arXiv:hep-th/0303203 v2 4 Oct 2003

KUCP0226

Low Energy Effective Action for Dilatonic Braneworld –A Formalism for Inflationary Braneworld–

Sugumi Kanno^∗ and Jiro Soda^† Department of Physics, Kyoto University, Kyoto 606-8501, Japan (Dated: October 4, 2003)

We derive the low energy effective action for the dilatonic braneworld. In the case of the singlebrane model, we find the effective theory is described by the Einstein-scalar theory coupled to the dark radiation. Remarkably, the dark radiation is not conserved in general due to a coupling to the bulk scalar field. The effective action incorporating Kaluza-Klein (KK) corrections is obtained and the role of the AdS/CFT correspondence in the dilatonic braneworld is revealed. In particular, it is shown that CFT matter would not be confined to the braneworld in the presence of the bulk scalar field. The relation between our analysis and the geometrical projection method is also clarified. In the case of the two-brane model, the effective theory reduces to a scalar-tensor theory with a non-trivial coupling between the radion and the bulk scalar field.

PACS numbers: 98.80.Cq, 98.80.Hw, 04.50.+h

I. INTRODUCTION

Theoretically, it is usual to assume the existence of extra dimensions. In fact, the superstring theory requires ten spacetime dimensions to keep consistency. Empirically, however, we know our universe is a four-dimensional spacetime. To reconcile these apparently contradicted views, we need a concept of the compactification. Inspired by the recent developments of the superstring theory [1], Randall and Sundrum (RS) have proposed a novel compactification mechanism in the context of the braneworld scenario [2]. Interestingly, in this mechanism, gravity can be localized on the brane due to the warped geometry, which allows even the non-compact extra dimensions. Because of this attractive feature, there are many works on cosmology and black hole in a braneworld [3, 4].

In the superstring theory, scalar fields are ubiquitous. Indeed, a dilaton and moduli exist in the bulk generically, because they arise as modes associated with a closed string. Moreover, when the supersymmetry is spontaneously broken, they may have a non-trivial potential. Hence, it is natural to incorporate a bulk scalar field with non-trivial potential into the RS model, which is often called dilatonic braneworld. In addition to this theoretical motivation, there is a phenomenological interest in this model. Namely, the bulk scalar field can drive the inflation on the brane although the bulk spacetime never inflate [5, 6]. This kind of inflationary scenario certainly deserves further investigations.

In any case, it is nice if a purely 4-dimensional description of the braneworld exists. In the case of the non-dilatonic braneworld, there are two independent approaches to obtaining the 4-dimensional effective theory. One approach is to use a geometrical projection method [7] which is proved to be useful for understanding cosmological perturbations [8]. However, it is not a closed system of equations. In fact, the projected Weyl tensor E_{μν} = C_{yμyν}|_{y=0} which represents the effect of the bulk geometry can not be determined within this theory. In other words, there exists no action for this projected equations of motion. The other approach is based on the AdS and conformal field theory (CFT) correspondence [9]. There exists an action for this effective theory, however, it is valid only at low energy. This approach also gives rise to an interesting consequence [10]. Because both approaches are complementary and useful, their mutual relations should be understood. This was done by us through the explicit construction of the low energy effective action [11]. It would be beneficial if we could generalize these results to the dilatonic braneworld.

Fortunately, the extension of the geometrical projection method to the dilatonic case has been already known [12] (see also [13]). The 4-dimensional effective Einstein equation reads G_{μν} = 2κ^2 3 ∂_μφ∂_ν φ − 5κ^2 12 g_{μν} ∂^αφ∂_αφ − Λ(φ)g_{μν} + κ^4 6 σ(φ)T_{μν} + κ^4π_{μν} − E_{μν} , (1)

∗Electronic address: sugumi@tap.scphys.kyoto-u.ac.jp †Electronic address: jiro@tap.scphys.kyoto-u.ac.jp

where

Λ(φ) = κ^2 2 [ U (φ) + κ^2 6 σ^2(φ) − 1 8 ( dσ(φ) dφ )_2] . (2)

Here, π_{μν} , U and σ are the quadratic of the energy momentum tensor, the bulk potential and the brane tension, respectively. Curiously, the field φ has non-conventional kinetic terms, hence it can not be derived from an action. This prevent us from interpreting Λ(φ) as the potential function. Therefore, the geometrical approach may have disadvantages in applying it to the physical problems, although it has a clear geometrical meaning. This urges us to find the AdS/CFT interpretation of the dilatonic braneworld. Since it is an action approach, the enigma of kinetic terms for the field φ would be resolved, which lead us to more profound understanding of the dilatonic braneworld.

Thus, the purpose of this paper is to construct the low energy effective action and make AdS/CFT interpretation of the dilatonic braneworld. In the course of analysis, we clarify the relation between the geometrical approach and the AdS/CFT approach. Apart from these conceptual developments, we present the action of two-brane system as a concrete result.

The organization of this paper is as follows. In sec.2, we present the action for the dilatonic braneworld and derive basic equations. In sec.3, the low energy approximation scheme is explained briefly. The non-linear low energy effective actions for both the single-brane model and the two-brane model are derived. The relation to the geometric projection method is clarified. In sec.4, the effective action with KK corrections are derived and its implications are discussed. In particular, the role of AdS/CFT correspondence is revealed and the relation to the geometrical projection method is further investigated. The final section is devoted to the conclusion. In the appendix A, useful formula for the calculation are displayed. In the Appendix B, the details of the calculation at second order can be found.

II. MODEL AND BASIC EQUATIONS

Inflation in the braneworld can be driven by a scalar field either on the brane or in the bulk. We derive the effective equations of motion which are useful for both models. In this section, we begin with the single-brane system. Since we know the effective 4-dimensional equations hold irrespective of the existence of other branes [14], the analysis of the single-brane system is sufficient to derive the effective action for the two-brane system as we see in the next section.

We consider a Z_2 symmetric 5-dimensional spacetime with a brane at the fixed point and a bulk scalar field φ coupled to the brane tension σ(φ) but not to the matter L_{matter} on the brane. The correponding action is given by S = 1 2κ^2 ∫ d^5x √ −g R − ∫ d^5x √ −g [ 1 2 g^{AB} ∂_Aφ∂_B φ + U (φ) ]

− ∫ d^4x √ −h σ(φ) + ∫ d^4x √ −h L_{matter} , (3)

where κ^2, R and h_{μν} are the gravitational constant, the scalar curvature in 5-dimensions constructed from the metric g_{AB} and the induced metric on the brane, respectively. We assume the potential U (φ) for the bulk scalar field takes the form U (φ) = − 6 κ^2ℓ^2

+ V (φ) , (4)

where the first term is regarded as a 5-dimensional cosmological constant and the second term is an arbitrary potential function. The brane tension is also assumed to take the form

σ(φ) = σ_0 + σ̃(φ) . (5)

The constant part of the brane tension, σ_0 is tuned so that the effective cosmological constant on the brane vanishes. The above setup realizes a flat braneworld after inflation ends and the field φ reaches the minimum of its potential.

We adopt the Gaussian normal coordinate system to describe the geometry of the brane model;

ds^2 = dy^2 + g_{μν} (y, x^μ)dx^μdx^ν , (6)

where the brane is assumed to be located at y = 0. Let us decompose the extrinsic curvature into the traceless part Σ_{μν} and the trace part K as K_{μν} = − 1 2 g_{μν,y} = Σ_{μν} + 1 4 g_{μν}K . (7)

Then, we can obtain the basic equations off the brane using these variables. First, the Hamiltonian constraint equation leads to 3 4 K^2 − Σ^α_β Σ^β_α =^{(4)}R −κ^2∇^αφ∇_αφ + κ^2(∂_yφ)^2 − 2κ^2U (φ) , (8)

where^{(4)}R^μ_ν is the curvature on the brane and ∇_μ denotes the covariant derivative with respect to the metric g_{μν} . Momentum constraint equation becomes

∇_λΣ_μ^λ − 3 4 ∇_μK = −κ^2∂_yφ∂_μφ . (9)

Evolution equation in the direction of y is given by

Σ^μ_{ν,y} − KΣ^μ_ν = −

[_{(4)} R^μ_ν − κ^2∇^μφ∇_νφ ] traceless

. (10)

Finally, the equation of motion for the scalar field reads

∂^2_y φ − K∂_yφ + ∇^α∇_αφ − U^′(φ) = 0 , (11)

where the prime denotes derivative with respect to the scalar field φ.

