arXiv:hep-th/0303222 v1 26 Mar 2003

Superstrings on NSNS PP-Waves and Their CFT Duals

Yasuaki Hikida

hikida@hep-th.phys.s.u-tokyo.ac.jp

Department of Physics, Faculty of Science, University of Tokyo Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033, Japan

A dissertation presented to the faculty of University of Tokyo in candidacy for the degree of Doctor of Science

December 20, 2002

Abstract

We investigate the correspondence between superstring theory on pp-wave background with NSNS-flux and superconformal field theory on a symmetric orbifold. This correspondence can be regarded as the “Penrose limit” of AdS_3/CF T_2 correspondence. Superstring theory on the Penrose limit of AdS_3 × S^3(×M^4) (M^4 = T^4 or K3) with NSNS-flux can be described by a generalization of Nappi-Witten model. We quantize this system in the covariant gauge and obtain the spectrum of superstring theory. In the dual CFT point of view, the Penrose limit means concentrating on the subsector of almost BPS states with large R-charges. We show that stringy states can be embedded in the single-particle Hilbert space of symmetric orbifold theory.

Contents

1 Introduction 2

2 AdS_5/CF T_4 Correspondence and BMN Conjecture 5 2.1 AdS_5/CF T_4 Correspondence . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 PP-Waves as Penrose Limits . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 BMN Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 NSNS PP-Wave as a Penrose Limit of AdS_3 × S^3 15 3.1 AdS_3/CF T_2 Correspondence . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.2 Penrose Limit of AdS_3/CF T_2 Correspondence . . . . . . . . . . . . . . . . 18 3.3 Nappi-Witten Group and Lie Algebra . . . . . . . . . . . . . . . . . . . . . 20 3.4 Superstring on NSNS PP-Wave in the Light-Cone Gauge . . . . . . . . . . 23

4 Superstring Theory on NSNS PP-Wave 30 4.1 H_6 Super WZW Model as a Penrose Limit . . . . . . . . . . . . . . . . . . 30 4.2 Hilbert Space of H_6 Super WZW Model . . . . . . . . . . . . . . . . . . . 35 4.3 Physical Vertices of Superstring on NSNS PP-Wave . . . . . . . . . . . . . 37 4.4 Spectrum of Physical States . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Comparison with SCFT on Sym^M (T^4) 46 5.1 Review of SCFT on Sym^M (T^4) . . . . . . . . . . . . . . . . . . . . . . . . 46 5.2 Comparison with Superstring Spectrum . . . . . . . . . . . . . . . . . . . . 51 5.3 Comments on Case with RR-Flux . . . . . . . . . . . . . . . . . . . . . . . 56

6 Superstring Theory on H_6 × T^4/Z_2 and SCFT on Sym^M (T^4/Z_2) 59 6.1 Spectrum of Superstring on H_6 × T^4/Z_2 . . . . . . . . . . . . . . . . . . . 59 6.2 Comparison with SCFT on Sym^M (T^4/Z_2) . . . . . . . . . . . . . . . . . . 61

7 Conclusion 64

A Gamma Matrices 67

B Super PP-Wave Algebra from Super AdS_3 × S^3 Algebra 68

C Supersymmetries on NSNS PP-Waves Based on Killing Spinors 71

1 Introduction

Superstring theory^1 has been investigated intensively since it is the only known consistent theory describing quantum gravity. In recent years, important aspects of superstring theory, which are closely related to string duality, have been revealed and D-branes play important roles in these developments. While D-branes can be treated as black-brane solutions in supergravity theory, effective field theory on D-branes is given by super Yang- Mills theory. The fact that we can deal with D-branes in two ways implies a duality between supergravity theory (or superstring theory) and supersymmetric gauge theory.

This duality is called as AdS/CF T correspondence [3] (for a review, see [4]) and the most famous example is AdS_5/CF T_4 correspondence. Let us consider large N D3-branes. If we take the near horizon limit, corresponding supergravity solution becomes AdS_5 ×S^5. On the other hand, effective field theory on D-branes is given by N = 4 SU(N) super Yang-Mills theory. Therefore, supergravity on AdS_5 × S^5 is supposed to be dual to N = 4 SU(N) super Yang-Mills theory. Because the region where supergravity limit is valid corresponds to strong coupling region of super Yang-Mills theory, it is expected to understand some non-perturbative aspects of super Yang-Mills theory by using classical supergravity theory. For this reason, AdS_5/CF T_4 correspondence has been investigated by many authors.

It is natural to expect that there is a correspondence beyond supergravity level. However, it is difficult to quantize superstrings on AdS_5 × S^5 because of the existence of RR-charges. Recently, an important progress has been made on this aspect. It was found in [5] that there is a maximally supersymmetric background with RR-flux in type IIB supergravity in addition to the flat Minkowski space and the AdS_5 × S^5 background. This background is called as maximally supersymmetric pp-wave background and it was shown in [6, 7] that this background is obtained by so-called Penrose limit [8, 9] of AdS_5 × S^5 background. Moreover, it was realized that superstring theory on the pp-wave background with RR-flux can be quantized by using Green-Schwarz formalism in the lightcone gauge [10, 11]. Motivated by these facts, the authors of [12] applied the “Penrose limit” to the AdS_5/CF T_4 correspondence. They have shown that the Penrose limit of superstring theory on AdS_5 × S^5 corresponds to the subsector of “almost BPS states” with large R-charges in N = 4 super Yang-Mills theory and identified stringy excitations

1There are good text books on superstring theory [1, 2]. Please refer to them for the background of superstring theory.

with single trace operators.

The other famous example is AdS_3/CF T_2 correspondence. This is the correspondence between superstring theory on AdS_3 × S^3 × M^4 (M^4 = T^4 or K3) and two dimensional superconformal field theory on a symmetric orbifold [3,13]. The correspondence is related to D1/D5 system, which is the configuration of Q_5 D5-branes wrapped on a small M^4 and Q_1 D1-branes put parallel to the extra 1 + 1 dimensions. Since D1/D5 system was used for the microscopic description of black holes [14], the investigation of AdS_3/CF T_2 correspondence may give insights to black hole physics. In the IR limit, effective field theory on the two dimensional D-brane configuration is believed to be given by N = (4, 4) supersymmetric non-linear sigma model on the symmetric orbifold

Sym^{Q1Q5} (M^4) = (M^4)^{Q1Q5} /S_{Q1 Q5} , (1.1)

where S_N represents the symmetric group of N elements. The near horizon geometry of D1/D5 system becomes AdS_3 ×S^3 ×M^4, and hence superstring theory on AdS_3 ×S^3 ×M^4 has been conjectured to be dual to superconformal field theory on Sym^{Q1Q5} (M^4).

There are many configurations related to D1/D5 system by U-duality and in this thesis we concentrate on F1/NS5 system (the system with Q_1 fundamental strings and Q_5 NS5-branes), which is S-dual to D1/D5 system. The near horizon geometry of F1/NS5 system can be described by superstring theory on AdS_3 × S^3 × M^4 with NSNS-flux. This superstring theory can be written in terms of SL(2; R) × SU(2) WZW models, and hence we can quantize this system. The superstring theory is dual to superconformal field theory on Sym^{Q1Q5} (M^4) and the correspondence has attracted much attention since it can be examined beyond supergravity approximation (see, e.g., [15, 16, 17]).

One of the important tests of this duality is the comparison of spectrum. There is a moduli space in the dual CFT and it is difficult to analyze spectrum at general moduli point. Since BPS states do not depend on the deformation of moduli parameter, we can use BPS spectrum at the orbifold point, where we can obtain general spectrum by using the orbifold theory technique [18, 19, 20]. Therefore, we can obtain BPS spectrum and compare the supergravity modes of superstring theory. BPS states with small R-charge are explicitly identified in [21, 22] and higher R-charged BPS states are also reproduced successfully in [23, 24] by making use of the spectral flow symmetry on the AdS_3 string theory [25, 26]. However, it is still difficult to investigate general spectrum other than BPS states.

In order to compare more general spectrum, we apply a Penrose limit to AdS_3/CF T_2 correspondence [27]. The Penrose limit of AdS_3 × S^3(×M^4) with NSNS-flux becomes 6 dimensional pp-wave background with NSNS-flux and superstring theory on this background can be described by a generalization of Nappi-Witten model [28]. This model was investigated in a different context by several authors [29,30,31,32,33,34,35,36,37,38,39,40] and it can be quantized by the current algebra approach [29,39,41] and by the sigma model approach [42,43,44]. Taking a Penrose limit corresponds to concentrating on almost BPS states with very large R-charges in the dual CFT, where we can use spectrum at the orbifold point in this limit. We show that stringy states can be embedded in the Hilbert space of the symmetric orbifold theory. The other works on the Penrose limit of AdS_3/CF T_2 correspondence are given in [45, 46, 47, 48, 49, 50].

The organization of this thesis is given as follows. In section 2, we first review the AdS_5/CF T_4 correspondence. Then, we see what the Penrose limit is and how we apply the limit to the AdS_5/CF T_4 correspondence. In section 3, we begin with the AdS_3/CF T_2 correspondence and then apply the Penrose limit to it. After explaining that a generalization of Nappi-Witten model appears in the Penrose limit of AdS_3 × S^3 × M^4, we review the Nappi-Witten group (and Lie algebra) and quantize this model by the sigma model approach in the light-cone gauge. In section 4, we quantize superstring theory on this pp-wave background by using the current algebra approach in the covariant gauge and obtain Hilbert space by explicitly constructing DDF operators. In section 5, we first review superconformal field theory on the symmetric orbifold Sym^{Q1Q5} (T^4) and then compare (almost) BPS spectrum with string spectrum on the pp-wave background. Then we comment on the case with RR-flux in subsection 5.3. We also discuss a extension to the case of M^4 = T^4/Z_2^2 in section 6 and we conclude this thesis in section 7. The notation of the Gamma matrices is summarized in appendix A. The space-time super pp-wave algebra is constructed by using the contraction of the super AdS_3 × S^3 algebra in appendix B. In appendix C, we also investigate space-time supersymmetry on pp-waves with NSNS-flux by examining Killing spinors. In particular, we show that there are 24 supersymmetries in the AdS_3 × S^3 × T^4 background.

2The K3 surface is obtained by resolving the singularity of T^4/Z_2 and we use T^4/Z_2 as a solvable case of K3.

2 AdS_5/CF T_4 Correspondence and BMN Conjecture

Before examining AdS_3/CF T_2 correspondence, we first review AdS_5/CF T_4 correspondence in next subsection in order to show the general concept of AdS/CF T correspondence. After explaining Penrose limit in subsection 2.2, we apply the Penrose limit to the both sides of AdS_5/CF T_4 correspondence and we explicitly construct single trace operators in super Yang-Mills theory corresponding to states of superstrings in subsection 2.3.

2.1 AdS_5/CF T_4 Correspondence

As we mentioned in introduction, AdS/CF T correspondence was deduced from the fact that there are two ways to describe D-branes. One is the supergravity or superstring description and the other is the super Yang-Mills description. Therefore, it is natural to expect that there is a correspondence between a supergravity or superstring theory and a super Yang-Mills theory. The concrete example is given by Maldacena [3] as AdS/CF T correspondence. Although we concentrate on AdS_3/CF T_2 correspondence in this thesis, we first overview AdS_5/CF T_4 correspondence in order to see the general concept of AdS/CF T correspondence.

Let us begin with D-branes. A D-brane can be defined as a hypersurface which open strings are attached to as in figure 1 [51]. Open strings have their ends and we have to assign some boundary conditions to the fields at the ends. The conditions consistent with the equations of motion are given by Neumann or Dirichlet boundary conditions. Let us assign the Neumann boundary condition for p + 1 coordinates and the Dirichlet boundary conditions for 9 − p coordinates. More precisely, we assign ∂_σX^μ(τ, σ)|_{σ=0,π} = 0 (μ = 0, 1, · · · , p) , X^μ(τ, σ)|_{σ=0,π} = const. (μ = p + 1, · · · , 9) . (2.1)

We have assumed the flat background and we use (τ, σ) as the coordinates of world-sheet. The open strings can move only along p+1 dimensional hypersurface and the hypersurface is called as Dp-brane. N D-branes can be described by open strings with U(N) × U(N) Chan-Paton factors at their ends. In the limit that the string length l_s = √ α^′ → 0, only the massless excitations of open strings remain and low energy effective theory on

Figure 1: Dp-branes are p + 1 dimensional hypersurfaces and open strings are stretched between the branes.

N D3-branes becomes U(N) super Yang-Mills theory. In p = 3 case, the effective theory is given by 4 dimensional N = 4 super Yang-Mills theory.

We can describe D-branes also in terms of supergravity. The supergravity solution corresponding to multiple Dp-branes can be constructed [52] and for N D3-branes it is given by

ds^2 = f^{− 12} (−dx^2_0 + dx^2_1 + dx^2 + dx^2_3) + f^{12} (dr^2 + r^2dΩ^2_5) ,

f = 1 +

R^4 r^4

, R^4 = 4πg_sα^{′2}N , (2.2)

supported by nontrivial 5-form RR-field strength. The string coupling is denoted as g_s. In the super Yang-Mills description, there are two decoupling sectors; One is the super Yang- Mills theory on D-branes and the other is the supergravity theory on flat background. In the supergravity description, we have also two decoupling regions; One is the region near D-branes and the other is the region away from D-branes. In order to extract the information at the region near D-branes, we take the near horizon limit of D3-brane solution (2.2). By taking the limit r ≪ R, the geometry becomes AdS_5 × S^5

ds^2 = r^2 R^2

(−dx^2_0 + dx^2_1 + dx^2 + dx^2_3) +

R^2 r^2 dr^2 + R^2dΩ^2_5 . (2.3)

Since the supergravity theory on the flat background away from the D-branes are the same in the both descriptions, the super Yang-Mills theory on D3-branes are conjectured to be dual to superstring theory on the AdS_5 × S^5 background [3]. The AdS_5 space has a codimension one boundary and the dual CFT is believed to live in the 4 dimensional boundary.

One evidence of the conjecture is the correspondence of symmetry. 4 dimensional N = 4 super Yang-Mills theory is known to be a superconformal field theory. The combination of 3 + 1 dimensional Poincaré symmetry, dilatation symmetry and special conformal symmetry is described by SO(4, 2), and there is SU(4) R-symmetry in N = 4 supersymmetric theory. The isometry of AdS_5 × S^5 space is also given by SO(4, 2) × SO(6)(⋍ SU(4)) and precisely reproduce the symmetry of N = 4 superconformal field theory.

In the large N U(N) Yang-Mills theory, effective coupling is given by ’t Hooft coupling λ = g^2_{YM}N. By using the relation g^2_{YM} = 4πg_s and (2.2), the perturbative region is given by g^2_{YM}N ∼ g_sN ∼

R^4 l^4_s

≪ 1 . (2.4)

On the other hand, the supergravity approximation is valid when R^4 l^4_s

∼ g_sN ∼ g^2_{YM}N ≫ 1 , (2.5)

thus we may investigate super Yang-Mills theory at strong coupling region λ ≫ 1 by using the supergravity on AdS_5 × S^5.

In a conformal field theory, basic objects are operators. In the context of AdS/CF T correspondence, it was proposed in [53,54] that the correlation functions of operators are obtained from the following relations as ⟨ e ∫_{dx4ϕ0(x)O(x)}⟩ CFT = e^{−Sstring [ϕ|boundary=ϕ0(x)]} . (2.6)

In the CFT side, ϕ_0 is a source coupling to a operator and in the AdS side ϕ_0 is the value of a field ϕ at the boundary. The left hand side is the generating function of correlation function and the right hand side is the partition function of superstring theory on AdS_5 × S^5. This equation implies that the operator O in the conformal field theory corresponds to the field ϕ in the superstring theory. In fact, it is shown that there is a one-to-one correspondence between Kaluza-Klein modes compactified on S^5 in the supergravity and single trace BPS operators in the super Yang-Mills theory. In the CFT side, we obtain a correlation function by differentiating source currents ϕ_0. In the AdS side, the correlation function corresponds to S-matrix for the fields ϕ. For example, 4-point

Figure 2: Diagrams of 4-point function.

functions of operators O in the super Yang-Mills theory can be calculated by Feynman diagrams with the 4 external fields ϕ as in figure 2.

2.2 PP-Waves as Penrose Limits

In [8] Penrose pointed out that pp-wave (plane fronted wave with parallel rays) geometry is realized as a limit of any geometry. Furthermore, this limiting procedure is generalized in [9] to supergravity on ten or eleven dimensional Lorentzian space-time M.

Let us denote a null geodesic of M without conjugate points by γ. In a neighborhood of γ, the metric of any geometry can be written by introducing local coordinates U, V , Y^i as g = dV ( dU + α(U, V, Y^k)dV + ∑ i β_i(U, V, Y^k)dY^i ) + ∑ i,j C_{ij} (U, V, Y^k )dY^idY^j . (2.7) We use α and β_i as real numbers and C_{ij} as a symmetric positive-definite matrix. In this coordinate, the null geodesic is given by the surface with V , Y^i = const. and affine parameter is U.

In the Penrose limit, we see the neighborhood of the null geodesic very closely. In other words, it is obtained by rescaling the coordinates as

U = u , V = Ω^2v , Y^i = Ωy^i , (2.8)

and taking the limit of Ω → 0. Under this limiting procedure, the metric become

ḡ = lim_{Ω→0} Ω^{−2}g = dudv + ∑ i,j C̄_{ij} (u)dy^idy^j . (2.9)

Notice that the matrix C̄_{ij} only depends on u after taking the limit. This metric is of the form of pp-waves written by Rosen coordinates.

In supergravity theory, there are a dilaton Φ and gauge potentials A_p. By using the gauge freedom, we choose a gauge such as A_{U i1···ip−1} = A_{U V i1···ip−2} = 0 . (2.10) We use the dilaton and the gauge potentials after taking the Penrose limit as

Φ̄ = lim_{Ω→0} Φ(Ω) , Ā_p = lim_{Ω→0} Ω^{−p}A_p(Ω) . (2.11)

In this limit, the non-trivial components of gauge potentials are only transverse ones and field strengths are of the forms F̄_{p+1} = du ∧ d du Ā_p(u) . (2.12)

Because supergravity Lagrangians transform homogeneously under the scaling of metric (2.9) and dilaton and gauge potentials (2.11), the Penrose limits of supergravity solutions are still solutions to the supergravity equations of motion.

In the following section, we will use the expression of pp-wave metric different from (2.9), which is written by Brinkman coordinates as

ḡ = −4dx^+dx^− + ∑ i,j A_{ij} (x^+)x^ix^j dx^+dx^+ + ∑ i dx^idx^i . (2.13)

In eleven dimensional supergravity, there are three types of the maximally supersymmetric solutions, i.e., flat, AdS_{4,7}×S^{7,4} and pp-wave background. The maximally supersymmetric solution of pp-wave type was found in [55] and its metric is written as

g = −4dx^+dx^− +

(_3 ∑ i=1 ( μ 3 )_2

x^ix^i + 9∑ i=4 ( μ 6 )_2 x^ix^i ) dx^+dx^+ + 9∑ i=1 dx^idx^i . (2.14)

The normalization factor μ can be changed by using the redefinition of light-cone coordinates x^±. Remarkably, this pp-wave background can be obtained as a Penrose limit of AdS_{4,7} ×S^{7,4} [6]. In type IIB supergravity, flat and AdS_5 ×S^5 backgrounds are know to be maximally supersymmetric solutions. Recently, it was found in [5] that there is another maximally supersymmetric solution given by pp-wave geometry

g = −4dx^+dx^− + 8∑ i=1 μ^2x^ix^idx^+dx^+ + 8∑ i=1 dx^idx^i . (2.15)

This metric can be also obtained as a Penrose limit of AdS_5 × S^5. In next subsection, we apply this fact to the AdS_5/CF T_4 correspondence.

The above two coordinates (Rosen and Brinkman coordinates) can be exchanged by performing the following transformation u = −4x^+ , v = x^− + ∑ i,j 1 4 M_{ij} (x^+)x^ix^j , y^i = ∑ j Q^i_j (x^+)x^j , (2.16) where Q^i_j is a sort of inverse of C_{ij} and M_{ij} is chosen as C_{ij} Q^i_kQ^j_l = δ_{kl} , M_{ij} = C_{kl}Q^{′k}_i Q^l_j . (2.17) We use^′ as the derivative d/dx^+ . The relation between C_{ij} and A_{ij} can be calculated as A_{ij} = −C^′_{kl}Q^{′l}_j Q^k_i − C_{kl}Q^{′′l}_j Q^k_i . (2.18) Using the coordinate transformation (2.16), we obtain the field strength (2.12) in terms of Brinkman coordinates as F̄_{p+1} = ∑ i_k ,j_k d dx^+ Ā_{i1···ip} (−4x^+)Q^i1_{j1} · · · Q^{ip}_{jp} dx^+ ∧ dx^j1 ∧ · · · ∧ dx^jp . (2.19) 2.3 BMN Conjecture

As mentioned in the previous subsection, the maximally supersymmetric pp-wave arises as a Penrose limit of AdS_5 × S^5. To see this, it is convenient to rewrite the metric of AdS_5 × S^5 (2.3) in terms of global coordinates as

ds^2 = R^2 [ − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2_3 + cos^2 θdψ^2 + dθ^2 + sin^2 θdΩ^{′2}_3 ] . (2.20) We choose a null geodesic as the trajectory of a particle moving very fast along the S^5, more precisely, moving along the ψ direction and staying at θ = 0 and ρ = 0. (See figure 3.) The Penrose limit corresponds to concentrating on this particle. In terms of the coordinates, we rescale as x^+ = 1 2 (t + ψ) , x^− = R^2 1 2 (t − ψ) , r = Rρ , y = Rθ , (2.21) and take the limit of R = 1/Ω → ∞. The resultant metric is of the form of the maximally supersymmetric pp-wave (2.15) ds^2 = −4dx^2dx^− − μ^2⃗z^2(dx^+)^2 + d⃗z^2 , F_{+1234} = F_{+5678} = const. × μ , (2.22)

Figure 3: We focus on a particle moving along an equator of S^5 very fast and staying at the center of AdS_5. This corresponds to taking a Penrose limit of AdS_5 × S^5.

with μ = 1. The vector ⃗z represents the points on R^8 and the constant in front of μ is fixed by choosing a normalization of field strengths.

