arXiv:hep-th/0303157 v2 11 Sep 2003

hep-th/0303157, UPR-1033-T

A comment on multiple vacua, particle production and the time-dependent AdS/CFT correspondence

Vijay Balasubramanian,^∗ Thomas S. Levi,^† and Asad Naqvi^‡ Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104-6396

We give an explicit formulation of the time dependent AdS/CFT correspondence when there are multiple vacua present in Lorentzian signature. By computing sample two point functions we show how different amplitudes are related by cosmological particle production. We illustrate our methods in two example spacetimes: (a) a “bubble of nothing” in AdS space, and (b) an asymptotically locally AdS spacetime with a bubble of nothing on the boundary. In both cases the α-vacua of de Sitter space make an interesting appearance.

I. INTRODUCTION

Recently there has been renewed interest in using the AdS/CFT correspondence to understand physics in time dependent backgrounds (e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] In Lorentzian AdS spaces the presence of both normalizable and non-normalizable fluctuations and the possibility of interesting causal structure lead to many new phenomena (e.g., [7, 8, 12, 13, 14, 15, 16, 17]). It has been shown how to compute the different types of propagators (e.g. advanced and retarded) and correlation functions that arise in Lorentzian signature in the unique AdS vacuum [7, 8]. (Also see [9].) Recent work has discussed how thermal field theory correlators can be computed using the AdS/CFT correspondence by a proper identification of boundary conditions in the corresponding AdS backgrounds which have horizons[4, 6]. Finally, it has been shown that analytic continuations from the Euclidean section in different coordinate systems that cover a whole or only part of a spacetime manifold lead to the same observable physics, even when horizons are present [10].

In general, time-dependent backgrounds have multiple natural vacua. Correlation functions in most of these vacua cannot be obtained by analytic continuation of a Euclidean correlator. Also, we expect non-trivial effects such as cosmological particle creation to be apparent in the AdS/CFT correspondence. In interesting dynamical situations such as black hole formation from collapse, the in and out vacua that are natural before and after the black hole forms have very different characters and while the AdS/CFT correspondence naturally computes the ⟨out| · · · |in⟩ transition amplitude, we must compute ⟨in| · · · |in⟩ correlators to study how the equal time correlation functions can measure horizon formation. In this paper we show how to formulate the correspondence when a non-trivial time dependence leads to multiple vacua. We find that properly identifying the various vacua allows us to relate correlators computed in different vacuum states by expressions involving cosmological particle production. We also find a simple relationship between particle production in the bulk supergravity/string theory and in the boundary gauge theory.

The paper is organized as follows. In section II we formulate the AdS/CFT correspondence when multiple vacua are present and show how various two-point functions are related by particle production effects. We then give two examples of situations with multiple vacua – Sec. III examines the “bubble of nothing” in AdS_4 [1, 2], and Sec. IV examines the spacetime formed by placing a bubble of nothing on the boundary of AdS_5. Since the surface of a bubble of nothing traces out a de Sitter space the α-vacua of de Sitter space make an interesting appearance. In section V we present our conclusions. An appendix gives more detail for various computations found in the main text.

II. MULTIPLE VACUA AND THE ADS/CFT CORRESPONDENCE

In this section, we show how to formulate the time dependent version of the AdS/CFT correspondence when multiple vacua are present, and compute some sample two point functions to show how these quantities are altered by cosmological particle production. In the original formulation of the AdS/CFT correspondence, correlation functions in the N = 4 supersymmetric SU (N ) Yang Mills in 4d are related, in the large N limit, to the bulk classical action

∗Electronic address: vijay@endive.hep.upenn.edu †Electronic address: tslevi@student.physics.upenn.edu ‡Electronic address: naqvi@rutabaga.hep.upenn.edu

in Euclidean AdS_5 [18, 19, 20] by

⟨exp ∫ ∂ ϕ_0O⟩_{CF T} = Z_{SUGRA}(ϕ_0) . (1)

Here ϕ approaches ϕ_0 on the boundary, Z_{SUGRA}(ϕ_0) = exp(−I(ϕ_0)) is the classical IIB supergravity action with the boundary value ϕ_0, and O is the operator dual to the field ϕ. Technically, correlation functions are computed perturbatively by extending boundary values for fields (or sources in the field theory) into the AdS bulk by using a bulk-boundary propagator and then sewing these together using the usual bulk-bulk propagators to compute the AdS/CFT Feynman diagrams. Numerous authors have explored the definition of the correspondence in Lorentzian signature (e.g., [7, 8, 12, 13, 14, 15, 17] and the recent works [4, 6, 9, 10].) We are interested in situations in which there are several natural choices of vacua. Amplitudes and transition functions will depend on which vacua we sandwich our operators between. While it is clear how the choice of vacua is implemented on the CFT side of the duality, it is initially confusing how the SUGRA side, being semi-classical, contains the same data. We will clarify this point.

