arXiv:hep-th/0303025 v2 20 Apr 2003

KL-TH / 03-03

A new Map between Quantum Gauge Theories defined on a Quantum hyperplane and ordinary Gauge Theories: q-deformed QED^∗

L. Mesref^†

Department of Physics, Theoretical Physics University of Kaiserslautern, Postfach 3049 67653 Kaiserslautern, Germany

Abstract

We introduce a new map between a q-deformed gauge theory defined on a general GLq (N)-covariant quantum hyperplane and an ordinary gauge theory in a full analogy with Seiberg-Witten map. Perturbative analysis of the q-deformed QED at the classical level is presented and gauge fixing à la BRST is discussed.

∗Supported by DAAD †Email: lmesref@physik.uni-kl.de

1 Introduction

Motivated by the need to control the divergences in quantum electrodynamics, Snyder [1] proposed that one may use a noncommutative structure for spacetime coordinates. Although its great success, this suggestion has been swiftly forsaken. This is partly due to a growing development in the renormalization program which captivates all the attention of the leading physicists. The renormalization prescription solves the quantum inconsistencies without making any ad hoc assumptions on the space-time structure. Thanks to the seminal paper of Connes [2] the interest in noncommutativity [3] has been revived. Natural candidates for noncommutativity are provided by quantum groups [4]. A special role is played by the quantum Yang-Baxter equations which express the hidden symmetry of integrable systems . Nowadays many applications have appeared. One can mention conformal field theories [5, 6], as well as in the vertex and spin models [7, 8], , in quantum optics [9] and quantum gauge theories [11, 12, 13].

In a recent paper [14] we have constructed a new map which relates a qdeformed gauge field defined on the Manin plane ^x^y = q^y^x and the ordinary gauge field. This map is the analogue of the Seiberg-Witten map [15]. We have found this map using the Gerstenhaber product [16] instead of the Groenewold- Moyal star product [17]. In the present letter we extend our analysis to the general GL_q (N )-covariant quantum hyperplane [18] generated by the coordinates ^x^1, ..., ^x^N and defined by ^x^i^x^j = R^{ij}_{kl}^x^k ^x^l, where R is the braiding matrix.

This letter is organized as follows. In Sec. 2, We construct a new map relating q-deformed and ordinary gauge fields. In Sec. 3, we present the perturbative q-deformed QED at the classical level and we introduce the q-deformed BRST and anti-BRST transformations. This study prepare the quantization of the model at hand.

2 q-deformed gauge symmetry versus ordinary gauge symmetry

The undeformed QED action is given by S = ∫ d^4x [ ψ (iγ^μ D_μ − m) ψ − 1 4 F_{μν}F^{μν} ] , (1)

where

D_μψ = (∂_μ − iA_μ) ψ, F_{μν} = ∂_μA_ν − ∂_ν A_μ. (2)

S is invariant with respect to infinitesimal gauge transformations:

δ_αA_μ = ∂_μα, δ_αψ = iαψ, δ_αψ = −iψα. (3)

Let us now consider QED defined on a GL_q (4)-covariant quantum hyper- plane ^x^i^x^j = q^x^j ^x^i, i < j, q ∈ C. This relation is governed by the braiding R matrix which is explicitly given as:

R^{ij}_{kl} = δ^i_l δ^j_k (( 1 − q^{−1} ) δ^{ij} + q^{−1} ) + ( 1 − q^{−2} ) δ^i_kδ^j_l Θ^{ji}. (4)

In the deformed case one replaces the ordinary product by t he Gerstenhaber star product [16] defined by

f ⋆ g = μ ∘ e^{iηxi ∂∂xi ⊗xj ∂∂xj} (f ⊗ g) , (5) where the undeformed product μ is given by

μ (f ⊗ g) = fg. (6) A straightforward computation gives then the following commutation relations

x^i ⋆ x^j = ∑ r=0 (iη)^r r! x^ix^j = e^{iη}x^ix^j, x^j ⋆ x^i = x^jx^i, i < j (7)

whence

x^i ⋆ x^j = qx^j ⋆ x^i, q = e^{iη} . (8)

Thus we recover the commutation relations for the quantum hyperplane. Let us illustrate by two examples:

The case n = 2 (the Manin plane):

f ⋆ g = μ ∘ e^{iηx ∂∂x ⊗y ∂∂y} (f ⊗ g) . (9) Using this product it is not difficult to find the usual Manin plane commutation relations: x ⋆ y = qy ⋆ x.

The case n = 3, we have

f ⋆ g = μ ∘ e^{iη}(^{x ∂∂x ⊗y ∂∂y +x ∂∂x ⊗z ∂∂z +y ∂∂y ⊗z ∂∂z} ) (f ⊗ g) . (10) We can easily prove the commutation relations: x⋆y = qy ⋆x, x⋆z = qz ⋆x and y ⋆ z = qz ⋆ x. If the spacetime dimension of the quantum hyperplane is n we have^{n(n−1)}_2 terms present in the tensor product.