Superstrings on the pp-wave (2.22) can be quantized by using Green-Schwarz formalism in the light-cone gauge [10]. In the gauge x^+ = τ , the action becomes S = 1 2πα^′ ∫ dτ ∫_{2πα}′_p+ 0 dσ [ 1 2 (∂_τ ⃗z)^2 − 1 2 (∂_σ⃗z)^2 − 1 2 μ^2⃗z^2 + iS̄(/∂ + μΓ^{1234}S) ] , (2.23)

with the world-sheet coordinates (τ, σ). Green-Schwarz fermion S consists of eight components, and they are Majorana spinors on the world-sheet and space-time spinors with positive chirality of SO(8).

The boundary condition and equation of motion for bosonic field z^I are

z^I (σ + 2πα^′p^+, τ ) = z^I (σ, τ ) ,

(∂^2_τ − ∂^2_σ)z^I + μ^2z^I = 0 . (2.24)

The solution to these equations is given by the following mode expansion as

z^I = z^I_0 cos μτ + p^I_0 cos μτ + i ∑ n≠0 1 ω_n ( α^I_ne^{−i(ωnτ −knσ)} + α̃^I_ne^{−i(ωnτ +knσ)} ) , (2.25) where

ω_n = μ^2 + n^2 (α^′p^+)^2

(n > 0) , ω_n = − μ^2 + n^2 (α^′p^+)^2 (n < 0) ,

k_n = n α^′p^+

(n = ±1, ±2, · · · ) . (2.26)

By replacing the coefficients α^I_n and α̃^I_n with the corresponding operators, we can quantize the system and obtain the light-cone Hamiltonian as

2p^− = −p_+ = H_{l.c.} = ∑ n N_n μ^2 + n^2 (α^′p^+)^2

. (2.27)

The number operator N_n counts one for α_n and for α̃_{−n}. By virtue of large supersymmetry, the spectrum of fermions are the same as that of bosons, and the number operator N_n also counts the fermionic oscillators in the way similar to the bosonic ones. The level matching condition is expressed in this notation as ∑ n nN_n = 0 . (2.28)

Since the pp-wave geometry can be obtained as a Penrose limit of AdS_5 × S^5, there is a subsector of super Yang-Mills theory dual to superstrings on the pp-wave. As we mentioned before, the symmetry on conformal field theory corresponds to the isometry of AdS_5 and the R-symmetry corresponds to the isometry of S^5. In the superconformal field theory, one of the important quantities is the conformal weight Δ, which represents how an operator behaves under the dilatation transformation, and another important quantity is the U(1) R-charge Q of SU(4) R-symmetry. The conformal weight Δ and the U(1) R-charge Q can be identified as the energy E = i∂_t and the angular momentum along S^5 J = −i∂_ψ in the coordinates of (2.20).

Using this correspondence and the coordinate transformation (2.21), the light-cone momenta of superstrings on the pp-wave are written as

2p^− = −p_+ = i(∂_t + ∂_ψ) = Δ − Q ,

2p^+ = −p_− = 1 R^2 i(∂_t − ∂_ψ) =

Δ + Q R^2

. (2.29)

Because the light-cone momenta should be finite in the limit of R → ∞, we have to consider the states with

Δ − Q ∼ O(1) , Δ + Q ∼ O(R^2) . (2.30)

Δ Q A_i (i = 1, 2, 3, 4) 1 0 ϕ^i (i = 1, 2, 3, 4) 1 0 Z = ϕ^5 + iϕ^6 1 1 Z̄ = ϕ5 − iϕ6 1 −1 χ^a_{J=1/2} (a = 1, · · · , 8) 3/2 1/2 χ^a_{J=−1/2} (a = 1, · · · , 8) 3/2 −1/2

Table 1: The conformal weights Δ and the R-charges Q of fields in N = 4 super Yang-Mills theory.

The BPS bound is given as Δ ≥ |Q|, thus these states are almost BPS with very large R-charge Q.

Using the relation (2.29), we can see which operators in the super Yang-Mills theory should be identified as states in the superstring theory. Since we have found that the spectrum of superstrings on the pp-wave is given by (2.27), the corresponding operators should have the following quantity

(Δ − Q)_n = √ 1 + 4πg_sNn^2 Q^2

. (2.31)

We have used the relation (2.2). In the remaining part of this section, we construct these operators explicitly.

N = 4 U(N) super Yang-Mills theory consists of four components of gauge field A_i (i = 1, 2, 3, 4), six scalar fields ϕ^i (i = 1, 2, 3, 4), Z = ϕ^5 + iϕ^6, Z̄ = ϕ^5 − iϕ^6 and sixteen components of gaugino χ^a_{J=1/2}, χ^a_{J=−1/2} (a = 1, · · · , 8). We use the adjoint representation of U(N) for these fields and summarize conformal weighs Δ and R-charges Q of these fields in table 1.

We are considering large N limit and small fixed g_{Y M} . The operators we want to construct have large R-charge Q ∼ √ N but finite Δ − Q. The operator with Δ − Q = 0 can be constructed by using many Z’s because this is only the field with Δ − Q = 0. This operator is identified with the vacuum state in the superstring theory, thus we have

Tr[Z^Q] ←→ |0, p_+⟩ . (2.32)

We neglect the normalization for simplicity.

Next, we construct the operators with Δ−Q = 1. We can find the fields with Δ−Q = 1 from table 1 as

ϕ^i (i = 1, 2, 3, 4) , D_iZ = ∂_iZ + [A_i, Z] , χ^a_{J=1/2} (a = 1, · · · , 8) . (2.33)

They corresponds to eight bosonic oscillators and eight fermionic oscillators

a^I_0 (I = 1, · · · , 8) , S^a_0 (a = 1, · · · , 8) . (2.34)

We obtain the supergravity modes by acting these zero modes to the vacuum. The corresponding operators can be constructed by considering the following single trace operators 1 Q ∑ l Tr[Z^lϕ^iZ^{Q−l}] = Tr[ϕ^iZ^Q] ←→ a^{†i+4}_0 |0, p_+⟩ . (2.35)

We have used the symmetric trace in order to make the operators gauge invariant. The operators corresponding to other supergravity modes are of the form similar to (2.35).

Let us turn to the stringy modes. The stringy modes can be created by acting oscillators a^{†I}_n and S^{†a}_n to the vacuum state. It was proposed in [12] that corresponding operators are given by single trace operators with appropriate phase factors. For example, they proposed the correspondence ∑ l Tr[ϕ^3Z^lϕ^4Z^{Q−l}]e^{2πinl/Q} ←→ a^{†8}_n a^{†7}_{−n}|0, p_+⟩ . (2.36)

Notice that we need at least two oscillators in order to satisfy the level matching condition (2.28). In general, the action of oscillators is replaced by the insertion of operators by using following rules a^{†i} (i = 1, 2, 3, 4) ←→ D_iZ , a^{†i} (i = 5, 6, 7, 8) ←→ ϕ^{i−4} , S^a (a = 1, · · · , 8) ←→ χ^a_{J=1/2} , (2.37)

with appropriate phase factors. It was shown that these operators correctly reproduce the spectrum (2.31) at the first non-trivial order in [12], at the next non-trivial order in [56] and at the all order in [57].

3 NSNS PP-Wave as a Penrose Limit of AdS_3 × S^3

In this thesis, we concentrate on AdS_3/CF T_2 correspondence rather than AdS_5/CF T_4 correspondence. The AdS_3/CF T_2 correspondence is related to D1/D5 system. The near horizon geometry of the system is AdS_3 ×S^3(×M^4) with M^4 = T^4 or K3 and the effective field theory is given by a two dimensional superconformal field theory. Therefore, it is conjectured that superstrings on AdS_3 ×S^3 is dual to the two dimensional superconformal field theory. One reason why we analyze this case is that two dimensional superconformal field theory is easier to deal with than other dimensional one since symmetry on two dimensional CFT is enhanced to be infinite dimensional.

There is U-duality family of D1/D5 system and we use S-dual one, namely, F1/NS5 system, which is the system with fundamental strings and NS5-branes. Superstring theory on the near horizon geometry includes only NSNS-flux and hence the superstrings can be analyzed. This is another reason why we investigate on this case. For these reasons, many authors have worked on this subject as in, for example, [15, 16, 17].

In subsequent sections, we will investigate the “Penrose limit” of this correspondence. As we will see below, we can improve the study of correspondence of spectrum by applying the Penrose limit. In subsection 3.2, we see what the “Penrose limit” of AdS_3/CF T_2 correspondence means. Then, we show that superstrings on the Penrose limit is described by a generalization of Nappi-Witten model [28]. The Nappi-Witten model is the WZW model associated with the Nappi-Witten group, which is introduced in subsection 3.3. In subsection 3.4, we obtain the spectrum of superstrings on the Penrose limit by using the sigma model approach in the light-cone gauge [42, 43, 44].

3.1 AdS_3/CF T_2 Correspondence

As mentioned in subsection 2.1, the AdS_5/CF T_4 correspondence is related to the D3- branes. For the AdS_3/CF T_2 correspondence, the role of D3-branes are played by D1/D5 system. The D1/D5 system is a configuration with D5-branes and D1-branes^3. Q_5 D5- branes are wrapped on T^4 whose volume is fixed small as vl^4_s . Q_1 D1-strings are set parallel to the extra 1 + 1 dimensions. This configuration can be seen as a one dimensional object in 5 + 1 dimensional space-time. We can replace T^4 with K3 and the case of K3 will be investigated in section 6.

3See figure 4

Figure 4: The configuration of D1/D5 system. Q_5 D5-branes are wrapped on a small T^4 (6,7,8,9 directions) and Q_1 D1-branes are put on D5-branes along 0,1 directions.

The supergravity solution corresponding to the D1/D5 system is given by [58]

ds^2 = f^{− 12}_1 f^{− 12}_5 (−dx^2_0 + dx^2_1) + f^{12}_1 f^{12}_5 (dr^2 + r^2dΩ^2_3) + f^{12}_1 f^{− 12}_5 dx^Adx^A ,

f_1 = ( 1 + gα^′Q_1 vr^2 ) , f_5 = ( 1 + gα^′Q_5 r^2 ) . (3.1)

There is also non-zero 3-form RR-field strength. We have set g as the string coupling constant at infinity. The near horizon geometry of the solution becomes AdS_3 × S^3 × T^4

ds^2 = r^2 R^2

(−dx^2_0 + dx^2_1) +

R^2 r^2 dr^2 + R^2dΩ^2_3 + √ Q_1 vQ_5 dx^Adx^A , (3.2)

where

g_6 = g √ v , R^2 = α^′g √ Q_1Q_5 . (3.3)

We should notice that the volume of T^4 is fixed as Q_1/Q_5 in the near horizon limit.

According to the conjecture of Maldacena [3], superstring theory on AdS_3 × S^3 × T^4 is dual to the effective theory on this D-brane configurations at the IR limit. The effective theory is known as N = (4, 4) superconformal field theory with central charge c = 6Q_1Q_5 and it has two decoupled sectors called as Coulomb and Higgs branches.

In the D1/D5 system, there are open strings stretched between the same type of Dbranes and the different type of D-branes. The former ones are called as (1, 1) and (5, 5) strings. In the open string spectrum, there are massless scaler fields corresponding to the positions of D-branes. When these scalar fields have non-trivial values, the theory is at the Coulomb branch. The latter ones are called as (1, 5) and (5, 1) strings. The massless scalar fields in the open string spectrum represent how much the D1-branes are smeared into the D5-branes. We are interested in the case when these scalar fields have non-trivial values. In other wards, only the Higgs branch is considered.

Among the excitations of a (1, 5) string, there are two massless bosons and two massless fermions. Taking account of two possible orientations and the Q_1 and Q_5 degrees of freedom from U(Q_1) × U(Q_5) Chan-Paton factors, there are 4Q_1Q_5 bosons and 4Q_1Q_5 bosons. In fact, it is conjectured in [14] that the effective theory on the D1/D5 system is given by N = (4, 4) non-linear sigma model on the symmetric orbifold

Sym^{Q1Q5} (T^4) = (T^4)^{Q1Q5} /S_{Q1 Q5} , (3.4)

where S_N represents the symmetric group of N elements. The degrees of freedom of massless fields are reproduced by the analysis of massless excitations of open strings and the symmetry of S_N is a reminiscent of U(Q_1) × U(Q_5) Chan-Paton factors.

The form of target space (3.4) is explained as follows. By applying T-dualities along x^0 and x^1 directions, we obtain D(−1)/D3 system, and Q_1 D(−1)-brane can be interpreted as Q_1 instanton solutions in SU(Q_5) Yang-Mills theory. It is supposed that a D(−1)-brane separates into Q_5 fractional D(−1) branes with 1/Q_5 D(−1)-brane charge. The position of a fractional D-instanton corresponds to one T^4 and the fact that these fractional Dinstantons are indistinguishable leads to the Q_1Q_5 symmetric products of T^4. This is a heuristic explanation of the reason why the moduli space of this instanton solution is given by (3.4).

Let us perform S-duality to the D1/D5 system. The S-duality transforms D1-strings to fundamental strings and D5-branes to NS5-branes. Thus, we obtain F1/NS5 system with Q_5 NS5-branes wrapped on the T^4 and Q_1 fundamental string set parallel to the extra 1 + 1 directions. By using the S-duality, the metric of supergravity solution is obtained as ds^2 = f^{−1}_1 (−dx^2_0 + dx^2_1) + f_5(dr^2 + r^2dΩ^2_3) + dx^Adx^A ,

f_1 = ( 1 + g^2α^′Q_1 vr^2 ) , f_5 = ( 1 + α^′Q_5 r^2 ) . (3.5)

There is also non-zero 3-form NSNS-field strength.

Its near horizon limit is also AdS_3 × S^3 × T^4

ds^2 = Q_5 r^2 α^′ (−dx^2_0 + dx^2_1) +

Q_5α^′ r^2 dr^2 + Q_5α^′dΩ^2_3 + dx^Adx^A , (3.6)

where we use the fact that the string coupling in this limit is g^2 = vQ_5/Q_1. Superstring theory on curved space supported by NSNS-flux may be described by a super WZW model, which is a solvable model, and we can use a super WZW model as superstring theory on AdS_3 × S^3 with NSNS-flux. The isometry of AdS_3 × S^3 is given by

SO(2, 2) × SO(4) ⋍ SL(2, R)_L × SL(2, R)_R × SU(2)_L × SU(2)_R , (3.7)

therefore we use SL(2, R) × SU(2) WZW model. The level of this model is related with the radius R^2 and given by Q_5. We will concentrate on this case because this model is easier to deal with than superstrings with RR-flux.

We have to apply the S-duality also to the effective field theory, however we do not know much about the moduli space of non-linear sigma model on Sym^{Q1Q5} (T^4)^4. Because of this fact, we can only use objects independent of the moduli parameter. For example, BPS states are independent of the moduli parameters and they are identified as supergravity modes in superstrings on AdS_3 × S^3 × T^4 [21, 22, 23, 24].

As investigated in the previous section, we can compare non BPS states with stringy modes by applying the Penrose limit to the AdS_5/CF T_4 correspondence. Thus it is natural to expect that we can obtain the similar results by applying the Penrose limit to the AdS_3/CF T_2 correspondence. Since we concentrate on almost BPS states with very large R-charge, these states are not sensitive to the deformation of moduli parameter and can be compared with the stringy modes^5.

3.2 Penrose Limit of AdS_3/CF T_2 Correspondence

In this subsection, we will see the “Penrose limit” of AdS_3/CF T_2 correspondence. It is convenient to express the metric of AdS_3 × S^3 × T^4 as (R^2 = Q_5l^2_s )

ds^2 =R^2 [ − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdφ^2_1 + cos^2 θdψ^2 + dθ^2 + sin^2 θdφ^2 ]

+ dx^Adx^A , (3.8)

4The discussions on the moduli space of D1/D5 system are given, for example, in [59, 60] 5However, there is a subtlety on this discussion and we will comment on the subtlety in subsection 5.3.

where x^A (A = 6, 7, 8, 9) are the coordinates of T^4. As discussed in the previous section, the Penrose limit corresponds to concentrating on the particles moving at the ψ direction (one of the S^3 coordinates) very fast and staying at ρ = θ = 0. More precisely, we rewrite as ρ = r_1 R , θ = r_2 R , t = −fu + 1 4fR^2 v , ψ = fu + 1 4fR^2 v , (3.9)

and take the limit R → ∞. Then we obtain the plane wave metric as^6

ds^2 = dudv − f^2x^ix^idu^2 + dx^idx^i + dx^Adx^A , (3.10)

which is supported by the NSNS-flux H_{u12} = H_{u34} = −2f. Here we have introduced the coordinates x^i (i = 1, 2, 3, 4) as

dx^idx^i = dr^2_1 + r^2_1dφ^2_1 + dr^2_1 + r^2dφ^2 . (3.11)

It is known that the superstring theory on this background supported by the NSNSflux is described by a (generalized) Nappi-Witten model [28]. Contrary to the case with RR-flux, we can quantize this system in the covariant gauge since we can use the technique of WZW models. Some years ago, the Nappi-Witten model was investigated as a solvable model for string theory on a non-trivially curved background [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. Recently, this model attracts some interests again in the context of PP- Wave/CFT duality [44,41,27,49]. The sigma model approach was taken in [42,43,44] and the current algebra method was developed in [29,39,41] by using the free field realization.

Then, consider what this limiting procedure means in the context of the dual CFT. Using the redefinition of the light-cone coordinates (3.9), we find p_u = −i∂_u = f(i∂_t − i∂_ψ) = f(−Δ + Q) ,

p_v = −i∂_v = −i∂_t − i∂_ψ 4fR^2 = Δ + Q 4fR^2 , (3.12)

where we denote Δ as the conformal weight and Q as the R-charge. The momenta of states in the superstring theory are finite, thus the corresponding states in the dual CFT are the states with Δ − Q ∼ O(1) and Δ + Q ∼ O(R^2). This is the exactly same as the case in subsection 2.3

6We can use arbitrary f in front of x^ix^idu^2 by rescaling u and v.

3.3 Nappi-Witten Group and Lie Algebra

Nappi-Witten model [28] is a WZW model associated with the central extension of the two dimensional Euclidean group, which is called as Nappi-Witten group^7. Although we will use a generalization of Nappi-Witten model, we first focus on the original Nappi-Witten group for simplicity.

We denote an element of the two dimensional Euclidean group as h(θ, w), which acts to two dimensional coordinate z as h(θ, w) · z = e^{−iθ}z + w . (3.13) In other words, the parameters θ and w represent rotation and translation, respectively, thus we can use h(θ, w) = T (w)R(θ) with T (w) · z = z + w , R(θ) · z = e^{−iθ}z . (3.14) In order to define a group we have to determine a multiplication law and in this case we can read as h(θ_1, w_1)h(θ_2, w_2) = h(θ_1 + θ_2, w_1 + e^{−iθ1} w_2) , (3.15) or equivalently, R(θ_1)R(θ_2) = R(θ_1 + θ_2) , R(θ)T (w) = T (e^{−iθ}w)R(θ) . (3.16) The Nappi-Witten group is given by the central extension of the two dimensional Euclidean group and representation is characterized by a group cocycle as T (w_1)T (w_2) = T (w_1 + w_2) exp (1 2 Im(w_1w̄_2) ) . (3.17) Introducing Z(κ), we can rewrite as T (w_1)T (w_2) = T (w_1 + w_2)Z (1 2 Im(w_1w̄_2) ) . (3.18) Then, an element of Nappi-Witten group is defined as g(θ, w, κ) = T (w)R(θ)Z(κ) , (3.19) and the multiplication law is given by

g(θ_1, w_1, κ_1)g(θ_2, w_2, κ_2) = g ( θ_1 + θ_2, w_1 + e^{−iθ1} w_2, κ_1 + κ_2 + 1 2 Im(w_1e^{iθ1}w̄_2) ) . (3.20)

7A nice review is given in [61] and we follow their discussion.

We can easily see that g(0, 0, 0) is the identity and g(θ, w, κ)^{−1} = g(−θ, −e^{iθ}w, −κ).

