arXiv:hep-th/0303124 v4 29 Apr 2003

IPPP/03/13 DCPT/03/26

Interactions in Intersecting Brane Models

S.A.Abel and A.W.Owen

IPPP, Centre for Particle Theory, Durham University, DH1 3LE, Durham, U.K.

Abstract

We discuss tree level three and four point scattering amplitudes in type II string models with matter fields localized at the intersections of D-brane wrapping cycles. Using conformal field theory techniques we calculate the four fermion amplitudes. These give "contact" interactions that can lead to flavour changing effects. We show how in the field theory limit the amplitudes can be interpreted as the exchange of Kaluza-Klein excitations, string oscillator states and stretched heavy string modes.

1 Introduction

The discovery of D-branes as non-perturbative objects in any theory of open and closed strings has led to great progress in our understanding of the structure of string theory. Furthermore, with the correspondence between D-branes and gauge theories their status as objects of fundamental importance to string phenomenology has been well established.

The requirement of chirality has led to a number of scenarios involving D-branes. These include D-branes on orbifold singularities [1] and more recently intersecting brane models [2, 3], which exploit the fact that chiral fermions can arise at brane intersections [4]. The spectrum is then determined by the intersection numbers of the D-branes which wrap some compact space. This gives a simple topological explanation of family replication which is rather attractive.

The success of the intersecting brane scenario in producing semi-realistic models has been well documented, for example refs.[2, 5, 6, 7, 8, 9, 10, 11, 12, 13]. It is possible to construct models similar to the standard model [14, 15, 16, 17, 18, 19] and also models with N=1 supersymmetry [20, 21, 22, 23], although this latter possibility is more difficult to achieve. Recently, attention has been diverted to a more detailed analysis of the phenomenology of such models [24, 25]. In particular, computation of yukawa couplings [26, 27, 28] and flavour changing neutral currents [29]. This paper details the computation of the three point and four point functions of string states localised at intersecting branes. These results allow the estimation of other important constraints on viable configurations of intersecting branes.

Much of our analysis will be aided by the technology discussed in [30, 31] for closed strings on orbifolds. This is due to an analogy between twisted closed string states on orbifolds and open strings at brane intersections. This analogy is the subject of our first

Figure 1: intersections at right angles

section. As a warm up we then proceed to a determination of the classical part of the three point function, for which the computation runs along similar lines to the closed string cases in [32, 33]. The complete calculation of the four point function follows. We will consider the four point function on only 2 sets of intersecting branes, so that the classical part is actually somewhat easier to deal with than the three point function. The quantum part we evaluate using CFT techniques.

2 Remarks on closed and open string twisted states

In order to calculate the three point and four point functions, we will make use of the analogy between open string states that are stretched between branes at angles and closed string twisted states on orbifolds. This analogy allows us to make use of the CFT technology first discussed in ref.[31, 30]. Hence, this first section will be devoted to a description of this correspondence.

Let us first consider string states at an intersection with branes at right angles, in a pair of dimensions X_1, X_2. The set up is as shown in figure 1. We will refer to the complex world sheet coordinate as z̃ and map the space-time coordinates onto it directly, X_1 + iX_2 = z̃. Consider the Green function at a point in the plane for X_1. To calculate this we can use the method of images as shown in the figure. The boundary condition is Neumann on the X_1 axis and Dirichlet on the X_2 axis, so to take account of this we need 3 images with the Green functions of those at negative X_2 being added negatively. The total Green function is given by

G(z̃, w̃) = G_0(z̃, w̃) + G_0(z̃, w̃) − G_0(z̃, −w̃) − G_0(z̃, −w̃) (1) = − α^′ 2 ln |z̃ − w̃| |z̃ + w̃| |z̃ − w̃| |z̃ + w̃| (2) Now map the world-sheet to the usual upper half plane by making the conformal transformation z^2 = z̃. In these coordinates the Green function becomes G(z, w) = − α^′ 2 ln | √ z − √ w| | √ z + √ w| − α^′ 2 ln | √ z − √ w| | √ z + √ w| , (3)

Figure 2: The images for branes at π/3, where ρ = e^{2πi/3}.

which can be recognized as the Green function of the original point in the upper half plane, plus its image at w in the lower half plane, in the presence of a Z_2 twist operator, σ_+ , placed at the origin [34, 35, 30]. Consequently vertex operators involving states with ND boundary conditions must include such operators. Note that if the string has a Neumann condition at both ends (e.g. if only one end was attached to the X_1 brane with the second end free) we would add all the images and find the usual untwisted Green function G(z, w) = − α^′ 2 ln |z − w| − α^′ 2 ln |z − w|. (4) For more general angles one expects the appropriate twisted Greens functions to appear.

