arXiv:hep-th/0304250 v2 5 Aug 2003

hep-th/0304250 UUITP-06/03 OUTP-03/10P

Braneworld holography in Gauss-Bonnet gravity

James P. Gregory^{♯∗} and Antonio Padilla^{♭†}

♯Department of Theoretical Physics Uppsala University, Box 803, SE-751 08 Uppsala, Sweden

♭Theoretical Physics, Department of Physics University of Oxford, 1 Keble Road, Oxford, OX1 3NP, UK

Abstract

We investigate holography on an (n − 1)-dimensional brane embedded in a background of AdS black holes, in n-dimensional Gauss-Bonnet gravity. We demonstrate that for a critical brane near the AdS boundary, the Friedmann equation corresponds to that of the standard cosmology driven by a CFT dual to the AdS bulk. We show that there is no holographic description for noncritical branes, or when the brane is further away from the AdS boundary. We then derive a Cardy-Verlinde formula for the dual CFT on the critical brane near the boundary. This gives us insight into the remarkable correspondence between Cardy-Verlinde formulæ and Friedmann equations in Einstein gravity.

∗James.Gregory@teorfys.uu.se †a.padilla1@physics.ox.ac.uk

1 Introduction

In recent years, there has been an enormous amount of research into two important areas of theoretical physics: braneworld cosmology and the holographic principle. The braneworld scenario gained momentum as a solution to the hierarchy problem [1, 2, 3, 4], although the single brane model of Randall and Sundrum provided us with an interesting alternative to compactification [5]. The holographic principle, meanwhile, was first realised in string theory via the AdS/CFT correspondence [6, 7, 8].

At first glance, braneworld physics and holography are two very distinct subjects. However, it was soon realised that this is not the case [9, 10, 11], and so began the study of braneworld holography (see for example [12, 13, 14], or [15] for a review).

The essence of braneworld holography can be captured in the following claim: Randall-Sundrum braneworld gravity is dual to a CFT with a UV cutoff, coupled to gravity on the brane. Formal evidence for this claim was provided by studying a brane universe in the background of the Schwarzschild-AdS black hole. The introduction of the black hole on the gravity side of the AdS/CFT correspondence corresponds to considering finite temperature states in the dual CFT [16]. In the context of braneworld holography, Savonije and Verlinde demonstrated that their induced braneworld cosmology could alternatively be described as the standard FRW cosmology driven by the energy density of this dual CFT [17, 13].

In this article we develop this notion of braneworld holography to include a broader class of bulk gravitational theories – namely we add the Gauss-Bonnet term to the standard Einstein-Hilbert action giving S = 1 16πG_n ∫ M d^nx √ −g{R − 2Λ_n + αL_{GB}}, (1)

where L_{GB} = R^2 − 4R_{ab}R^{ab} + R_{abcd}R^{abcd}. (2) In n = 4 dimensions, the Gauss-Bonnet term is a topological invariant that does not enter the dynamics, but in n = 5 or 6, the equations of motion derived from this action include the Lovelock tensor [18]. With the inclusion of this tensor, these are then the most general equations of motion which satisfy the same principles required for the construction of the Einstein-Hilbert action in n = 4.

It is therefore natural to want to consider the Gauss-Bonnet gravity in higher dimensions from a purely classical point of view, for generic values of the Gauss-Bonnet parameter, α. However, for small values of α, the study of Gauss-Bonnet gravity can be motivated by string theory. Curvature squared terms appear as the leading order stringy correction to Einstein gravity in the α^′ expansion of the heterotic string action [19, 20]. Furthermore, for this theory of gravity to be ghost-free, the curvature squared terms must appear in the Gauss-Bonnet combination [21, 22, 23]. In the AdS/CFT correspondence, the introduction of such higher order terms corresponds to next to leading order corrections in the 1/N expansion of the CFT [24, 25, 26]. The importance of Gauss-Bonnet gravity in the framework of braneworld holography is thus self-evident. Previous studies of branes in higher derivative theories of gravity suggest that no holographic description can be found [27, 28, 29, 30]. However, we demonstrate that a holographic description does exist in Gauss-Bonnet gravity, at least for critical branes, close to the boundary of AdS. This should come as no surprise. When the brane is close to the AdS boundary the UV cutoff in the dual CFT is not too significant, and one can justifiably appeal to the AdS/CFT correspondence.