The generators of Nappi-Witten Lie algebra can be defined from the Nappi-Witten group as

T (w) = exp ( i √ 2 (wP^∗ + w̄P ) ) , R(θ) = exp(iθJ) , Z(κ) = exp(iκF ) , (3.21)

and their Lie brackets can be read from the multiplication laws as

[J, P ] = P , [J, P^∗] = −P^∗ , [P, P^∗] = F , (3.22)

which is nothing but a Heisenberg algebra. Using the Lorentzian metric ⟨P, P^∗⟩ = 1 and ⟨J, K⟩ = 1, we obtain the metric ds^2(g) = ⟨g^{−1}dg, g^{−1}dg⟩ as ds^2 = 2dθdκ + i 2 (wdw̄ − w̄dw)dθ + dwdw̄ . (3.23) Considering the WZW model associated with the Nappi-Witten group, NSNS-flux is included from Wess-Zumino term as H_{θww̄} = −i/2. The generalization to higher dimensional one is obtained by replacing w → w_i, P → P_i and P^∗ → P^∗_i (i = 1, · · · , I), which correspond to the generators of Heisenberg algebra H_{2I+2}. In this thesis, we concentrate on the case of I = 2 since this case is obtained by the Penrose limit of superstring theory on AdS_3 × S^3.

By redefining the coordinates as

w_1 → e^{−iθ/2}y_1 , w_2 → e^{−iθ/2}y_2 , (3.24)

we obtain the plane wave metric of the type (3.10) ds^2 = 2dθdκ − 1 4 y^iȳ^idθ^2 + dy^idȳ^i . (3.25)

The relation to the metric (3.10) is given by v ↔ 2κ, u ↔ θ and f = 1/2. The Killing vectors on this metric can be read from the group multiplication law as [41]^8 F = −i∂_κ , J_L = −i∂_θ + 1 2 (y^i∂_yi − ȳ^i∂_ȳi ) , J_R = −i∂_θ − 1 2 (y^i∂_yi − ȳ^i∂_ȳi ) ,

P_{iL} = e^{iθ/2}( √ 2i∂_ȳi + 1 2 √ 2 y^i∂_κ) , P_{iR} = e^{iθ/2}( √ 2i∂_yi + 1 2 √ 2 ȳ^i∂_κ) ,

P^∗_{iL} = e^{−iθ/2}( √ 2i∂_yi − 1 2 √ 2 ȳ^i∂_κ) , P^∗_{iR} = e^{−iθ/2}( √ 2i∂_ȳi − 1 √ 2 y^i∂_κ) . (3.26)

8Since the generator F is central, F_L and F_R are not independent of each other (F = F_L = F_R).

We can see that the commutation relation of these generators correctly reproduce (3.22).

Let us see classical scalar wave functions on these background, which satisfy (Δ − m^2)ϕ = 0 , Δ = 2∂_θ ∂_κ + 1 4 y^iȳ^i∂_κ∂_κ + 4∂_yi ∂_ȳi . (3.27) The ground state is given by ϕ(θ, κ, y^i) = exp ( ip_−κ + ip_+θ − 1 4 |p_−|y^iȳ^i ) , (3.28) and the arbitrary states are obtained by the action of n_{iL} times of P_{iL} and n_{iR} times of P_{iR} for p_− > 0^9. For these states, the condition (3.27) becomes 2p_−p_+ + |p_−| 2∑ i=1 (n_{iL} + n_{iR} + 1) + m^2 = 0 , (3.29) and the helicity in the transverse space becomes h = J_L − J_R = sgn(p_−) 2∑ i=1 (n_{iL} − n_{iR}) . (3.30) For p_− = 0 states, the wave function could have the transverse momenta but there is no solution for general m^2.

The above results can be reproduced by the systematic analysis of unitary irreducible representation of H_6 Lie algebra [29, 39, 41]. There are two Casimir operators in the H_6 Lie algebra, which are given by the generator F and C = P_iP^∗_i + P^∗_i P_i + 2JF . (3.31) We define the eigenstates of these operators as J|j, η⟩ = j|j, η⟩ , F |j, η⟩ = η|j, η⟩ , C|j, η⟩ = c|j, η⟩ . (3.32) The eigenvalues of F and C are not changed in the same irreducible representation. By using the Hermitian property (P_i)^† = P^∗_i , we find ⟨j, η|P_iP^∗_i |j, η⟩ = c 2 − η(j − 1) ≥ 0 , ⟨j, η|P^∗_i P_i|j, η⟩ = c 2 − η(j + 1) ≥ 0 . (3.33) Thus, the following representations are obtained.

9For p_− < 0 we should replace P_{iL} and P_{iR} with P^∗_{iL} and P^∗_{iR}, respectively.

Type I There are no highest weight state and lowest weight state. The labels take the values of η = 0, j ∈ R and c > 0. The eigenvalue of J becomes · · · , j −1, j, j +1, · · · , therefore the fractional part of j labels the irreducible representation.

Type II There are the highest weight states P_i|j, η⟩ = 0 with c = 2η(j + 1). This representation is characterized by η > 0 and j ∈ R and the eigenvalue of J is j, j − 1, · · · . Type III There are the lowest weight states P^∗_i |j, η⟩ = 0 with c = 2η(j − 1). This representation is characterized by η < 0 and j ∈ R and the eigenvalue of J is j, j + 1, · · · . Type IV There is the state which is both the lowest weight and the highest weight. The labels take the values of η = 0, j ∈ R and c = 0. This is the one dimensional representation and we will not consider this representation.

Now, we can compare with the analysis of classical scalar wave function. The eigenvalues can be identified as η_R = η_L = p_−, j_L = p_+ +h/2 and j_R = p_+ −h/2. Thus, the Type I representation corresponds to the case of p_− = 0. The Type II representation corresponds to the case of p_− > 0 and the ground state can be identified as the lowest weight state. Then, we can show that the Casimir operator C and the operator h = j_L − j_R correctly reproduce the mass square (3.29) and the helicity (3.30), respectively. For the Type III representation, we can make the similar analysis with p_− < 0.

3.4 Superstring on NSNS PP-Wave in the Light-Cone Gauge

In this subsection, we quantize the superstring on the pp-wave with NSNS-flux by using the sigma model approach [42, 43, 44]. The metric of the type (3.23) is considered first and the metric of the type (3.10) is analyzed by using the coordinate transformation. In the light-cone gauge, we can explicitly show that physical spectrum does not include negative norm states. In the next section, we compare it with the spectrum from the BRST quantization.

Let us first consider the following sigma model action. The bosonic part of the action is given by

S_B = 1 2πα^′ ∫ d^2σ[∂_+u∂_−v + ∂_+z^i∂_−z̄^i + if∂_+u(z^i∂_−z̄^i − z̄^i∂_−z^i) + ∂_+x^A∂_−x^A] , (3.34) where i = 1, 2 and z̄^i is the complex conjugate of z^i. The coordinates of T^4 sector are given by x^A (A = 6, 7, 8, 9) and we neglect these coordinates and the corresponding fermionic parts for a while. We use the notation of world-sheet coordinates as σ_± = τ ± σ and ∂_± =^1_2 (∂_0 ± ∂_1). The fermionic part of the action is given by

S_F = 1 2πα^′ ∫ d^2σ[iψ^û_L∂_−ψ^{v̂}_L + iψ̄^i_L∂_−ψ^i_L − f(∂_−z̄^iψ^û_Lψ^i_L − ∂_−z^iψ^û_Lψ̄^i_L)

+ iψ^û_R∂_+ψ^{v̂}_R + iψ̄^i_R∂_+ψ^i_R − 2f∂_+uψ̄^i_Rψ^i_R] , (3.35)

where the hatted indices are the ones of tangent space. The equations of motion can be calculated as

∂_−∂_+u = 0 , ∂_+[∂_−v + if(z^i∂_−z̄^i − z̄^i∂_−z^i) − 2fψ̄^i_Rψ^i_R] ,

∂_+∂_−z^i + 2if∂_+u∂_−z^i − f∂_−(ψ^û_Lψ^i_L) , ∂_+∂_−z̄^i − 2if∂_+u∂_−z̄^i + f∂_−(ψ^û_Lψ̄^i_L) , (3.36)

for the bosonic part and

∂_−ψ^û_L = 0 , ∂_−ψ^{v̂}_L − f(∂_−z̄^iψ^i_L − ∂_−z^iψ̄^i_L) = 0 ,

∂_−ψ^i_L − f∂_−z^iψ^û_L = 0 , ∂_−ψ̄^i_L + f∂_−z̄^iψ^û_L = 0 ,

∂_+ψ^û_R = 0 , ∂_+ψ^{v̂}_R = 0 , ∂_+ψ^i_R + 2if∂_+uψ^i_R = 0 , ∂_+ψ̄^i_R − 2if∂_+uψ̄^i_R = 0 , (3.37)

for the fermionic part.

Since the light-cone coordinate u and the corresponding fermions ψ^û_L and ψ^û_R satisfy the equations of motion for free fields, we can adopt the light-cone gauge as u = u_0 + k_+σ_+ +k_−σ_− and ψ^û_L = ψ^û_R = 0. Using the super Virasoro constraints T_{++} = T_{−−} = G_+ = G_− = 0, the coordinate v and the corresponding fermions ψ^{v̂}_L and ψ^{v̂}_R can be written by the transverse coordinates and the corresponding fermions as in the flat case.

The general solutions for the transverse coordinates and the corresponding fermions are given by

z^i = e^{−2if k+σ+} X^i , z̄^i = e^{2if k+σ+}X̄^i , ψ^i_R = e^{−2if k+ σ+} η^i_− , ψ̄^i_R = e^{2if k+σ+}η̄^i_− , (3.38)

where X^i = X^i_+(σ_+) + X^i_−(σ_−) and η^i_− are free complex bosons and fermions, respectively. Since the equations of motion for the fermions ψ^i_L and ψ̄^i_L are the ones for the free fermions in the light-cone gauge, they can be expanded as

ψ^i_L = √ 2α^′ ∑ n∈Z d̃_ne^{−inσ}+ (R sector) ,

ψ^i_L = √ 2α^′ ∑ r∈Z+1/2 c̃_re^{−irσ+} (NS sector) . (3.39)

In order to recover periodicity conditions z^i(σ + 2π, τ ) = z^i(σ, τ ) and ψ^i_R(σ + 2π, τ ) = ±ψ^i_R^{10}, it is convenient to redefine the fields as

X^i_+ = e^{2if k+σ+} X^i_+ , X^i_− = e^{−2if k+σ−} X^i_− , η^i_− = e^{−2if k+σ−} χ^i_− , (3.40)

with periodicity conditions X^i_±(σ + 2π, τ ) = X^i_±(σ, τ ) and χ_−(σ + 2π, τ ) = ±χ_−(σ, τ ). The mode expansions of these fields are given by

X^i_+ = i √ 1 2 α^′ ∑ n ã^i_ne^{−inσ+} , X^i_− = i √ 1 2 α^′ ∑ n a^i_ne^{−inσ−} ,

χ^i_− = √ 2α^′ ∑ n∈Z d^i_ne^{−inσ−} (R sector) ,

χ^i_− = √ 2α^′ ∑ r∈Z+1/2 c^i_re^{−irσ−} (NS sector) . (3.41)

We can calculate stress tensors in this system as T_{−−} = ∂_−u∂_−v + ∂_−z^i∂_−z̄^i + if∂_−u(z^i∂_−z̄^i − z̄^i∂_−z^i) + iψ̄^i_R∂_−ψ^i_R − 2f∂_−uψ̄^i_Rψ^i_R , T_{++} = ∂_+u∂_+v + ∂_+z^i∂_+z̄^i + if∂_+u(z^i∂_+z̄^i − z̄^i∂_+z^i) + iψ̄^i_L∂_+ψ^i_L , (3.42)

and zero mode parts are obtained as

L_0 = 1 4πα^′ ∫_{2π} 0 dσT_{−−} = k_−q_− 2α^′ + 1 4 ∑ n (n + 2fk_+ )nā^i_na^i_n + ∑ n nd̄^i_nd^i_n ,

L̃_0 = 1 4πα^′ ∫_{2π} 0 dσT_{++} = k_+q_+ 2α^′ + 1 4 ∑ n (n − 2fk_+)n¯ã^i_nã^i_n + ∑ n n ¯d̃^i_nd̃^i_n , (3.43)

for the R sector^{11}. We have defined as y = 1 2 (u + v) = y_0 + kτ + · · · , t = 1 2 (−u + v) = t_0 + lτ + · · · , (3.44)

10The (+) sign and the (−) sign correspond to R-sector and NS sector, respectively. 11Virasoro generators for the NS sector can be obtained in the similar way.

and hence

u = u_0 + k_+σ_+ + k_−σ_− , k_± = 1 2 (k − l) ,

v = v_o + q_+σ_+ + q_−σ_− + · · · , q_± = 1 2 (k + l) , (3.45)

where we denote · · · as higher modes. The momentum canonically conjugate to y is given by p_y = 1 4πα^′ ∫_{2π} 0 dσ[∂_0y + if(z^i∂_−z̄^i − z̄^i∂_−z^i + 2iψ̄^i_Rψ^i_R)] = 1 2 k α^′ − 2fJ_R , (3.46)

and the momentum canonically conjugate to t corresponding to conserved energy is obtained as E = − 1 4πα^′ ∫_{2π} 0 dσ[∂_0t + if(z^i∂_−z̄^i − z̄^i∂_−z^i + 2iψ̄^i_Rψ^i_R)] = − 1 2 l α^′ + 2fJ_R . (3.47)

We have defined J_R as the operator corresponding to negative of right-mover part of angular momentum

J_R = 1 4 ∑ n (n + 2fk_+ )ā^i_na^i_n + K ,

K = ∑ n d̄^i_nd^i_n (R sector) , K = ∑ r c̄^i_rc^i_r (NS sector) . (3.48)

Let us turn to the quantization of the model. We can quantize by replacing the coefficients a^i_n ã^i_n, d^i_n, d̃^i_n, c^i_r and c̃^i_r with the corresponding operators whose (anti-)commutation relations are

[a^i_n, ā^i_m] = 4 n + 2fk_+ δ_{nm} , [ã^i_n, ¯ã^i_m] = 4 n − 2fk_+ δ_{nm} ,

{d^i_n, d̄^i_m} = δ_{nm} , {c^i_r, c̄^i_s} = δ_{rs} , {d̃^i_n, ¯d̃^i_m} = δ_{nm} , {c̃^i_r, ¯c̃^i_s} = δ_{rs} , (3.49) which are determined to be consistent with canonical (anti-)commutation relations. For the bosonic modes, it is convenient to rewrite as (n > 0) b^{i†}_{n,+} = a^i_{−n}ω_{n,−} , b^i_{n,+} = ā^i_{−n}ω_{n,−} , b^{i†}_{n,−} = ā^i_nω_{n,+} , b^i_{n,−} = a^i_nω_{n,+} , b̃^{i†}_{n,+} = ã^i_{−n}ω_{n,+} , b̃^i_{n,+} = ¯ã^i_{−n}ω_{n,+} , b̃^{i†}_{n,−} = ¯ã^i_nω_{n,−} , b̃^i_{n,−} = ã^i_nω_{n,−} , (3.50) with ω_{n,±} =^1_2 √ (n ± 2fk_+). We assume 0 < 2fk_+ < 1 and we relabel the modes if fk_+ is not in this range. This procedure corresponds to the enlargement of Hilbert space by spectral flow symmetry (4.30) as we will see below. For the zero modes, we use

b^{i†}_0 = 1 2 √ 2fk_+ā^i_0 , b^i_0 = 1 2 √ 2fk_+ a^i_0 , b̃^{i†}_0 = 1 2 √ 2fk_+ã^i_0 , b̃^i_0 = 1 2 √ 2fk_+ ¯ã^i_0 . (3.51)

These new modes satisfy the standard commutation relations

[b^i_{n,±}, b^{i†}_{m,±}] = δ_{nm} , [b̃^i_{n,±}, b̃^{i†}_{m,±}] = δ_{nm} , [b^i_0, b^{i†}_0 ] = 1 , [b̃^i_0, b̃^{i†}_0 ] = 1 . (3.52)

Fock vacuum is define by b^i_{n,±}|0⟩ = d̄^i_{−n}|0⟩ = d^i_n|0⟩ = 0 for n > 0 and c̄^i_{−r} |0⟩ = c^i_r|0⟩ = 0 for r > 0. The Fock vacuum for the left-movers is defined in the similar way.

Now, we can obtain the spectrum from the quantum expressions of Virasoro constraints. In order to do this, we include the coordinates of T^4 sector x^A (A = 6, 7, 8, 9) and the corresponding fermions ψ^A_L and ψ^A_R. Mode expansions of these fields are defined in the way similar to the other fields. It is convenient to use the quantum expression of J_R (3.48) Ĵ_R = b^{i†}_0 b^i_0 + 1 2 − ∞∑ n=1 (b^{i†}_{n,+}b^i_{n,+} − b^{i†}_{n,−}b^i_{n,−}) + K̂ ,

K̂ = d̄^i_0d^i_0 − 1 2 + ∞∑ n=1 (d̄^i_nd^i_n + d^i_{−n}d̄^i_{−n} ) (R sector) ,

K̂ =^∞∑ r=1/2 (c̄^i_rc^i_r + c^i_{−r}c̄^i_{−r} ) (NS sector) , (3.53)

and operators N_L and N_R (for the R-sector)

N_R = ∞∑ n=1 n(b^{i†}_{n,+}b^i_{n,+} + b^{i†}_{n,−}b^i_{n,−} + b^{A†}_n b^A_n + d̄^i_nd^i_n + d^i_{−n}d̄^i_{−n} + d^A_{−n}d^A_n ) ,

N_L = ∞∑ n=1 n(b̃^{i†}_{n,+}b̃^i_{n,+} + b̃^{i†}_{n,−}b̃^i_{n,−} + b̃^{A†}_n b̃^A_n + ¯d̃^i_nd̃^i_n + d̃^i_{−n} ¯d̃^i_{−n} + d̃^A_{−n}d̃^A_n ) . (3.54)

The operators for the NS-sector can be defined in the similar way. By using the usual ζ-regularization, we can calculate zero energy shift and obtain the quantum expressions of Virasoro operators (3.43) as L̂_0 = 1 2 α^′(−E^2 + p^2_A + p^2_y ) + N̂_R + 2α^′(E + p_y )fĴ_R ,

^̃L_0 = 1 2 α^′(−E^2 + p^2_A + p^2_y ) + N̂_L + 2α^′(E + p_y )fĴ_R . (3.55)

We use N̂_{R,L} = N_{R,L} − a with a = 0 for the R-sector and a = 1/2 for the NS-sector. Virasoro conditions L̂_0 = ^̃L_0 = 0 lead to level matching condition N̂_L = N̂_R and

E^2 − p^2_A = 1 α^′ (N̂_L + N̂_R) + p^2_y + 4f(p_y + E)Ĵ_R . (3.56)

From this condition, the light-cone energy can be read as H_{l,c} = −p_u = 1 2 (E − p_y ) = p^2_A 4p_v + 1 4α^′p_v (N̂_L + N̂_R) + 2fĴ_R , (3.57)

with p_v =^1_2 (p_y + E).

Next, let us consider the case with the metric (3.10). Although spectrum in this case can be calculated straightforwardly, it is simpler by making use of the coordinate transformation. In the polar coordinates z^1 = r_1e^{iφ′1} and z^2 = r_2e^{iφ′2} , the Lagrangian (3.34) is written as

L = ∂_+u∂_−v + 2f(r^2_1 ∂_+u∂_−φ^′_1 + r^2∂_+u∂_−φ^′_2)

+ ∂_+r_1∂_−r_1 + r^2_1∂_+φ^′_1∂_−φ^′_1 + ∂_+r_2∂_−r_2 + r^2∂_+φ^′_2∂_−φ^′_2 . (3.58)

By rotating the frame as

φ^′_1 = φ_1 − fu , φ^′_2 = φ_2 − fu , (3.59)

the Lagrangian becomes that for sigma model on the metric (3.10) as

L = ∂_+u∂_−v − f^2(r^2_1 + r^2)∂_+u∂_−u

+ ∂_+r_1∂_−r_1 + r^2_1∂_+φ_1∂_−φ_1 + ∂_+r_2∂_−r_2 + r^2∂_+φ_2∂_−φ_2

+ fr^2_1 (∂_+u∂_−φ_1 − ∂_−u∂_+φ_1) + fr^2(∂_+u∂_−φ_2 − ∂_−u∂_+φ_2) . (3.60)

The explicit form of the spectrum can be obtained from (3.57) by using the coordinate transformations (3.59) and Ĵ = −i ∂ ∂φ_1 − i ∂ ∂φ_2 ↔ −i ∂ ∂φ^′_1 − i ∂ ∂φ^′_2 = Ĵ ≡ Ĵ_L − Ĵ_R . (3.61)

Under the coordinate transformations, we find E = −i ∂ ∂t ↔ −i ∂ ∂t − if ∂ ∂φ^′_1 − if ∂ ∂φ^′_2 = E + fĴ ,

p_y = −i ∂ ∂y ↔ −i ∂ ∂y + if ∂ ∂φ^′_1 + if ∂ ∂φ^′_2 = p_y − fĴ , (3.62) and hence p_u ↔ p_u − fĴ and p_v ↔ p_v . Therefore, the spectrum is given by H_{l,c} = −p_u = 1 2 (E − p_y ) = p^2_A 4p_v + 1 4α^′p_v (N̂_L + N̂_R) + f(Ĵ_L + Ĵ_R) . (3.63)

We will compare this spectrum with the one obtained from the BRST quantization in the next section.

