirac operators D : C^∞(X, E) → C^∞(X, E) in order to construct a generalized operator O_χ, acting on spinors with coefficients in χ. If D : C^∞(X, V ) → C^∞(X, V ) is a differential operator acting on the sections of the vector bundle V , then D extends canonically to a differential operator D_χ : C^∞(X, V ⊗ F) → C^∞(X, V ⊗ F), uniquely characterized by the property that D_χ is locally isomorphic to

D ⊗ ... ⊗ D (dim F times) [16]. One can repeat the arguments to construct a twisted zeta function Z^χ_Γ (s). It follows that [17, 18, 19]: Z^χ_Γ (0) = Z^χ_Γ (0)^{dim χ} exp (−2iπCS(A_χ)), and eventually the Chern–Simons functional takes the form CS(A_χ) ≡ 1 2iπ log [ Z_Γ(0)^{dim χ} Z^χ_Γ (0) ] , mod(Z/2). (3.4)

3.2. Hyperbolic manifolds with cusps. We have used the formula for the relation between the eta invariant of the signature operator and the Selberg zeta function of odd type, which is defined by the geometric data for a compact hyperbolic manifold. The corresponding formula between the analytic torsion and the Ruelle zeta function for odd dimensional hyperbolic manifold has been proven in Ref. [20]. In addition, the symmetry that is similar to the Lefschetz fixed poin theorem has been used to reduce the combination of the Selberg zeta functions to the Ruelle zeta function. Later, these results were generalized to the case of compact locally symmetric spaces of higher ranks [16, 21], and they were extended to the case of non–compact locally symmetric spaces with finite volumes [22]. In the extension of these results there are two main difficulties: the fact that the heat kernel of the Laplace operator is not a trace class operator, and the correct analysis of the weighted orbital integral term which appears in the Selberg trace formula for a non–compact locally symmetric space. These difficulties has been overcome in Ref. [22] with the help of relative spectral invariants [23] and the Fourier transform of the weighted orbital integral for the R− rank one cases [24], respectively.

3.3. Structure on symmetric spaces. Let us explain the results more precisely. Consider G, a noncompact semisimple Lie group with finite center Z_G, K its maximal compact subgroup, and G/K to be a noncompact symmetric space of R−rank one. Let Γ a torsion free discrete subgroup of G with the volume of Γ\G finite. Taking into account the fixed Iwasawa decomposition G = KAN, consider a Γ−cuspidal minimal parabolic subgroup P of G with the Langlands decomposition P = BAN, being B the centralizer of A in K. Let us define the Dirac operator D, assuming a spin structure for X = Γ\(Spin(2n + 1, 1)/Spin(2n + 1)). The spin bundle E_{τs} is the locally homogeneous vector bundle defined by the spin representation τ_s of the maximal compact group Spin(2n + 1). One can decompose the space of sections of E_{τs} into two subspaces, which are given by the half spin representations σ_± of Spin(2n) ⊂ Spin(2n + 1).

The Selberg trace formula could be used to prove a relation of the eta invariant and the Selberg zeta function of odd type. Let us consider a family of functions K_t over G = Spin(2n+1, 1), which is given by taking the local trace for the integral kernel exp(−tD^2) (or D exp(−tD^2)). The Selberg trace formula applied to the scalar kernel K_t has the form [22]:

∑ σ=σ_± ∑ λ_k∈σ_p K̂_t(σ, iλ_k) − d(σ^±) 4π ∫ R Tr (S_Γ(σ_±, −iλ)

×(d/ds)S_Γ(σ_±, s)|_{s=iλ}π_Γ(σ_±, iλ)(K_t)) dλ = I_Γ(K_t) + H_Γ(K_t) + U_Γ(K_t) , (3.5) where σ_p ∈ Spec D, d(σ_±) is the degree of the half spin representation of Spin(2n), S_Γ(σ_±, iλ) is the scattering matrix and I_Γ(K_t), H_Γ(K_t) and U_Γ(K_t) are identity, hyperbolic and unipotent orbital integrals respectively. The analysis of the unipotent orbital integral U_Γ(K_t) gives the following result [22]: all the unipotent terms are vanishing in the Selberg trace formula applied to the odd kernel function. This means that we can get the same formula as the result given in Ref. [15] in the relation of the eta invariant and the Selberg zeta function of odd type for the compact hyperbolic manifolds without any additional terms, which might exist due to the cusps.