As we have the singular source at the brane position, we must consider the junction conditions. Assuming a Z_2 symmetry of spacetime, we obtain the junction conditions for the metric and the scalar field [ Σ^μ_ν − 3 4 δ^μ_ν K ] | | | |_{y=0} = − κ^2 2 σ(φ)δ^μ_ν + κ^2 2 T^μ_ν , (12) [ ∂_yφ ]| | |_{y=0} = 1 2 σ^′(φ) , (13)

where T^μ_ν is the energy-momentum tensor for the matter fields on the brane.

III. LOW ENERGY EFFECTIVE ACTION

In order to derive the effective action, we take the following strategy. First, we solve the bulk equations and obtain the bulk fields as the functional of the induced metric and the scalar field on the brane. After that, we will impose the junction conditions on the solutions which can be regarded as conditions on the induced fields. Thus, we obtain the effective equations of motion from which one can read off the effective 4-dimensional action for the dilatonic braneworld. Needless to say, it is intractable to solve the bulk equations of motion in general. However, most interesting phenomena occur at low energy in the sense that the additional energy due to the bulk scalar field is small, κ^2ℓ^2V (φ) ≪ 1, and the curvature on the brane R is also small, Rℓ^2 ≪ 1. It should be stressed that the low energy does not necessarily implies weak gravity on the brane. Under these circumstances, we can use a gradient expansion scheme to solve the bulk equations of motion. Then, following the above procedure, we can derive the effective low energy action with corrections coming from Kaluza-Klein modes. Let us explain this more concretely (see [11] for detailed calculations and discussions).

At zeroth order, we take the brane tension σ(φ) to be constant σ_0 and ignore matters on the brane. Then, from the junction condition (12), we have [_{(0)}

Σ^μ_ν − 3 4 δ^μ_ν^{(0)}K ] | | | y=0 = − κ^2 2 σ_0δ^μ_ν . (14)

As the right hand side of (14) contains no traceless part, we get (0) Σ^μ_ν = 0 . (15)

We also take the potential for the bulk scalar field U (φ) to be −6/(κ^2ℓ^2). We discard the terms with 4-dimensional derivatives since one can neglect the long wavelength variation in the direction of x^μ at low energies. Thus, the equations to be solved are given by 3 4 (0) K^2 = κ^2(∂_y^{(0)}φ )^2 + 12 ℓ^2

, (16)

∂^2_y^{(0)}φ −^{(0)}K ∂_y^{(0)}φ = 0 . (17)

The junction condition (13) at this order [ ∂_y^{(0)}φ ]| | |_{y=0} = 0 (18)

tells us that the solution of Eq.(17) must be (0) φ = η (x^μ) , (19)

where η(x^μ) is an arbitrary constant of integration. Now, the solution of Eq.(17) yields (0) K = 4 ℓ . (20)

Other Eqs. (9) and (10) are trivially satisfied at zeroth order. Using the definition^{(0)}K_{μν} = −^{(0)}g_{μν,y}/2, we have the lowest order metric (0) g_{μν}(y, x^μ) = b^2(y) h_{μν}(x^μ), b(y) ≡ e^{−y/ℓ} , (21) where the induced metric on the brane, h_{μν} ≡ g_{μν}(y = 0, x^μ), arises as a constant of integration. The junction condition for the induced metric (14) merely implies well known relation κ^2σ_0 = 6/ℓ and that for the scalar field (18) is trivially satisfied. At this leading order analysis, we can not determine the constants of integration h_{μν} (x^μ) and η(x^μ) which are constant as far as the short length scala ℓ variations are concerned, but are allowed to vary over the long wavelength scale. These constants should be constrained by the next order analysis.

Now, we take into account the effect of both the bulk scalar field and the matter on the brane perturbatively. Our iteration scheme is to write the metric g_{μν} and the scalar field φ as a sum of local tensors built out of the induced metric and the induced scalar field on the brane, in the order of expansion parameters, that is, O((Rℓ^2)^n) and O(κ^2ℓ^2V (φ))^n, n = 0, 1, 2, · · · [15]. Then, we expand the metric and the scalar field as

g_{μν}(y, x^μ) = b^2(y) [ h_{μν}(x^μ) +^{(1)}g_{μν} (y, x^μ) +^{(2)}g_{μν}(y, x^μ) + · · · ] , φ(y, x^μ) = η(x^μ) +^{(1)}φ (y, x^μ) +^{(2)}φ (y, x^μ) + · · · . (22)

Here, we put the boundary conditions (i) g_{μν}(y = 0, x^μ) = 0 , i = 1, 2, 3, ... (23) (i) φ (y = 0, x^μ) = 0 , (24)

so that we can interpret h_{μν} and η as induced quantities. Extrinsic curvatures can be also expanded as K = 4 ℓ +^{(1)}K +^{(2)}K + · · · , (25)

Σ^μ_ν =^{(1)}Σ^μ_ν +^{(2)}Σ^μ_ν + · · · . (26)

Below, we discuss the single-brane model and the two-brane model, separately.

A. Single-brane Model

The 5-dimensional geometry is deformed by the additional bulk scalar field and matter field on the brane. We show that junction conditions at first order lead to the effective equations on the brane and determine this deformation.

At the first order, the Hamitonian constraint equation (8) becomes (1) K = ℓ 6 [_{(4)} R − κ^2∇^αφ∇_αφ ]_{(1)} − ℓ 3 κ^2V (η) . (27)

Using the formula such as^{(4)}R (^{(0)}g_{μν} ) = R(h_{μν})/b^2, we obtain the solution (1) K = ℓ 6b^2 ( R(h) − κ^2η^{|α}η_{|α} ) − ℓ 3 κ^2V (η) , (28)

where R(h) is the scalar curvature of h_{μν} and | denotes the covariant derivative with respect to h_{μν} . The evolution equation (10) at this order reads (1) Σ^μ_{ν,y} − 4 ℓ (1) Σ^μ_ν = −

[_{(4)} R^μ_ν − κ^2∇^μφ∇_νφ ]_{(1)}

traceless

. (29)

Substituting the results at zeroth order solutions into Eq. (29), we obtain (1) Σ^μ_ν = ℓ 2b^2 [ R^μ_ν(h) − κ^2η^{|μ}η_{|ν} ] traceless + χ^μ_ν b^4

, (30)

where R^μ_ν (h) denotes the Ricci tensor of h_{μν} and χ^μ_ν is a constant of integration which satisfies the constraint χ^μ_μ = 0. Hereafter, we omit the argument of the curvature for simlicity. Integrating the scalar field equation (11) at first order

∂^2_y^{(1)}φ − 4 ℓ ∂_y^{(1)}φ = − [∇^α∇_αφ]^{(1)} , (31)

we have

∂_y^{(1)}φ = ℓ 2b^2 □η − ℓ 4 V^′(η) + C b^4

, (32)

where C is also a constant of integration. At first order in this iteration scheme, we get two kinds of constants of integration, χ^μ_ν and C.