4 Superstring Theory on NSNS PP-Wave

In the previous section, we have shown that superstring theory on the pp-wave background with NSNS-flux can be obtained as the Penrose limit of superstring theory on AdS_3 × S^3(×M^4) (M^4 = T^4 or K3) with NSNS-flux. Moreover, we have reviewed the (generalized) Nappi-Witten model and quantized this model by using the sigma model approach in the light-cone gauge. The same analysis can be given by using the current algebra approach. Superstring theory on AdS_3 × S^3(×M^4) with NSNS-flux can be described by the SL(2; R) × SU(2) super WZW model and the Penrose limit is realized by contracting currents on this model [30,31,38]. The superstring theory in the Penrose limit is given by the super WZW model whose target space is the 6 dimensional Heisenberg group H_6 as we saw in subsection 3.2. In this section, we analyze the H_6 super WZW model by using the free field realization in the current algebra approach [29, 39, 41]. We use this approach because the similarity with the analysis developed in [15] for the case of AdS_3 × S^3 becomes more transparent.

4.1 H_6 Super WZW Model as a Penrose Limit

The superstring theory on AdS_3×S^3 can be described by the SL(2; R)×SU(2) super WZW model. We set the level of each current algebra to positive integer k, which corresponds to the number of NS5-branes Q_5. (The bosonic parts of SL(2; R) and SU(2) current algebras have the levels k+2 and k−2, respectively.) It is convenient to use the superfield formalism with supercoordinates (z, θ). The supercurrents of this system are given by J^A(z, θ) = √ k 2 ψ^A(z) + θJ^A(z) (for SL(2; R)) ,

K^a(z, θ) = √ k 2 χ^a(z) + θK^a(z) (for SU(2)) . (4.1)

The total currents J^A(z) and K^a(z) (A, a = ±, 3) satisfy the following operator product expansions (OPEs)

J^3(z)J^3(w) ∼ − k 2(z − w)^2

, J^3(z)J^±(w) ∼ ±J^±(w) z − w ,

J^+(z)J^−(w) ∼ k (z − w)^2 − 2J^3(w) z − w , (4.2)

K^3(z)K^3(w) ∼ k 2(z − w)^2

, K^3(z)K^±(w) ∼ ±K^±(w) z − w ,

K^+(z)K^−(w) ∼ k (z − w)^2 + 2K^3(w) z − w . (4.3)

The free fermions ψ^A and χ^a are defined by the OPEs

ψ^3(z)ψ^3(w) ∼ − 1 z , ψ^+(z)ψ^−(w) ∼ 2 z − w , (4.4)

χ^3(z)χ^3(w) ∼ 1 z , χ^+(z)χ^−(w) ∼ 2 z − w , (4.5)

and transformed by the action of the total currents as follows

J^3(z)ψ^±(w) ∼ ψ^3(z)J^±(w) ∼ ±ψ^±(w) z − w ,

J^±(z)ψ^∓(w) ∼ ∓ 2ψ^3(w) z − w , (4.6)

K^3(z)χ^±(w) ∼ χ^3(z)K^±(w) ∼ ±χ^±(w) z − w ,

K^±(z)χ^∓(w) ∼ ± 2χ^3(w) z − w . (4.7)

The Penrose limit of this model is given by a noncompact super WZW model associated with the 6 dimensional Heisenberg group H_6, which is a natural generalization of the Nappi-Witten model [28]. According to [30, 31, 38], we can obtain the supercurrents of this model by contracting those of the SL(2; R) × SU(2) WZW model. We redefine the supercurrents (4.1) as J (z, θ) = K^3(z, θ) + J^3(z, θ) , F(z, θ) = 1 k (K^3(z, θ) − J^3(z, θ)) ,

P_1(z, θ) = 1 √ k J^+(z, θ) , P^∗_1 (z, θ) = 1 √ k J^−(z, θ) ,

P_2(z, θ) = 1 √ k K^+(z, θ) , P^∗_2 (z, θ) = 1 √ k K^−(z, θ) , (4.8)

and take the limit k → ∞ with keeping the eigenvalues of K^3_0 − J^3_0 order O(k) but the eigenvalues of K^3_0 + J^3_0 much smaller than k. Then we obtain the supercurrent algebra of the H_6 super WZW model as J (θ, z) = ψ_J (z) + θJ(z) , F(θ, z) = ψ_F (z) + θF (z) , P_i(θ, z) = ψ_{Pi} (z) + θP_i(z) , P^∗_i (θ, z) = ψ_P ∗_i (z) + θP^∗_i (z) , (4.9)

where i = 1, 2. The total currents J(z), F (z), P_i(z) and P^∗_i (z) satisfy the OPEs J(z)P_i(w) ∼ P_i(w) z − w , J(z)P^∗_i (w) ∼ − P^∗_i (w) z − w ,

P_i(z)P^∗_j (w) ∼ δ_{ij} ( 1 (z − w)^2 + F (w) z − w ) ,

J(z)F (w) ∼ 1 (z − w)^2

. (4.10)

Other OPEs have no singular terms. Their superpartners ψ_J , ψ_F , ψ_{Pi} and ψ_P ∗_i are free fermions defined by ψ_{Pi} (z)ψ_P ∗_j (w) ∼ δ_{ij} z − w , ψ_J (z)ψ_F (w) ∼ 1 z − w . (4.11)

The total currents J, F , P_i and P^∗_i non-trivially act on these free fermions as J(z)ψ_{Pi} (w) ∼ ψ_J (z)P_i(w) ∼ ψ_{Pi} z − w ,

J(z)ψ_P ∗_i (w) ∼ ψ_J (z)P^∗_i (w) ∼ − ψ_P ∗_i z − w ,

P_i(z)ψ_P ∗_j (w) ∼ ψ_{Pi} (z)P^∗_j (w) ∼ δ_{ij} ψ_F z − w . (4.12)

In terms of the metric in subsection 3.2, −J^3_0 and K^3_0 corresponds to the space-time energy −i∂_t and the angular momentum −i∂_ψ, respectively. Therefore, the contraction of the currents is identified as the transformation of the coordinates (3.9), see also (3.12). In fact, this contraction can be regarded as a stringy extension of Penrose limit since this contraction defines a transformation from superstrings on AdS_3 × S^3 to superstrings on the pp-wave. In the dual CFT side, the eigenvalue of −J^3_0 and K^3_0 are interpreted as conformal weight Δ and R-charge Q, respectively and the contraction means focusing on almost BPS states with

Δ + Q ∼ k ≫ 1 , Δ − Q ≪ k , (4.13) as in subsection 3.2.

N = 1 superconformal symmetry is realized as follows. Because the total currents have non-trivial OPEs with fermions, it is convenient to introduce bosonic currents, which can be treated independently of fermions. They are defined as Ĵ = J − ψ_{P1} ψ_{P ∗1} − ψ_{P2} ψ_{P ∗2} , F̂ = F , P̂_i = P_i − ψ_F ψ_{Pi} , P̂^∗_i = P^∗_i + ψ_F ψ_{P ∗i} , (4.14) which again satisfy the same OPEs (4.10) but have no singular OPEs with the free fermions. N = 1 supercurrent is now defined in the standard fashion G = Ĵψ_F + F̂ ψ_J + 2∑ i=1 (P̂_iψ_P ∗_i + P̂^∗_i ψ_i + ψ_F ψ_{Pi} ψ_P ∗_i )

= Jψ_F + F ψ_J + 2∑ i=1 (P̂_iψ_P ∗_i + P̂^∗_i ψ_i) , (4.15) and the total currents can be given by acting G on the fermions ψ_J , ψ_F , ψ_{Pi} and ψ_P ∗_i as it should be.

We can continue the analysis by using the abstract current algebra techniques in principle. However, it is easier to make use of the following free field realizations as given in [29, 39]. We introduce free bosons X^+, X^−, Z_i and Z^∗_i (i = 1, 2) defined by the OPEs X^+(z)X^−(w) ∼ − ln(z − w) , Z_i(z)Z^∗_j (w) ∼ −δ_{ij} ln(z − w) , (4.16) and rewrite the fermions ψ_J , ψ_F , ψ_{Pi} and ψ_P ∗_i as ψ_F = ψ^+ , ψ_J = ψ^− , ψ_{Pi} = ψ_ie^{iX +} , ψ_P ∗_i = ψ^∗_i e^{−iX +} , (4.17) where the new fermions are defined by ψ^+(z)ψ^−(w) ∼ 1 z − w , ψ_i(z)ψ^∗_j (w) ∼ δ_{ij} z − w . (4.18) The total currents can be now expressed as F = i∂X^+ , J = i∂X^− , P_i = e^{iX +} (i∂Z_i + ψ^+ψ_i) , P^∗_i = e^{−iX +} (i∂Z^∗_i − ψ^+ψ^∗_i ) , (4.19) and the bosonic currents are written as

F̂ = i∂X^+ , Ĵ = i∂X^− − ψ_1ψ^∗_1 − ψ_2ψ^∗_2 − 2i∂X^+ ,

P̂_i = e^{iX +} i∂Z_i , P̂^∗_i = e^{−iX +} i∂Z^∗_i . (4.20)

In terms of these free fields the superconformal current is rewritten as the standard form of flat background

G = ψ^+i∂X^− + ψ^−i∂X^+ + ψ^∗_i i∂Z_i + ψ_ii∂Z^∗_i . (4.21)

We also introduce free fields Y^i and λ^i (i = 1, 2, 3, 4) to describe the remaining T^4 sector as λ^i(z)λ^j (w) ∼ δ^{ij} z − w , Y^i(z)Y^j (w) ∼ −δ^{ij} ln(z − w) . (4.22) In order to analyze space-time fermions, we have to introduce spin fields, which are defined by using bosonized fermions. We bosonize the fermions as

ψ^{±0} = ψ^± = e^{±iH0} ,

ψ^{+j} = ψ_j = e^{+iHj} , ψ^{−j} = ψ^∗_j = e^{−iHj} , ψ^{±3} = 1 √ 2 (λ^1 ± iλ^2) = e^{±iH3} ,

ψ^{±4} = 1 √ 2 (λ^3 ± iλ^4) = e^{±iH4} , (4.23)

and define the spin fields as

S^{ϵ0 ϵ1ϵ2 ϵ3 ϵ4} = exp i 2 4∑ j=0 ϵ_j H_j . (4.24)

The GSO condition imposes

∏_4

j=0 ϵ_j = +1 in the convention of this thesis. Precisely speaking, the OPEs including the spin fields are affected by cocycle factors and they depend on the notation of gamma matrices, which is summarized in appendix A.

4.2 Hilbert Space of H_6 Super WZW Model

The irreducible representations of the current algebra of generalized Nappi-Witten model (that is the H_6 WZW model) are classified in [29, 39]. We shall here focus on the Type II representation (corresponding to the highest weight representation of the zero-mode subalgebra in subsection 3.3) and later we discuss the other types of representations. The vacuum state (in the NS sector) is characterized by J_0|j, η⟩ = j|j, η⟩ , F_0|j, η⟩ = η|j, η⟩ , P_{i,n}|j, η⟩ = 0 , (^∀n ≥ 0) , P^∗_{i,n}|j, η⟩ = 0 , (^∀n > 0) , Ψ_r|j, η⟩ = 0 , (^∀r > 0 , r ∈ 1 2 + Z) , (4.25)

where Ψ represents all the fermionic fields ψ_J , ψ_F , ψ_{Pi} and ψ_P ∗_i . We assume that j ∈ R and 0 < η < 1.

It is useful to rewrite this representation (4.25) in terms of the free fields X^±, Z_i, Z^∗_i , ψ^±, ψ_i and ψ^∗_i . This is nothing but a Fock representation with the Fock vacuum defined by the vertex operator V = exp ( ijX^+ + iηX^− ) σ_η , (4.26) where σ_η is the (chiral) twist field. This field imposes the boundary conditions i∂Z_i(e^{2πi}z) = e^{−2πiη}i∂Z_i(z) , ψ_i(e^{2πi}z) = e^{−2πiη}ψ_i(z) , i∂Z^∗_i (e^{2πi}z) = e^{2πiη}i∂Z^∗_i (z) , ψ^∗_i (e^{2πi}z) = e^{2πiη}ψ^∗_i (z) , (4.27)

which ensure the locality of H_6 supercurrents. More precisely, σ_η should have the following OPEs i∂Z_i(z)σ_η(w) ∼ (z − w)^{−η}τ^i_η(w) , i∂Z^∗_i (z)σ_η(w) ∼ (z − w)^{η−1}τ^{′i}_η(w) , ψ_i(z)σ_η(w) ∼ (z − w)^{−η} t^i_η(w) , ψ^∗_i (z)σ_η(w) ∼ (z − w)^ηt^{′i}_η(w) , (4.28)

where τ^i_η, τ^{′i}_η, t^i_η and t^{′i}_η are descendant twist fields. This twist operator σ_η has the conformal weight h(σ_η) = 2 × 1 2 η(1 − η) + 2 × 1 2 η^2 = η . (4.29)

As already discussed in [29, 39, 41], there is the spectral flow symmetry J_n → J_n , F_n → F_n + pδ_{n,0} , P_{i,n} → P_{i,n+p} , P^∗_{i,n} → P^∗_{i,n−p} , ψ_{J, r} → ψ_{J, r} , ψ_{F, r} → ψ_{F, r} , ψ_{Pi, r} → ψ_{Pi, r+p} , ψ_P ∗_{i , r} → ψ_P ∗_{i , r−p} , (4.30) and hence we also consider the flowed representation as the natural extensions of (4.25). The vacuum states are given by (where we use p ∈ Zas the spectral flow number) J_0|j, η, p⟩ = j|j, η, p⟩ , F_0|j, η, p⟩ = (η + p)|j, η, p⟩ , P_{i,n}|j, η, p⟩ = 0 , (^∀n ≥ −p) , P^∗_{i,n}|j, η, p⟩ = 0 , (^∀n > p) , ψ_{J, r}|j, η, p⟩ = 0 , (^∀r > 0) , ψ_{F, r}|j, η, p⟩ = 0 , (^∀r > 0) , ψ_{Pi, r}|j, η, p⟩ = 0 , (^∀r > −p) , ψ_P ∗_{i , r}|j, η, p⟩ = 0 , (^∀r > p) , (4.31) where n ∈ Z and r ∈ 1/2 + Z. This spectral flow symmetry (4.30) is actually the counterpart of that for SL(2; R) × SU(2) WZW model [25, 26] and it is not difficult to confirm it directly by taking the contraction (4.8). We will later focus on the sectors with non-zero spectral flow number p to realize the (almost) BPS states and discuss the correspondence with the symmetric orbifold theory. We can again realize the flowed representation (4.31) by means of the Fock representation, in which the Fock vacuum corresponds to the vertex operator

V = exp ( ijX^+ + i(η + p)X^− ) σ_η . (4.32)

We should comment on the other types of irreducible representations of H_6 current algebra. (The irreducible representations of the zero-mode subalgebra are given in subsection 3.3.) The Type III representations have the lowest weights and the eigenvalues of F take −1 < η < 0. The Type I representations have neither the highest nor lowest weights and the eigenvalues of F are η = 0. There are also their spectrally flowed representations. As in the case of SL(2; R) WZW model, (see, for example, [26]) the spectral flow symmetry interchanges the Type III representation with the Type II representation. In fact, we can easily see that

H^{(II)}_{j,η,p} ∼= H^{(III)}_{j,η−1,p+1} , (4.33) where H^{(II)}_{j,η,p} is the flowed Type II representation defined by using the vacuum (4.31) and H^{(III)}_{j,η,p} is the flowed Type III representation defined in the similar way. (We must also make the redefinitions of fermionic oscillators as ψ^′_{Pi , r} := ψ_{Pi , r+1} and ψ^′_P ∗_{i , r} := ψ_P ∗_{i , r−1} to equate the both sides of (4.33).) Therefore, we only have to consider the Type II representation if assuming the spectral flow symmetry. We also note that p ≥ 0 representations correspond to positive energy states and p < 0 representations to negative energy ones in the original AdS_3 string theory.

On the other hand, the Type I representations seem to be the counterparts of the principal continuous series in string theory on AdS_3. Because there are no twisted fields in this sector, the vacua of Type I representations correspond to the vertex operators

V = exp ( ipX^− + i(j + n)X^+ + ip^∗_i Z_i + ip_iZ^∗_i ) , n ∈ Z. (4.34) If we do not consider the spectral flow (p = 0), there are only trivial massless states with zero energy, that do not propagate along the transverse plane (Z_i, Z^∗_i directions) just as the classical wave functions with p_− = 0 in subsection 3.3. For the cases of flowed Type I representations (p ≠ 0), many physical states are possible. The spectra of lightcone energies in these sectors are continuous and the strings freely propagate along the transverse plane. It is quite natural to identify these sectors with “long string sectors” in string theory on AdS_3 [26]. On the other hand, the Type II (and Type III) representation should correspond to “short string sectors”, because they are the counterparts of the discrete series in string theory on AdS_3. The strings in these sectors cannot freely propagate along the transverse plane because the string coordinates Z_i, Z^∗_i are twisted.

4.3 Physical Vertices of Superstring on NSNS PP-Wave

In this section we turn to physical vertex operators in superstring theory on the ppwave background with NSNS-flux. We use the BRST quantization and physical states correspond to the elements of the BRST cohomology. We shall concentrate on the Type II representation with p ≥ 0 for the time being and we will discuss later the Type I representation. In order to construct the physical vertices, it is convenient to make use of the free field representation previously discussed. We fix the Fock vacuum as |j, η, p⟩ = σ_ηe^{ijX ++i(η+p)X −} |0⟩ , 0 < η < 1, p ∈ Z_{≥0} . (4.35) The light-cone formalism is manifestly ghost free, however the covariant formalism needs a no-ghost theorem. In order to prove the no-ghost theorem, it is convenient to construct

DDF operators which are BRST invariant and generate the physical spectrum. In our case, the spectrum in the light-cone gauge is obtained in (3.57) or (3.63), and we construct DDF operators which generate these spectrum in this subsection. Here we introduce the superghosts (γ, β) or the bosonized ones (ϕ, ξ, η). The BRST charge has the standard form of the free superstring theory as [62]

Q_{BRST} = ∮ [ c ( T − 1 2 (∂ϕ)^2 − ∂^2ϕ − η∂ξ + ∂cb ) + ηe^ϕG − bη∂ηe^{2ϕ} ] , (4.36)

where T and G are the total stress tensor and the superconformal current constructed from the free fields X^±, Z_i, Z^∗_i , Y^i, ψ^±, ψ_i, ψ^∗_i and λ^i.

The most important vertex operators are the generators of space-time supersymmetry algebra (B.6), (B.9) and (B.10), which are defined in appendix B. The generators of bosonic part are nothing but the zero-modes of world-sheet H_6 (total) currents J = ∮ ψ^−e^{−ϕ} = ∮ i∂X^− = J_0 ,

F = ∮ ψ^+e^{−ϕ} = ∮ i∂X^+ = F_0 ,

P_i = ∮ ψ_ie^{iX +} e^{−ϕ} = ∮ ( i∂Z_i + ψ^+ψ_i ) e^{iX +} = P_{i, 0} ,

P^∗_i = ∮ ψ^∗_i e^{−iX +} e^{−ϕ} = ∮ ( i∂Z^∗_i − ψ^+ψ^∗_i ) e^{−iX +} = P^∗_{i, 0} , (4.37)

where we implicitly identify the operators by using the picture changing operator^{12}. The generators of fermionic part are obtained by using the spin fields (4.24) as (in the (−1/2) picture)

Q^{++a} = ∮ S^{+++aa}e^{iX +} e^{− ϕ2} , Q^{−−a} = ∮ S^{+−−aa}e^{−iX +} e^{− ϕ2} ,

Q^{+−a} = ∮ S^{−+−aa}e^{− ϕ2} , Q^{−+a} = ∮ S^{−−+aa}e^{− ϕ2} . (4.38)

These operators manifestly BRST invariant and they can locally act on the Fock space associated with |j, η, p⟩ (irrespective of the values of j, η and p). We can directly check that they generate the super pp-wave algebra (B.6), (B.9) and (B.10). In particular, we note that {Q^{−+a}, Q^{+−b}} = ϵ^{ab}J , [J , Q^{±∓a}] = 0 , (4.39) 12The picture means the number n for e^{−nϕ} in vertices. We can change the picture of the vertices by making use of the picture changing operators without affecting the BRST cohomology.

which indicates that Q^{−+a} and Q^{+−a} play the role of supercharges with the “Hamiltonian” J . In terms of appendix C, these are the “dynamical” supercharges.