In Euclidean AdS (EAdS) it is well known that specifying a field’s behavior on the boundary uniquely specifies it throughout the bulk [19]. In contrast, due to the presence of normalizable mode solutions which can be arbitrarily added on without affecting the boundary behavior, the solution is no longer unique (see [12, 13] for discussion). At the level of Green functions, in EAdS, there exists a unique bulk-boundary two point function, whereas in Lorentzian signature we have a wealth of Green functions to choose from, all dependent on the boundary conditions (or pole prescriptions) chosen. We expect these different Green functions to arise from grafting normalizable mode solutions onto the bulk-boundary propagator obtained by continuation from the Euclidean section. We will see how doing this correctly allows one to select between CFT correlation functions evaluated between different vacuum states.

While we will give a prescription for treating multiple vacua in any coordinate system, it is easiest to explain the procedure by choosing a particular behaviour for the metric. The Poincaré patch of AdS_{d+1} is given by

ds^2 = l^2/z^2(−dt^2 + dx^2 + dz^2). (2)

(We will usually set l = 1.) In (2) the AdS boundary occurs at z = 0 while z = ∞ is a coordinate horizon. Now consider a general time-dependent solution to Einstein’s equations with a negative cosmological constant which is asymptotically Poincaré,

ds^{2 z→0}−→ 1/z^2(dz^2 + ds̃^2), (3)

where tilde denotes the boundary metric. As z → 0 the boundary and radial parts of the wave equation separate and the solution to the scalar wave equation will be given by ϕ(z, b) = f(z)ϕ_0(b), where b are the boundary coordinates. As is standard, f(z) has two possible scalings (normalizable and non-normalizable) at the boundary, namely lim_{z→0} f(z) = z^{2h±} where 2h_± = d/2 ± ν and ν = 1/2 √ d^2 + 4m^2 [12].

If there is a time dependence in the metric we can have multiple choices for vacuum states. We can display this by considering different expansions for the field ϕ over the normalizable modes ϕ(z, b) = ∑ k a_ku_k(z, b) + a^†_ku^∗_k(z, b) = ∑ k ā_kū_k(z, b) + ā_k^†ū_k^∗(z, b), (4)

where the u_k’s are normalizable solutions. Vacuum states can be defined by a_k|0⟩ = 0, ā_k|¯0⟩ = 0, ∀k. (5) We then have the Bogolubov transformation

ū_k = ∑ i α_{ki}u_i + β_{ki}u^∗_i , ā_k = ∑ i α^∗_{ki}a_i − β^∗_{ki}a^†_i , (6)

∑ k α_{ik}α^∗_{jk} − β_{ik}β^∗_{jk} = δ_{ij} , ∑ k α_{ik}β_{jk} − β_{ik}α_{jk} = 0. (7) When β ≠ 0, the two vacua are inequivalent and each is an excited state of the other. For simplicity will assume that the transformation matrices are diagonal, i.e. α_{ij} = α_iδ_{ij}, βij = β_iδ_{ij} . However, the generalization to the non-diagonal case is straightforward, and we will give the necessary relations for it at the end for completeness.

A. Finding the bulk-boundary propagator with multiple vacua present

A necessary step in the formulation of the AdS/CFT correspondence is the construction of a bulk-boundary propagator G_{B∂} (b; b^′, z) which allows us to write ϕ(z, b) = ∫ ∂ db √ −g̃G_{B∂} (b; z, b^′)ϕ_0(b) (8)

Note that in the above equation, ϕ is really defined up to a normalizable mode; i.e., the bulk-boundary propagator can have arbitrary normalizable modes added on. Our first step will be to compute a time-ordered Green function for a transition between two, not necessarily equal, vacuum states. Then we will define the bulk-boundary propagator as a particular limit of the bulk-bulk Green function. The time-ordered bulk propagator is a solution to the equation

(□_x − m^2)G_F (x, x^′) = − 1 √ −g δ^{d+1}(x − x^′). (9)

The boundary conditions on G_F are selected by adding homogeneous solutions of the wave equation to it.