Given the brane tension σ̃(η) and the matter fields T_{μν} on the brane, the junction condition (12) becomes [_{(1)}

Σ^μ_ν − 3 4 δ^μ_ν^{(1)}K ] | | |_{y=0} = − κ^2 2 δ^μ_ν σ̃ + κ^2 2 T^μ_ν . (33)

Substituting the solutions (28) and (30) into the junction condition (33), we obtain the effective equation

G^μ_ν = κ^2 ℓ T^μ_ν + κ^2 [ η^{|μ}η_{|ν} − 1 2 δ^μ_ν η^{|α}η_{|α} − δ^μ_ν V_{eff} ] − 2 ℓ χ^μ_ν , (34)

where we have defined an effective potential

V_{eff} = 1 ℓ σ̃ + 1 2 V . (35)

We note that χ^μ_ν corresponds to “dark radiation” in the case of homogeneous cosmology, so we also refer to χ^μ_ν as “dark radiation”. This is the standard 4-dimensional Einstein-scalar equations with dark radiation. Strictly speaking, the induced scalar field η should be normalized so as to have standard dimension η^{(4)} = η/ √ ℓ. As it does not cause any confusion, however, we leave it in the original form in this paper.

At this order, the junction condition (13) yields [ ∂_y^{(1)}φ ]| | | |_{y=0} = 1 2 σ̃^′ . (36)

After substituting the solution (32) into the junction condition (36) and using the effective potential (35), we obtain the Klein-Gordon equation

□η − V^′_{eff} = − 2 ℓ C , (37)

where we refer to C as “dark source” originated from the bulk scalar field. The momentum constraint (9) gives constraint on dark radiation and dark source

χ^ν_{μ|ν} = −κ^2 C η_{|μ} . (38)

Unlike the non-dilatonic theory, the dark radiation is not conserved due to the existence of the bulk scalar field. This result is consistent with the previous analysis [17]. The Bianchi identity applied to Eq. (34) gives the conservation of the energy-momentum tensor for the matter fields, T^μ_{ν|μ} = 0 provided the relation (38).

Now, the action can be read off from the Einstein equation, S = ℓ 2κ^2 ∫ d^4x √ −h [ R − κ^2η^{|α}η_{|α} − 2κ^2V_{eff} ] + ∫ d^4x √ −h L_{matter} + S_χ , (39)

where S_χ is defined by 1 √ −h δS_χ δh^{μν} = 1 κ^2 χ_{μν} (40) and 1 √ −h δS_χ δη = 2 C . (41)

These tell us that the dark radiation couples with the scalar field through C. The relation (38) guarantees the diffeomorphism invariance of S_χ (see Appendix A).

To determine χ^μ_ν and C, we need the boundary condition at the AdS horizon. One natural choice is to impose the regularity at the AdS horizon. In the non-dilatonic case, the dark radiation χ^μ_ν corresponds to the black hole singularity in the bulk. In the dilatonic case, Eq.(38) implies C induces χ^μ_ν. Hence, to keep the regularity at the AdS horizon, we must impose χ^μ_ν = C = 0 at this order. Thus, S_χ = 0. When S_χ = 0, the inflation occurs on the brane under the slow-roll condition, V^{′′} ≪ H^2. Moreover, it is obvious the standard primordial curvature fluctuations with the almost scale invariant spectrum is generated. Therefore, at least at this order, the braneworld inflation leads to the prediction consistent with WMAP data [16].

Using the solutions (28) and (30), first order metric is given by (1) g_{μν} = − ℓ^2 2 ( 1 b^2 − 1 ) [ R_{μν} − 1 6 h_{μν} R − κ^2 ( η_{|μ}η_{|ν} − 1 6 h_{μν} η^{|α}η_{|α} )]

− ℓ 2 ( 1 b^4 − 1 ) χ_{μν} (x) − ℓ^2 6 log b h_{μν} κ^2V (η) , (42)

where we imposed the boundary condition (23). This tells us how we construct the bulk geometry using the 4- dimensional data.

Let us now compare our results with the geometrical approach by Maeda and Wands where the projected Weyl tensor E_{μν} = C_{yμyν}|_{y=0} and Φ_2 = ∂^2_y φ|_{y=0} give us information about the bulk. At first order, their equations take the form G_{μν} = 2κ^2 3 η_{|μ}η_{|ν} − 5κ^2 12 h_{μν} η^{|α}η_{|α} − Λ(η)h_{μν} + κ^2 ℓ T_{μν} −^{(1)}E_{μν} , (43)

□η = V^′ + κ^2 3 σ_0σ^′ − κ^2 12 σ^′T −^{(1)}Φ_2 , (44) where Λ(η) = κ^2V /2 + κ^4σ_0σ̃/6. As we have solved the bulk equations, we can write E_{μν} or Φ_2 explicitly in terms of 4-dimensional quantities. At first order, we obtain (1) E^μ_ν = 2 ℓ χ^μ_ν − κ^2 3 ( η^{|μ}η_{|ν} − 1 4 δ^μ_ν η^{|α}η_{|α} ) . (45)

In cosmology, this Weyl tensor leads to^2_ℓ χ^0_0 +^{κ2}_4 η̇^2 which coincides with the one used by Langlois and Sasaki [18]. Substituting Eq. (45) into Eq. (43), we see the geometrical approach agrees with our result (34). Remarkably, the energy-momentum tensor for the field η is transformed to the standard form thanks to E_{μν}. We also obtain (1) Φ_2 = □η + 4 ℓ C . (46)

Substituting Eq. (46) into Eq. (44), the geometrical approach agrees with Eq. (37). It explains the factor 1/2 in the effective potential (35).

B. Two-brane Model

Now we can apply our results in the previous section to two-brane system and write down effective equations on each brane.

Our system is described by the action S = 1 2κ^2 ∫ d^5x √ −g ( R + 12 ℓ^2 ) − ∑ i=⊕,⊖ i σ(φ) ∫ d^4x √ −g^i-^{brane} + ∑ i=⊕,⊖ ∫ d^4x √ −g^i-^{brane} L^i_{matter} , (47)

where g^i-^{brane} μν and^iσ are the induced metric and the brane tension on the i-brane, respectively. We consider an S_1/Z_2 orbifold spacetime with the two branes as the fixed points. In the first Randall-Sundrum (RS1) model, the two flat 3-branes are embedded in AdS_5 and the brane tensions given by^⊕σ = 6/(κ^2ℓ) and^⊖σ = −6/(κ^2ℓ).

The point is the fact that the equations of motion on each brane take the same form if we use the induced metric on each brane [14] (see also [19] for other approaches). The effective Einstein equations on each positive (⊕) and negative (⊖) tension brane at low-energies yield

G^μ_ν(h) = κ^2 ( η^{|μ}η_{|ν} − 1 2 δ^μ_ν η^{|α}η_{|α} − 1 2 δ^μ_ν V ) − 2 ℓ χ^μ_ν + κ^2 ℓ (_⊕ T^μ_ν − δ^μ_ν^⊕σ̃ ) , (48)

G^μ_ν(f) = κ^2 ( η^{;μ}η_{;ν} − 1 2 δ^μ_ν η^{;α}η_{;α} − 1 2 δ^μ_ν V ) − 2 ℓ χ^μ_ν Ω^4 − κ^2 ℓ (_⊖ T^μ_ν − δ^μ_ν^⊖σ̃ ) . (49)

where f_{μν} is the induced metric on the negative tension brane and ; denotes the covariant derivative with respect to f_{μν} . When we set the position of the positive tension brane at y = 0, that of the negative tension brane ȳ in general depends on x^μ, i.e. ȳ = ȳ(x^μ). Hence, the warp factor at the negative tension brane Ω(x^μ) ≡ b(ȳ(x)) also depends on x^μ. Because the metric always comes into equations with derivatives, the zeroth order relation is enough in this first order discussion. Hence, the metric on the positive tension brane is related to the metric on the negative tension brane as f_{μν} = Ω^2h_{μν}.