Let us take θ^{ij} (x) = ηx^ix^j with i < j. Using the expansion of (5) in η we find

f ⋆ g = fg + iθ^{ij} (x) ∂ ∂x^i f ∂ ∂x^j g + ∘ ( η^2 ) , i < j. (11)

The q-deformed infinitesimal gauge transformations are defined by ^δ ^α ^A_μ = ∂_μ ^α + i [ ^α, ^A_μ ] ⋆ = ∂_μ ^α + i^α ⋆ ^A_μ − i ^A_μ ⋆ ^α, ^δ ^α ^ψ = i^α ⋆ ^ψ, ^δ ^α ^ψ = −i^ψ ⋆ ^α, ^δ ^α ^F_{μν} = i^α ⋆ ^F_{μν} − i ^F_{μν} ⋆ ^α. (12)

To first order in η, the above formulas for the gauge transformations read

^δ ^α ^A_μ = ∂_μ ^α − θ^{ρσ} (x) (∂_ρα∂_σA_μ − ∂_ρA_μ∂_σα) + o (η^2) , ^δ ^α ^ψ = i^α ^ψ − θ^{ρσ} (x) ∂_ρα∂_σψ + o (η^2) , ^δ ^α ^ψ = −i^ψ ^α + θρ (x) ∂_ρψ∂_σα + o (η2) , ^δ ^α ^F_{μν} = −θ^{ρσ} (x) (∂_ρα∂_σF_{μν} − ∂_ρF_{μν} ∂_σα) + o (η^2) . (13)

The solutions are given by

^A_μ = A_μ + θ^{ρσ} (x) (A_σF_{σμ} − A_ρ∂_σA_μ) − ∂_μθ^{ρσ} (x) A_σA_ρ + o (η^2) , ^ψ = ψ − θ^{ρσ} (x) A_ρ∂_σ ψ + o (η^2) , ^α = α − θ^{ρσ} (x) A_ρ∂_σ α + o ( η^2 ) . (14)

An additional term proportional to ∂_μθ^{ρσ} (x) appears. In the case where θ^{ρσ} is real and antisymmetric we find exactly the Seiberg Witten map.

The q-deformed curvature ^F_{μν} is given by

^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ − i [ ^A_μ, ^A_ν ] ⋆ = ∂_μ ^A_ν − ∂_ν ^A_μ − i ^A_μ ⋆ ^A_ν + i ^A_ν ⋆ ^A_μ. (15) Using (11) and (14) we find

^F_{μν} = F_{μν} + θ^{ρσ} (x) (A_σ ∂_ρF_{μν} − A_ρ∂_σF_{μν} + F_{ρμ}F_{σν} + F_{μσ}F_{ρν} ) +∂_μθ^{ρσ} (x) (A_σF_{ρν} − A_ρ∂_σA_ν ) −∂_ν θ^{ρσ} (x) (A_σ F_{ρμ} − A_ρ∂_σA_μ) + o ( η^2 ) , (16)

which we can write as

^F_{μν} = F_{μν} + f_{μν} + o (η^2) , (17)

where f_{μν} is the quantum correction linear in η. The quantum analogue of the action (1) is given by

^S = ∫ d^4x [ ^ψ ⋆ ( iγ^μ ^D_μ − m ) ^ψ − 1 4 ^F_{μν} ⋆ ^F^{μν} ] . (18)

Even for functions f, g that vanish rapidly enough at infinity,we have ∫ T r ^f ⋆ ^g ≠ ∫ T r ^f ^g. (19) This situation is in contrast with noncommutative geometry where the equality holds.

3 Perturbative q-deformed QED and gauge fixing à la BRST

The q-deformed action (18)

^S = S + ^S_q (20)

where S is the undeformed action (1) and ^S_q is the correction linear in η and given by

^S_q = ∫ d^4x θ^{ρσ} (x) [ψγ^μ(A_σF_{ρμ} − A_ρ∂_σA_μ)ψ −ψγ^μA_μA_ρ∂_σ ψ − ∂_ρψγ^μ∂_μ∂_σ ψ − A_ρ∂_σ ψγ^μA_μψ −mA_ρ∂_σψψ − mψA_ρ∂_σ ψ − 1 2 (A_σ∂_ρF_{μν}F^{μν} − A_ρ∂_σF_{μν} F^{μν} + F_{ρμ}F_{σν} F^{μν} + F_{μσ}F_{ρν} F^{μν}) −i(ψγ^μ∂_μ (A_ρ∂_σψ) + A_ρ∂_σψγ^μ∂_μψ −ψγ^μ∂_ρA_μ∂_σ ψ − ∂_ρψ∂_σ (A_μψ) −m∂_ρψ∂_σ ψ − 1 4 ∂_ρF_{μν}∂_σ F^{μν})] −∂_μθ^{ρσ} (x) [ 1 2 (A_σ F_{ρν} F^{μν} − A_ρ∂_σ A_νF^{μν} ) −i γ^μA_ρ∂_σψψ] + 1 2 ∂_υθ^{ρσ} (x) (A_σ F_{ρμ}F^{μν} − A_ρ∂_σ A_μF^{μν} ) + o ( η^2 ) . (21)