Assume that our metric has a natural timelike coordinate (not necessarily a Killing vector), with respect to which events can be ordered. We then have

iG_F ¯_{00}(x, y) = ⟨¯0|T (ϕ(x)ϕ(y))|0⟩ ⟨¯0|0⟩ = θ(x^0 − y^0) ⟨¯0|ϕ(x)ϕ(y)|0⟩ ⟨¯0|0⟩ + θ(y^0 − x^0) ⟨¯0|ϕ(y)ϕ(x)|0⟩ ⟨¯0|0⟩ . (10)

Note that ⟨¯0|0⟩ ≠ 1 in general. Using eqns. (6,7), the commutation relations [a_i, a^†_j] = δ_{ij} , with all others vanishing and the relation [21] ⟨¯0|a^†_ka^†_k′ |0⟩ = ⟨¯0|0⟩β_k′ α^{−1}_k δ_{kk}′ we find (for more detail, the reader is directed to the appendix)

iG_F ¯_{00}(x, y) = θ(x^0 − y^0) ∑ k ū_k(x)u^∗_k(y) ( α^∗_k − |β_k|^2 α_k ) + x ↔ y. (11)

In particular

iG_{F 00} = iG_F ¯_{00} − ∑ k β_k α_k u^∗_k(x)u^∗_k(y). (12)

As expected, the difference between different vacuum choices for G_F is a homogeneous solution. (We can likewise derive the relation between G_{F 00} and G_F ¯_0¯_0, but we will not do that here.) This relation is easily generalized to non-diagonal Bogolubov transformations

iG_{F 00} = iG_F ¯_{00} − ∑ k,k^′ β_{kk}′ α^{−1}_{kk}′ u^∗_k′ (x)u^∗_k(y). (13) Similar modifications would occur throughout the remainder of this section. It has been noted by several authors [14, 15, 17] that we can find the bulk-boundary propagator by a simple rescaling of the time-ordered propagator in the radial direction of AdS. Following [15] one can easily show in our coordinates that we can write the bulk-boundary propagator as

G_{B∂}¯_{00}(b; b^′, z^′) = 2ν lim_{z→0} z^{−2h+} G_F ¯_{00}(x, x^′). (14)

B. Formulation of the correspondence

With this definition, we can formulate the AdS/CFT correspondence as ⟨¯0|T exp i ∫ ∂ ϕ_0O|0⟩_{CF T} = Z_{SUGRA} ¯_{00}(ϕ_0), (15)

where the notation on Z implies that we use the ¯00 bulk-boundary propagator for writing ϕ in terms of ϕ_0. We now have a form of the AdS/CFT correspondence, which takes into account the different boundary conditions at early and late times describing transitions from various vacua. The different amplitudes in the CFT are in one-to-one correspondence with the choice of bulk-boundary propagator in the SUGRA. In addition, if the vacua are related by a phase (i.e. all the βs vanish), we have a unique bulk-boundary propagator and a unique vacuum state, hence the correspondence reduces to the original one. This formulation is particularly useful if we let |0⟩ = |in⟩ and |¯0⟩ = |out⟩ where by |in⟩ and |out⟩ we mean vacua which are natural for inertial observers at early at late times. We can then show that the differences between the vacua are a result of cosmological particle production.

Let us compute a two point function using the AdS/CFT correspondence to show the effects of having multiple vacua. Consider a scalar field in the supergravity whose action is given by S[ϕ] = 1 2 ∫ d^dw dz √ −g(g^{μν} ∂_μϕ∂_ν ϕ + m^2ϕ^2) , (16)

where z is the radial coordinate. The two point function in the CFT for the operator dual to ϕ is 1 i^2 δ^2Z¯_{00}(ϕ_0) δϕ_0(x)δϕ_0(y)

|_{ϕ0=0} = ⟨¯0|T (O(x)O(y))|0⟩ ⟨¯0|0⟩ . (17)

Plugging in for ϕ in terms of the bulk to boundary propagator gives ⟨¯0|T (O(x)O(y))|0⟩ ⟨¯0|0⟩ = ∫ d^dw dz √ −g[g^{μν} ∂_μG_{B∂}¯_{00}(x; w, z)∂_νG_{B∂}¯_{00}(y; w, z) + m^2G_{B∂}¯_{00}(x; w, z)G_{B∂}¯_{00}(y; w, z)], (18)

Integrating by parts, using the facts that G_{B∂} satisfies the bulk equations of motion and that lim_{z→0} √ −g̃z^{2h+−d}G_{B∂} (x; w, z) = δ^d(w − x) we are left with the boundary term ⟨¯0|T (O(x)O(y))|0⟩ ⟨¯0|0⟩ = lim_{ϵ→0} ∫ ϵ^{1−2h+} δ^d(w − x)∂_zG_{B∂}¯_{00}(y; w, z)|_{z=ϵ}d^dw = lim_{ϵ→0} ϵ^{1−2h+} ∂_z G_{B∂}¯_{00}(y; w, z)|_{z=ϵ}. (19)