Although Eqs. (48) and (49) are non-local individually, with undetermined χ^μ_ν , one can combine both equations to reduce them to local equations for each brane. Eq. (49) can be rewritten using the induced metric on the positive tension brane as 1 Ω^2 [ G^μ_ν (h) − 2 (log Ω)^{|μ}_{|ν} + 2δ^μ_ν (log Ω)^{|α}_{|α} + 2 (log Ω)^{|μ} (log Ω)_{|ν} + δ^μ_ν (log Ω)^{|α} (log Ω)_{|α} ]

= κ^2 Ω^2 ( η^{|μ}η_{|ν} − 1 2 δ^μ_ν η^αη_α ) − κ^2 2 V δ^μ_ν − 2 ℓ χ^μ_ν Ω^4 − κ^2 ℓ (_⊖ T^μ_ν − δ^μ_ν σ̃ ) . (50)

We can therefore easily eliminate χ^μ_ν from Eqs. (48) and (50), since χ^μ_ν appears only algebraically. Eliminating χ^μ_ν from both Eqs. (48) and (50), we obtain

G^μ_ν = κ^2 ℓΨ ⊕ T^μ_ν + κ^2(1 − Ψ)^2 ℓΨ ⊖ T^μ_ν + 1 Ψ [ Ψ^{|μ}_{|ν} − δ^μ_ν Ψ^{|α}_{|α} + 3 2 1 1 − Ψ ( Ψ^{|μ}Ψ_{|ν} − 1 2 δ^μ_ν Ψ^{|α}Ψ_{|α} )]

+κ^2 ( η^{|μ}η_{|ν} − 1 2 δ^μ_ν η^{|α}η_{|α} − δ^μ_ν V_{eff} ) . (51)

where we defined a new field Ψ = 1 − Ω^2 which we refer to by the name “radion”, and the effective potential takes the form

V_{eff} = 1 ℓ [ 1 Ψ ⊕ σ̃^′ +

(1 − Ψ)^2 Ψ ⊖ σ̃^′ ] + 2 − Ψ 2 V . (52)

The bulk scalar field induces the energy-momentum tensor of the conventional 4-dimensional scalar field with the effective potential which depends on the radion.

We can also determine the dark radiation χ^μ_ν by eliminating G^μ_ν (h) from Eqs. (48) and (50), 2 ℓ χ^μ_ν = − 1 Ψ [ Ψ^{|μ}_{|ν} − δ^μ_ν Ψ^{|α}_{|α} + 3 2 1 1 − Ψ ( Ψ^{|μ}Ψ_{|ν} − 1 2 δ^μ_ν Ψ^{|α}Ψ_{|α} )]

+ κ^2 2 (1 − Ψ)δ^μ_ν V − κ^2 ℓ 1 − Ψ Ψ [_⊕ T^μ_ν − δ^μ_ν^⊕σ̃ + (1 − Ψ) (_⊖ T^μ_ν − δ^μ_ν^⊖σ̃ )] . (53)

Due to the property χ^μ_μ = 0, we have

□Ψ = κ^2 3ℓ (1 − Ψ) [_⊕ T + (1 − Ψ)^⊖T ] − 1 2(1 − Ψ) Ψ^{|α}Ψ_{|α} − 2κ^2 3 Ψ(1 − Ψ)V −

4κ^2 3ℓ (1 − Ψ) [_⊕ σ̃ + (1 − Ψ)^⊖σ̃ ] . (54)

Note that Eqs. (51) and (54) are derived from a scalar-tensor type theory coupled to the additional scalar field.

Similarly, the equations for the scalar field on branes become □_hη − V^′ 2 + 2 ℓ C = 1 ℓ ⊕ σ̃^′ , (55) □_f η − V^′ 2 + 2 ℓ C Ω^4 = − 1 ℓ ⊖ σ̃^′ , (56)

where the subscripts refer to the induced metric on each brane. Notice that the scalar field takes the same value for both branes at this order. Eq.(56) can be written using the induced metric on the positive tension brane as 1 Ω^2 □_hη + 1 Ω^2

(log Ω^2)^{|μ}η_{|μ} − V^′ 2 + 2 ℓ C Ω^4 = − 1 ℓ ⊖ σ̃^′ . (57)

Eliminating the dark source C from these Eqs. (55) and (57), we find the equation for the scalar field takes the form

□_hη − V^′_{eff} = − Ψ^{|μ} Ψ η_{|μ} . (58)

Notice that the radion acts as a source for η. And we can also get the dark source as 2 ℓ C = − V^′ 2 (1 − Ψ) + Ψ^{|μ} Ψ η_{|μ} − 1 − Ψ ℓΨ [_⊕ σ̃^′ + (1 − Ψ) ⊖ σ̃^′ ] . (59)

Interestingly, χ^μ_ν and C vanishes in the single brane limit, Ψ → 1 as can be seen from (53) and (59).

Now the effective action for the positive tension brane which gives Eqs. (51), (54) and (58) can be read off as S = ℓ 2κ^2 ∫ d^4x √ −h [ ΨR − 3 2(1 − Ψ)

Ψ^{|α}Ψ_{|α} − κ^2Ψ ( η^{|α}η_{|α} + 2V_{eff} )]

+ ∫ d^4x √ −h^⊕L + ∫ d^4x √ −h (1 − Ψ)^{2 ⊖}L , (60)

where the last two terms represent actions for the matter on each brane. Thus, we found the radion field couples with the induced metric and the induced scalar field on the brane non-trivially. Surprisingly, at this order, the nonlocality of χ_{μν} and C are eliminated by the radion. As this is a close system, we can analyze a primordial spectrum to predict the cosmic background fluctuation spectrum [20].

IV. KALUZA-KLEIN CORRECTIONS

In the previous section, we showed that the leading order results in our iteration scheme yield the usual Einsteinscalar gravity in the case of the single-brane system. In the non-dilatonic braneworld, it is now well known that Kaluza-Klein (KK) modes generate a correction to the Newtonian force. Therefore, we expect that the next order calculation in our iteration scheme gives a similar correction to the usual Einstein-scalar gravity. In this section, therefore, we consider corrections coming from KK modes. We derive solutions at this order in Appendix B.

Substituting solutions (B2) and (B4) into the junction condition, we obtain the effective Einstein equation

G^μ_ν = κ^2 ℓ T^μ_ν + κ^2 [ η^{|μ}η_{|ν} − 1 2 δ^μ_ν η^{|α}η_{|α} − δ^μ_ν V_{eff} ]

+ ℓ^2 2 S^μ_ν − ℓ^2 4 κ^2 ( V^{′′} − κ^2 3 V ) U^μ_ν − ℓ^2 12 κ^2Q^μ_ν + κ^2 ℓ τ^μ_ν , (61)

where the effective potential at this order is defined by

V_{eff} = 1 ℓ σ̃ + 1 2 V + ℓ^2κ^2 48 V^2 − ℓ^2 64 V^{′2} . (62)

Here S^μ_ν, U^μ_ν and Q^μ_ν are the quantities for which one can write the Lagrangian explicitly in terms of R^μ_ν and η. We present the explicit expressions for these quantities in Appendix A. On the other hand, we cannot write the local Lagrangian for τ^μ_ν given by

τ^μ_ν = − ℓ^3 12κ^2 [ −RR^μ_ν + κ^2R^μ_ν η^{|α}η_{|α} + κ^2R η^{|μ}η_{|ν} + 1 2 δ^μ_ν ( R^2 − 3 2 R^α_βR^β_α − 2κ^2Rη^{|α}η_{|α} + 3κ^2R^{αβ}η_{|α}η_{|β} − 3 2 κ^2(□η)^2 − κ^4(η^{|α}η_{|α})^2 )]

− ℓ^3 4κ^2 [ 2κ^2J^μ_ν − 2 3 κ^2L^μ_ν − κ^2P^μ_ν − 5 6 κ^4M^μ_ν ] − 2 κ^2 (2) χ^μ_ν . (63)

Here J^μ_ν , L^μ_ν , P^μ_ν and M^μ_ν are also defined in Appendix A. Interestingly, the trace of τ^μ_ν becomes the following form τ = ℓ^3 4κ^2 [ R^{αβ}R_{αβ} − 1 3 R^2 − 2κ^2R^{αβ}η_{|α}η_{|β} + 2 3 κ^2R η^{|α}η_{|α} + κ^2(□η)^2 + 2 3 κ^4(η^{|α}η_{|α})^2 ] . (64)

This is the more familiar form of trace-anomaly [21]. It is here AdS/CFT correspondence comes into the braneworld. Namely, τ_{μν} can be interpreted as the energy-momentum tensor of the CFT matter. Note that there is an ambuiguity to separate the action into CFT part and other part. However, the same problem exists even in the non-dilatonic case [11]. Despite of this defect, it is generally believed that AdS/CFT interpretation is useful at least qualitatively. Our finding must be also beneficial for understanding of the non-linear physics in the braneworld.