A gauge fixing term is needed in order to quantize the system. This is done in the BRST and anti-BRST formalism. The quantum BRST transformations are given by [19]:

^s ^A_μ = ∂_μ^c − θ^{ρσ} (x) (∂_ρc∂_σ A_μ − ∂_ρA_μ∂_σ c) + o ( η^2 ) , ^s ^ψ = i^c ^ψ − θ^{ρσ} (x) ∂_ρc∂_σψ + o ( η^2 ) , ^s^ψ = −i^ψ^c + θ^ρ (x) ∂_ρψ∂_σ c + o ( η^2 ) , ^s ^F_{μν} = −θ^{ρσ} (x) (∂_ρc∂_σ F_{μν} − ∂_ρF_{μν} ∂_σc) + o ( η^2 ) , ^s^c = b, ^s^c = 0, ^s^b = 0, (22) where ^c, ^c are the quantum Faddeev-Popov ghost and anti-ghost fields, ^b a scalar field (sometimes called the Nielsen-Lautrup auxiliary field) and ^s the quantum BRST operator. The gauge-fixing term action is introduced as ^S_{gf} = ∫ d^4x ^s ( ^c ⋆ ( α 2 ^b − ∂_μ ^A^μ )) (x) . (23)

An expansion in η leads to

^S_{gf} = ∫ d^4x α 2 b^2 + c∂^2c − b∂^μA_μ −θ^{ρσ} (x) [b∂^μ (A_σF_{ρμ} − A_ρ∂_σA_μ) +A_ρ∂_σ (cc) + c∂_ρc∂_σA_μ − c∂_ρA_μ∂_σc +i ( ∂_ρb∂_σ ∂^μA_μ − ∂_ρc∂_σ∂^2c ) ] −∂^μθ^{ρσ} (x) b (A_σ F_{ρμ} − A_ρ∂_σA_μ) . (24)

This action corresponds to a highly nonlinear gauge. The external field contribution is given by

^S_{ext} = ∫ d^4x ( ^A^{∗μ} ⋆ ^s ^A_μ + ^c^∗ ⋆ ^s^c ) (x) , (25)

where ^A^∗, ^c^∗ are external fields (called antifields in the Batalin-Vilkovisky formalism) and play the role of sources for the BRST-variations of the fields ^A, ^c. The ^c and ^c play quite asymmetric roles, they cannot be related by Hermitian conjugation. The anti-BRST transformations [20, 21, 22] are given by

^s ^A_μ = ∂_μ^c − θ^{ρσ} (x) (∂_ρc∂_σ A_μ − ∂_ρA_μ∂_σ c) + o ( η^2 ) , ^s ^ψ = i^c ^ψ − θ^{ρσ} (x) ∂_ρc∂_σψ + o ( η^2 ) , ^s^ψ = −i^ψ^c + θ^ρ (x) ∂_ρψ∂_σ c + o ( η^2 ) , ^s ^F_{μν} = −θ^{ρσ} (x) (∂_ρc∂_σ F_{μν} − ∂_ρF_{μν} ∂_σc) + o ( η^2 ) , ^s^c = 0, ^s^c = −b, ^s^b = 0. (26) Here ^s is the quantum anti-BRST operator. The complete tree-level action is given by:

Σ ( ^A_μ, ^c,^c,^b, ^A^∗_μ, ^c^∗ ) = ^S + ^S_{gf} + ^S_{ext}. (27)

4 Concluding Remarks

We have defined a q-deformed QED at the classical level. Like in noncommutative geometry [23] we have found that the q-deformed QED action contains non-renormalizable vertices of dimension six. It is worthwhile to study the quantization of the η-expanded noncommutative U (1) Yang-Mills action and q-deformed BF Yang-Mills theory [12] . We postpone these investigations to a future work.

Finally, we can claim, in bona fides, that the method developed in this letter can be applied to various quantum q-deformed models as well as to h-deformed model (the so-called Jordanian models) [24, 25].

Acknowledgments I am very grateful to W. Rühl for reading the manuscript and the useful discussions.

References

[1] H. S. Snyder, Quantized Spacetime, Phys. Rev. 71, 38 (1947); The Electromagnetic Field in Quantized Spacetime, Phys. Rev. 72, 68 (1947).