Hence we can conclude that ⟨in|T (O(x)O(y))|in⟩ = ⟨out|T (O(x)O(y))|in⟩ ⟨out|in⟩ + 2iν lim z→0, ϵ→0 ϵ^{1−2h+} ∂ ∂z^′ [ z^{−2h+} ∑ k β_k α_k u^∗_k(z, b)u^∗_k(z^′, b^′) ] z^′ =ϵ , (20)

where the u_k are the natural in modes. Using the scaling as z → 0 of solutions to the wave equation it is easily shown that the z dependence drops out, leaving a k dependent multiplicative factor in each term. Thus, this form of the AdS/CFT correspondence is sensitive to particle creation effects, as we would expect. Similar expressions can be obtained for higher point correlation functions. If we were computing particle creation directly in the dual, strongly coupled CFT, we would have to work with a collective field theory for the gauge-invariant composites (see, e.g., [14]). The quantum numbers of these collective fields would match the quantum numbers of the modes being summed above. While we have explained the procedure in asymptotically Poincaré coordinates, it is simple to generalize to any other asymptotically AdS coordinate system. In all cases, the limit will approach the AdS boundary and the the factors of ϵ and z will be replaced by the appropriate scaling behaviours of normalizable modes.

In the next two sections we will give two examples of how the above results are used to explore cosmological particle production.

III. THE SCHWARZSCHILD-ADS BUBBLE OF NOTHING

It was pointed out in [1, 2] that following [22] one can form a “bubble of nothing” in AdS by analytically continuing the AdS-Schwarzschild black hole solution. Here we construct the AdS_4 analog of the solution found in [1, 2]. Start with the solution for the four dimensional AdS-Schwarzschild black hole

ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2(dθ^2 + sin^2 θdψ^2)

f(r) = 1 − r_0 r + r^2 l^2

, (21) where r_0 is the non-extremality parameter and l sets the length scale. A double analytic continuation t → iχ, θ → iτ + π/2 gives ds^2 = f(r)dχ^2 + f(r)^{−1}dr^2 + r^2(−dτ^2 + cosh^2 τ dψ^2). (22)

The space is now cut-off at r = r_+ where r_+ is the larger solution to

r^3 + l^2r^2 = r_0. (23)

To avoid a conical singularity at r_+, χ must have a period of

Δχ =

4πl^2r_+ 3r^2_+ + l^2

. (24)

As in [2], the boundary metric is de Sitter space times a circle. Recall that de Sitter space has a family of inequivalent α-vacua [23, 24]. For example, in the global de Sitter coordinates appearing within the final parentheses in (22) the in and out vacua appropriate to early and late times have non-trivial Bogolubov coefficients. In even dimensional de Sitter spaces such as the 2d de Sitter factor in (22) this leads to cosmological particle production. It is worth noting that the only conformally invariant de Sitter vacuum is the Euclidean, or Bunch-Davies vacuum, so this might suggest that this is only valid vacuum state for the dual CFT [23]. However, the presence of the additional circle in (22) already provides a scale (see [2]). So there is a priori no reason to discard the other vacua, except in view of various other potential difficulties with them [23].

To investigate particle production and the AdS/CFT correspondence in this background we must first solve the wave equation to obtain the mode expansions. In this background the wave equation □ϕ − m^2ϕ = 0, becomes − 1 r^2 cosh τ

∂_τ (cosh τ ∂_τ ϕ) + 1 r^2

∂_r (r^2f(r)∂_r ϕ) + f(r)^{−1}∂^2_χϕ + 1 r^2 cosh^2 τ

∂^2_ψϕ − m^2ϕ = 0. (25)

We can separate ϕ as ϕ(r, τ, χ, ψ) = R(r)T (τ )e^{inψ}e^{i(2πj/Δχ)χ}, where n, j are integers. We define p = 2πj/Δχ and a separation constant k^2 to obtain two ordinary differential equations d dr (r^2f(r)R^′(r)) − (r^2f(r)^{−1}p^2 + r^2m^2 − k^2)R(r) = 0 (26)

T^{′′}(τ ) + tanh(τ )T^′(τ ) + (k^2 + n^2/ cosh^2 τ )T (τ ) = 0, (27)

where the primes in each equation denote derivatives with respect to the variable of each function. Note that k^2 shows up in the T equation exactly as a mass would if we were dealing with only the theory on the boundary. The radial equation cannot be solved in closed form, however we can obtain the asymptotic behavior as R(r) → r^{−2h±} (28) as r → ∞, where 2h_± = d/2 ± ν, and ν = 1/2 √ 9 + 4l^2m^2. The modes that scale as 2h_+ are normalizable while the ones that scale as 2h_− are non-normalizable. The radial and angular parts of these solutions will not contribute to Bogolubov transformations relating different vacua because they will have the same form for any basis of solutions. Thus we only need to focus on the time dependent equation (27).