Using the Eq. (B6) in Appendix B, the junction condition for the scalar field leads to

□η − V^′_{eff} + ℓ^2 24 V^′ ( R + κ^2η^{|α}η_{|α} ) − ℓ^2 4 ( V^{′′} − κ^2 3 V ) □η − ℓ^2 8 V^{′′′}η^{|α}η_{|α} = J . (65)

Here we have defined the source J with KK corrections as J = ℓ^2 4 ( □^2η + 2R^{|αβ}η_{|αβ} − 1 3 R□η + 1 3 R^{|α}η_{|α} − 8 3 κ^2η^{|α}η^{|β} η_{|αβ} − 5 3 κ^2η^{|α}η_{|α}□η ) − 2 ℓ (2) C . (66)

Using the Bianchi identities (or momentum constraint), we obtain the constraint on τ_{μν} and the source J τ_{μν}^{|ν} = −ℓJ η_{|μ} . (67) This tells us that CFT matter cannot be confined to the brane in contrast to the non-dilatonic braneworld.

Since the Lagrangian for each parts of the effective Einstein equations is known (see Appendix A), we can now deduce the effective action S = ℓ 2κ^2 ∫ d^4x √ −h [( 1 + ℓ^2 12 κ^2V ) R − κ^2 ( 1 + ℓ^2 12 κ^2V − ℓ^2 4 V^{′′} ) η^{|α}η_{|α} − 2κ^2V_{eff} − ℓ^2 4 ( R^{αβ}R_{αβ} − 1 3 R^2 )] + ∫ d^4x √ −h L_{matter} + S_{CFT} , (68)

where the last term comes from the energy-momentum tensor of CFT matter τ_{μν}. Although it is difficult to obtain the explicit form of the non-local Lagrangian for τ_{μν} , we know variations with respect to h_{μν} and η. By definition, we have −2 √ −h δS_{CFT} δh^{μν} = τ_{μν} . (69)

The variation with respect to η yields the equation of motion for the scalar field. Comparing with the result from junction condition for the scalar field, we get the following relation 1 √ −h δS_{CFT} δη = −ℓ J . (70)

This means the CFT matter couples with the scalar field. Note that Eq.(67) guarantees the diffeomorphism invariance of S_{CF T} . Here, we do not intend to insist that we have determined the constant of integration which is nonlocal in general, rather we have transformed this unknown quantity to some known nonlocal CFT matter. Of course, which kind of CFT matter should be chosen is remained to be solved. Admittedly, this is the defect of our approach. We just hope the proper consideration of the boundary condition or more fundamental development of the superstring theory change the situation.

Let us see the relation of our results to the geometric approach at this order as well. If we rewrite Eqs. (61) and (65) using the Weyl tensor E_{μν} and Φ_2 whose explicit forms at second order can be found in Eqs. (B11) and (B12) in Appendix B and reduce them using Eqs. (34) and (37) at first order, finally we obtain

G^μ_ν =

2κ^2 3 η^{|μ}η_{|ν} − 5κ^2 12 δ^μ_ν η^{|α}η_{|α} − δ^μ_ν Λ(η) + κ^2 ℓ T^μ_ν + κ^4 6 σ̃T^μ_ν + κ^4π^μ_ν −^{(1)}E^μ_ν −^{(2)}E^μ_ν , (71)

□η = V^′ + κ^2 3 σ_0σ̃^′ + κ^2 3 σ̃σ̃^′ − κ^2 12 σ̃^′T −^{(1)}Φ_2 −^{(2)}Φ_2 , (72)

where

Λ(η) = κ^2 ℓ σ̃ + κ^2 2 V + κ^4 12 σ̃^2 − κ^2 16 σ̃^{′2} , (73) π_{μν} = − 1 4 T^λ_μ T_{λν} + 1 12 T T_{μν} + 1 8 g_{μν} ( T^{αβ}T_{αβ} − 1 3 T^2 ) . (74)

Here τ_{μν} is absorbed in Weyl tensor. These are nothing but equations obtained by Maeda and Wands [12].

At this point, we give a rather general result as a byproduct of our analysis. Indeed, our result suggests the following generalization of arguments advocated by Langlois and Sasaki [18]. Let us rewrite equations obtained by Maeda and Wands as G_{μν} = κ^2∂_μφ∂_ν φ − κ^2 2 g_{μν}∂^αφ∂_αφ − Λ(φ)g_{μν} + X_{μν} , (75) □φ = 1 κ^2

Λ^′(φ) + J̃ , (76) where , following Langlois and Sasaki, we have defined X_{μν} = κ^4 6 σ(φ)T_{μν} + κ^4π_{μν} − E_{μν} − κ^2 3 ( ∂_μφ∂_ν φ − 1 4 g_{μν}∂^αφ∂_αφ ) , (77)

J̃ = 1 8 σ^′σ^{′′} − κ^2 24 σ^′T + 1 2 □φ − Φ_2 2 . (78)

Here, we have transformed the non-conventional kinetic term into the standard form. Thus, Λ can be interpreted as the potential functional for the scalar field φ. Bianchi identity implies

∇_ν X^ν_μ = −κ^2J̃∇_μφ . (79)

In the absence of the matter T_{μν} on the brane, we have X^μ_μ = 0, namely, we can interpret X^μ_ν as the energy momentum tensor for the dark radiation. In this case, Eq. (79) describes the leak of the dark radiation due to the bulk scalar field. It should be stressed that no approximation is employed in the above argument.

V. CONCLUSION

We derived the non-linear low energy effective action for the dilatonic braneworld. We considered the bulk scalar field with a nontrivial potential and the brane tension coupled to the bulk scalar field. Provided that the energy density of the matter on the brane is less than the brane tension and the potential energy in the bulk is less than the bulk vacuum energy, we formulated the systematic low energy expansion scheme to solve the bulk equations and derived the effective 4-dimensional action for both the single-brane model and the two-brane model through the junction conditions.

In the case of the single-brane model, the effective theory is described by the Einstein-scalar theory with the dark radiation. Remarkably, the dark radiation is not conserved in general due to the coupling to the bulk scalar. We also clarified the role of E_{μν} in the dilatonic braneworld, namely, enigmatic kinetic terms in the formula of the geometric equations reduce to that of the conventional scalar field thanks to E_{μν} . A factor 1/2 in the effective potential (62) is also naturally explained by Φ_2. Admittedly, the dark radiation and the dark source can not be determined without imposing the boundary conditions at AdS horizon. If we choose the regularity condition at the horizon, these terms must vanish. This is the reason why the conventional Einstein theory can be recovered at the low energy [3].

In the case of the two-brane model, junction conditions at both branes give the boundary conditions. Then, the constant of integration is determined completely. As a result, the effective theory reduces to the scalar-tensor theory with the non-trivial coupling between the radion and the bulk scalar field. It turns out that χ_{μν} and C becomes zero when two branes get separated infinitely. However, we should be careful to treat this limit, because next order corrections might diverge in this limit as is suggested by analysis of the linearized gravity [14].

As for the single-brane model, we also constructed the effective action with Kaluza-Klein corrections and revealed the role of the AdS/CFT correspondence. In particular, it was shown that CFT matter would not be confined to the braneworld in the presence of the bulk scalar field. The relation between our analysis and the geometrical projection method was also clarified at this order. In particular, we have shown that the quadratic part of the energy-momentum tensor π_{μν} can be reproduced from our effective action. Hence, by analyzing our effective action, we can investigate both high-energy effects and effects of E_{μν}. It should be noted that we did not determine the constant of integration which is nonlocal in general. Instead we transformed the issue to another form, namely, choosing the approproate CFT matter suitable for the physical situation.