Note. Observe [22] that in the functional equation of the eta invariant and the Selberg zeta function of odd type, a term tr_s(S_Γ(σ_±, −z)(d/dz)S_Γ(σ_±, z)), given by the scattering matrix S_Γ(σ_±, z) appears, where the supertrace tr_s is the trace taken over the subspace related to the representation space of σ_± with weight ±1. This is an odd type formula, for the functional equation of Selberg zeta functions, which has been proved in Ref. [25].

4. Results on the Holographic Principle

According to the holographic principle, there exist strong ties between certain field theories on a manifold (“bulk space”) and on its boundary (at infinity). A few mathematically exact results relevant to that program are the following. The class of Euclidean AdS_3 spaces which we have considered here are quotients of the real hyperbolic space H^3 by a Schottky group. The boundaries of these spaces can be compact oriented surfaces with conformal structure (compact complex algebraic curves).

In Ref. [26], a principle associated with the Euclidean AdS_2 holography has been established. The bulk space is there a modular curve, which is the global quotient of the hyperbolic plane H^2 by a finite index group, Γ, of G = P SL(2, Z). The boundary at infinity is then P^1(R). Let P be a coset space P= G/Γ. Then, the modular curve X_G := Γ\H^2 can be presented as the quotient X_G = G\(H^2 ×P); its non–commutative boundary (in the sense of Connes [27]) as the C^∗− algebra C(P^1(R) × P)>⊲G, Morita equivalent to C(P^1(R))>⊲Γ [28, 29, 26]. The results which have been regarded as manifestations of the holography principle are [26]:

(1) There is a correspondence between the eigenfunctions of the transfer operator L_s and the eigenfunctions of the Laplacian (Maas wave forms). This correspondence is established in Refs. [30,31,32].

(2) The cohomology classes in H_1(X_G, cusps, R) can be regarded as elements in the cyclic cohomology of the algebra C(P^1(R) × P)>⊲G.

Cohomology classes of certain geodesics in the bulk space correspond to projectors in the algebra of observables on the boundary space.

(3) An explicit correspondence exists between a certain class of fields in the bulk space (Mellin transforms of modular forms of weight two) and the class of fields on the boundary.

In the three–dimensional case we can interprete the statement in Eq. (2.6) as an instance of a kind of holographic correspondence, if we regard detL_Γ as a partition function in the bulk space and the right hand side as a theory related to the boundary at infinity.

Other constructions associated with the symmetric space can be considered for convex–cocompact groups. In fact, let ∂X be a geodesic boundary of the symmetric space X of a real, rank one, semisimple Lie group G. If Γ ⊂ G is a discrete torsion–free subgroup, then a Γ−equivalent decomposition, ∂X = Ω ∪ Λ, can be constructed, where Λ is the limit set of Γ. The subgroup Γ is called convex–cocompact if Γ\X ∪ Ω is a compact manifold with boundary [33]. The orbit space, X = Γ\H^n , may be viewed as the interior of a compact manifold with boundary, namely the Klein manifold for Γ [34], X = (Γ\H^n ) ∪ (Γ\Ω(Γ)), so that the boundary at infinity is given by ∂_∞X = ∂X = Γ\Ω(Γ).

References

[1] M. Bañados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69, 1849 (1992). [2] E. Witten, Nucl. Phys. B 323, 113 (1989).

[3] S. Carlip and C. Teitelboim, Phys. Rev. D 51, 632 (1995). [4] A. B. Venkov, Proc. Steklov Math. Inst. (In Russian) (3) 125, 3 (1973). [5] A. A. Bytsenko, G. Cognola and S. Zerbini, J. Phys. A 30, 3543 (1997). [6] E. Elizalde, S. D. Odintsov, A. Romeo, A.A. Bytsenko and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994).