Recall that since de Sitter space has a one complex parameter family of vacua, we could explore the corresponding one parameter family of inequivalent bases of solutions to (27). However, since our interest is simply to illustrate particle production in an AdS/CFT context we will focus on the in and out vacua appropriate to early and late times. We can then analyze (27) by following [24] to arrive at a solvable equation. We first rewrite the equation in terms of a new coordinate σ = −e^{2τ}

σ(1 − σ)T^{′′}_n + (1/2 − 3/2σ)T^′_n + [ k^2 4 1 − σ σ − n^2 1 − σ ] T_n = 0, (29)

where primes denote differentiation with respect to σ and μ = √ k^2 − 1/4. We make the substitution T^{in}_n = cosh^n τ e^{(l+1/2−iμ)τ} f(σ), where the in superscript has been added in anticipation of this solution describing an incoming wave at past infinity. The equation now becomes a hypergeometric equation for f,

σ(1 − σ)f^{′′} + [c − (1 + a + b)σ]f^′ − abf = 0, (30) where the coefficients are given by a = n + 1/2, b = n + 1/2 − iμ, and c = 1 − iμ. We restrict to the case where μ is real and positive. The full incoming solution is then given by

T^{in}_n = cosh^n τ e^{(n+1/2−iμ)τ} F (n + 1/2, n + 1/2 − iμ; 1 − iμ; −e^{2τ} ). (31)

where F is a hypergeometric function and we have chosen not to normalize since it is not important for our purposes. We note that (42) is invariant under time reversal, and the equation is real. Therefore, we have another set of linearly independent solutions given by T^{out}_n (τ ) = T^{in∗}_n (−τ ), or

T^{out}_n = cosh^n τ e^{−(n+1/2+iμ)τ} F (n + 1/2, n + 1/2 + iμ; 1 + iμ; −e^{−2τ} ). (32)

The asymptotics of these two solutions are given by T^{in}_n^{τ→−∞}−→ e^{(1/2−iμ)τ} , T^{out}_n^{τ→∞}−→ e^{−(1/2+iμ)τ} . (33)

Thus, our solutions are good candidates for defining in and out vacua respectively.

The radial and angular parts of the wavefunction will clearly not play a role in the Bogolubov coefficients between the in and out states. Using the general relation between hypergeometric functions [25] F (a, b; c; z) = Γ(c)Γ(b − a) Γ(c − a)Γ(b) (−z)^{−a}F (a, a + 1 − c; a + 1 − b; 1/z) + Γ(c)Γ(a − b) Γ(a)Γ(c − b) (−z)^{−b}F (b, b + 1 − c; b + 1 − a; 1/z). (34) we may compute the relation between T^{in}_n and T^{out}_n and find

T^{in}_n = α_nT^{out}_n + β_nT^{out∗}_n (35)

with

α_n = Γ(1 − iμ)Γ(−iμ) Γ(1/2 − n − iμ)Γ(1/2 + n − iμ) , β_n = −i (−1)^n sinh(πμ)

. (36)

The number of particles in the in vacuum for the n-th mode is given by

⟨in|N_n|in⟩ = |β_n|^2 = 1 sinh^2(πμ)

. (37)

Because this is independent of n and of j (the other angular momentum) there will be an infinite amount of particle production at high momenta. So strictly speaking we should be cutting off our in and out vacua suitably at high momenta, but we will not delve into this here.

How is this particle production by the cosmological expansion of the spacetime reflected in the dual CFT? From (20), we can see that the ⟨in| · · · |in⟩ correlation function differs from the ⟨out| · · · |in⟩ by a particle creation term. For the bubble of nothing spacetime that we are considering in this section, this term is given by the expression ∑ n,j 2iν { lim r→∞,L→∞ L^{−1+2h+} r^{2h+} R(r) ∂R(r^′) ∂r^′ } β_n α_n e^{−n(ψ+ψ′)}e^{−i} (_{2πj} Δχ (χ+χ^′) ) T^∗_n (τ )T^∗_n (τ^′) (38)

The r dependence in the above expression cancels out from the term in the braces which just yields 2h_+. Also, the sum over j gives a term proportional to δ(χ + χ^′). The summation over n is non-trivial to carry out explicitly and we will not do so here.