Moreover, we generalized the conjecture of Langlois and Sasaki which is explicitly advocated only in the homogeneous model. The key observation is that the enigmatic kinetic part of the scalar field can be transformed to the standard form by subtracting the traceless combination of ∂_μφ∂_ν φ which is absorbed into the energy-momentum tensor of dark radiation.

Acknowledgments

We would like to thank Misao Sasaki for useful discussions. This work was supported in part by Monbukagakusho Grant-in-Aid No.14540258.

APPENDIX A: USEFUL FORMULA

In this Appendix, we give possible local functionals in terms of R_{μν} and η up to second order in our low-energy expansion.

First of all, we consider the following variation δ ∫ d^4x √ −h L(h_{μν} , η) = ∫ d^4x √ −h [ δh^{μν}X_{μν} + δη δL δη ] . (A1)

Provided the invariance under the diffeomorphism δh_{μν} = −ξ_{μ|ν} − ξ_{ν|μ} and δη = −ξ^μη_{|μ}, we get the identity X_{μν}^{|ν} + 1 2 δL δη η_{|μ} = 0 . (A2)

Conversely, this identity guarantees the diffeomorphism invariance of the system. This fact play an important role in the discussion related to the AdS/CFT correspondence.

Besides the above theoretical importance, the above identity reduces the necessary calculations considerably. Hence, we apply the above identity to the following tensors.

The relevant local functional with fourth order derivatives which consists of R_{μν} is given by δ ∫ d^4x √ −h 1 2 [ R^{αβ}R_{αβ} − 1 3 R^2 ] = ∫ d^4x √ −h S_{μν} δh^{μν} , (A3) where S_{μν} = R_{μα}R^α_ν − 1 3 RR_{μν} − 1 4 h_{μν} ( R^{αβ}R_{αβ} − 1 3 R^2 )

− 1 2 ( R_μ^α_{|να} + R_ν^α_{|μα} − 2 3 R_{|μν} − □R_{μν} + 1 6 h_{μν} □R ) . (A4)

The local functionals with fourth order derivatives which consist of R_{μν} and η are δ ∫ d^4x √ −h ( R η^{|α}η_{|α} ) = ∫ d^4x √ −h L_{μν} δh^{μν} , (A5) δ ∫ d^4x √ −h ( R^{αβ}η_{|α}η_{|β} ) = ∫ d^4x √ −h J_{μν} δh^{μν} , (A6) where L_{μν} = − 1 2 h_{μν}R η^{|α}η_{|α} + R_{μν} η^{|α}η_{|α} − (η^{|α}η_{|α})_{|μν} + h_{μν} □(η^{|α}η_{|α}) + R η_{|μ}η_{|ν} , (A7) J_{μν} = − 1 2 h_{μν} R^{αβ}η_{|α}η_{|β} + R_μ^αη_{|ν}η_{|α} + R_ν^αη_{|α}η_{|μ} − 1 2 (η_{|μ}η^{|α})_{|να} − 1 2 (η_{|ν}η^{|α})_{|μα} + 1 2 □(η_{|μ}η_{|ν}) + 1 2 h_{μν} (η^{|α}η^{|β} )_{|αβ} . (A8) The local functionals with fourth order derivatives which consist of η are δ ∫ d^4x √ −h (□η)^2 = ∫ d^4x √ −h P_{μν} δh^{μν} , (A9) δ ∫ d^4x √ −h (η^{|α}η_{|α})^2 = ∫ d^4x √ −h M_{μν} δh^{μν} , (A10) where M_{μν} = − 1 2 h_{μν}(η^{|α}η_{|α})^2 + 2η_{|μ}η_{|ν}η^{|α}η_{|α} , (A11) P_{μν} = 1 2 h_{μν} (□η)^2 − (□η)_{|μ}η_ν − (□η)_{|ν} η_μ + h_{μν} (□η)^{|α}η_α . (A12)

The local functionals with second order derivatives are δ ∫ d^4x √ −h η^{|α}η_{|α} = ∫ d^4x √ −h U_{μν} δh^{μν} , (A13) δ ∫ d^4x √ −h R V (η) = ∫ d^4x √ −h Q_{μν} δh^{μν} , (A14) where U_{μν} = − 1 2 h_{μν}η^{|α}η_{|α} + η_{|μ}η_{|ν} , (A15) Q_{μν} = V ( R_{μν} − 1 2 h_{μν} R ) − ( V^{′′} η_{|μ}η_{|ν} + V^′ η_{|μν} ) + h_{μν} ( V^{′′} η^{|α}η_{|α} + V^′ □η ) . (A16)

These formula can be used to read off action from the Einstein equations.

Using Eq. (A2), the above quantities satisfy the following identities

S_{μν}^{|ν} = 0 , (A17) L_{μν}^{|ν} = R^{|α}η_{|α}η_{|μ} + R(□η)η_{|μ} , (A18) J_{μν}^{|ν} = 1 2 R^{|α}η_{|α}η_{|μ} + R^{αβ}η_{|αβ}η_{|μ} , (A19) P_{μν}^{|ν} = −(□^2η)η_{|μ} , (A20) M_{μν}^{|ν} = 4 η_{|αβ}η^{|α}η^{|β} η_{|μ} + 2 η^{|α}η_{|α}(□η)η_{|μ} , (A21) U_{μν}^{|ν} = (□η)η_{|μ} , (A22) Q_{μν}^{|ν} = − 1 2 R V^′ η_{|μ} . (A23)

These identities are useful to check the momentum constraint and the Bianchi identity.

It is also useful to know the traces of these quantities

S = 0 , (A24) L = 3 □(η^{|α}η_{|α}) , (A25) J = 1 2 □(η^{|α}η_{|α}) + (η^{|α}η^{|β} )_{|αβ} , (A26)

P = 2(□η)^2 + 2(□η)^{|α}η_{|α} , (A27) M = 0 , (A28) U = −η^{|α}η_{|α} , (A29) Q = −V R + 3V^{′′} η^{|α}η_{|α} + 3V^′ □η . (A30)

APPENDIX B: SECOND ORDER CALCULATIONS

In this Appendix we show the solutions of basic equations (8)-(11) at second order in our iteration scheme. We take χ_{μν} = C = 0, which is consistent with the results in the single-brane limit, Ψ → 1, for the 2-brane system.

The Hamiltonian constraint (8) at second order takes the form (2) K = − ℓ 8 (1) K^2 + ℓ 6 (1) Σ^α_β^{(1)}Σ^β_α + ℓ 6 [_{(4)} R − κ^2∇^αφ∇_αφ ]_{(2)} + ℓ 6 κ^2 ( ∂_y^{(1)}φ

)_2 − ℓκ^2 3 V^{′(1)}φ . (B1)

Substituting the solutions (28) – (32) into above equation (B1), we get (2) K = ℓ^3 b^4 [ − 1 72 R^2 + 1 24 R^α_βR^β_α + κ^2 36 Rη^{|α}η_{|α} − κ^2 12 R^{αβ}η_{|α}η_{|β} + κ^2 24 (□η)^2 + κ^4 36 ( η^{|α}η_{|α} )_2]

+ ℓ^3 b^2 κ^2 [ 1 72 RV − κ^2 72 V η^{|α}η_{|α} − 1 8 V^′□η ]

+ ℓ^3 12 ( 1 b^4 − 1 b^2 ) [ R^α_β R^β_α − 1 6 R^2 + κ^2(□η)^2 − 2κ^2R^{αβ}η_{|α}η_{|β} + κ^2 3 Rη^{|α}η_{|α} + 5 6 κ^4 ( η^{|α}η_{|α} )_2]

− ℓ^3 72 κ^4V^2 + ℓ^3 96 κ^2V^{′2} + ℓ^3 12 κ^2V^′□η + ℓ^3 12 κ^2 log b b^2 [ V^′□η − κ^2 3 V η^{|α}η_{|α} + 1 3 RV ] − ℓ^3 12 κ^2V^{′2} log b . (B2)