Indeed, writing the complex boson as X = X_1 + iX_2, we can proceed in a similar manner, as shown in figure 2 for π/3. The total contribution to the Green function is given by the sum of the images; G(z̃, w̃) = m−1∑ l=0 ρ^l G_0(z̃, ρ^lw̃) + ρ^l G_0(z̃, ρ^lw̃) (5)

where ρ = e^{2πilm} and the intersection angle is taken to be π/m. Again transforming to the upper half plane with z = z̃^m we find G(z, w) = m−1∑ l=0 ρ^l G_0(z^{1m} , ρ^lw^{1m} ) + ρ^l G_0(z^{1m} , ρ^lw^{1m} ) (6)

(where the^1_m roots are the trivial ones) which we recognize as the Green function of the original point in the upper half plane, plus its image at w in the lower half plane, in the presence of a Z_m twist operator, σ_+ , at the origin [30].

This is of course entirely consistent with the fractional mode expansion of string states stretched between branes. In particular, consider a string stretched between two D-branes

πϑ

Figure 3: A ‘twisted’ open string state

intersecting at an angle πϑ, as depicted in figure 3. The boundary conditions are, ∂_τ X^2(0) = ∂_σX^1(0) = 0, ∂_τ X^1(π) + ∂_τ X^2(π) cot(πϑ) = 0, ∂_σ X^2(π) − ∂_σ X^1(π) cot(πϑ) = 0, (7) which determine the holomorphic solutions to the string equation of motion to be, ∂X(z) = ∑ k α_{k−ϑ}z^{−k+ϑ−1}, ∂X̄(z) = ∑ k ᾱ_{k+ϑ}z^{−k−ϑ−1}. (8) We can define the worldsheet coordinate, z = −e^{τ−iσ} , which has domain the upper-half complex plane. This can be extended to the entire complex plane using the ‘doubling trick’, i.e. we define, ∂X(z) = { ∂X(z) Im(z) ≥ 0 ¯∂X̄(z̄) Im(z) < 0 , (9)

and similarly for ∂X̄(z).

The mode expansion in (8) is identical to that of a closed string state in the presence of a Z_N orbifold twist field (with the replacement^1_N = ϑ). Thus an open string stretched between intersecting D-branes is analogous to a twisted closed string state on an orbifold and to take account of this we introduce a twist field σ_ϑ(w, w̄) that changes the boundary conditions of X to be those of eq.(7), where the intersection point of the two D-branes is at X(w, w̄). Then, in an identical manner to the closed string case, we obtain the OPEs, ∂X(z)σ_ϑ(w, w̄) ∼ (z − w)^{−(1−ϑ)}τ_ϑ(w, w̄), ∂X̄(z)σ_ϑ(w, w̄) ∼ (z − w)^{−ϑ}τ^′_ϑ(w, w̄), (10)

where τ^′_ϑ and τ_ϑ are excited twists. Also, the local monodromy conditions for transportion around σ_ϑ(w, w̄) are, ∂X(e^{2πi}(z − w)) = e^{2πiϑ}∂X(z − w), ∂X̄(e^{2πi}(z − w)) = e^{−2πiϑ}∂X̄(z − w). (11)

The mode expansion for X is then, X(z, z̄) = √ α^′ 2 ∑ k ( α_{k−ϑ} k − ϑ z^{−k+ϑ} + α̃_{k+ϑ} k + ϑ z̄^{−k−ϑ} ) , (12)

Figure 4: three point interaction

with the right and left moving modes being mapped into upper and lower half planes. A similar mode expansion is obtained for the fermions with the obvious addition of^1_2 to the boundary conditions for NS sectors.

3 Three point functions

Now we proceed to calculate the classical part of the three point function, which in particular includes the yukawa interactions. We will consider the case of a compactified space which is factorizable into 2 tori, T_2 ×T_2 ×T_2, and in which branes A, B, C wrap one cycles L_{A,B,C} . As shown in figure 3, the string states are localised at the vertices of a triangle whose boundary consists of the D-branes which wrap the internal space. One would expect the amplitude to be dominated by an instanton, and to be proportional to e^{− 12πα A} where A is the area of the triangle worldsheet (also, due to the toroidal geometry we would expect a contribution from wrapped triangles). This expectation is born out in the following calculation.

Denote the spacetime coordinates of our torus subfactor by X = X^1 + iX^2 and X̄ = X^1 − iX^2. The bosonic field X can be split up into a classical piece, X_{cl}, and a quantum fluctuation, X_{qu}. The amplitude then factorises into classical and quantum contributions, Z = ∑ ⟨X_{cl} ⟩ e^{−Scl} Z_{qu}. (13)

X_{cl} must satisfy the string equation of motion and possess the correct asymptotic behaviour near the triangle vertices.

The three point function requires 3 twist vertices, σ_{ϑi} (z_i, z̄_i), corresponding to the three relevant intersections of the D-branes. These vertices are attached to the boundary of the tree-level disc diagram which can be conformally mapped to the upper-half plane. Then our classical solution ∂X_{cl} is determined, up to a constant, by its holomorphicity and asymptotic behaviour at each D-brane intersection, which is given by the OPEs in eq.(10). Hence, mapping the spacetime coordinates X and X̄ into the worldsheet coordinate z, we obtain, ∂X_{cl} (z) = aω(z), ∂X̄_{cl}(z) = āω^′(z), ¯∂X_{cl}(z̄) = bω̄′(z̄), ¯∂X̄_{cl}(z̄) = b̄ω̄(z̄), (14) where, ω(z) = ∏_3

i=1(z − z_i)^{−(1−ϑi)} ω^′(z) =

∏_3 i=1(z − z_i)^{−ϑi} , (15) and a, ā, b, b̄ are normalisation constants. Here we have used the doubling trick which also requires that a^∗ = b̄ and ā = b^∗ (upto a phase). We can therefore write, S_{cl} = 1 4πα ( |a|^2 ∫ d^2z|ω(z)|^2 + |ā|^2 ∫ d^2z|ω^′(z)|^2 ) , (16)

The contribution to S_{cl} from |ω^′(z)| diverges, hence we set ā = 0.