IV. THE BUBBLING BOUNDARY

As another example we turn to the spacetime formed by replacing the flat part of the metric of AdS_5 in Poincare coordinates with the double analytically continued Schwarzschild bubble of nothing found in [22]. The metric is

ds^2 = dρ^2 ρ^2

+ ρ^2 ( −r^2dτ^2 + r^2dr^2 r^2 − 2M r + r^2 − 2M r r^2 dχ^2 + r^2 cosh^2 τ dθ^2 ) . (39)

Note in this section we have changed notation slightly, ρ (= 1/z) now represents the radial variable in the bulk, and r the radial variable on the boundary. The radial variable on the boundary, r, is restricted to r ≥ 2M . In order for the spacetime to be regular at r = 2M we require χ to be periodic with period 8πM , as in the standard Euclidean black hold background, while θ has the normal 2π periodicity. This spacetime has a mild curvature singularity at the horizon, due to the square of the Riemann tensor diverging there. This singularity is similar to the one found in the AdS-black string solution [26]. It has recently been debated whether an instability in the black string case leads to a resolution of the singularity by the black string pinching off to form a cigar or pancake like shape [27, 28]. In our case, the possible instability will be different, as our time and angular coordinates are different, hence the possible mode will not simply be an analytic continuation of the black string mode. In addition, because the space actually ends at the bubble, proper boundary conditions must be imposed which will be different from the black string case. The stability and endpoint of this background is an interesting problem in its own right. Here, we merely point it out since our main interest is to use it as a simple example.

The scalar wave equation separates into a radial and a boundary part, and we begin by examining the latter, which is ~□ψ(x̃) − k^2ψ(x̃) = 0, where tildes refer to the boundary metric only. (The bulk radial equation will not play a role in the Bogolubov transformations.) In detail, this is − 1 r^2 cosh τ

∂_τ (cosh τ ∂_τ ψ) + 1 r^2 ∂_r ( r^2 ( 1 − 2M r ) ∂_rψ ) + ( 1 − 2M r )_{−1} ∂^2_χψ + 1 r^2 cosh^2 τ

∂^2_θ ψ − k^2ψ = 0. (40)

Since ∂_χ and ∂_θ are Killing vectors, we choose as our trial ansatz ψ(τ, r, χ, θ) = T (τ )R(r) cos(nχ/4M ) cos(lθ), (41) where the arguments in the χ and θ parts are determined by their respective periodicity requirements, with n and l taking integer values. Note also that we have chosen a basis of functions in these variables that are real (we could just as easily put in sine functions, or a linear combination of cosines and sines, our conclusions will be the same). We are thus reduced to two separate ordinary differential equations 1 cosh τ d dτ ( cosh τ dT dτ ) + ( p^2 + l^2 cosh^2 τ ) T = 0, (42)

d dr ( r^2 ( 1 − 2M r ) dR dr ) + ( −r^2 [ k^2 + ( 1 − 2M r )_{−1} n^2 16M^2 ] + p^2 ) R = 0, (43)

where −p^2 is a constant resulting from the separation of variables. We first focus on the radial equation. This equation is difficult to solve analytically, and is almost identical to the normal radial Schwarzschild equation (for a discussion of these see [29, 30, 31] and references therein). We only need that the decaying asymptotic for large r (r ≫ 2M ) is given by R → K_ν ( √ k^2 + n^2/16M^2r) √ r , n, k ≠ 0 (44) R → r^{−1/2±ν}, n, k = 0. (45) where ν = √ 1/4 − p^2. Fortunately, a detailed form of the radial solution is not necessary for computing the Bogolubov transformations between in and out vacua.

The time dependent equation (42) is identical to (27) in Sec. III. Therefore, solving it in the same way we find

T^{in}_l = cosh^l τ e^{(l+1/2−iμ)τ} F (l + 1/2, l + 1/2 − iμ; 1 − iμ; −e^{2τ} ), (46) T^{out}_l = cosh^l τ e^{−(l+1/2+iμ)τ} F (l + 1/2, l + 1/2 + iμ; 1 + iμ; −e^{−2τ} ) , (47)

where μ = √ p^2 − 1/4. As before the asymptotics of these solutions make them good candidates for defining in and out vacua respectively. Then the Bogolubov transformation between the in and out vacua is T^{in}_l = α_lT^{out}_l + β_lT^{out∗}_l where the coefficients are given by

α_l = Γ(1 − iμ)Γ(−iμ) Γ(1/2 − l − iμ)Γ(1/2 + l − iμ) , β_l = −i (−1)^l sinh(πμ)

. (48)

So the number of out particles in the in vacuum for the pln-th mode is given by

⟨in|N_{pln}|in⟩ = |β_l|^2 = 1 sinh^2(πμ)

. (49)

Because this is independent of the momentum quantum numbers there is an infinite amount of particle production. (Note that this does not agree with the geometric optics approximation in [22].)

Using (20) as in the previous section translates this bulk particle production due to cosmological expansion of the solution into particle production in the dual field theory. Notice that k, which is the radial momentum eigenvalue in the AdS bulk acts as a “mass” as far as the boundary coordinates are concerned. Thus, the sum over AdS radial momenta that appears in the expression for the total number of particles produced will be related in the CFT to a sum over different mass shells that will appear in the spectral decomposition of a large N collective field for the dual operator. (See [14] for related comments.)