The evolution equation (10) becomes (2) Σ^μ_{ν,y} − 4 ℓ (2) Σ^μ_ν =^{(1)}K^{(1)}Σ^μ_ν −

[_{(4)} R^μ_ν − κ^2∇^μφ∇_ν φ

]_{(2)}

traceless

. (B3)

We can integrate Eq. (B3) easily as (2) Σ^μ_ν = − ℓ^3 12 log b b^4 ( R − κ^2η^{|α}η_{|α} ) [ R^μ_ν − 1 4 δ^μ_ν R − κ^2η^{|μ}η_{|ν} + κ^2 4 δ^μ_ν η^{|α}η_{|α} ]

+ ℓ^3 12 1 b^2 κ^2V [ R^μ_ν − 1 4 δ^μ_ν R − κ^2η^{|μ}η_{|ν} + κ^2 4 δ^μ_ν η^{|α}η_{|α} ]

− ℓ^3 4 ( log b b^4 − 1 2b^2 ) [ −2S^μ_ν + 2κ^2J^μ_ν − 2 3 κ^2L^μ_ν − κ^2P^μ_ν − 5 6 κ^4M^μ_ν − 1 3 RR^μ_ν + κ^2 3 R^μ_νη^{|α}η_{|α} + κ^2 3 R η^{|μ}η_{|ν} ] traceless + ℓ^3 12 κ^2 ( log b b^2 − 1 2b^2 ) [ −3V^{′′}η^{|μ}η_{|ν} − κ^2V η^{|μ}η_{|ν} − Q^μ_ν + 2V R^μ_ν ] traceless + (2) χ^μ_ν b^4

. (B4)

Finally, the equation for the scalar field (11) gives

∂^2_y^{(2)}φ − 4 ℓ ∂_y^{(2)}φ =^{(1)}K ∂_y^{(1)}φ − [∇^α∇_αφ]^{(2)} + V^{′′(1)}φ . (B5)

The result of integration becomes

∂_y^{(2)}φ = (2) C b^4 − ℓ^3 12 log b b^4 [( R − κ^2η^{|α}η_{|α} ) □η − 3□^2η − 6R^{αβ}η_{|αβ} + R□η − R^{|α}η_{|α} + 8κ^2η^{|α}η^{|β}η_{|αβ} + 5κ^2η^{|α}η_{|α}□η ]

+ ℓ^3 48 1 b^2 [( R − κ^2η^{|α}η_{|α} ) V^′ + 4ℓ^3κ^2V □η − 3ℓ^3(V^{′′′} − 2 3 κ^2V^′)η^{|α}η_{|α} − 3ℓ^3(V^{′′} + 2 3 κ^2V )□η − 6ℓ^3V^{′′} □η −6□^2η − 12R^{αβ}η_{|αβ} + 2R□η − 2R^{|α}η_{|α} + 16κ^2η^{|α}η^{|β}η_{|αβ} + 10κ^2η^{|α}η_{|α}□η ]

− ℓ^3 48 κ^2V V^′ + ℓ^3 16 V^{′′}□η + ℓ^3 64 V^′V^{′′} + ℓ^3 8 log b b^2 [ (V^{′′′} − 2 3 κ^2V^′)η^{|α}η_{|α} + (V^{′′} + 2 3 κ^2V )□η ]

− ℓ^3 16 log b V^{′′}V^′ . (B6)

Similar to results at first order, we get two kinds of constant of integration^{(2)}χ^μ_ν and^{(2)}C . Momentum constraint (9) at this order (2) Σ^ν_{μ|ν} − 3 4 (2) K_{|μ} +^{(1)}Γ^ν_{αν}^{(1)}Σ^α_μ −^{(1)}Γ^α_{νμ}^{(1)}Σ^ν_α = −κ^2 ( ∂_y^{(2)}φ ) η_{|μ} − κ^2 ( ∂_y^{(1)}φ

)_{(1)}

φ_{|μ} (B7) also gives the constraint on these constants of integration (2) χ^ν_{μ|ν} + ℓ^3 24 [ −RR^ν_μ + κ^2R^ν_μη^{|α}η_{|α} + κ^2Rη^{|ν}η_{|μ} + 1 2 δ^ν_μ ( R^2 − 3 2 R^α_β R^β_α − 2κ^2Rη^{|α}η_{|α} + 3κ^2R^{αβ}η_{|α}η_{|β} − 3κ^2 2 (□η)^2 − κ^4(η^{|α}η_{|α})^2 )] |ν = κ^2 ( ℓ^3 24 R□η + ℓ^3 12 κ^2η^{|α}η^{|β} η_{|αβ} −^{(2)}C ) η_{|μ} . (B8)

Substituting the solutions (B2), (B4) and (B6) into the junction conditions, then the junction condition up to second order gives us the effective equations with KK corrections.

As we solved the bulk equations, we can calculate E_{μν} and Φ_2 explicitly. The projected Weyl tensor is calculated by E^μ_ν = [( Σ^μ_ν − 3 4 δ^μ_ν K ) ,y − 1 2 KΣ^μ_ν + 3 16 δ^μ_ν K^2 − Σ^μ_αΣ^α_ν + δ^μ_ν Σ^α_βΣ^β_α

− κ^2 3 ∂^μφ∂_ν φ + κ^2 12 δ^μ_ν ∂^αφ∂_αφ + 3κ^2 4 δ^μ_ν (∂_yφ)^2 + κ^2 2 δ^μ_ν V (φ) ] | | | y=0 (B9)

and the correspondent quantity for the scalar field is defined by

Φ_2 = [ ∂^2_y φ ] | |_{y=0} . (B10)

Using these formulas, we get the above quantities at second order (2) E^μ_ν = ℓ^2 4 [ −2S^μ_ν + 2κ^2J^μ_ν − 2 3 κ^2L^μ_ν − κ^2P^μ_ν − 5 6 κ^4M^μ_ν ]

+ ℓ^2 12 κ^2 [ Q^μ_ν + 3V^{′′}U^μ_ν − 3 4 δ^μ_ν V^′□η − V (R^μ_ν − 1 2 δ^μ_ν R) ]

− ℓ^2 12 κ^4η^{|α}η_{|α} ( η^{|μ}η_{|ν} − 1 4 δ^μ_ν η^{|α}η_{|α} ) + ℓ^2 4 ( 1 3 RR^μ_ν − 1 12 δ^μ_ν R^2 − R^{μα}R_{αν} + 1 4 δ^μ_ν R^α_βR^β_α )

− ℓ^2 12 κ^2 ( Rη^{|μ}η_{|ν} + R^μ_ν η^{|α}η_{|α} ) + ℓ^2 4 κ^2 ( R^{μα}η_{|α}η_{|ν} + R_{αν}η^{|μ}η^{|α} )

+ ℓ^2 24 κ^2δ^μ_ν Rη^{|α}η_{|α} − ℓ^2 8 κ^2δ^μ_ν R^{αβ}η_{|α}η_{|β} + 2 ℓ (2) χ^μ_ν (B11) and (2) Φ_2 = + ℓ^2 4 [( R + 3κ^2η^{|α}η_{|α} ) □η − 2□^2η − 4R^{αβ}η_{|αβ} − 2 3 R^{|α}η_{|α} + 16 3 κ^2η^{|α}η^{|β}η_{|αβ} ]

+ ℓ^2 24 RV^′ − ℓ^2 4 (V^{′′′} − κ^2 2 V^′)η^{|α}η_{|α} − ℓ^2 2 V^{′′}□η + ℓ^2 16 V^′V^{′′} + 4 ℓ (2) C . (B12)

Using these result Eqs. (B11) and (B12), we can discuss the relation between AdS/CFT approach and the geometrical approach.

[1] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398];

P. Horava and E. Witten, Nucl. Phys. B 460, 506 (1996) [arXiv:hep-th/9510209]; P. Horava and E. Witten, Nucl. Phys. B 475, 94 (1996) [arXiv:hep-th/9603142].