The normalisation constants are determined from the global monodromy conditions, i.e. the transformation of X as it is transported around more than one twist operator, such that the net twist is zero. We determine this from the action of a single twist operator, σ_ϑ(w, w̄). In the closed string case this field acts to rotate and shift X(z, z̄); X(e^{2πi}z, e^{−2πi}z) = θX(z, z) + v (17) where θ is a complex phase factor with phase πϑ, and v is over a coset of the toroidal compactification lattice Λ which depends on the fixed point f;

v = (1 − θ)(f + Λ). (18)

Ignoring the lattice for the moment, the equivalent statement for open strings at intersections is that X(e^{2πi}z, e^{−2πi}z) = e^{2πiϑ}X + (1 − e^{2πiϑ})f, (19) where f is the intersection point of the two D-branes. This can be seen from the local monodromy conditions (11) and the fact that f must be left invariant. The global monodromy of X is then simply a product of such actions. On integrating around 2 twist fields, the strings are embedded in the target space as shown in figure 5. The portion of integration around each vertex takes X(z, z̄) from one brane to another, while integrating between two vertices introduces a shift along that particular brane.

To determine the shifts, we must consider triangles that wrap the torus and whose vertices are at the same intersection points. (Other shifts would contribute to other three point functions.) Keeping f_1 fixed and extending the triangle as shown in figure 6, we obtain a contribution to the same three point function provided, x_A = k_AL_{AB} |I_{AB} | x_C = k_AL_{CB} |I_{CB}|, (20) where k_A, k_B ∈ Z, I_{ij} is the intersection number of branes i and j and L_{ij} is the displacement between successive i, j intersections along the i^{th} brane. Using congruency of the triangle we obtain, k_A = l^{|ICB|} gcd(|I_{CB} |,|I_{AB}|) kC = l |I_{AB}| gcd(|I_{CB} |,|I_{AB}|) , (21) where l ∈ Z. On the other hand, if we instead keep f_2 fixed we obtain, k_A = l^{′ |ICB|} gcd(|I_{CB} |,|I_{AC}|) kB = l ′ |IAC| gcd(|I_{CB} |,|I_{AC}|) , (22) where l^′ is a different integer. Hence our lattice shifts must be of the form,

x_A(l) = l |I_{CB}|L_A gcd(|I_{CB} |, |I_{AB}|, |I_{AB}|) , (23)

and similar for x_{B,C} with the obvious replacment of indices, but with the same l. This is similar to the case discussed in ref.[28].

Considering all closed curves, C_i, with net twist zero, we obtain the global monodromy conditions, Δ_{Ci} X = ∮ C_i dz∂X(z) + ∮ C_i dz ¯∂X(z̄) = v_i, (24)

Figure 5: Transporting X(z, z̄) around two twist fields

Figure 6: Wrapping triangles

In our case there is only one independent, net twist zero, closed curve. This is shown in figure 7. We have set z_1 = 0, z_2 = 1 and z_3 → ∞ using SL(2, R) invariance and the dashed lines denote branch cuts. Evaluating the contour integral we get, ∮ C dzω(z) = −(−z_∞)^{−(1−ϑ3)}4 sin πϑ_2 sin πϑ_1e^{πiϑ1}

Γ(ϑ_1)Γ(ϑ_2) Γ(1 − ϑ_3)

, (25)

where phases from branch cuts are determined by starting at S, which we assume is in the principal branch of each factor in the integrand. The global monodromy condition (24) is independent of this convention provided we order the transformations (19) according to the path taken around the curve C, again starting at S. This gives,

Δ_CX_{cl} = 4 sin πϑ_1 sin πϑ_2e^{−i(ϑ1 −ϑ2)}(f_1 − f_2 + x_A(l)), (26)

substituting (26) and (25) into (24) we then determine,

|a|^2 = | − z_∞|^{2(1−ϑ3)}|f_1 − f_2 + x_A(l)|^2

Γ(1 − ϑ_3) Γ(ϑ_1)Γ(ϑ_2)

. (27)

We also require the integral, ∫ d^2z|ω(z)|^2 = | − z_∞|^{−2(1−ϑ3)} sin πϑ_2(Γ(ϑ_2))^2

Γ(ϑ_3)Γ(ϑ_1) Γ(1 − ϑ_3)Γ(1 − ϑ_1)

, (28)

which can be performed using the method of [36] to relate open and closed string amplitudes. Finally, substituting (28) and (27) into (16) we obtain, S_{cl} = ∑ l∈Z 1 2πα^′ ( sin πϑ_1 sin πϑ_2 2 sin πϑ_3

|f_1 − f_2 + x_A(l)|^2 ) . (29)

This is, as expected, the area of the triangle (and wrappings) defined by the intersecting D-branes that is swept out by the string worldsheet.