In Einstein gravity, we were able to relax the constraint on the position of the brane [31]. By calculating the bulk energy exactly via a Hamiltonian method, a larger equivalence was observed. When one reinterprets the black hole’s contribution to the braneworld cosmology as energy density due to the field theory, nonlinear terms in the energy density and pressure are found in the FRW equations. These exactly reproduce those of the unconventional cosmology [32, 33] described by a matterfilled brane in a pure AdS bulk. We coin the phrase “exact holography” to describe this equivalence.

The machinery to investigate exact holography in the Gauss-Bonnet scenario has recently become available [34]. Using this, we are able to show that in contrast to Einstein gravity, a holographic description can only be found for flat branes near the AdS boundary. This has two important implications regarding the existence and behaviour of the Cardy-Verlinde formula for the dual field theory. Firstly, in the limit of a valid holographic description, it turns out that we can indeed cast the thermodynamic properties of the dual CFT into a Cardy-Verlinde like formula, provided we make consistent approximations. This is in contrast to previous studies which suggest that no Cardy-Verlinde formula can be found [35, 36]. Having found this formula, we are able to study its behaviour at the point that the brane crosses the black hole horizon. In Einstein gravity, we find that we reproduce the Friedmann equation! This does not happen in Gauss-Bonnet gravity. The difference helps us to understand what is special about the Einstein case. We believe that the remarkable correspondence between the Friedmann equation and the Cardy-Verlinde formula in Einstein gravity is related to the existence of exact holography.

The rest of this paper is organised as follows: In section 2, we describe the Gauss- Bonnet braneworld scenario and review the derivation of the Friedmann equations in this case. In section 3, we consider a brane moving in a pure (Gauss-Bonnet) AdS bulk, with additional matter on the brane. This enables us to establish the fine tuning condition for vanishing braneworld cosmological constant, and to derive the connection between the bulk and braneworld Newton constants. In section 4, we demonstrate that a holographic description exists for a flat brane moving near the boundary of a Gauss-Bonnet AdS black hole bulk. The cosmology is well described as being the standard cosmology driven by a dual CFT. In section 5, we show that there is no exact holography in Gauss-Bonnet gravity. In section 6, we derive a Cardy-Verlinde formula for the case where the holographic description is valid. We comment that this doesn’t make sense at the horizon, and gain insight into the remarkable properties of the Cardy-Verlinde formula in Einstein gravity. Finally, section 7 contains some concluding remarks.

2 Equations of motion

Consider an (n−1)-dimensional brane moving in an n-dimensional bulk, where n ≥ 5. The bulk is a solution to Gauss-Bonnet gravity with a negative (bare) cosmological constant, Λ_n. It is given by two spacetimes, M_1 and M_2, with boundaries ∂M_1 and ∂M_2 respectively. The brane can be thought of as a domain wall between the two spacetimes, so that it coincides with ∂M_1 and ∂M_2. For simplicity, we will assume that we have Z_2 symmetry across the brane. This scenario is described by the following action, S = S_{grav} + S_{brane}, (3) where

S_{grav} = 1 16πG_n ∫ M_1 +M_2

d^nx √ −g{R − 2Λ_n + αL_{GB}} + ∫ ∂M_1+∂M_2

boundary terms, (4)

S_{brane} = ∫ brane d^{n−1}x √ −h L_{brane}. (5)

The boundary integrals in S_{grav} are required for a well defined action principle [37] (see also [38]). We denote the bulk metric and the brane metric by g_{ab} and h_{ab} respectively. L_{brane} describes the matter content on the brane.