V. CONCLUSIONS AND FUTURE DIRECTIONS

We have shown how to formulate the AdS/CFT correspondence when time dependence leads to multiple vacua and particle production. Using this formulation we showed how two point correlators in the CFT can be computed in various vacua from the bulk point of view. We have also found a simple relation between particle production in the bulk and the boundary and illustrated these facts in examples. It is easy to extend our comments to higher point correlators. In general, the need to avoid poles in various ways will provide a role for real time thermal field theory. It would be of interest to apply our analysis in settings that offer insights into the behavior of strongly coupled theories in time dependent backgrounds.

APPENDIX A: GREEN’S FUNCTION COMPUTATION

The computation of the propagator can be reduced to computing ⟨¯0|ϕ(x)ϕ(x^′)|0⟩. Using the definitions of the vacua and the mode expansions we have ⟨¯0|ϕ(x)ϕ(x^′)|0⟩ = ∑ k,k^′ ⟨¯0|(ā_kū_k(x) + h.c.)(a_k′ u_k′ (x) + h.c.)|0⟩ = ∑ k,k^′ ⟨¯0|ū_k(x)u^∗_k′ (x^′)ā_ka^†_k′ |0⟩. (A1) Using the Bogolubov transformations (6) we get ⟨¯0|ϕ(x)ϕ(x^′)|0⟩ = ∑ k,k^′ ū_k(x)u^∗_k′ (x^′)⟨¯0|(α^∗_ka_k − β^∗_k a^†_k)a^†_k′ |0⟩, (A2)

but we can use the commutation relations, [a_i, a^†_j] = δ_{ij} to compute the first term, and the relation (see [21] for the derivation) ⟨¯0|a^†_ka^†_k′ |0⟩ = ⟨¯0|0⟩β_k′ α^{−1}_k δ_{kk}′ for the second term, which gives ⟨¯0|a^†_ka^†_k′ |0⟩ = ⟨¯0|0⟩ ∑ k ū_k(x)u^∗_k(x^′) ( α^∗_k − |β_k|^2 α_k ) . (A3)

Plugging this relation into the definition of the time-ordered propagator gives (11).

ACKNOWLEDGMENTS

We thank Jan de Boer, Esko Keski-Vakkuri, Djordje Minic and Simon Ross for useful comments. Work on this project was supported by the DOE under cooperative research agreement DE-FG02-95ER40893, and by an NSF Focused Research Grant DMS0139799 for “The Geometry of Superstrings”.

[1] D. Birmingham and M. Rinaldi, “Bubbles in anti-de Sitter space,” Phys. Lett. B 544, 316 (2002) [arXiv:hep-th/0205246].

[2] V. Balasubramanian and S. F. Ross, “The dual of nothing,” Phys. Rev. D 66, 086002 (2002) [arXiv:hep-th/0205290]. [3] A. M. Ghezelbash and R. B. Mann, “Nutty bubbles,” JHEP 0209, 045 (2002) [arXiv:hep-th/0207123]. [4] D. T. Son and A. O. Starinets, “Minkowski-space correlators in AdS/CFT correspondence: Recipe and applications,” JHEP 0209, 042 (2002) [arXiv:hep-th/0205051].

[5] J. Simon, “Null orbifolds in AdS, time dependence and holography,” JHEP 0210, 036 (2002) [arXiv:hep-th/0208165] ;

A. Hashimoto and S. Sethi, “Holography and string dynamics in time-dependent backgrounds,” Phys. Rev. Lett. 89, 261601 (2002) [arXiv:hep-th/0208126].

[6] C. P. Herzog and D. T. Son, “Schwinger-Keldysh propagators from AdS/CFT correspondence,” arXiv:hep-th/0212072. [7] U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, “Vacua, propagators, and holographic probes in AdS/CFT,” JHEP 9901, 002 (1999) [arXiv:hep-th/9812007].

[8] U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, “Spherically collapsing matter in AdS, holography, and shellons,” Nucl. Phys. B 563, 279 (1999) [arXiv:hep-th/9905227].

[9] Y. Satoh and J. Troost, “On time-dependent AdS/CFT,” JHEP 0301, 027 (2003) [arXiv:hep-th/0212089]. [10] P. Kraus, H. Ooguri and S. Shenker, “Inside the horizon with AdS/CFT,” arXiv:hep-th/0212277. [11] S. Nojiri and S. D. Odintsov, “AdS/CFT correspondence in cosmology,” Phys. Lett. B 494, 135 (2000) [arXiv:hep-th/0008160]; S. Nojiri and S. D. Odintsov, “Quantum effects in five-dimensional brane-world: Creation of deSitter branes and particles and stabilization of induced cosmological constant,” JCAP 0306, 004 (2003) [arXiv:hep-th/0303011].