Figure 7: Closed curve with net twist zero required for global monodromy condition.

4 Four point functions

Having confirmed the efficacy of the conformal field theory techniques, let us now turn to the four point function on two sets of branes intersecting at angles. Processes involving contact interactions between 4 fermions have previously only been considered for orthogonal D branes in ref.[37]. For theories with branes at angles these processes are particularly important because the sector of chiral fermions is rather independent of the general set up, whereas the scalars are more model dependent and may be tachyonic. As for the orthogonal case, we shall see that the processes get contributions from intermediate Kaluza-Klein excitations, winding modes and string excitations.

The massless fermions of interest appear in the Ramond sector with charges, q_{i=0..3} for the 4 complex transverse fermionic degrees of freedom given by one of the following; q = (+^1_2 , ϑ_1 −^1_2 , ϑ_2 −^1_2 , ϑ_3 −^1_2 ) q = (±^1_2 , ±^1_2 , ϑ_2 −^1_2 , ϑ_3 −^1_2 ) q = (±^1_2 , ±^1_2 , ±^1_2 , ϑ_3 −^1_2 )

(30)

depending on the type of intersection. For example D_6 branes intersecting in (T_2)^3 are of the first kind. The GSO projection leaves only one 4D spinor, and the theory is chiral. For special values of angles (0 for example) supersymmetry may be restored, but generally supersymmetry is completely broken, and the scalars can be heavy or tachyonic. Fermions for D5 branes intersecting in (T_2)^2 × C/Z_N are of the second kind. Initially the GSO projection will leave only half the space time spinor degrees of freedom leaving a non-chiral theory. Hence a further orbifolding on the 1st complex dimension is required to get a chiral theory. Finally D_4 branes intersecting in T_2 × C_2/Z_N correspond to the last choice. Again the GSO projection leaves 4 states which need to be further projected out by orbifolding in the C_2 dimensions. The particular orbifoldings do not effect the Ramond charges above so the quantum part of the amplitude will be unaffected by it. The classical part of the amplitude depends purely on the world sheet areas. However as the orbifolding is orthogonal to the space in which the branes are wrapping, it will not affect the classical part either. The only affect of the orbifolding is therefore in projecting out the chiralitites above. In addition we shall not consider orientifolding which does not effect the quantum part of the inetraction, except in so far as it determines the gauge groups. For the classical part, one would expect complication due to the presence of image branes, but these could be treated as essentially separate branes for the present discussion. Hence our results can be easily adapted to those cases as well.

The four fermion scattering amplitude is given by a disc diagram with 4 fermionic vertex operators in the −1/2 picture, V^{(a)} on the boundary. The diagram is then mapped to the upper half plane with vertices on the boundary. The positions of the vertices (x_1 . . . x_4) will eventually be fixed by SL(2, R) invariance to 0, x, 1, ∞ (where x is real), so that the 4 point ordered amplitude can be written

(2π)^4δ^4( ∑ a k_a) A(1, 2, 3, 4) = −i g_sl^4_s

∫_1 0 dx⟨V^{(1)}(0, k_1)V^{(2)}(x, k_2)V^{(3)}(1, k_3)V^{(4)}(∞, k_4)⟩.

(31) To get the total amplitude we sum over all possible orderings;

A_{total}(1, 2, 3, 4) = A(1, 2, 3, 4) + A(1, 3, 2, 4) + A(1, 2, 4, 3) + A(4, 3, 2, 1) + A(4, 2, 3, 1) + A(4, 3, 1, 2). (32)

The vertex operators for the fermions are of the form V^{(a)}(x_a, k_a) = const λ^a u_αS^α ∏ i σ_{ϑi} e^{−ϕ/2}e^{ika.X} (x_a). (33) Here u_α is the space time spinor polarization, and S^α is the so called spin-twist operator of the form S^α = ∏ i : exp(iq_iH_i) : (34) with conformal dimension h = ∑ i q^2_i 2 , (35)

and σ_{ϑi} is the ϑ twist operator acting on the i’th complex dimension, with conformal dimension h_i = 1 2 ϑ_i(1 − ϑ_i). (36)

The calculation of the 4-point function of the bosonic twist operators can be done analogously to the closed string case [31], with only minor modifications to take account of the image Green function and the fact that the vertices are on the real axis.