[2] A. Connes, Publ. Math, Inst. Hautes Etud. Sci. 62, 257 (1985).

[3] A. Connes, Noncommutative Geometry (Academic Press, San Diego, California, 1994); G. Landi, An introduction to Noncommutative Spaces and their Geometries (Springer-Verlag, 1997); J. Madore, An Introduction to Noncommutative Geometry and its Physical Applications (Cambridge University Press, 1999); J. M. Gracia-Bondía, J. C. Várilly and H. Figueroa, Elements of Noncommutative Geometry (Birkhäuser, 2000).

[4] V. G. Drinfeld, Proc. Int. Congress of Mathematicians (Berkeley, California, 1986), ed. A. M. Gleason (American Mathematical Society, Providence, RI, 1986), p.798; M. Jimbo, Lett. Math. Phys. 10, 63 (1986); Yu. I. Manin: Quantum groups and non-commutative geometry, Montreal University preprint, CRM-1561 (1988); L. D. Faddeev, N. Yu. Reshetikhin and L. A. Takhtajan, Algebra and Analysis 1, 178 (1989); L. D. Faddeev and P. N. Pyatov, Am. Math. Soc. Transl. 175, 35 (1996); A. P. Isaev, q-alg/9509024; ibid. hep-th/9402060.

[5] L. Alvarez-Gaume, C. Gomes and G. Sierra, Phys. Lett. B220, 142 (1989).

[6] G. Moore and N. Reshetikhin, Nucl. Phys. B220, 557 (1989).

[7] H. de. Vega, Int. J. Mod. Phys. A4, 2371 (1989).

[8] V. Pasquier and H. Saleur, Nucl. Phys. B330, 523 (1990).

[9] M. Chaichian, D. Ellianas and P. Kulish, Phys. Rev. Lett. 65, 980 (1990).

[10] N. Seiberg and E. Witten, J. High Energy Phys. 9909, 032 (1999); A. A.

Bichl et al., Int. J. Mod. Phys. A17, 2219 (2002).

[11] L. Castellani, Phys. Lett. B292, 93 (1992); Mod. Phys. Lett. A9, 2835 (1994); Phys. Lett. B237, 22v(1994); M. Hirayama, Prog. Theor. Phys. 88, 111 (1992); M. Lagraa, Int. J. Mod. Phys. A11, 699 (1996); A. P. Isaev and Z. Popowicz, Phys. Lett. B307, 353 (1993); K. Wu and R. J. Zhang, Commun. Theor. Phys. 17, 175 (1992); S. Watamura, Commun. Math. Phys. 158, 67 (1993); Bo-Yan Hou, and Zhong-Qi Ma, J. Math. Phys. 36, 5110 (1995); P. Isaev and O. V. Ogievetsky, Nucl. Phys. Proc. Suppl. 102, 306 (2001); ibid. Teor. Math. Phys. 129, No.2, 298 (2001), math.QA/0106206.

[12] L. Mesref, Quantum BRST and anti-BRST invariance of the U_q (2) BF- Yang-Mills Theory: The quantum Batalin-Vilkovisky operator, Int. J. Mod. Phys. A18, 209 (2003).

[13] L. Mesref, Quantum gauge theory on the Quantum Anti-de Sitter space, preprint KL-TH/02-11, submitted to Phys. Rev. D.

[14] L. Mesref, New Journal of Physics 5, 7 (2003); hep-th/0209005.

[15] N. Seiberg and E. Witten, JHEP. 9909, 032 (1999).

[16] M. Gerstenhaber, Ann. Math. 79, 59 (1964).

[17] H. J. Groenewold, On the principles of Elementary Quantum Mechanics, Physica 12, 405 (1946); J. E. Moyal, Quantum Mechanics as a statistical Theory, Proc. Cambridge Phil. Soc. 45, 99 (1949).

[18] J. Wess and B. Zumino, Nucl. Phys. (Proc. Suppl. ) B18, 302 (1990).

[19] C. Becchi, A. Rouet and R. Stora, Annals Phys. 98, 287 (1976).

[20] G. Curci and R. Ferrari, Phys. Lett. B63, 91 (1976).

[21] I. Ojima, Prog. Theor. Phys. 64, 625 (1980).

[22] L. Baulieu and J. Thierry-Mieg, Nucl. Phys. B197, 477 (1982).

[23] A. A. Bichl, J. M. Grimstrup, L. Pope, M. Schweda and R. Wulkenhaar, “ Deformed QED via Seiberg-Witten Map” hep-th/0102103.

[24] L. Mesref, The Jordanian Bicovariant Differential Calculus, hepth/0208045. To appear in the Proceedings of the International Colloquium on Group Theoretical Methods in Physics, Paris 15-20 July 2002.

[25] L. Mesref, The Jordanian U_h (2) Yang-Mills Theory, Int. J. Mod. Phys.

A17, 2219 (2002).