In order to analyze the spectrum of physical states we further need to introduce DDF operators. We propose the following DDF operators as the “affine extension” of (4.37) and (4.38) P_{i, n} = 1 √ p + η ∮ ψ_ie^{i n+ηp+η X +} e^{−ϕ} ,

P^∗_{i, n} = 1 √ p + η ∮ ψ_ie^{i n−ηp+η X +} e^{−ϕ} ,

Q^{++a}_n = 1 √ p + η ∮ S^{+++aa}e^{i n+ηp+η X +} e^{− ϕ2} ,

Q^{−−a}_n = 1 √ p + η ∮ S^{+−−aa}e^{i n−ηp+η X +} e^{− ϕ2} . (4.40) These operators are BRST invariant and locally act on the Fock space associated with |j, η, p⟩ (of the fixed η and p). Later we will compare the spectrum generated by these DDF operators with the light-cone spectrum. It is obvious that √ p + ηP_{i, p} = P_i , √ p + ηP^∗_{i, −p} = P^∗_i , √ p + ηQ^{++a}_p = Q^{++a} , √ p + ηQ^{−−a}_{−p} = Q^{−−a} . (4.41) Note that the supercharges Q^{±∓a} do not have such affine extensions because the BRST invariance cannot be preserved. The DDF operators (4.40) satisfy the following (anti- )commutation relations (up to the picture changing and BRST exact terms) [P_{i, m}, P^∗_{j, n}] = m + η p + η δ_{ij} δ_{m+n,0} , {Q^{−−a}_m , Q^{++b}_n } = ϵ^{ab}δ_{m+n,0} ,

[J , P_{i, n}] = n + η p + η P_{i, n} , [J , P^∗_{i, n}] = n − η p + η P^∗_{i, n} ,

[J , Q^{++a}_n ] = n + η p + η Q^{++a}_n , [J , Q^{−−a}_n ] = n − η p + η Q^{−−a}_n . (4.42)

It is also useful to remark that (P_{i, n}, Q^{++a}_n ) and (P^∗_{i, n}, Q^{−−a}_n ) are the supermultiplets with respect to the supercharges Q^{+−a} and Q^{−+a}. More precisely, we find the relations P_{1, n}^{Q−+a}−→ Q^{++a}_n^{Q−+(−a)}−→ P_{2, n}^{Q−+∗}−→ 0 0^{Q+−∗}←− P_{1, n}^{Q+−(−a)}←− Q^{++a}_n^{Q+−a}←− P_{2, n} , (4.43)

P^∗_{1, n}^{Q+−a}−→ Q^{−−a}_n^{Q+−(−a)}−→ P^∗_{2, n}^{Q+−∗}−→ 0 0^{Q−+∗}←− P^∗_{1, n}^{Q−+(−a)}←− Q^{−−a}_n^{Q−+a}←− P^∗_{2, n} , (4.44) and the explicit forms of (anti-)commutation relations are

[Q^{−+a}, P_{1,n}] = n + η p + η Q^{++a}_n , [Q^{+−a}, P^∗_{1,n}] = n − η p + η Q^{−−a}_n ,

[Q^{+−a}, P_{2,n}] = n + η p + η Q^{++a}_n , [Q^{−+a}, P^∗_{2,n}] = − n − η p + η Q^{−−a}_n ,

{Q^{+−a}, Q^{++b}_n } = −ϵ^{ab}P_{1,n} , {Q^{−+a}, Q^{−−b}_n } = ϵ^{ab}P^∗_{1,n} , {Q^{−+a}, Q^{++b}_n } = ϵ^{ab}P_{2,n} , {Q^{+−a}, Q^{−−b}_n } = ϵ^{ab}P^∗_{2,n} . (4.45) In order to construct the remaining DDF operators for the T^4 directions, it is convenient to relabel the fermions λ^i as

λ^{+−} = 1 √ 2 (λ^1 + iλ^2) , λ^{−+} = 1 √ 2 (−λ^1 + iλ^2) ,

λ^{++} = 1 √ 2 (−λ^3 − iλ^4) , λ^{−−} = 1 √ 2 (−λ^3 + iλ^4) , (4.46)

and the free bosons Y^{aȧ} as in the similar way. These fields satisfy the following OPEs λ^{aȧ}(z)λ^{bḃ}(w) ∼ ϵ^{ab}ϵ^{ȧḃ} z − w , Y^{aȧ}(z)Y^{bḃ}(w) ∼ −ϵ^{ab}ϵ^{ȧḃ} ln(z − w) . (4.47)

Then the DDF operators can be given by

A^{aȧ}_n = 1 √ p + η ∮ λ^{aȧ}e^{i np+η X +} e^{−ϕ} = 1 √ p + η ∮ i∂Y^{aȧ}e^{i np+η X +} ,

B^{+±}_n = − 1 √ p + η ∮ S^{+−+∓±} e^{i np+η X +} e^{− ϕ2} ,

B^{−±}_n = 1 √ p + η ∮ S^{++−∓±} e^{i np+η X +} e^{− ϕ2} , (4.48)

and they satisfy

[A^{aȧ}_m , A^{bḃ}_n ] = m p + η δ_{m+n}ϵ^{ab}ϵ^{ȧḃ} , [B^{αȧ}_m , B^{βḃ}_n ] = δ_{m+n}ϵ^{ab}ϵ^{ȧḃ} ,

[J , A^{aȧ}_n ] = n p + η A^{aȧ}_n , [J , B^{αȧ}_n ] = n p + η B^{αȧ}_n . (4.49)

The pair of (A^{aȧ}_n , B^{αȧ}_n ) again become supermultiplets with respect to Q^{±∓a} A^{aȧ}_n^{Q∓±(−a)}−→ B^{±ȧ}_n^{Q±∓(−a)}−→ A^{(−a)ȧ}_n^{Q∗∗(−a)}−→ 0 0^{Q∗∗a}←− A^{aȧ}_n^{Q±∓a}←− B^{±ȧ}_n^{Q∓±a}←− A^{(−a)ȧ}_n , (4.50) more precisely, [Q^{+−a}, A^{bḃ}_n ] = n p + η ϵ^{ab}B^{−ḃ}_n , [Q^{−+a}, A^{bḃ}_n ] = − n p + η ϵ^{ab}B^{+ḃ}_n ,

{Q^{−+a}, B^{−ḃ}_n } = −A^{aḃ}_n , {Q^{+−a}, B^{+ḃ}_n } = −A^{aḃ}_n . (4.51) 4.4 Spectrum of Physical States

Let us consider the spectrum which is generated by the DDF operators constructed in the previous subsection. More precisely speaking, we are interested in the physical states corresponding to almost BPS states in the dual CFT characterized by Δ + Q ∼ k ≫ 1 , Δ − Q ≪ k . (4.52) This condition is equivalent to^{13} F ≳ 1 , |J | ≪ k , (4.53) and all string excitations satisfy this condition in the Penrose limit k → +∞. BPS states correspond to the ones with J = 0 and belong to the short multiplets of the superalgebra (4.37) and (4.38). The condition F ≳ 1 only leads to the restriction p ≥ 1 with respect to the spectral flow number p. (We only consider the positive energy states.)

We concentrate on the sectors with no momenta along T^4 direction for the time being. It is not difficult to write down the complete list of BPS states for each of the fixed p and η. In the NS sector, we obtain (where we focus on the left-movers only) |ω^0; η, p⟩ = ψ_{1,−} 1_{2 +η} |0, η, p⟩ ⊗ ce^{−ϕ}|0⟩_{gh} , |ω^2; η, p⟩ = ψ_{2,−} 1_{2 +η} |0, η, p⟩ ⊗ ce^{−ϕ}|0⟩_{gh} , (4.54) and we have two more BPS states in the R-sector as |ω^{1±}; η, p⟩ = (S^{−++∓±} )_− 5_{8 +η}|0, η, p⟩ ⊗ ce^{− ϕ2} |0⟩_{gh} . (4.55)

13In our convention, the BPS inequality is equivalent to J ≤ 0.

Here we point out the next relation, which is useful for our discussion |ω^0; η, p⟩^{B+ȧ0}−→ |ω^{1ȧ}; η, p⟩^B +(−ȧ) 0−→ |ω^2; η, p⟩^{B+∗0}−→ 0 0^{B−∗0}←− |ω^0; η, p⟩^B −(−ȧ) 0←− |ω^{1ȧ}; η, p⟩^{B−ȧ0}←− |ω^2; η, p⟩ . (4.56) There is an obvious correspondence between the BPS states and the “chiral part” of the cohomology ring of T^4 by identifying B^{+ȧ}_0 with holomorphic one-form dZ^ȧ on T^4. Therefore, emphasizing the correspondence to H^∗(T^4), the non-chiral BPS states can be explicitly written as |ω^{(q,q̄)}; η, p⟩ = |ω^q; η, p⟩ ⊗ |ω^{q̄}; η, p⟩ , (^∀ω^{(q,q̄)} ∈ H^{q,q̄}(T^4)) . (4.57) These states have degenerate charge F = p + η for each sector of p and η.

We can construct the other types of physical states by making the DDF operators (4.40) and (4.48) act on these BPS states. We first note that the BPS states are actually the Fock vacua with respect to (4.40) and (4.48); P_{i, n}|ω; η, p⟩ = 0 , (^∀n ≥ 0) , P^∗_{i, n}|ω; η, p⟩ = 0 , (^∀n > 0) , Q^{++a}_n |ω; η, p⟩ = 0 , (^∀n ≥ 0) , Q^{−−a}_n |ω; η, p⟩ = 0 , (^∀n > 0) , A^{aȧ}_n |ω; η, p⟩ = 0 , (^∀n ≥ 0) , B^{αȧ}_n |ω; η, p⟩ = 0 , (^∀n > 0) . (4.58) (For B^{αȧ}_0 , see (4.56).) We hence obtain B^{α1ȧ1}_{−n1} · · · Q^{++b1}_{−m1} · · · Q^{−−c1}_{−k1} · · · ⊗ B̄^{ᾱ1¯ȧ1}_{−n̄1} · · · Q̄^{++b̄1}_{−m̄1} · · · Q̄^{−−c̄1}_{−k̄1} · · · |ω; η, p⟩ , n_i, n̄_i, m_i, m̄_i > 0 , k_i, k̄_i ≥ 0 ,^∀ω ∈ H^∗(T^4) , (4.59) as typical physical states. These states become almost BPS under the condition |J + J̄ | ≡ 1 p + η [( ∑ i n_i + ∑ i (m_i − η) + ∑ i (k_i + η) )

+ ( ∑ i n̄_i + ∑ i (m̄_i − η) + ∑ i (k̄_i + η) )] ≪ k , (4.60) which is always satisfied for sufficiently large k. Other states can be obtained by multiplying the supercharges Q^{±∓a}. Recall that we should include the helicity in the transverse plane J − J̄ = h ∈ Zas in (3.30). Then the level matching condition becomes ( ∑ i n_i + ∑ i (m_i − η) + ∑ i (k_i + η) )

− ( ∑ i n̄_i + ∑ i (m̄_i − η) + ∑ i (k̄_i + η) ) ∈ (p + η)Z. (4.61)

We should note that under the limiting procedure k → ∞, a huge number of stringy excitations of the original AdS_3 superstring theory are included in our physical Hilbert space of pp-wave superstring theory. These states could correspond to very massive states, (which could possess very large energies −J^3_0 ) although they have the small J -charges. This fact gives us a theoretical ground for making it possible to identify a lot of stringy excitations with the objects in the dual theory as in [12].

In order to complete our discussion, we also consider the sectors with non-trivial momenta along T^4 direction. Although there are no BPS states in these sectors, it is possible to construct almost BPS states. We only consider a rectangular torus for simplicity and use R_a (a = 1, 2, 3, 4) as the radii. The momenta of T^4 sector can be written as

p_a = n_a R_a + w^aR_a 2 , p̄_a = n_a R_a − w^aR_a 2 , (n_a, w^a ∈ Z) , (4.62)

where n_a and w^a are KK momenta and winding modes, respectively. We have used the convention α^′ ≡ l^2_s = 2. The simplest physical states (in the NSNS sector) have the next form ψ_{i,−} 1_{2 +η}ψ̄¯_{i,−} 1_{2 +η}|j, j̄, η, p; n_a, w^a⟩ ⊗ cc̄e^{−ϕ−ϕ̄}|0⟩_{gh} , (4.63) where |j, j̄, η, p; n_a, w^a⟩ corresponds to the vertex operator e^{i(jX ++(p+η)X −+pa Y a)} ⊗ e^{i(j̄X̄ ++(p+η)X̄ −+p̄aȲ a)} . (4.64) The on-shell condition leads to j = − 1 2(p + η) ∑ a p^2_a , j̄ = − 1 2(p + η) ∑ a p̄^2_a , (4.65)

and the level matching condition j − j̄ ∈ Zamounts to ∑ a n_aw^a ∈ (p + η)Z. (4.66)

The general physical states are obtained by making the DDF operators (4.40) and (4.48) and supercharges Q^{±∓a} act on the above states (4.63). The condition for the almost BPS states is again given by |J + J̄ | ≪ k , (4.67) and the level matching condition is J − J̄ ∈ Z. (4.68) We have again a huge number of stringy states for sufficiently large k.

Now we obtain the complete spectrum generated by the DDF operators, thus we can compare the spectrum with the one from the light-cone analysis (3.63). In our case, the spectrum of light-cone energies is given by H_{l.c.} = −^1_2 (J + J̄ ). In particular, in the case of p = 0^{14}, we can obtain

H_{l.c.} = − 1 2 (J + J̄ ) = 1 2η (N + N̄) + 1 2 (J + J̄) + 1 4η ( ∑ a p^2_a + ∑ a p̄^2_a ) , (4.69)

where N and N̄ are the mode counting operators and J and J̄ are the “angular momentum operators”. These operators act on the DDF operators as [N, O_n] = −nO_n , (O_n = P_{i, n}, P^∗_{i, n}, Q^{++a}_n , Q^{−−a}_n , A^{aȧ}_n , B^{αȧ}_n ) , [J, O_n] = −O_n , (O_n = P_{i, n}, Q^{++a}_n ) ,

[J, O_n] = O_n , (O_n = P^∗_{i, n}, Q^{−−a}_n ) ,

[J, O_n] = 0 , (O_n = A^{aȧ}_n , B^{αȧ}_n ) . (4.70)

The level matching condition is expressed as J −J̄ ≡ h ∈ Z, which leads to the conditions N − N̄ = 0 and J − J̄ ≡ h ∈ Zfor generic value of η.

In order to compare the spectrum (3.63), we identify N and N̄ as N̂_L and N̂_R and J and J̄ as Ĵ_L and Ĵ_R without zero mode shifts. The zero mode shifts are included in the definition of the “Fock vacua” (4.58). We also identify f = 1/2, η = 2α^′p_v and p^2_A = α^′p^2_a + α^′p̄^2_a. Precisely speaking, the fermions used in subsection 3.4 is the ones in the light-cone RNS formalism, on the other hand, the fermions used in this section corresponding to the ones in the light-cone Green-Schwarz formalism. We can exchange these two notations of fermions by using the triality symmetry on SO(8) Lie algebra or the bosonization of fermions. Using these relations, we can show that the spectrum (4.69) is consistent with the result given in (3.63).

14We can extend this correspondence to the case of general p by relabeling the modes as we mentioned just below (3.50).

To conclude the analysis of Hilbert space of superstrings on the NSNS pp-wave, we should also comment on physical states in the sectors of spectrally flowed Type I representations. The analysis is quite simple because it can be described by the usual free fields without twist operators. As we have already mentioned, it is plausible to suppose that they correspond to long strings in string theory on AdS_3 [63, 64, 26]. More precisely, the strings in these sectors possess a continuous spectrum of the light-cone energies and can freely propagate along the transverse plane. The corresponding excitations do not seem to exist in the symmetric orbifold theory, which will be analyzed in the next section, because it only includes the discrete spectrum. The D1/D5 system (and also the F1/NS5 system) has the singularity related to the moduli point where the D1-branes are emitted from the D5-branes. The existence of the long strings are related to this singularity [64], however the symmetric orbifold theory does not have the singularity. Therefore we expect that we obtain the corresponding excitations by correctly deforming the symmetric orbifold theory. More detailed discussions will be given in subsection 5.3.

5 Comparison with SCFT on Sym^M (T^4)

Superstring theory on AdS_3 × S^3 × M^4 has been proposed to be dual to N = (4, 4) nonlinear sigma model on the symmetric orbifold space Sym^M (T^4) ≡ (T^4)^M /S_M [3, 13]. In the case of F1/NS5 system with Q_1 fundamental strings and Q_5 NS5-branes, M is given by M = Q_1Q_5. By taking the near horizon limit of F1/NS5 system, we can identify Q_5 as the level k of SL(2; R) and SU(2) WZW models as we mentioned above. Since the sum of the winding numbers of world-sheet is Q_1 (see, e.g., [17]), the number Q_1 should be the implicit upper bound of winding number p, which corresponds to the spectral flow index. In our analysis, we can use any p since we take Q_1 → ∞ limit. In the next subsection, we review non-linear sigma model on the symmetric orbifold Sym^M (T^4). In subsection 5.2, we analyze the spectrum of BPS and almost BPS states with large R-charges and compare the spectrum of short string sectors with positive energies. We have found many missing states in the superstring side and we discuss this point by comparing the case with RR-flux in subsection 5.3.

5.1 Review of SCFT on Sym^M (T^4)

N = (4, 4) superconformal field theory defined by supersymmetric sigma model on the symmetric orbifold Sym^M (T^4) ≡ (T^4)^M /S_M is described as follows. We use 4M free bosons X^{aȧ}_{(A)} (A = 0, 1, 2, . . . , M − 1, a, ȧ = ±) and free fermions Ψ^{αȧ}_{(A)} and Ψ̄^{α̇ȧ}_{(A)} as fundamental fields. The superconformal symmetry is realized by the following currents (where we only write the left-mover)^{15} T (z) = − 1 2 ∑ A ϵ_{ab} ϵ_ȧ˙_b ∂X^{aȧ}_{(A)} ∂X^{bḃ}_{(A)} − 1 2 ∑ A ϵ_{αβ} ϵ_ȧ˙_b Ψ^{αȧ}_{(A)} ∂Ψ^{βḃ}_{(A)} ,

G^{αa}(z) = i ∑ A ϵ_ȧ˙_b Ψ^{αȧ}_{(A)} ∂X^{aḃ}_{(A)} ,

K^{αβ}(z) = − 1 2 ∑ A ϵ_ȧ˙_b Ψ^{αȧ}_{(A)} Ψ^{βḃ}_{(A)} . (5.1)

15We should emphasize that (z, z̄) are the coordinates of space-time superconformal field theory and not related to that of the string world-sheet used in the previous sections.

In our convention, we set ϵ^{+−} = ϵ_{−+} = 1 and ϵ^{−+} = ϵ_{+−} = −1 and the OPEs of free fields are written as

X^{aȧ}_{(A)}(z)X^{bḃ}_{(B)}(0) ∼ −δ_{AB}ϵ^{ab}ϵ^{ȧḃ} ln z , Ψ^{αȧ}(z)Ψ^{βḃ}(0) ∼ δ_{AB} ϵ^{αβ}ϵ^{ȧḃ} z . (5.2)

The usual convention of SU(2) current is given by

K^3 = K^{+−} = K^{−+} , K^+ = K^{++} , K^− = −K^{−−} . (5.3)

These currents generate N = 4 (small) superconformal algebra (SCA) with central charge c = 6M and their OPEs are T (z)T (w) ∼ 3M (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w ,

T (z)K^{αβ}(w) ∼ K^{αβ} (w) (z − w)^2 + ∂K^{αβ}(w) z − w ,

K^{αβ} (z)K^{γδ}(w) ∼ − M(ϵ^{αγ} ϵ^{βδ} + ϵ^{αδ}ϵ^{βγ} ) 2(z − w)^2 − ϵ^{αγ} K^{βδ}(w) + ϵ^{αδ}K^{βγ} (w) + ϵ^{βγ}K^{αδ}(w) + ϵ^{βδ}K^{αγ} (w) 2(z − w) ,

T (z)G^{αa}(w) ∼ 3G^{αa}(w) 2(z − w)^2 + ∂G^{αa}(w) z − w ,

G^{αa}(z)K^{βγ} (w) ∼ − ϵ^{αγ} G^{βa}(w) + ϵ^{αβ}G^{γa}(w) 2(z − w) ,

G^{αa}(z)G^{βb}(w) ∼ ϵ^{ab} ( 2Mϵ^{αβ} (z − w)^3 + 2K^{αβ}(w) (z − w)^2 + ϵ^{αβ}T (w) + ∂K^{αβ}(w) z − w ) . (5.4)

The subalgebra of “zero-modes” {L_{±1}, L_0, G^{αa}_{±1/2}, K^{αβ}_0 } and the counterpart of the rightmovers compose super Lie algebra P SU(1, 1|2)_L × P SU(1, 1|2)_R. This subalgebra corresponds to the supersymmetric algebra on AdS_3 × S^3 geometry discussed in appendix B. According to the general approach to orbifold conformal field theories [18, 19, 20], we have various twisted sectors. The Hilbert space of each twisted sector is defined with the following boundary condition (z ≡ e^{τ +iσ}) as

Φ_{(A)}(τ, σ + 2π) = Φ_{g(A)}(τ, σ) , (5.5)

Figure 5: The configuration corresponding to a twisted sector of the symmetric orbifold theory. There are connected world-sheets with length 2πn_i in the Z_{ni}-twisted sector. In the notation in this figure, ∑_k i=1 n_i = M and n_i can take the same value as n_j for i ≠ j.

where Φ_{(A)}(τ, σ) represents X^{aȧ}_{(A)}, Ψ^{αȧ}_{(A)} and Ψ̄^{α̇ȧ}_{(A)}. The Hilbert space of the symmetric orbifold theory can be decomposed as (see, for example, [65])

H(Sym^M (T^4)) = ⨁ γ H^{Cγ}_γ , (5.6)

where we denote γ as a conjugacy class, which labels a twisted sector. The Hilbert space of the twisted sector has to be invariant under centralizer subgroup C_γ whose element g ∈ S_M satisfies ghg^{−1} = h for h ∈ γ.