For completeness we now outline the derivation. Consider the contribution from a single complex dimension in which the branes intersect with angle ϑπ. We begin with the asymptotic behaviour of the Green function in the vicinity of the twist operators. As we saw earlier, we take account of the world-sheet boundary by adding an image charge. The Green function can then be written

G(z, w; z_i) = g(z, w; z_i) + g(z, w; z_i) (37)

where g(z, w; z_i) is the usual Green function for the closed string. It has the following asymptotics g(z, w; z_i) ∼ 1 (z − w)^2 + finite z → w ∼ 1 (z − x_{1,3})^{−ϑ} z → x_{1,3} ∼ 1 (z − x_{2,4})^{−(1−ϑ)} z → x_{2,4} ∼ 1 (w − x_{1,3})^{−(1−ϑ)} w → x_{1,3} ∼ 1 (w − x_{2,4})^{−ϑ} w → x_{2,4} (38)

and as we have seen the holomorphic fields are

∂X(z) ≡ ω_ϑ(z) = [(z − x_1)(z − x_3)]^{−ϑ}[(z − x_2)(z − x_4)]^{−(1−ϑ)} ∂X(z) ≡ ω_{1−ϑ}(z) = [(z − x_1)(z − x_3)]^{−(1−ϑ)}[(z − x_2)(z − x_4)]^{−ϑ}. (39)

This half of the Green function may now be determined upto an additional term usually denoted A by inspection; g(z, w; z_i) = ω_ϑ(z)ω_{1−ϑ}(w) { ϑ (z − x_1)(z − x_3)(w − x_2)(w − x_4) (z − w)^2

+ (1 − ϑ)

(z − x_2)(z − x_4)(w − x_1)(w − x_3) (z − w)^2 + A } . (40)

Next one considers ⟨T (z)σ_−σ_+σ_−σ_+⟩

⟨σ_−σ_+σ_−σ_+⟩

= lim_{w→z}[g_(z, w) − 1 (z − w)^2 ] = 1 2 ϑ(1 − ϑ) ( (z − x_1)^{−1} + (z − x_3)^{−1} − (z − x_2)^{−1} − (z − x_4)^{−1}

)_2

+ A (z − x_1)(z − x_2)(z − x_3)(z − x_4)

(41) where for shorthand we denote σ_± ≡ σ_ϑ±1 , and compares it to the OPE of T (z) with the twist operator T (z)σ_+(x_2) ∼ h_i (z − x_2)^2 + ∂_{x2} σ_+(x_2) (z − x_2)

+ . . . (42)

Equating coefficients of (z−x_2)^{−1}, and then using SL(2, R) invariance to fix (x_1, x_2, x_3, x_4) = (0, x, 1, x_∞) yields a differential equation for ⟨σ_−σ_+σ_−σ_+⟩ of the form

∂_x ln [ x^{ϑ(1−ϑ)} ∞ ⟨σ_−σ_+σ_−σ_+⟩ ] = ∂_x ln [ (x(1 − x))^{−ϑ(1−ϑ)} ] − A(x) x(1 − x) (43)

where A(x) = −x^{−1}_∞ A(0, x, 1, x_∞). (44)

All that remains is to determine A(x) which can be done using monodromy conditions for ∂_zX∂_w X. We proceed along the same lines as in the three point calculation and consider the two independent loops C_i around combinations of twists that add up to zero (again using the doubling trick), applying the global monodromy conditions (24). On encircling a twist σ^+_{f1} associated with states at intersection f_1, plus antitwist, σ^−_{f2} , at intersection f_2 the quantum part of ∂X should be invariant. There are two independent pairs of twists and integrating around the the corresponding closed loops yields A(x) = x(1 − x) 2 ∂_x ln [F (x)F (1 − x)] (45)

where F (x) is the hypergeometric function

F (x) = F (ϑ, 1 − ϑ; 1; x) = 1 π sin(ϑπ)

∫_1 0 dy y^{−ϑ}(1 − y)^{−(1−ϑ)}(1 − xy)^{−ϑ} (46)

Inserting this into eq.(43), we find a contribution from the product of ϑ_i twisted bosons of ∏ i ⟨σ_+(x_∞)σ_−(1)σ_+(x)σ_−(0)⟩ = const (x_∞x(1 − x))^{−ϑ.(1−ϑ)} [F (1 − x).F (x)]^{1/2}

. (47)

In this expression we use a dot to indicate the product of the contributions from each complex dimension. When we collect all the contribution together the dependence on ϑ_i cancels between the bosonic twist fields and the spin-twist fields giving

A(1, 2, 3, 4) = −g_sα^′(λ^1λ^2λ^3λ^4 + λ^4λ^3λ^2λ^1)

∫_1 0 dx x^{−1−α′s}(1 − x)^{−1−α′t 1}_{[F (1−x).F (x)]1/2} × [ u^{(1)}γ_μu^{(2)}u^{(4)}γ^μu^{(3)} ] ∑ e^{−Scl (x)} (48) where s = −(k_1 + k_2)^2, t = −(k_2 + k_3)^2, u = −(k_1 + k_3)^2 are the usual Mandlestam variables. We can check this expression against that in ref.[37] where the branes considered were orthogonal D7 branes and D3 branes. The quantum part of the above expression with intersections in two complex subplanes should agree with that from four ND fermions attached to two sets of coincident D3 branes and a stack of D7 branes. We find agreement upto a factor of F (1 − x)/F (x) in the integrand.