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221];

L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[3] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000) [arXiv:hep-th/9911055];

K. Koyama and J. Soda, Phys. Lett. B 483, 432 (2000) [arXiv:gr-qc/0001033]; N. Kaloper, Phys. Rev. D 60, 123506 (1999) [arXiv:hep-th/9905210]; H. B. Kim and H. D. Kim, Phys. Rev. D 61, 064003 (2000) [arXiv:hep-th/9909053]G H. A. Chamblin and H. S. Reall, Nucl. Phys. B 562, 133 (1999) [arXiv:hep-th/9903225]; R. Maartens, D. Wands, B. A. Bassett and I. Heard, Phys. Rev. D 62, 041301 (2000) [arXiv:hep-ph/9912464]; S. Mukohyama, Phys. Rev. D 65, 084036 (2002) [arXiv:hep-th/0112205]; K. Koyama, Phys. Rev. D 66, 084003 (2002) [arXiv:gr-qc/0204047].

[4] A. Chamblin, S. W. Hawking and H. S. Reall, Phys. Rev. D 61, 065007 (2000) [arXiv:hep-th/9909205];

T. Shiromizu and M. Shibata, Phys. Rev. D 62, 127502 (2000) [arXiv:hep-th/0007203]; N. Dadhich, R. Maartens, P. Papadopoulos and V. Rezania, Phys. Lett. B 487, 1 (2000) [arXiv:hep-th/0003061]; H. Kudoh, T. Tanaka and T. Nakamura, arXiv:gr-qc/0301089;

S. Nojiri, O. Obregon, S. D. Odintsov and S. Ogushi, Phys. Rev. D 62, 064017 (2000) [arXiv:hep-th/0003148]; R. Casadio and L. Mazzacurati, arXiv:gr-qc/0205129; R. Casadio, arXiv:hep-th/0302171.

[5] A. Lukas, B. A. Ovrut and D. Waldram, Phys. Rev. D 61, 023506 (2000) [arXiv:hep-th/9902071];

S. Kobayashi, K. Koyama and J. Soda, Phys. Lett. B 501, 157 (2001) [arXiv:hep-th/0009160]; Y. Himemoto and M. Sasaki, Phys. Rev. D 63, 044015 (2001) [arXiv:gr-qc/0010035].

[6] N. Sago, Y. Himemoto and M. Sasaki, Phys. Rev. D 65, 024014 (2002) [arXiv:gr-qc/0104033];

B. Wang, L. H. Xue, X. Zhang and W. Y. Hwang, arXiv:hep-th/0301072; J. Yokoyama and Y. Himemoto, Phys. Rev. D 64, 083511 (2001) [arXiv:hep-ph/0103115]; Y. Himemoto, T. Tanaka and M. Sasaki, Phys. Rev. D 65, 104020 (2002) [arXiv:gr-qc/0112027]; Y. Himemoto and T. Tanaka, arXiv:gr-qc/0212114;

S. Kobayashi and K. Koyama, JHEP 0212, 056 (2002) [arXiv:hep-th/0210029]; K. Koyama and K. Takahashi, arXiv:hep-th/0301165.

[7] T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. D 62, 024012 (2000) [arXiv:gr-qc/9910076]. [8] D. Langlois, Phys. Rev. Lett. 86, 2212 (2001) [arXiv:hep-th/0010063];

H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D 62, 064022 (2000) [arXiv:hep-th/0004160]; C. van de Bruck, M. Dorca, R. H. Brandenberger and A. Lukas, Phys. Rev. D 62, 123515 (2000) [arXiv:hep-th/0005032]; K. Koyama and J. Soda, Phys. Rev. D 62, 123502 (2000) [arXiv:hep-th/0005239];

D. Langlois, R. Maartens, M. Sasaki and D. Wands, Phys. Rev. D 63, 084009 (2001) [arXiv:hep-th/0012044]; K. Koyama and J. Soda, Phys. Rev. D 65, 023514 (2002) [arXiv:hep-th/0108003].

[9] S. S. Gubser, Phys. Rev. D 63, 084017 (2001) [arXiv:hep-th/9912001];

L. Anchordoqui, C. Nunez and K. Olsen, JHEP 0010, 050 (2000) [arXiv:hep-th/0007064]; S. de Haro, S. N. Solodukhin and K. Skenderis, Commun. Math. Phys. 217, 595 (2001) [arXiv:hep-th/0002230]; T. Shiromizu and D. Ida, Phys. Rev. D 64, 044015 (2001) [arXiv:hep-th/0102035]; K. Koyama and J. Soda, JHEP 0105, 027 (2001) [arXiv:hep-th/0101164]; S. Nojiri and S. D. Odintsov, Phys. Lett. B 484, 119 (2000) [arXiv:hep-th/0004097]; S. Nojiri and S. D. Odintsov, arXiv:hep-th/0105068;

S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 62, 064006 (2000) [arXiv:hep-th/0001192]; S. Nojiri, O. Obregon and S. D. Odintsov, Phys. Rev. D 62, 104003 (2000) [arXiv:hep-th/0005127]; S. Nojiri, S. D. Odintsov and K. E. Osetrin, Phys. Rev. D 63, 084016 (2001) [arXiv:hep-th/0009059].

[10] T. Tanaka, arXiv:gr-qc/0203082;

R. Emparan, A. Fabbri and N. Kaloper, JHEP 0208, 043 (2002) [arXiv:hep-th/0206155]. [11] S. Kanno and J. Soda, Phys. Rev. D 66, 043526 (2002) [arXiv:hep-th/0205188]. [12] K. I. Maeda and D. Wands, Phys. Rev. D 62, 124009 (2000) [arXiv:hep-th/0008188];

A. Mennim and R. A. Battye, Class. Quant. Grav. 18, 2171 (2001) [arXiv:hep-th/0008192]. [13] K. Uzawa and J. Soda, Mod. Phys. Lett. A 16, 1089 (2001) [arXiv:hep-th/0008197];

C. van de Bruck, M. Dorca, C. J. Martins and M. Parry, Phys. Lett. B 495, 183 (2000) [arXiv:hep-th/0009056]. [14] S. Kanno and J. Soda, Phys. Rev. D 66, 083506 (2002) [arXiv:hep-th/0207029];

S. Kanno and J. Soda, Astrophysics and Space Science, 283, 481 (2003), arXiv:gr-qc/0209087. [15] K. Tomita, Prog. Theor. Phys. 54, 730 (1975);

G. L. Comer, N. Deruelle, D. Langlois and J. Parry, Phys. Rev. D 49 (1994) 2759; J. Soda, H. Ishihara and O. Iguchi, Prog. Theor. Phys. 94, 781 (1995) [arXiv:gr-qc/9509008].

[16] C. L. Bennett et al., arXiv:astro-ph/0302207. [17] T. Tanaka and Y. Himemoto, arXiv:gr-qc/0301010. [18] D. Langlois and M. Sasaki, arXiv:hep-th/0302069.

[19] T. Wiseman, Class. Quant. Grav. 19, 3083 (2002) [arXiv:hep-th/0201127];

P. Brax, C. van de Bruck, A. C. Davis and C. S. Rhodes, arXiv:hep-th/0209158; T. Shiromizu and K. Koyama, arXiv:hep-th/0210066; T. Chiba, Phys. Rev. D 62, 021502 (2000) [arXiv:gr-qc/0001029];

A. O. Barvinsky, A. Y. Kamenshchik, A. Rathke and C. Kiefer, Phys. Rev. D 67, 023513 (2003) [arXiv:hep-th/0206188]. [20] J. Soda and S. Kanno, Astrophysics and Space Science, 283, 639 (2003), arXiv:gr-qc/0209086;

S. Kanno, M. Sasaki and J. Soda, Prog. Theor. Phys. 109, 357 (2003), arXiv:hep-th/0210250;

K. Koyama, arXiv:astro-ph/0303108.

[21] S. Nojiri and S. D. Odintsov, Int. J. Mod. Phys. A 16, 1015 (2001) [arXiv:hep-th/0009202].