The conjugacy class of symmetric permutation can be written as the form

γ = (1)^{N1} (2)^{N2} · · · (l)^{Nl} , (5.7)

with ∑ n nN_n = M. Each (n) denotes the cyclic permutation of n elements and N_n denotes the multiplicity of the cycle (n). The centralizer group C_γ can be given by the permutation of the N_n cycles (n) and the rotation of the cycle (n). The Hilbert space of the twisted sector is then given by H^{Cγ}_γ = ⨂ n>0 S^{Nn} H^{Zn}_{(n)} , (5.8)

where we denote S^{Nn} H as the (graded) symmetrization of tensor products of N_n Hilbert spaces H. Because of the twisted boundary condition (5.5), there are connected worldsheets with length 2πn in the Hilbert space H^{Zn}_{(n)} (see figure 5). The states in the Hilbert space H^{Zn}_{(n)} are invariant under the Z_n action and hence the sector of these states is called as Z_n-twisted sector. States in the Z_n-twisted sector correspond to single-particle states and states in the total Hilbert space generically correspond to multi-particle states. In order to compare with the physical spectrum of first quantized superstring theory, it is enough to focus on the single-particle Hilbert space. Hence, we shall concentrate on the Z_N-twisted sector (N ≤ M) from now on. More precisely speaking, we consider the conjugacy class γ = (1)^{M −N} (N) , (5.9) and only employ identity states in the Hilbert space S^{NM −N} H_{(1)}.

We label the objects in the Z_N-twisted sector by the index [A_0, A_1, · · · , A_{N −1}] = [0, 1, · · · , N − 1]. The coordinates of this sector are defined on the world-sheet 0 ≤ σ ≤ 2π, which is rescaled from the N-times one 0 ≤ σ ≤ 2πN. These coordinates are given by Φ(τ, σ) = Φ_{(n)}(τ, Nσ − 2πn) for 2πn N ≤ σ ≤ 2π(n + 1) N , (5.10)

with n = 0, 1, . . . , N − 1. These variables X^{aȧ}, Ψ^{αȧ} and Ψ̄^{α̇ȧ} can be used to construct N = 4 superconformal currents {L_n, G^{αa}_r , K^{αβ}_n } with central charge c = 6 in the manner similar to (5.1). The Z_n action to the Hilbert space H^{ZN}_{(N )} is given by the action of Φ_{(n)} → Φ_{(n+1)}. The invariance under this action amounts to imposing

L_0 − L̄_0 ∈ NZ, (5.11)

on the physical Hilbert space.

The superconformal currents compatible with the condition (5.11), which can act on the physical Hilbert space independently of the right-movers, consist of only the modes of n ∈ NZ. More precisely, the superconformal currents properly describing the Z_N-twisted sector {L̂_n, Ĝ^{αa}_r , K̂^{αβ}_n } should be defined as follows [66, 67] (from now on, we shall only present the NS sector)

L̂_n = 1 N L_{nN} + N^2 − 1 4N δ_{n0} ,

Ĝ^{αa}_r = 1√ N G^{αa (N S)} N r , (N = 2q + 1) , 1√ N G^{αa (R)}_{N r} , (N = 2q) , K̂^{αβ}_n = K^{αβ}_{nN} . (5.12)

One can check directly that these operators generate N = 4 superconformal algebra with c = 6N. The anomaly term in the expression of L̂_n corresponds essentially to the

Schwarzian derivative of the conformal mapping z → z^N . We should note that the modes of hatted current are counted by L̂_0. From now on, we also count the modes of objects in this sector by L̂_0 and hence the fractional modes are allowed.

From these definitions (5.12), we can find that the vacuum |0; N⟩ of Z_N-twisted sector possesses the following properties as

• N = 2q + 1 L̂_0|0; N⟩ = N^2 − 1 4N |0; N⟩ , K̂^3_0 |0; N⟩ = 0 . (5.13) • N = 2q L̂_0|0; N⟩ = ( N^2 − 1 4N + 1 4N ) |0; N⟩ ≡ N 4 |0; N⟩ ,

K̂^3_0 |0; N⟩ = −1 2 |0; N⟩ . (5.14)

When N is even, the supercurrent Ĝ^{αa}_r in the NS sector is made of the one in the R sector before imposing the Z_N-invariance. The extra vacuum energy “^1_{4N} ” and the extra R-charge “−^1_2 ” in the case of N = 2q originate from this fact.

Now, we focus on BPS states (chiral primary states) in the Z_N-twisted sector, which are defined by the next conditions L̂_n|α⟩ = ^̄L_n|α⟩ = 0 , (^∀n ≥ 1) , Ĝ^{+a}_r |α⟩ = ^̄G^{+a}_r |α⟩ = 0 , (^∀r ≥ −1 2 ) , Ĝ^{−a}_r |α⟩ = ^̄G^{−a}_r |α⟩ = 0 , (^∀r ≥ 1 2 ) . (5.15)

These conditions lead inevitably to

(L̂_0 − K̂^3_0 )|α⟩ = 0 . (5.16)

At this point it is not difficult to present the explicit forms of all the possible BPS states in the Z_N-twisted sector. (See, for example, [68].) They are written as

|ω^{(q,q̄)}; N⟩ = |ω^q; N⟩ ⊗ |ω^{q̄}; N⟩ ,^∀ω^{(q,q̄)} ∈ H^{q,q̄}(T^4) , (q, q̄ = 0, 1, 2) , (5.17)

where the left(right)-moving parts are defined by

• N = 2q + 1 |ω^0; N⟩ = q−1∏ i=0 Ψ^{++}_−(_{12N + iN} )Ψ^{+−}_−(_{12N + iN} )|0; N⟩ ,

|ω^{1ȧ}; N⟩ = Ψ^{+ȧ}_{− 12} |ω^0; N⟩ ,

|ω^2; N⟩ = Ψ^{++}_{− 12} Ψ^{+−}_{− 12} |ω^0; N⟩ . (5.18) • N = 2q |ω^0; N⟩ = q−1∏ i=0 Ψ^{++}_{− iN} Ψ^{+−}_{− iN} |0; N⟩ ,

|ω^{1ȧ}; N⟩ = Ψ^{+ȧ}_− 1_2 |ω^0; N⟩ ,

|ω^2; N⟩ = Ψ^{++}_{− 12} Ψ^{+−}_{− 12} |ω^0; N⟩ . (5.19) It is easy to check that L̂_0|ω^{(q,q̄)}; N⟩ = K̂^3_0 |ω^{(q,q̄)}; N⟩ = q + N − 1 2 |ω^{(q,q̄)}; N⟩ , ^̄L_0|ω_{(q,q̄)}; N⟩ = ^̄K_{30} |ω_{(q,q̄)}; N⟩ = q̄ + N − 1 2 |ω^{(q,q̄)}; N⟩ . (5.20)

5.2 Comparison with Superstring Spectrum

We have obtained the spectrum of superstrings on pp-wave in section 4 and in the previous subsection we have reviewed the symmetric orbifold theory. Therefore, it is time to compare the both Hilbert spaces. In this subsection we compare the (almost) BPS states with large R-charges in the Z_N-twisted sector with the states in superstring theory on the pp-wave. In the context of AdS_3/CF T_2 correspondence, L̂_0 and K̂^3_0 are identified with −J^3_0 and K^3_0 , respectively, which are the zero-modes of the total currents in SL(2; R) and SU(2) super WZW models. Recalling the relations (4.8), we must take the identification J ↔ K̂^3_0 − L̂_0 , F ↔ 1 k (K̂^3_0 + L̂_0) . (5.21) The condition of almost BPS states are (4.52) L̂_0 − K̂^3_0 ≪ k , L̂_0 + K̂^3_0 ∼ k . (5.22)

Since the subalgebra of “zero-modes” {L̂_{±1}, L̂_0, Ĝ^{αa}_{±1/2}, K̂^{αβ}_0 } corresponds to superalgebra on AdS_3 × S^3, we can define the Penrose limit on this subalgebra just as (B.5) and (B.8). In order to be consistent with the relation (5.21), it is natural to redefine as

J^′ = K̂^3_0 − L̂_0 , F^′ = 1 k (K̂^3_0 + L̂_0) ,

P^′_1 = − 1 √ k L̂_{+1} , P^{∗′}_1 = − 1√ k L̂_{−1} ,

P^′_2 = 1 √ k K̂^+_0 , P^{∗′}_2 = 1√ k K̂^−_0 ,

Q^{++±′} = ± 1 √ k Ĝ^{+±}_{12} , Q^{−−±′} = ± 1√ k Ĝ^{−±}_{− 12} ,

Q^{−+±′} = ±Ĝ^{+±}_− 1_2 , Q^{+−±′} = ±Ĝ^{−±}1_2 . (5.23)

By taking k → ∞ limit, these operators satisfy the commutation relations of super ppwave algebra (B.6), (B.9) and (B.10).

First, let us consider the BPS states. As we observed in (5.20), the BPS states in the Z_N-twisted sector satisfy

L̂_0 − K̂^3_0 = 0 , L̂_0 + K̂^3_0 ≊ N . (5.24)

The BPS states in the string theory side have the eigenvalues F = p + η in the sector with fixed p, η, the above relations and (5.21) imply the following identification η = l k , N = pk + l , (5.25)

with l = 1, 2, · · · , k − 1^{16}. Under this identification, we can show the correspondence between the BPS states (4.54) and (4.55) in the string theory side and the BPS states (5.18) or (5.19) in the dual CFT side.

At least with respect to the BPS states, we expect that the equal number of physical states exist in both of superstring theory on the AdS_3 × S^3 × T^4 and the pp-wave background. This statement is valid as long as superstring theory on the pp-wave is defined

16The threshold values l = 0 and k cannot be included because there is a restriction 0 < η < 1 in the type II representations. Moreover, the states with l = k − 1 corresponds to the missing states in the original AdS_3 × S^3 string theory for each p. (See, for example, [69, 23].) One might worry that η should be continuous in principle. These subtleties are, however, harmless for sufficiently large k.

by the contraction (4.8). Let us fix the spectral flow number p (≥ 1). It is known [23, 24] that there are about k × dim H^∗(T^4) BPS states with the R-charges^1_2 kp ≲ Q ≲^1_2 k(p + 1) in superstring theory on AdS_3 ×S^3 ×T^4. This values of R-charges amounts to F = p+l/k (0 ≤ l ≤ k) for each of the spectrally flowed sector. This is consistent with the assumption η = l/k (l = 1, 2, . . . , k − 1) (5.25) and the following physical Hilbert space

H^{(p)}_{pp-wave} = ⨁ l H_{pp-wave}(p, η = l/k) (5.26)

includes the equal number of BPS states as those of superstring theory on AdS_3 ×S^3 ×T^4.

Turning to the symmetric orbifold theory, we consider the following direct sum of the single-particle Hilbert spaces of the Z_{N (l)}-twisted sectors, (where we set N(l) ≡ kp + l (0 < l < k)) H^{(p)}_{symm} = ⨁ l H_{symm}(N(l) = kp + l) . (5.27)

It is obvious that H^{(p)}_{symm} and H^{(p)}_{pp-wave} have the equivalent spectrum of BPS states. We should also point out that the identification B^{+ȧ′}_0 (≡ Ψ^{+ȧ}_{− 12} ) = B^{+ȧ}_0 is consistent with the relation between (4.56) and (5.18), (5.19).

Next, let us consider the almost BPS states. For a moment, we again neglect the sectors with momenta along T^4 sector. The almost BPS states in the dual CFT side are obtained by acting the free oscillators Ψ^{±ȧ}_{∓ 12 + nN} and i∂X^{aȧ}n_N^{17} on the BPS states under the condition (5.22). Since we have confirmed the correspondence of the BPS states, the task is to look for the operators corresponding to the DDF operators. For the DDF operators of T^4 sector, we can find the corresponding operators as

B^{±ȧ ′}_n = Ψ^{±ȧ}_{∓ 12 + nkN} , A^{aȧ ′}_n = 1 √ N i∂X^{aȧ}nk_N , (5.28) which satisfy the same (anti-)commutation relations as those of the DDF operators (4.49). For the transverse coordinates of pp-wave background, we also construct the following

17Strictly speaking, the mode expansions of Ψ^{αȧ} and i∂X^{aȧ} depend on whether N is even or odd. However, we can safely neglect the difference 1/2N under the assumption of large N .

operators

P^{(l) ′}_{1, n} = − 1 √ N { N nk + l L̂_{nk+lN} − ( N nk + l − 1 ) K̂^3_{nk+lN} } ,

P^{∗(l) ′}_{1, n} = 1 √ N { N nk − l L̂_{nk−lN} − ( N nk − l + 1 ) K̂^3_{nk−lN} } ,

P^{(l) ′}_{2, n} = 1 √ N K̂^+_{−1+ nk+lN} , P^{∗(l) ′}_{2, n} = 1√ N K̂^−_{1+ nk−lN} ,

Q^{++±(l) ′} n = ± √ N nk + l Ĝ^{+±}_{− 12 + nk+lN} , Q^{−−±(l) ′}_n = ∓ √ N nk − l Ĝ^{−±}_{12 + nk−lN} . (5.29)

Under the identification of (5.25) and the large N limit, we can show that these operators satisfy the same (anti-)commutation relations as those of the corresponding DDF operators (4.42) and (4.49).

It is quite important to note that there are the equal number of degrees of freedom after taking such large N limit. The Hilbert space of Z_N-twisted sector is spanned by the free oscillators Ψ^{±ȧ}_{∓ 12 + nN} and i∂X^{aȧ}n_N and for each energy level there are the equal number of bosonic and fermionic oscillators as those defined in (5.28) and (5.29). Thus, the almost BPS states in the symmetric orbifold theory can be written in terms of the operators (5.28) and (5.29) as B^{α1ȧ1 ′}_{−n1} · · · Q^{++b1 (li) ′} −m_1 · · · Q −−c_1 (l_j )^′ −k_1 · · · ⊗ B̄ ᾱ_1¯ȧ_1^′ −n̄_1 · · · Q̄ ++b̄_1 (l̄_i)^′ −m̄_1 · · · Q̄ −−c̄_1 (l̄_j)^′ −k̄_1 · · · |ω; N(l)⟩ , n_i, n̄_i, m_i, m̄_i > 0 , k_i, k̄_i ≥ 0 ,^∀ω ∈ H^∗(T^4) , N(l) = kp + l , (5.30)

and the ones generated by acting (5.23). By considering the case with l_i = l̄_i = l, we obtain the states corresponding to the string states (4.59). The non-trivial consistency check is only the level matching condition. In the symmetric orbifold theory side, the level matching condition is given by L̂_0 − ^̄L_0 ∈ Z. (5.31)

This condition is consistent with the result of string theory side (4.61) under the above correspondence of DDF operators.

However, we should note here that the string Hilbert space H^{(p)}_{pp-wave} is strictly smaller than that of the symmetric orbifold theory;

H^{(p)}_{pp-wave} ⫋ H^{(p)}_{symm} . (5.32)

In fact, the general states (i.e., l_i ≠ l̄_i ≠ l) have no counterparts in the string side since we cannot define the corresponding DDF operators as local operators on the string Hilbert space. These missing states in the string spectrum may be compensated by nonperturbative excitations. Because we are now assuming the small string coupling, the non-perturbative excitations usually become very massive. Under the assumption of large k, the space of almost BPS states can include such very massive excitations in principle. However, our world-sheet analysis as a perturbative string theory cannot include such excitations.

Finally we consider the sectors with non-vanishing momenta along T^4. As in the spectrum of superstring theory, there are no BPS states in these sectors but there are many almost BPS states. Recall that J^′ = K̂^3_0 − L̂_0 and L̂_0 =^1_N L_0 +^{N 2−1}_{4N} . The operator L_0 includes the contribution of momenta with the standard normalization. Hence, we find that the contributions of momenta to J^′ and J̄^′ are given as follows (for the sector H_{symm}(N(l)) with N(l) ≡ kp + l)

ΔJ^′ = − 1 2N(l) ∑ a ( n^′_a R_a + w^{′a}R_a 2 )_2

, ΔJ̄^′ = − 1 2N(l) ∑ a ( n^′_a R_a − w^{′a}R_a 2 )_2

, (5.33)

where n^′_a and w^{′a} are KK momenta and winding modes as before. The level matching condition for the vacuum state becomes ∑ a n^′_aw^{′a} ∈ N(l)Z. (5.34) By comparing the analysis given in the last section (under the identification η = l/k), we obtain the following correspondence between the spectrum of superstring theory and that of the symmetric orbifold theory as

n^′_a = √ kn_a , w^{′a} = √ kw^a , (5.35)

where n_a and w^a are KK momenta and winding modes (4.62) in the string theory side^{18}.

We have observed that there are again many missing states in the string theory side. The essentially same aspect was already pointed out in the context of string theory on AdS_3×S^3×T^4 [21]. It may be worthwhile to comment on how such discrepancy is removed if assuming fractional string excitations. These excitations do not exist in the perturbative string spectrum and may be at least explained in the S-dual picture as discussed in section 3.1. The existence of k ≡ Q_5 NS5 leads to fractional strings with tension T̃ = T/k, where

18We can treat √ k as an integer number since we assume that k is very large.

T represents the tension of fundamental string. If we measure the radii of T^4 by the unit of string length l_s = 1/ √ T , namely, R_a = r_al_s, the momenta (4.62) becomes

p_a = 1 l_s (n_a r_a + w^ar_a ) , p̄_a = 1 l_s ( n_a r_a − w^ar_a ) . (5.36)

For the fractional strings, we should replace the string length l_s with l̃_s ≡ √ kl_s. Thus, we obtain

p_a = 1 √ k × 1 l_s (n_a r_a + w^ar_a ) , p̄_a = 1 √ k × 1 l_s (n_a r_a − w^ar_a ) , (5.37)

and the extra factor 1/ √ k completely compensates the spectrum of missing states.

5.3 Comments on Case with RR-Flux

As we saw in the last subsection, there are many missing states in the string side. This is because the superstring theory is compared with the supersymmetric sigma model at the orbifold point, which is a different moduli point from the one of the dual CFT. The dual CFT can be obtain by deforming from the orbifold point and we expect that almost BPS states with large R-charge are not sensitive to the deformation. However, the dual CFT is at a singular moduli point, so this expectation is too naive. In fact, there are some missing states in the superstring side even for the BPS states and they are related to the divergence due to the singularity as we said before.

One way to remove this difference is to deform the superstring theory in order to include some non-perturbative excitations as mentioned before. The other way is to deform the symmetric orbifold theory by using the corresponding marginal operator. In our case, we do not know how to deform the theory from the orbifold limit, but in the case with RR-flux, the corresponding deformation is conjectured in [48] and the spectra of two theories are compared in [50] by making use of the deformation. In order to clarify the point, we study the correspondence between superstrings on 6 dimensional pp-waves with RR-flux and non-linear sigma model on a resolution of Sym^{Q1Q5} (T^4) [47, 48, 50] in this subsection.

The Penrose limit of AdS_3 × S^3 with RR-flux is given by 6 dimensional pp-wave background with RR-flux. The metric of pp-wave is the same as that with NSNS-flux (3.10), but now NSNS-flux is replaced by RR-flux. Superstrings on the pp-wave with RR-flux can be quantized by Green-Schwarz formalism in the light-cone gauge [12, 44].

This is the same situation as superstrings on the maximally supersymmetric pp-wave with RR-flux and spectrum can be obtained in the way similar to (2.27) as

2p^− = −p_+ = H_{l.c.} = ∑ n N_n 1 + n^2 (α^′p^+)^2 + L^{T 4}_0 + L̄^{T 4}_0 α^′p^+

. (5.38)

We have the relation between the light-cone momenta in the superstring theory and conformal weights Δ and R-charges Q of operators in the space-time SCFT. Using that relation, the spectrum of the dual CFT is given by

Δ − Q = ∑ n N_n 1 + ( ng_sQ_5 Q )_2

+ g_sQ_5 ( L^{T 4}_0 + L̄^{T 4}_0 Q ) , (5.39)

where we use R^2 = α^′g_sQ_5 (3.3). Kaluza-Klein modes in T^4 sector can be explained by assuming the fractional D-strings as before. For the other modes, it was conjectured in [47, 48] that the general modes of four bosons and four fermions in the light-cone spectrum correspond to L̂_{−1− nQ} , ^̄L_{−1− nQ} , K̂^−_{− nQ} , ^̄K^−_{− nQ} , Ĝ^{−±}_{− 12 − nQ} , ^̄G^{−±}_{− 12 − nQ} . (5.40) They reproduces the first order of the spectrum (5.39). We should notice that these operators correspond to the states missing in our analysis since now we take the limit of n ≪ Q. For this reason, we cannot compare this result with the previous one.

In order to see the next order, we have to deform the theory from the orbifold limit. The moduli space of N = (4, 4) supersymmetric sigma model on Sym^M (T^4) (M = Q_1Q_5) is twenty dimensional. The sixteen moduli parameters are the metric G_{ij} and the antisymmetric tensor B_{ij} on T^4. The other four moduli parameters are the blowing up modes which resolve singularities. The singularities appear at the fixed points since we divide M products of T^4 by M-th symmetric group. Near the orbifold point, operators corresponding to the blowing up modes are given by m^{ab} = ∑ 0≤i≠j≤M −1 G^{αa}_− 1_2 Ḡ^{βb}_{− 12} σ^{γδ}_{ij} ϵ_{αγ}ϵ_{βδ} , (5.41)

where σ^{αβ}_{ij} is Z_2 twist operators acting on the covering space (T^4)^M . The Z_2 twist operators σ^{αβ}_{ij} exchange the i-th and j-th T^4 and their SU(2)_R × SU(2)_L R-charges are (α/2, β/2). The label (a, b) is related to the global SU(2)_I symmetry and G^{αa}_{−1/2} and Ḡ^{βb}_{−1/2} are doublets under the symmetry. By taking the tensor products, we obtain m_{triplet} and m_{singlet}. Here we choose m_{singlet} because m_{singlet} is related to the D1 and D5 charges and m_{triplet} is related to the charges of D3-branes wrapped on some two-cycles of T^4. In summary, we use the following marginal deformation δS = λ ∫ dz^2m_{singlet}(z, z̄) . (5.42)

In [48] it was proposed that λ ∼ g_6 and a heuristic explanation was given. In fact, it was shown in [50] that we can reproduce the first non-trivial order of the spectrum (5.39) by using the marginal deformation.