We now turn to the classical contribution to the four point function which can be calculated as for the three point function. On integrating around the closed loops we again can have arbitrary shifts v_i along the D-branes. Consider encircling a twist σ^+_{f1} associated with states at intersection f_1, plus antitwist, σ^−_{f2} , at intersection f_2. The corresponding open strings can encircle one of the branes appearing at the intersection determined by the relative positions of σ^+_{f1} and σ^−_{f2} with respect to the branch cuts in the field X. The two

Figure 8: Joined pairs of twisted/antitwisted states.

possibilities are shown in figure 8. A twisted state at f_2 followed by an anti-twisted state at f_1 corresponds to a shift (1 − θ)(f_1 − f_2 + Λ_A) where Λ_A is an integer number of shifts along the A-brane. Note that f_1 − f_2 is in this case a vector along the A brane as well. An antitwisted state at f_1 followed by twisted state at f_2 causes a shift (1 − θ)(f_1 − f_2 + Λ_B ) where now Λ_B is an integer shift along the B brane and f_1 − f_2 is now the displacement between the points along the B-brane. The vertex ordering in the disc diagram means that in the amplitude the factor ∑ e^{−Scl} now splits into separate sums over Λ_A or Λ_B, ∑ ≡ ∑ Λ_A,Λ_B .

The classical action is then found to be S_{cl} = sin ϑπ 4πα^′τ ( |v^′_A|^2 + τ^2|v^′_B|^2 ) , (49)

where in the sums over Λ_A we have v^′_{A,B} = Δ^i_{A,B}f + nL_{A,B}, (50) Here n ∈ Z, and L_{A,B} are vectors in the two torus describing the wrapped D-branes. We have defined Δ^i_{A,B}f to be the displacement between the intersections involved in the C_i loop taken along the A, B brane, and we include both combinations (i.e. i = 1, 2 going respectively with A, B or B, A). In addition we have defined τ (x) =^{F (1−x)}_{F (x)} for convenience. (For Z_2 twists, i.e. intersections at right-angles, this would be the modular parameter of a “fake” annulus but it has no such interpretation for more general intersections.)

To illustrate, consider the generic open string four point diagram, shown in fig 9. In this case one expects the action to go as the area. To show this we can use a saddle point approximation for the x integral in A(1, 2, 3, 4). This gives τ (x_s) = |v^′_A|/|v^′_B| where, for strings stretched between f_1 and f_2 propagating along the A-brane direction we choose Δ_Af = f_3−f_2 and Δ_Bf = f_1−f_2. This is the leading contribution, but there is an additional contribution to the amplitude where the displacement is Δ_Af = f_1 − f_2 measured along the

Figure 9: The leading contribution to a generic four point diagram.

A-brane and Δ_B f = f_2 − f_3 measured along the B-brane. This corresponds to diagrams where a string stretched between f_2 and f_3 propagates in the f_1 − f_2 direction, as shown in fig.10.

The accuracy of the saddle approximation is a function of the width of the saddle, given by √ 4πα^′/R_c ∼^{ls}_{Rc} , where R_c is the compactification scale (R_c ∼ L_A, L_B ). Thus, as expected the approximation of world-sheet instanton suppression breaks down when the size of the world sheet is comparable to the D-brane thickness. Substituting back into the action we find A(1, 2, 3, 4) ∼ ∑ Λ_A,Λ_B fermion − factors × ( 4πα^′ R_c )_2 exp ( − 1 2πα^′ sin ϑπ |v^′_A||v^′_B| ) . (51)

We find the expected suppression from the mass of the intermediate stretched string state, times by an instanton suppression factor again given by the area of the world sheet. As pointed out in ref.[29] diagrams such as this can lead to large flavour changing processes such as τ μ → μe if the compactification scale is too small.

Diagrams which do not explicitly violate flavour, such as μ^+μ^− → e^+e^− cannot be completely approximated this way. For such processes the intersection separation in the leading term v^′_B = Δ_Bf_{ee} for one pair of twist operators is zero, and so this term cannot be treated as above. Consider the summation over Λ_A in v^′_A for the other pair, whose separation is v^′_A = Δ_Af_{eμ} + nL_A. Poisson resumming we find ∑ e^{−Scl} = ∑ p_A∈Λ^∗_A √ 4π^2α^′τ L^2_A sin ϑπ exp [ − 4π^3α^′τ sin ϑπ p^2_A ] exp [2πiΔf_{eμ}.p_A] + subleading (52) where p_A ∈ Λ^∗_Ais summed over the dual lattice;

p_A = n_A |L_A|^2 L_A. (53)

Figure 10: The first subleading contribution to the same amplitude.

This expression describes the leading exchange of gauge bosons plus their KK modes along the A brane. (The subleading terms (those with v^′_B = n_BL_B with integer n_B ≠ 0) can still be treated using the saddle point approximation above.) To obtain the field theory result, we take the limit of coincident vertices; x → 0 or x → 1. For example the former contribution can be evaluated using the asymptotics F (x) ∼ 1 , τ ∼ F (1 − x) ∼ 1 π sin ϑπ ln δ x (54)

where δ is given by the digamma function ψ(z) = Γ^′(z)/Γ(z);

δ = exp(2ψ(1) − ψ(ϑ) − ψ(1 − ϑ)). (55)