[12] V. Balasubramanian, P. Kraus and A. E. Lawrence, “Bulk vs. boundary dynamics in anti-de Sitter spacetime,” Phys. Rev.

D 59, 046003 (1999) [arXiv:hep-th/9805171].

[13] V. Balasubramanian, P. Kraus, A. E. Lawrence and S. P. Trivedi, “Holographic probes of anti-de Sitter space-times,” Phys.

Rev. D 59, 104021 (1999) [arXiv:hep-th/9808017].

[14] V. Balasubramanian, S. B. Giddings and A. E. Lawrence, “What do CFTs tell us about anti-de Sitter spacetimes?,” JHEP 9903, 001 (1999) [arXiv:hep-th/9902052].

[15] S. B. Giddings, “The boundary S-matrix and the AdS to CFT dictionary,” Phys. Rev. Lett. 83, 2707 (1999) [arXiv:hep-th/9903048].

[16] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131]; V. Balasubramanian and S. F. Ross, “Holographic particle detection,” Phys. Rev. D 61, 044007 (2000) [arXiv:hep-th/9906226]; J. M. Maldacena, “Eternal black holes in Anti-de-Sitter,” arXiv:hep-th/0106112; V. E. Hubeny, “Precursors see inside black holes,” arXiv:hep-th/0208047; G. T. Horowitz and D. Marolf, “A new approach to string cosmology,” JHEP 9807, 014 (1998) [arXiv:hep-th/9805207].

[17] T. Banks, M. R. Douglas, G. T. Horowitz and E. J. Martinec, “AdS dynamics from conformal field theory,” arXiv:hep-th/9808016.

[18] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[19] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150]. [20] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett.

B 428, 105 (1998) [arXiv:hep-th/9802109].

[21] B. S. Dewitt, “Quantum Field Theory In Curved Space-Time,” Phys. Rept. 19, 295 (1975). [22] O. Aharony, M. Fabinger, G. T. Horowitz and E. Silverstein, “Clean time-dependent string backgrounds from bubble baths,” JHEP 0207, 007 (2002) [arXiv:hep-th/0204158].

[23] N. A. Chernikov and E. A. Tagirov, Ann. Inst. Henri Poincare, A9 (1968) 109; E.A. Tagirov, Ann. Phys. 76 (1973) 561; P.

Candelas and D. J. Raine, Phys. Rev. D 12 (1975) 965; See also, I. T. Drummond, Nucl. Phys. B 94, 115 (1975); C. Schomblond and P. Spindel, Ann. Inst. Henri Poincare, A25 (1976) 67; J. S. Dowker and R. Critchley, Phys. Rev. D 13(1976) 224; T. S. Bunch and P. C. W. Davies, Proc. R. Soc. Lond. A 360 (1978) 117; C. Burges, Nucl. Phys. B. 247 (1984) 533; B. Allen, Phys. Rev. D. 32 (1985) 3136; B. Ratra, Phys. Rev. D 31 (1985) 1931; E. Mottola, Phys. Rev. D, 31 (1985) 754; B.Allen and T. Jacobson, Comm. Math. Phys. 103 (1986) 669; M. B. Einhorn and F. Larsen, Phys. Rev. D 67, 024001 (2003) [arXiv:hep-th/0209159]; K. Goldstein and D. A. Lowe, arXiv:hep-th/0302050.

[24] R. Bousso, A. Maloney and A. Strominger, “Conformal vacua and entropy in de Sitter space,” Phys. Rev. D 65, 104039 (2002) [arXiv:hep-th/0112218].

[25] M. Abramowitz and I. Stegun (Ed.), Washington D.C. U.S. Govt. Print. Off. (1964).

[26] A. Chamblin, S. W. Hawking and H. S. Reall, “Brane-world black holes,” Phys. Rev. D 61, 065007 (2000) [arXiv:hep-th/9909205].

[27] R. Gregory, “Black string instabilities in anti-de Sitter space,” Class. Quant. Grav. 17, L125 (2000) [arXiv:hep-th/0004101]. [28] G. Gibbons and S. A. Hartnoll, “A gravitational instability in higher dimensions,” Phys. Rev. D 66, 064024 (2002) [arXiv:hep-th/0206202].

[29] D. N. Page, “Particle Emission Rates From A Black Hole: Massless Particles From An Uncharged, Nonrotating Hole,” Phys. Rev. D 13, 198 (1976).

[30] B. P. Jensen and P. Candelas, “The Schwarzschild Radial Functions,” Phys. Rev. D 33, 1590 (1986) [Erratum-ibid. D 35, 4041 (1987)].

[31] N.D. Birrel and P.C.W. Davies, New York: Cambridge Univ. Press, (1982).