6 Superstring Theory on H_6 × T^4/Z_2 and SCFT on Sym^M (T^4/Z_2)

In this section, we extend our previous analysis to the correspondence between superstring theory on H_6 × T^4/Z_2 background and superconformal field theory on the symmetric orbifold Sym^M (T^4/Z_2). The general K3 surface can be obtained by resolving the singularity of T^4/Z_2 and we investigate the case of the orbifold T^4/Z_2 as a solvable example of K3 surface. We again find the good correspondence for the (almost) BPS spectrum.

6.1 Spectrum of Superstring on H_6 × T^4/Z_2

In this subsection, we investigate the superstrings on H_6 × T^4/Z_2 background. The Z_2- orbifold action acts on the coordinates of T^4 sector as λ^{aȧ} −→ − λ^{aȧ} , Y^{aȧ} −→ − Y^{aȧ} . (6.1) Moreover, we assume the action on the free bosons H_3 and H_4, which are the bosonizations of λ^{aȧ} H_3 −→ H_3 + π , H_4 −→ H_4 − π , (6.2)

so that the space-time supersymmetry is preserved. In fact, we can directly check that all the generators of super pp-wave algebra {J , F, P_i, P^∗_i , Q^{αβa}} defined in (4.37) and (4.38) are invariant under the Z_2-orbifold action (6.1) and (6.2). As for the DDF operators (4.40) and (4.48), the orbifold action is given by A^{aȧ}_n −→ − A^{aȧ}_n , B^{αȧ}_n −→ − B^{αȧ}_n , (6.3) and the other DDF operators are invariant under this orbifold action.

Now, we can write down the spectrum of (almost) BPS states. First, let us consider untwisted sector and start with BPS states. All the task we have to do is to single out Z_2-invariant BPS states. Only the NS-NS and R-R BPS states are left and the NS-R and R-NS BPS states are projected out. Thus, we obtain the 8 BPS states for each p and η and they are identified with the even cohomology of T^4. As for almost BPS states, we first consider the following Fock vacua as |i,ī; j, j̄; η, p; n_a, w^a; (±)⟩ = |i,ī; j, j̄; η, p; n_a, w^a⟩ ± |i,ī; j, j̄; η, p; −n_a, −w^a⟩ , (6.4) where |i,ī; j, j̄; η, p; n_a, w^a⟩ represents physical state with non-vanishing momenta along T^4, which was defined in (4.63). NS-NS BPS states are realized as the special cases of such physical states as |i,ī; 0, 0; η, p; 0, 0; (+)⟩ and R-R BPS states can be obtained by multiplying B^{+ȧ}_0 and B̄^{+ȧ}_0 . General physical states are constructed by multiplying the DDF operators and supercharges Q^{±∓a} as in the case of T^4. We only need the following additional constraint as ♯{B^{αȧ}_{−n}, A^{aȧ}_{−m}} + ♯{B̄^{αȧ}_{−n}, Ā^{aȧ}_{−m}} = even , (for the Fock vacua |i,ī; · · · ; (+)⟩) , ♯{B^{αȧ}_{−n}, A^{aȧ}_{−m}} + ♯{B̄^{αȧ}_{−n}, Ā^{aȧ}_{−m}} = odd , (for the Fock vacua |i,ī; · · · ; (−)⟩) , (6.5)

from the condition of Z_2 invariance.

Next, we consider twisted sectors. There are 16 twisted sectors including stringy excitations around the each fixed point of orbifold action. For the each twisted sector, we need to consider the following boundary conditions as Y^{aȧ}(e^{2πi}z) = −Y^{aȧ}(z) , λ^{aȧ}(e^{2πi}z) = −λ^{aȧ}(z) , (for NS sector) ,

λ^{aȧ}(e^{2πi}z) = λ^{aȧ}(z) , (for R sector) , (6.6)

and moreover,

H_3(e^{2πi}z) = H_3(z) + π , H_4(e^{2πi}z) = H_4(z) − π . (6.7)

BPS states are given as follows. In the NS vacua, there are both of bosonic and fermionic twist fields; σ^b_{Z2} , σ^f_{Z2} , whose conformal weights are equal to

h(σ^b_{Z2} ) = h̄(σ^b_{Z2} ) = 4 × 1 16 = 1 4 , h(σ^f_{Z2} ) = h̄(σ^f_{Z2} ) = 4 × 1 16 = 1 4 . (6.8)

Based on this fact we can observe that there are no BPS states in the NS-NS, NS-R and R-NS sectors. On the other hand, the R vacua can include only the bosonic twist field σ^b_{Z2} and only the spin fields along the H_6 direction, which we express as S^{ϵ0 ϵ1ϵ2} . This fact leads us to a unique R-R BPS state (per each twisted sector), which is explicitly written as S^{−++}_− 3_{8 +η}S̄^{−++}_− 3_{8 +η}σ^b_{Z2} |0, η, p⟩ ⊗ cc̄e^{− ϕ2 − ϕ̄2} |0⟩_{gh} . (6.9)

In this way, we have found the 16 R-R BPS states in the twisted sectors for each p and η. They correspond to the blow-up modes of T^4/Z_2 orbifold and reproduce the cohomology ring of K3 together with the contributions from the untwisted sector.

The other physical states are also constructed straightforwardly. Contrary to the untwisted sector, the states with non-trivial momenta along T^4 are not allowed. Thus, we only have to consider the states created by the actions of DDF operators over the BPS states (6.9). The only non-trivial point is that the modes of DDF operators B^{αȧ}_r should be half integers r ∈^1_2 + Zin this case. This fact originates from the boundary condition (6.7). We again need the constraint ♯{B^{αȧ}_{−r}, A^{aȧ}_{−m}} + ♯{B̄^{αȧ}_{−r}, Ā^{aȧ}_{−m}} = even , (6.10) to preserve the Z_2-invariance.

6.2 Comparison with SCFT on Sym^M (T^4/Z_2)

In the last subsection, we have obtained the spectrum of superstring theory. In this subsection, we study superconformal field theory on the symmetric orbifold Sym^M (T^4/Z_2) and compare with the spectrum of the superstring theory. The Z_2-orbifoldization of nonlinear sigma model on Sym^M (T^4) is defined by the action

X^{aȧ}_{(A)} → −X^{aȧ}_{(A)} , Ψ^{αȧ}_{(A)} → −Ψ^{αȧ}_{(A)} . (6.11)

This action preserves the N = (4, 4) superconformal symmetry. We again study the single-particle Hilbert space of Z_N-twisted sector with N = pk + l (l = 1, 2, · · · , k − 1) as in the previous section.

We first consider the spectrum of BPS states. In the untwisted sector of Z_2 orbifoldization, only 8 Z_2-invariant BPS states survive. They correspond to the even cohomology of T^4.

The analysis of twisted sectors is more complicated. Focusing on one of the twisted sectors corresponding to 16 fixed points, we can observe the following aspects:

• N = 2q + 1

We have the mode expansions i∂X^{aȧ}n_{N +} 1_{2N} and Ψ^{αȧ}n_N , (n ∈ Z) and we obtain for the

NS vacuum |0; N⟩^{(t)}

L̂_0|0; N⟩^{(t)} = ( N^2 − 1 4N + 1 2N ) |0; N⟩^{(t)} ≡

N^2 + 1 4N |0; N⟩^{(t)} ,

K̂^3_0 |0; N⟩^{(t)} = −1 2 |0; N⟩^{(t)} . (6.12) • N = 2q We have the mode expansions i∂X^{aȧ}n_{N +} 1_{2N} and Ψ^{αȧ}n_{N +} 1_{2N} , (n ∈ Z) and we obtain for the NS vacuum |0; N⟩^{(t)}

L̂_0|0; N⟩^{(t)} = ( N^2 − 1 4N + 1 4N ) |0; N⟩^{(t)} ≡ N 4 |0; N⟩^{(t)} ,

K̂^3_0 |0; N⟩^{(t)} = 0 . (6.13)

In these expressions the extra zero-point energies and the R-charges assigned to the NS vacua are due to these twisted mode expansions. Based on these aspects, we can find out the following BPS state that is unique for each of the twisted sectors as

|ω^{(1,1)}; N⟩^{(t)} = |ω^1; N⟩^{(t)} ⊗ |ω^1; N⟩^{(t)} , (6.14)

|ω^1; N⟩^{(t)} = q∏ i=0 Ψ^{++}_{− iN} Ψ^{+−}_{− iN} |0; N⟩^{(t)} , (N = 2q + 1) ,

|ω^1; N⟩^{(t)} = q−1∏ i=0 Ψ^{++}_{− iN − 12N} Ψ^{+−}_{− iN − 12N} |0; N⟩^{(t)} , (N = 2q) , (6.15)

and we obtain L̂_0|ω^1; N⟩^{(t)} = K̂^3_0 |ω^1; N⟩^{(t)} = N 2 |ω^1; N⟩^{(t)} . (6.16) In summary, we have obtained the (8+16 = 24) BPS states, which precisely correspond to the cohomology of K3 for each of the Z_N-twisted sectors. They have (approximately) degenerate charges F^′ (= (K̂^3_0 + L̂_0)/k) = p + l/k and J^′ (= K̂^3_0 − L̂_0) = 0. As in the case of T^4, we have the good correspondence between the superstring theory and symmetric orbifold theory under the identifications N = kp + l and η = l/k (5.25).

With respect to the almost BPS states, the discussion is almost parallel to the case of T^4. We can explicitly write down the almost BPS states in the symmetric orbifold theory and compare them with the states in the superstring theory by using the identification of DDF operators as before. However, in this case we must identify the DDF operators B^{αȧ}_{n+} 1_2 (where n ∈ Z) in the twisted sectors with Ψ^{±ȧ}_{∓ 12 + nkN + k2N} rather than Ψ^{±ȧ}_{∓ 12 + nkN} . (We again neglect the small difference of mode 1/2N.) The short string spectrum is again completely embedded in the Hilbert space of symmetric orbifold theory and there are many missing states.

7 Conclusion

In this thesis we have investigated the “Penrose limit” of AdS_3/CF T_2 correspondence. The AdS_3/CF T_2 correspondence is the correspondence between superstring theory on AdS_3 × S^3 × M^4 (M^4 = T^4 or T^4/Z_2) and superconformal field theory on the symmetric orbifold Sym^{Q1Q5} (M^4). The Penrose limit of superstring theory on AdS_3 × S^3 × M^4 with NSNS-flux is given by superstring theory on NSNS pp-wave background. This theory can be described by a generalization of Nappi-Witten model [28] and it can be quantized by the sigma model approach [42, 40, 43] in the light-cone gauge and by the current algebra approach in the covariant gauge [29, 39, 41]. By using the free field realization in the current algebra approach, we have constructed the complete set of DDF operators. The spectrum of physical states is classified by short string sectors and long string sectors, as in superstring theory on AdS_3 [26].

In the dual CFT side, the Penrose limit corresponds to focusing on the subsector of almost BPS states with large R-charges. We have compared the general short string excitations with single-particle states in the dual CFT. We have shown that all the short string states are successfully embedded into the Hilbert space of symmetric orbifold theory. We have also found many missing states in the Hilbert space of superstring theory. We may interpret them as non-perturbative excitations or remove the extra spectrum in the dual CFT by correctly deforming from the orbifold point. In the case with RR-flux, spectra of the two theories are the same at only the leading order at the orbifold point [47, 48] as discussed in subsection 5.3. In that case, we can reproduce the spectrum at the first non-trivial order by using a marginal deformation [50]. We want to investigate on this point in detail in near future.

The subjects we have investigated are some specific aspects of AdS/CF T duality. In general, a duality is very powerful tool since we may map from one theory with strong coupling constant to its dual theory with weak coupling constant. Although we can only deal with a perturbation theory, we obtain some information of a theory at nonperturbative region by using the duality. As for AdS_5/CF T_4 correspondence, the CFT side is at strong coupling region and the AdS side is at weak coupling region. Therefore, it is expected that we can calculate, for example, correlation functions by using the Smatrix of supergravity on AdS_5. In this thesis we have concentrated on the AdS_3/CF T_2 correspondence. This duality is related to the D1/D5 system and hence the black hole physics. Superstrings on the background including black holes are very difficult to deal with since the coupling constant is very strong inside the black holes. In future we may describe superstrings on black hole solutions by using its dual CFT.

The duality is very strong tool but there was the limitation that we can treat only BPS quantities protected by supersymmetry. Recently, the authors of [12] showed that if the quantities are very near BPS, we can analyze beyond BPS quantities. We have followed their strategy and obtained some information about the correspondence of non BPS spectrum. The CFT side of AdS_5/CF T_4 correspondence is 4 dimensional N = 4 super Yang-Mills theory and that of AdS_3/CF T_2 correspondence is 2 dimensional N = (4, 4) supersymmetric sigma model on Sym^{Q1Q5} (T^4). They are completely different, and hence our results are a non-trivial evidence of the PP-Wave/CFT correspondence.

There are a lot of works left to investigate more on the AdS/CF T correspondence. We can interpret the AdS/CF T correspondence as an example which realizes holographic principle [70, 71]. According to the holographic principle, degrees of freedom of gravity modes can be projected into a low dimensional screen. As mentioned in 2.1, we have a holographic map from states in supergravity on AdS_5×S^5 to operators in super Yang-Mills theory [53,54]. It is know that it is difficult to interpret the PP-Wave/CFT correspondence in a holographic way^{19}, so it is important to study on this aspect. The other important direction is to investigate the correspondence of more general spectrum. By studying this further, we may be able to complete the dictionary of AdS/CF T correspondence.

The correspondence between superstring theory on pp-wave background and subsector of super Yang-Mills theory is very interesting since it provides an explicit example of the string/gauge theory duality. There have been subsequent works after [12] and they gave deep insights into both string theory side and gauge theory side. In particular, if we understand the duality between superstring theory and supersymmetric gauge theory more, we will obtain the information of superstring theory on non-trivial background which we do not know how to deal with (for example, a background including black hole solutions) by using a simpler supersymmetric gauge theory.

19However, there are several works on this subject [72, 73, 74].

Acknowledgement

I am very grateful to Prof. Kazuo Fujikawa for encouraging me and reading the manuscript and Prof. Tohru Eguchi and Prof. Yutaka Matsuo for valuable discussions. I would like to thank Dr. Yuji Sugawara for the collaboration on the work which this thesis is based on and careful reading of the manuscript. I also thank Dr. Kazuo Hosomichi, Dr. Masatoshi Nozaki, Dr. Tadashi Takayanagi, Dr. Satoshi Yamaguchi and all the other people in high energy theory group at University of Tokyo for a lot of useful discussions.

A Gamma Matrices

The cocycle factors of spin fields are defined by using gamma matrices. In this thesis we use the following Gamma matrices Γ_{±0} = σ_± ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 , Γ_{±1} = σ_3 ⊗ σ_± ⊗ 1 ⊗ 1 ⊗ 1 , Γ_{±2} = σ_3 ⊗ σ_3 ⊗ σ_± ⊗ 1 ⊗ 1 , Γ_{±3} = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_± ⊗ 1 , Γ_{±4} = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_± , (A.1) with Pauli matrices σ_1 = 0 1 1 0 , σ_2 = 0 −i i 0 , σ_3 = 1 0 0 −1

, (A.2) and σ_± =^1_2 (σ_1 ± iσ_2). Charge conjugation matrix can be written as C = ϵ ⊗ σ_1 ⊗ ϵ ⊗ σ_1 ⊗ ϵ , ϵ = iσ_2 , (A.3) which has the property as CΓ_μC^{−1} = −(Γ_μ)^T , C^† = C^{−1} . (A.4) OPEs including spin fields are given by ψ^μ(z)S^A(w) ∼ 1 (z − w)^12

(Γ^μ)^A_BS^B(w) ,

ψ^μψ^ν (z)S^A(w) ∼ − 1 z − w (Γ^{μν} )^A_BS^B (w) , S^A(z)S^B(w) ∼ 1 (z − w)^{34}

(Γ_μC)^{AB}ψ^μ(w) . (A.5)

B Super PP-Wave Algebra from Super AdS_3 × S^3 Algebra

In this appendix we examine space-time supersymmetry algebra on pp-wave background by contracting that of AdS_3 × S^3. It is known that supersymmetry on AdS_3 × S^3 is represented by super Lie group P SU(1, 1|2) × P SU(1, 1|2). Its even part corresponds to the isometry of this background. The isometry of AdS_3 space is identified as SU(1, 1) × SU(1, 1) ⋍ SO(2, 2) and the isometry of S^3 is identified as SU(2) × SU(2) ⋍ SO(4). We denote the generators of SU(1, 1) Lie algebra as m^α_β (α, β = 1, 2) and the generators of SU(2) Lie algebra as m^i_j (i, j = ^1, ^2) by following the notation of [75]. (We concentrate on holomorphic sector and anti-holomorphic sector can be analyzed in the similar way.) Their commutation relations are given by

[m^α_β , m^γ_δ] = δ^γ_β m^α_δ − δ^α_δm^γ_β , [m^i_j , m^k_n] = δ^k_j m^i_n − δ^i_nm^k_j , (B.1)

and Hermitian conjugations are defined as

(m^1_1)^† = m^1_1 , (m^2_1)^† = m^1_2 , (m^1_2)^† = m^2_1 ,

(m^{^1}_{^1})^† = m^{^1}_{^1} , (m^{^2}_{^1})^† = −m^{^1}_{^2} , (m^{^1}_{^2})^† = −m^{^2}_{^1} . (B.2)

The generators of odd sector q^α_i and q^i_α correspond to 8(+8) supercharges and their commutation relations are given by

[m^α_β, q^k_γ ] = −δ^α_γ q^k_β + 1 2 δ^α_β q^k_γ , [m^i_j , q^k_α] = δ^k_j q^i_α − 1 2 δ^i_j q^k_α ,

[m^i_j , q^α_k] = −δ^i_kq^α_j + 1 2 δ^i_j q^α_k , [m^α_β , q^γ_k] = δ^γ_β q^α_k − 1 2 δ^α_βq^γ_k , {q^i_α, q^β_j } = i(δ^i_j m^β_α + δ^β_αm^i_j ) . (B.3)

Hermitian conjugations are defined as

(q^1_{^1})^† = −iq^{^1}_1 , (q^2_{^2})^† = −iq^{^2}_2 , (q^2_{^1})^† = iq^{^1}_2 , (q^1_{^2})^† = iq^{^2}_1 ,

(q^{^1}_1)^† = iq^1_{^1} , (q^{^2}_2)^† = iq^2_{^2} , (q^{^2}_1)^† = −iq^1_{^2} , (q^{^1}_2)^† = −iq^2_{^1} . (B.4)

Now, we take a light-cone basis and a Penrose limit. First, we consider the even sector. We redefine the generators as

J = −m^1_1 + m^{^1}_{^1} , F = − 1 R ( m^1_1 + m^{^1}_{^1} ) ,

P_1 = i √ R m^2_1 , P^∗_1 = − i √ R m^1_2 ,

P_2 = − i √ R m^{^1}_{^2} , P^∗_2 = − i √ R m^{^2}_{^1} , (B.5)

and take the limit of R → ∞. Then we obtain the commutation relations as

[J, P_i] = P_i , [J, P^∗_i ] = −P^∗_i , [P_i, P^∗_j ] = δ_{ij} F , (B.6)

which is the same as the ones of H_6 Lie algebra. Hermitian conjugations are given by

(J)^† = J , (F )^† = F , (P_i)^† = P^∗_i , (P^∗_i )^† = P_i . (B.7)

The analysis of odd part can be done just like the even part. We redefine the generates in the odd sector as Q^{−−+} = − i √ R q^1_{^1} , Q^{+++} = − i √ R q^2_{^2} ,

Q^{++−} = − 1 √ R q^{^1}_1 , Q^{−−−} = − 1 √ R q^{^2}_2 ,

Q^{−++} = q^1_{^2} , Q^{+−+} = q^2_{^1} ,

Q^{−+−} = iq^{^1}_2 , Q^{+−−} = iq^{^2}_1 , (B.8)

and take the limit of R → ∞. Their commutation relations with the generators in the even sector becomes [J, Q^{++a}] = Q^{++a} , [J, Q^{−−a}] = −Q^{−−a} , [P_1, Q^{−+a}] = −Q^{++a} , [P^∗_1 , Q^{+−a}] = Q^{−−a} ,

[P_2, Q^{+−a}] = −Q^{++a} , [P^∗_2 , Q^{−+a}] = −Q^{−−a} , (B.9) and the other commutation relations vanish. The anti-commutation relations of the generators in the odd sector are obtained as {Q^{−−a}, Q^{++b}} = ϵ^{ab}F , {Q^{−+a}, Q^{+−b}} = ϵ^{ab}J , {Q^{++a}, Q^{+−b}} = ϵ^{ab}P_1 , {Q^{−+a}, Q^{−−b}} = ϵ^{ab}P^∗_1 , {Q^{−+a}, Q^{++b}} = ϵ^{ab}P_2 , {Q^{+−a}, Q^{−−b}} = ϵ^{ab}P^∗_2 , (B.10) and Hermitian conjugations are given by (Q^{ϵ1 ,ϵ2,ϵ3} )^† = Q^{−ϵ1 ,−ϵ2,−ϵ3} . The authors of [76, 77] obtained superalgebras on the pp-wave backgrounds by contracting superalgebras on AdS_5 ×S^5, AdS_4 ×S^7 and AdS_7 ×S^4. Our result is the counterpart of the case of AdS_3 ×S^3 and a natural supersymmetric extension of H_6 Lie algebra is obtained.