We find

A(1, 2, 3, 4) = g_s [ u^{(1)}γ_μu^{(2)}u^{(4)}γ^μu^{(3)} ] 2π√α_′ L_A √ sin ϑπ (56) × ( 1 s + 2 ∞∑ n=1 cos (2πΔf_{eμ}.p_n) δ^{−α′M 2n} s − M^2_n ) , (57)

where M_n = n/2πL_A, and p_n = nL_A/|L_A|^2. This result agrees with a naive field theory calculation as shown in ref.[29], provided that α^′M^2_1 ≪ 1. (That is, the brane separation should again be larger than the brane thickness.) This can lead to severe flavour changing effects due to the KK mode contribution which is flavour non-universal. We should note here that this is not in contradiction with the fact that there is an overall translational U (1) symmetry on the torus, since the result is a function of the relative displacement. The leading term corresponds to massless gauge boson exchange so that we can normalize the coupling to the measured Yang-Mills couplings in the obvious way.

The extension to higher dimensional intersecting branes follows straightforwardly, and we now find that the form factor δ^{−α′M 2n} naturally provides the UV cut-off which in the field theory has to be added by hand. Physically the cut-off arises because the intersection itself has thickness ∼ √ α^′, and thus cannot emit modes with a shorter wavelength.

5 Conclusion

In summary, we have discussed the calculation of three point amplitudes for open strings localised at D-brane intersections. We computed the four point “contact interaction” at tree level for diagrams involving fermions living at two sets of intersecting D-branes. For the four point functions we were able to adapt the techniques of ref.[31] to the open string case, so that by considering the conformal field theory we obtained the required information to compute the entire contact interaction. It receives contributions from both KK modes and heavy string modes. The obvious extension of this work would be to calculate the four point functions on three sets of intersecting branes. This would allow us to factorize the four point functions on the three point Yukawa couplings yielding additional information about the latter. In addition we considered only the simplest kind of toroidal compactification, and it would be interesting to contemplate the same process in more complicated set-ups, and also to apply it to a “realistic” SM-like model.

More generally these calculations may be used to discuss or support more generic field theoretic ideas in set-ups with fermions localized in extra dimensions. For example, in a parallel work [29], it has been demonstrated in that very low (TeV) string scales are incompatible with the experimental absence of FCNCs. When the compactification scale is small we encounter subleading flavour changing diagrams involving stretched strings. When it is large it is instead the KK modes which contribute to FCNCs. Taken together these two contributions constrain the string scale. There are many conceptual problems when discussing that type of effect that cannot be addressed in field theory. For example, sums over Kaluza-Klein modes can diverge, so that it is generally necessary to provide a UV cutoff. As is well known, in the string calculation such a divergence should always be naturally regulated at the string scale, and this indeed happens automatically for the interactions discussed here. This has already been seen in the literature in for example [38].

Note Added Whilst this paper was in the final stages of preparation we received ref.[39] which also discusses the calculation of both 3 and 4 point functions.

Acknowledgements

It is a pleasure to thank David Fairlie, Paul Mansfield, Manel Masip and Jose Santiago for discussions. We also thank Igor Klebanov for correcting an error in an earlier version of this paper. This work was funded by a PPARC studentship, and by Opportunity Grant PPA/T/S/1998/00833.

References

[1] G.Aldazabal, L.E.Ibáñez, F.Quevedo, and A.M.Uranga. D-branes at Singularities: A Bottom-Up Approach to the String Embedding of the Standard Model. JHEP, 008:002, 2000. hep-th/0005067.

[2] R.Blumenhagen, L.Göerlich, B.Körs, and D.Lüst. Non-commutative Compactifications of Type I Strings on Tori with Magnetics Background Flux. JHEP, 0010:006, 2000. hep-th/0007024.

[3] G.Aldazabal, S.Franco, L.E.Ibáñez, R.Rabadán, and A.M.Uranga. Intersecting Brane Worlds. JHEP, 0102:047, 2001. hep-th/0011132.

[4] M.Berkooz, M.R.Douglas, and R.G.Leigh. Branes Intersecting at Angles. Nucl.Phys., B480:265–278, 1996. hep-th/9606139.

[5] G.Aldazabal, S.Franco, L.E.Ibáñez, R.Rabadán, and A.M.Uranga. D=4 Chiral String Compactifications from Intersecting Branes. J.Maths.Phys., 42:3103–3126, 2001. hepth/0011073.

[6] R.Blumenhagen, B.Körs, and D.Lüst. Type I Strings with F- and B-Flux. JHEP, 0102:030, 2001. hep-th/0012156.

[7] R.Blumenhagen, B.Körs, and D.Lüst. Moduli Stabilization for Intersecting Brane Worlds in Type 0’ String Theory. Phys.Lett., B532:141–151, 2002. hep-th/0202024.

[8] R.Blumenhagen, B.Körs, D.Lüst, and T.Ott. Hybrid Inflation in Intersecting Brane Worlds. Nucl.Phys., B641:235–255, 2002. hep-th/0202124.

[9] R.Blumenhagen, V.Braun, B.Körs, and D.Lüst. Orientifolds of K3 and Calabi-Yau Manifolds with Intersecting D-Branes. JHEP, 0207:026, 2002. hep-th/0206038.