[7] A. A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Reports 266, 1 (1996). [8] E. Elizalde, Ten Physical Applications of Spectral Zeta Functions (Springer–Verlag, Berlin, 1995).

[9] A. Voros, Commun. Math. Phys. 110, 439 (1987). [10] S. Axelrod and I. M. Singer, J. Diff. Geom. 39, 173 (1994).

[11] S. Helgason, Differential Geometry and Symmetric Spaces (Academic Press, New York, 1962), Pure and Applied Math., Ser., 12.

[12] M. F. Atiyah, V. K. Patodi and I. M. Singer, Math. Proc. Cambridge Philos. Soc. 77, 43 (1975).

[13] M. F. Atiyah, V. K. Patodi and I. M. Singer, Math. Proc. Cambridge Philos. Soc. 78, 405 (1975).

[14] M. F. Atiyah, V. K. Patodi and I. M. Singer, Math. Proc. Cambridge Philos. Soc. 79, 71 (1976).

[15] J. J. Millson, Ann. Math. 108, 1 (1978).

[16] H. Moscovici and R. J. Stanton, Invent. Math. 95, 629 (1989). [17] A. A. Bytsenko, A. E. Gonçalves and W. da Cruz, Mod. Phys. Lett. A 13, 2453 (1998).

[18] A. A. Bytsenko, L. Vanzo and S. Zerbini, Phys. Lett. B 459, 535 (1999).

[19] A. A. Bytsenko, A. E. Gonçalves and F. L. Williams, Chern-Simons Invariants of Closed Hyperbolic 3-Manifolds, in Mathematical Methods in Physics, ed. A.A. Bytsenko et al. (World Scientific, Singapore, 1999), Proceedings of the 1999 Londrina Winter School, pp. 70–81.

[20] D. Fried, Invent. Math. 84, 523 (1986).

[21] H. Moscovici and R. J. Stanton, Invent. Math. 105, 185 (1991). [22] J. Park, Eta Invariants and Regularized Determinants for Odd Dimensional Hyperbolic Manifolds with Cusps, e–print arxiv: math.DG/011175.

[23] W. Müller, Commun. Math. Phys. 192, 309 (1988). [24] W. Hoffmann, J. Reiner Angew. Math. 489, 53 (1997). [25] R. Gangolli and G. Warner, Nagoya Math. J. 78, 1 (1980).

[26] Yu. I. Manin and M. Marcolli, Holography Principle and Arithmetic of Algebraic Curves, e–print arxiv: hep-th/0201036.

[27] A. Connes, Non–Commutative Geometry (Academic Press, New York, 1994). [28] Yu. I. Manin and M. Marcolli, Continued Fractions, Modular Symbols and Non– Commutative Geometry, e–print arxiv: math.NT/0102006.

[29] M. Marcolli, Limiting Modular Symbols and the Lyapunov Spectrum, e–print arxiv:

math.NT/0111093.

[30] J. Lewis, Invent. Math. (2) 127, 271 (1997).

[31] J. Lewis and D. Zagier, Period Functions and the Selberg Zeta Function for the Modular Group, in Mathematical Beauty of Physics, (World Scientific, Singapore, 1997), Adv. Series in Math. Physics 24, pp. 83–97.

[32] J. Lewis and D. Zagier, Ann. of Math. (2) 153 (1), 191 (2001). [33] U. Bunke and M. Olbrich, Ann. of Math. (2) 149, 627 (1999). [34] S. J. Patterson and P. A. Perry, Duke Math. J. (2) 106, 321 (2001).

Departamento de Física, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina–Parana, Brazil E-mail address: abyts at uel.br

Institut d’Estudis Espacials de Catalunya (IEEC/CSIC), Edifici Nexus, Gran Capità 2–4, 08034 Barcelona, Department d’Estructura i Constituents de la Matèria Facultat de Física, Universitat de Barcelona, Av. Diagonal 647, 08028 Barcelona, Spain E-mail address: elizalde at ieec.fcr.es

State University of Sankt Petersburg, 199034 Universitetskaja nab. 7–9, Sankt Petersburg, Russia