C Supersymmetries on NSNS PP-Waves Based on Killing Spinors

We consider Killing spinors in Type IIB supergravity on pp-wave backgrounds with NSNSflux^{20}. RR-fields are not considered since we only introduce non-trivial NSNS-flux. The relevant part of Type IIB supergravity action is given by S = 1 2 ∫ d^{10}x √ −ge^{−2ϕ}(−R + 4(∂ϕ)^2 − 1 3 H^2) , (C.1)

where ϕ is dilaton and H is field strength H_{μνρ} = ∂_{[μ}B_{νρ]}. We only consider backgrounds with constant dilaton ϕ. Unbroken supersymmetry can be seen from the bosonic part of supersymmetry transformation of fermions, which are given by

δψ_μ = (∂_μ − 1 4 Ω_{+μν̂ρ̂}Γ^{ν̂ρ̂})ϵ ,

δλ = (Γ^μ∂_μϕ − 1 6 H_{μνρ} Γ^{μνρ})ϵ , (C.2) where Ω are spin connections with torsion

Ω_{+μν̂ρ̂} = ω_{μν̂ρ̂} + H_{μν̂ρ̂} . (C.3)

Here μ, ν, ρ, · · · are space-time indices and hatted ones represent the indices of tangent space. Killing spinor conditions are given by the equations that the right hand sides of (C.2) are zero.

From now on we concentrate on a specific configuration. Here we use the model of [44] and its bosonic part is given by L = ∂u ¯∂v + F_{ij} x^i∂u ¯∂x^j + ∂x^i ¯∂x^i , (C.4) where F_{ij} is a constant and i = 1, · · · , 8. The nontrivial components of B-field are B_{uj} =^1_2 F_{ij} x^i and the field strength is H_{uij} = −^1_2 F_{ij} . The spin connections can be calculated straightforwardly [79, 44] and the nontrivial components are

Ω_{+uîĵ} = −F_{ij} . (C.5)

Therefore, the Killing spinor conditions become

(∂_u + 1 4 F_{ij} Γ^{îĵ} )ϵ = 0 , ∂_vϵ = 0 , ∂_iϵ = 0 , (C.6)

20We follow the notation of [78].

and F_{ij} Γ^{ûîĵ} ϵ = 0 . (C.7) The condition (C.6) can be always satisfied by the following form of spinor as

ϵ(u) = exp(− 1 4 ∫_u F_{ij} Γ^{îĵ} )ϵ_0 . (C.8)

with a constant spinor ϵ_0. However, the condition (C.7) can not be always satisfied. In general, this condition breaks a half of supersymmetries by

Γ^ûϵ = 0 . (C.9)

It is known that pp-wave backgrounds always preserve partial supersymmetries called as “kinematical” supersymmetries. However, there are special cases with enhanced supersymmetries called as “dynamical” supersymmetries. The well-known example is the Penrose limit of AdS_5 × S^5 [5, 6, 7] and this background preserves 16 dynamical supersymmetries in addition to 16 kinematical supersymmetries. The relatively less-known examples are given in M-theory, Type IIA and Type IIB theory [80, 81, 82, 83, 84, 85, 86].

Let us see the example which is obtained by the Penrose limit of AdS_3 × S^3(×T^4). This case is given by F_{ij} = 2fϵ_{ij} (i, j = 1, 2) and F_{kl} = 2fϵ_{kl}(k, l = 3, 4). (See (3.34).) By using the notation of gamma matrices in Appendix A, the condition (C.7) implies

Γ^{+0}(Γ^{+1}Γ^{−1} − Γ^{−2}Γ^{+2})ϵ = 0 . (C.10)

Thus, besides the Killing spinors satisfying Γ^{+0}ϵ = 0, there are 8 Killing spinors satisfying (Γ^{+1}Γ^{−1} − Γ^{−2}Γ^{+2})ϵ = 0. In the notation of supercharges in this thesis, the former Killing spinors correspond to 16 kinematical supercharges (4.38), (4.48)

Q^{++a} ∼ ∮ S^{+++aa}e^{iX +} , Q^{−−a} ∼ ∮ S^{+−−aa}e^{−iX +} ,

B^{+a}_0 ∼ ∮ S^{+−+(−a)a} , B^{−a}_0 ∼ ∮ S^{++−(−a)a} , (C.11)

and the latter Killing spinors correspond to 8 dynamical supercharges (4.38) Q^{−+a} ∼ ∮ S^{−−+aa} , Q^{+−a} ∼ ∮ S^{−+−aa} . (C.12)

In appendix B, we have analyzed the supersymmetry on the pp-wave background from the contraction of super AdS_3 × S^3 algebra and we have also found 8 dynamical supersymmetries (C.12), which is consistent with the analysis in this appendix. The dynamical supersymmetries are very important for our analysis because they correspond to the linearly realized supersymmetries in the light-cone gauge. More precisely, the dynamical supercharges generate the super transformations which preserve the light-cone Hamiltonian.

In [49] we have proposed the other superstring vacua on NSNS pp-waves with enhanced supersymmetry. The superstring theories on these backgrounds are defined by the combination of 4 dimensional Nappi-Witten model and a general N = 2 rational superconformal field theory (RCFT) with c = 9. The Nappi-Witten model and the RCFT are non-trivially related to each other due to the GSO projection. In these configurations, it seems difficult to analyze in the similar way, because there are no naive geometric interpretations. However, the existence of extra supercharges implies cancellation between NSNS-fluxes like (C.10). On the other hand, in the case of Penrose limit of the near horizon of NS5-branes [87], there is only one type of NSNS-flux and hence there is no cancellation as in (C.10). Therefore, the model admits only 16 kinematical supersymmetries and no dynamical supersymmetries.

References

[1] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory; Vol. 1 and 2,” Cambridge University Press (1987).

[2] J. Polchinski, “String Theory; Vol. 1 and 2,” Cambridge University Press (1998).

[3] J. M. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231, Int. J. Theor. Phys. 38 (1999) 1113, hep-th/9711200.

[4] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N Field Theories, String Theory and Gravity,” Phys. Rept. 323 (2000) 183, hep-th/9905111.

[5] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “A New Maximally Supersymmetric Background of IIB Superstring Theory,” JHEP 0201 (2002) 047, hep-th/0110242.

[6] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “Penrose Limits and Maximal Supersymmetry,” Class. Quant. Grav. 19 (2002) L87, hep-th/0201081.

[7] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, “Penrose Limits, Supergravity and Brane Dynamics,” hep-th/0202111.

[8] R. Penrose, “Any Space-Time Has a Plane Wave as a Limit,” Differential Geometry and Relativity, Reidel, Dordrecht (1976) 271.

[9] R. Gueven, “Plane Wave Limits and T-duality,” Phys. Lett. B 482 (2000) 255, hep-th/0005061.

[10] R. R. Metsaev, “Type IIB Green-Schwarz Superstring in Plane Wave Ramond- Ramond Background,” Nucl. Phys. B 625 (2002) 70, hep-th/0112044.

[11] R. R. Metsaev and A. A. Tseytlin, “Exactly Solvable Model of Superstring in Plane Wave Ramond-Ramond Background,” hep-th/0202109.

[12] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in Flat Space and PP Waves from N = 4 Super Yang Mills,” JHEP 0204 (2002) 013, hep-th/0202021.

[13] J. Maldacena and A. Strominger, “AdS_3 Black Holes and a Stringy Exclusion Principle,” JHEP 9812 (1998) 005, hep-th/9804085.

[14] A. Strominger and C. Vafa, “Microscopic Origin of the Bekenstein-Hawking Entropy,” Phys. Lett. B 379 (1996) 99, hep-th/9601029.

[15] A. Giveon, D. Kutasov and N. Seiberg, “Comments on String Theory on AdS_3,” Adv. Theor. Math. Phys. 2 (1998) 733, hep-th/9806194.

[16] J. de Boer, H. Ooguri, H. Robins and J. Tannenhauser, “String Theory on AdS_3,” JHEP 9812 (1998) 026, hep-th/9812046.

[17] D. Kutasov and N. Seiberg, “More Comments on String Theory on AdS_3,” JHEP 9904 (1999) 008, hep-th/9903219.

[18] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, “Strings on Orbifolds,” Nucl.

Phys. B 261 (1985) 678.

[19] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, “Strings on Orbifolds. 2,” Nucl.

Phys. B 274 (1986) 285.

[20] L. J. Dixon, D. Friedan, E. J. Martinec and S. H. Shenker, “The Conformal Field Theory of Orbifolds,” Nucl. Phys. B 282 (1987) 13.

[21] D. Kutasov, F. Larsen and R. G. Leigh, “String Theory in Magnetic Monopole Backgrounds,” Nucl. Phys. B 550 (1999) 183, hep-th/9812027.

[22] K. Hosomichi and Y. Sugawara, “Hilbert Space of Space-Time SCFT in AdS_3 Superstring and T^{4kp}/S_{kp} SCFT,” JHEP 9901 (1999) 013, hep-th/9812100.

[23] Y. Hikida, K. Hosomichi and Y. Sugawara, “String Theory on AdS_3 as Discrete Light-Cone Liouville Theory,” Nucl. Phys. B 589 (2000) 134, hep-th/0005065.

[24] R. Argurio, A. Giveon and A. Shomer, “Superstrings on AdS_3 and Symmetric Products,” JHEP 0012 (2000) 003, hep-th/0009242.

[25] M. Henningson, S. Hwang, P. Roberts and B. Sundborg, “Modular Invariance of SU(1, 1) Strings,” Phys. Lett. B 267 (1991) 350.

[26] J. M. Maldacena and H. Ooguri, “Strings in AdS_3 and SL(2; R) WZW Model. I,” J.

Math. Phys. 42 (2001) 2929, hep-th/0001053.

[27] Y. Hikida and Y. Sugawara, “Superstrings on PP-Wave Backgrounds and Symmetric Orbifolds,” JHEP 0206 (2002) 037, hep-th/0205200.

[28] C. R. Nappi and E. Witten, “A WZW Model Based on a Nonsemisimple Group,” Phys. Rev. Lett. 71 (1993) 3751, hep-th/9310112.

[29] E. Kiritsis and C. Kounnas, “String Propagation in Gravitational Wave Backgrounds,” Phys. Lett. B 320 (1994) 264, Addendum-ibid. B 325 (1994) 536, hep-th/9310202.

[30] K. Sfetsos, “Gauging a Nonsemisimple WZW Model,” Phys. Lett. B 324 (1994) 335, hep-th/9311010.

[31] D. I. Olive, E. Rabinovici and A. Schwimmer, “A Class of String Backgrounds as a Semiclassical Limit of WZW Models,” Phys. Lett. B 321 (1994) 361, hep-th/9311081.

[32] O. Jofre and C. Nunez, “Strings in Plane Wave Backgrounds Revisited,” Phys. Rev.

D 50 (1994) 5232, hep-th/9311187.

[33] N. Mohammedi, “On Bosonic and Supersymmetric Current Algebras for Nonsemisimple Groups,” Phys. Lett. B 325 (1994) 371, hep-th/9312182.

[34] A. Kumar and S. Mahapatra, “Exact Duality and Nilpotent Gauging,” Mod. Phys.

Lett. A 9 (1994) 925, hep-th/9401098.

[35] J. M. Figueroa-O’Farrill and S. Stanciu, “Nonsemisimple Sugawara Constructions,” Phys. Lett. B 327 (1994) 40, hep-th/9402035.

[36] A. A. Kehagias and P. A. Meessen, “Exact String Background from a WZW Model Based on the Heisenberg Group,” Phys. Lett. B 331 (1994) 77, hep-th/9403041.

[37] I. Antoniadis and N. A. Obers, “Plane Gravitational Waves in String Theory,” Nucl.

Phys. B 423 (1994) 639, hep-th/9403191.

[38] K. Sfetsos and A. A. Tseytlin, “Four-dimensional Plane Wave String Solutions with Coset CFT Description,” Nucl. Phys. B 427 (1994) 245, hep-th/9404063.

[39] E. Kiritsis, C. Kounnas and D. Lust, “Superstring Gravitational Wave Backgrounds with Space-Time Supersymmetry,” Phys. Lett. B 331 (1994) 321, hep-th/9404114.

[40] P. Forgacs, P. A. Horvathy, Z. Horvath and L. Palla, “The Nappi-Witten String in the Light-Cone Gauge,” Heavy Ion Phys. 1 (1995) 65, hep-th/9503222.

[41] E. Kiritsis and B. Pioline, “Strings in Homogeneous Gravitational Waves and Null Holography,” hep-th/0204004.

[42] J. G. Russo and A. A. Tseytlin, “Constant Magnetic Field in Closed String Theory:

An Exactly Solvable Model,” Nucl. Phys. B 448 (1995) 293, hep-th/9411099. [43] J. G. Russo and A. A. Tseytlin, “Heterotic Strings in Uniform Magnetic Field,” Nucl.

Phys. B 454 (1995) 164, hep-th/9506071;

[44] J. G. Russo and A. A. Tseytlin, “On Solvable Models of Type IIB Superstring in NS-NS and R-R Plane Wave Backgrounds,” JHEP 0204 (2002) 021, hep-th/0202179.

[45] A. Parnachev and D. A. Sahakyan, “Penrose Limit and String Quantization in AdS_3× S^3,” JHEP 0206 (2002) 035, hep-th/0205015.

[46] S. R. Das and C. Gomez, “Realizations of Conformal and Heisenberg Algebras in PP-Wave CFT Correspondence,” JHEP 0207 (2002) 016, hep-th/0206062.

[47] O. Lunin and S. D. Mathur, “Rotating Deformations of AdS_3 ×S^3, the Orbifold CFT and Strings in the PP-Wave Limit,” Nucl. Phys. B 642 (2002) 91, hep-th/0206107.

[48] J. Gomis, L. Motl and A. Strominger, “PP-Wave / CFT_2 Duality,” hep-th/0206166. [49] Y. Hikida and Y. Sugawara, “Superstring Vacua of 4-dimensional PP-Waves with Enhanced Supersymmetry,” JHEP 0210 (2002) 067, hep-th/0207124.

[50] E. Gava and K. S. Narain, “Proving the PP-Wave / CFT_2 Duality,” hep-th/0208081. [51] J. Polchinski, “Dirichlet-Branes and Ramond-Ramond Charges,” Phys. Rev. Lett.

75 (1995) 4724, hep-th/9510017.

[52] G. T. Horowitz and A. Strominger, “Black Strings and P-Branes,” Nucl. Phys. B 360 (1991) 197.

[53] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge Theory Correlators from Non-Critical String Theory,” Phys. Lett. B 428 (1998) 105, hep-th/9802109.

[54] E. Witten, “Anti-de Sitter Space and Holography,” Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[55] J. Kowalski-Glikman, “Vacuum States in Supersymmetric Kaluza-Klein Theory,” Phys. Lett. B 134 (1984) 194.

[56] D. J. Gross, A. Mikhailov and R. Roiban, “Operators with Large R Charge in N = 4 Yang-Mills Theory,” Annals Phys. 301 (2002) 31, hep-th/0205066.

[57] A. Santambrogio and D. Zanon, “Exact Anomalous Dimensions of N = 4 Yang-Mills Operators with Large R Charge,” Phys. Lett. B 545 (2002) 425, hep-th/0206079.

[58] G. T. Horowitz, J. M. Maldacena and A. Strominger, “Nonextremal Black Hole Microstates and U-duality,” Phys. Lett. B 383 (1996) 151, hep-th/9603109.

[59] R. Dijkgraaf, “Instanton Strings and HyperKaehler Geometry,” Nucl. Phys. B 543 (1999) 545, hep-th/9810210.

[60] F. Larsen and E. J. Martinec, “U(1) Charges and Moduli in the D1-D5 System,” JHEP 9906 (1999) 019, hep-th/9905064.

[61] J. M. Figueroa-O’Farrill and S. Stanciu, “More D-branes in the Nappi-Witten Background,” JHEP 0001 (2000) 024, hep-th/9909164.

[62] D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry and String Theory,” Nucl. Phys. B 271 (1986) 93.

[63] J. M. Maldacena, J. Michelson and A. Strominger, “Anti-de Sitter Fragmentation,” JHEP 9902 (1999) 011, hep-th/9812073.

[64] N. Seiberg and E. Witten, “The D1/D5 System and Singular CFT,” JHEP 9904 (1999) 017, hep-th/9903224.

[65] R. Dijkgraaf, G. W. Moore, E. Verlinde and H. Verlinde, “Elliptic Genera of Symmetric Products and Second Quantized Strings,” Commun. Math. Phys. 185 (1997) 197, hep-th/9608096.

[66] M. Fukuma, H. Kawai and R. Nakayama, “Infinite Dimensional Grassmannian Structure of Two-dimensional Quantum Gravity,” Commun. Math. Phys. 143 (1992) 371.

[67] L. Borisov, M. Halpern and C. Schweigert, “Systematic Approach to Cyclic Orbifolds,” Int. J. Mod. Phys. A 13 (1998) 125, hep-th/9701061.

[68] Y. Sugawara, “N = (0, 4) Quiver SCFT_2 and Supergravity on AdS_3 × S^2,” JHEP 9906 (1999) 035, hep-th/9903120.

[69] K. Hosomichi and Y. Sugawara, “Multi-Strings on AdS_3 × S^3 from Matrix String Theory,” JHEP 9907 (1999) 027, hep-th/9905004.

[70] G. ’t Hooft, “Dimensional Reduction in Quantum Gravity,” gr-qc/9310026.

[71] L. Susskind, “The World as a Hologram,” J. Math. Phys. 36 (1995) 6377, hep-th/9409089.

[72] S. R. Das, C. Gomez and S. J. Rey, “Penrose Limit, Spontaneous Symmetry Breaking and Holography in PP-Wave Background,” Phys. Rev. D 66 (2002) 046002, hep-th/0203164.

[73] R. G. Leigh, K. Okuyama and M. Rozali, “PP-Waves and Holography,” Phys. Rev.

D 66 (2002) 046004, hep-th/0204026.

[74] S. Dobashi, H. Shimada and T. Yoneya, “Holographic Reformulation of String Theory on AdS_5 × S^5 Background in the PP-Wave Limit,” hep-th/0209251.

[75] R. R. Metsaev and A. A. Tseytlin, “Superparticle and Superstring in AdS_3 × S^3 Ramond-Ramond Background in Light-Cone Gauge,” J. Math. Phys. 42 (2001) 2987, hep-th/0011191.

[76] M. Hatsuda, K. Kamimura and M. Sakaguchi, “From Super-AdS_5 × S^5 Algebra to Super-PP-Wave Algebra,” hep-th/0202190.

[77] M. Hatsuda, K. Kamimura and M. Sakaguchi, “Super-PP-Wave Algebra from Super- AdS × S Algebras in Eleven-dimensions,” hep-th/0204002.

[78] E. A. Bergshoeff, R. Kallosh and T. Ortin, “Supersymmetric String Waves,” Phys.

Rev. D 47 (1993) 5444, hep-th/9212030.

[79] G. T. Horowitz and A. A. Tseytlin, “A New Class of Exact Solutions in String Theory,” Phys. Rev. D 51 (1995) 2896, hep-th/9409021.

[80] M. Cvetic, H. Lu and C. N. Pope, “Penrose Limits, PP-Waves and Deformed M2- branes,” hep-th/0203082.

[81] M. Cvetic, H. Lu and C. N. Pope, “M-theory PP-Waves, Penrose Limits and Supernumerary Supersymmetries,” Nucl. Phys. B 644 (2002) 65, hep-th/0203229.

[82] J. P. Gauntlett and C. M. Hull, “PP-Waves in 11-dimensions with Extra Supersymmetry,” JHEP 0206 (2002) 013, hep-th/0203255.

[83] R. Corrado, N. Halmagyi, K. D. Kennaway and N. P. Warner, “Penrose Limits of RG Fixed Points and PP-Waves with Background Fluxes,” hep-th/0205314.

[84] E. G. Gimon, L. A. Pando Zayas and J. Sonnenschein, “Penrose Limits and RG Flows,” hep-th/0206033.

[85] D. Brecher, C. V. Johnson, K. J. Lovis and R. C. Myers, “Penrose Limits, Deformed PP-Waves and the String Duals of N = 1 Large N Gauge Theory,” JHEP 0210 (2002) 008, hep-th/0206045.

[86] I. Bena and R. Roiban, “Supergravity PP-Wave Solutions with 28 and 24 Supercharges,” hep-th/0206195.

[87] J. Gomis and H. Ooguri, “Penrose Limit of N = 1 Gauge Theories,” Nucl. Phys. B 635 (2002) 106, hep-th/0202157.