[10] Christos Kokorelis. Standard Model Compactifications from Intersecting Branes. hepth/0211091.

[11] D.Cremades, L.E.Ibáñez, and F.Marchesano. More about the Standard Model at Intersecting Branes. hep-th/0211182.

[12] D.Bailin, G.V.Kraniotis, and A.Love. Intersecting D5-Brane Models with Massive Vector-like Leptons. JHEP, 0302:052, 2003. hep-th/0212112.

[13] M.Cvetič, I.Papadimitriou, and G.Shiu. Supersymmetric Three Family SU (5) Grand Unified Models from Type IIA Orientifolds with Intersecting D6-Branes. hepth/0212177.

[14] L.E.Ibáñez, F.Marchesano, and R.Rabadán. Getting Just the Standard Model at Intersecting Branes. JHEP, 0111:002, 2001. hep-th/0105155.

[15] R.Blumenhagen, B.Körs, D.Lüst, and T.Ott. The Standard Model from Stable Intersecting Brane World Orbifolds. Nucl.Phys., B616:3–33, 2001. hep-th/0107138.

[16] D.Cremades, L.E.Ibáñez, and F.Marchesano. Standard Model at Intersecting D5- branes: Lowering the String Scale. Nucl.Phys., B643:93–130, 2002. hep-th/0205074.

[17] C.Kokorelis. Exact Standard Model Compactifications From Intersecting Branes.

JHEP, 0208:036, 2002. hep-th/0206108.

[18] M.Cvetič, P.Langacker, and G.Shiu. Three Family Standard-like Orientifold model:

Yukawa Couplings and Hierarchy. Nucl.Phys., B642:139, 2002. hep-th/0206115.

[19] C.Kokorelis. Exact Standard Model Structures From Intersecting D5-Branes. hepth/0207234.

[20] M.Cvetič, G.Shiu, and A.M.Uranga. Three-family Supersymmetric Standard-like Models from Intersecting Brane Worlds. Phys.Rev.Lett., 87:201801, 2001. hep-th/0107143.

[21] M.Cvetič, G.Shiu, and A.M.Uranga. Chiral Four-Dimensional N=1 Supersymmetric Type IIA Orientifolds from Intersecting D6-Branes. Nucl.Phys., B615:3, 2001. hepth/0107166.

[22] R.Blumenhagen, L.Göerlich, and T.Ott. Supersymmetric Intersecting Branes on the Type IIA T^6/Z_4 orientifold. JHEP, 0301:021, 2003. hep-th/0211059.

[23] G.Honecker. Chiral Supersymmetric Models on an Orientifold of Z_4 × Z_2 with Intersecting D6-branes. hep-th/0303015.

[24] C.Kokorelis. Deformed Intersecting D6-brane GUTS and N=1 SUSY. hep-th/0212281. [25] D.Lüst and S.Stieberger. Gauge Threshold Corrections in Intersecting Brane World Models. hep-th/0302221.

[26] S.A.Abel and A.W.Owen. CP violation and CKM predictions from Discrete Torsion.

Nucl.Phys., B651:191–210, 2003. hep-th/0205031.

[27] D.Cremades, L.E.Ibáñez, and F.Marchesano. Towards a theory of quark masses, mixings and CP-violation. hep-ph/0212064.

[28] D.Cremades, L.E.Ibáñez, and F.Marchesano. Yukawa couplings in intersecting D-brane models. hep-th/0302105.

[29] S.Abel, M.Masip, and J.Santiago. Flavour Changing Neutral Currents in Intersecting Brane Models. hep-ph/0303087.

[30] S.Hamidi and C.Vafa. Interactions on Orbifolds. Nucl.Phys, B279:465, 1987. [31] L.Dixon, D.Friedan, E.Martinec, and S.Shenker. The Conformal Field Theory of Orbifolds. Nucl.Phys., B282:13–73, 1987.

[32] J.A.Casas, F.Gomez, and C.Muñoz. World-sheet instanton contribution to Z_7 Yukawa couplings. Phys.Lett.B, 251:99–104.

[33] T.Kobayashi and O.Lebedev. Heterotic Yukawa couplings and continuous Wilson lines.

hep-th/0303009.

[34] P.Mansfield. Bosonic Ghosts and Witten’s Non-commutative Geometry. Nucl.Phys., B306:630–658, 1988.

[35] E.Corrigan and D.B.Fairlie. Off-shell States in Dual Resonance Theory. Nucl.Phys., B91:527, 1975.

[36] H.Kawai, D.C.Lewellen, and S.-H.H.Tye. A relation between tree amplitudes of closed and open strings. Nucl.Phys., B269:1, 1986.

[37] I.Antoniadis, K.Benakli, and A.Laugier. Contact interactions in D-brane models. JHEP, 0105:044, 2001. hep-th/0011281.

[38] D.M.Ghilencea, N.P.Nilles, and S.Stieberger. Divergences in Kaluza-Klein Models and their String Regularization. New J.Phys., 4:15, 2002. hep-th/0108183.

[39] M.Cvetič and I.Papadimitriou. Conformal Field Theory Couplings for Intersecting Dbranes on Orientifolds. hep-th/0303083.