2.1 The bulk

For the action (3), the bulk equations of motion are given by R_{ab} − 1 2 Rg_{ab} = −Λ_ng_{ab} + α { 1 2 L_{GB} g_{ab} − 2RR_{ab} + 4R_{ac}R_b^c + 4R_{acbd}R^{cd} − 2R_{acde} R_b^{cde} } (6) Given the complexity of these equations, it is surprising that they admit the following family of simple static black hole solutions [39, 40] (see also [41, 42]):

ds^2_n = −h_{BH}(a)dt^2 + da^2 h_{BH}(a)

+ a^2dΩ^2_{n−2}, (7)

where dΩ^2_{n−2} is the metric on a unit (n − 2)-sphere, and

h_{BH}(a) = 1 + a^2 2α̃ (1 − ξ(a)) for ξ(a) = √ 1 − 4α̃k_n^2 + 4α̃μ a^{n−1} . (8)

By Z_2 symmetry across the brane we have two identical black holes, one each living on either side of the brane. μ ≥ 0 is the constant of integration which determines the mass of each of these black holes [43, 44, 45, 34], M = (n − 2)Ω_{n−2} μ 16πG_n , (9) where Ω_{n−2} is the volume of a unit (n − 2)-sphere. k_n and α̃ are related to the bulk cosmological constant and the Gauss-Bonnet parameter as follows,

Λ_n = − 1 2 (n − 1)(n − 2)k_n^2, α̃ = (n − 3)(n − 4)α (10)

Since we could consider associating α with the slope parameter (i.e. α^′) of heterotic string theory, from now on we will assume that α ≥ 0. Furthermore, for the metric to be real, we also have the condition

4α̃k_n^2 ≤ 1. (11)

These Gauss-Bonnet black hole solutions are asymptotically maximally symmetric and, in the limit α → 0, they reduce to the standard AdS black hole metric of Einstein gravity.

2.2 The brane

We now consider the dynamics of the brane, moving in the static black hole bulk. The brane is given by the section (t(τ ), a(τ ), x^μ) of the bulk metric, where the parameter τ corresponds to the proper time of an observer comoving with the brane. This gives the condition −h_{BH}(a)ṫ^2 + ȧ^2 h_{BH}(a)

= −1, (12)

where overdot corresponds to differentiation with respect to τ . The induced metric is that of a FRW universe,

ds^2_{n−1} = −dτ^2 + a(τ )^2dΩ^2_{n−2}, (13)

with Hubble parameter H = ȧ/a. The equations of motion for the brane are determined by the junction conditions for a braneworld in Gauss-Bonnet gravity [46, 38]. Given that we have Z_2 symmetry across the brane, these take the form 2(K_{ab} − Kh_{ab}) + 4α(Q_{ab} − 1 3 Qh_{ab}) = −8πG_nS_{ab}, (14) where the energy momentum tensor on the brane is S_{ab} = − 2 √ h δS_{brane} δh^{ab} , (15) and Q_{ab} = 2KK_{ac}K_b^c − 2K_{ac}K^{cd}K_{db} + K_{ab}(K_{cd}K^{cd} − K^2) +2KR_{ab} + RK_{ab} − 2K^{cd}R_{cadb} − 4R_{ac}K_b^c. (16) For a brane with unit normal, n_a, the extrinsic curvature of the brane is given by K_{ab} = h^c_ah^d_b ∇_{(c} n_{d)}. R_{abcd} is the Riemann tensor on the brane, constructed from the induced metric h_{ab}.

Since the brane is homogeneous and isotropic, its energy momentum tensor is given in terms of its energy density, ρ_{brane}, and pressure, p_{brane}, as follows,

S_{ab} = (ρ_{brane} + p_{brane})τ_aτ_b + p_{brane}h_{ab}, (17)

where τ^a = (ṫ(τ ), ȧ(τ ), 0) is the velocity of a comoving observer. Given that the unit normal is n_a = (−ȧ(τ ), ṫ(τ ), 0), we can evaluate the τ τ component of (14) to give ( 1 + 4α̃ȧ^2 3a^2 + 2α̃ a^2 ) h_{BH}ṫ a − 2α̃ [h_{BH}]^2 ṫ 3a^3 = 4πG_n (n − 2) ρ_{brane}. (18)

If we square this equation, and use the condition (12), we obtain the following equation for the Hubble parameter^1, H, [ H^2 + h_{BH} a^2 ] [ 4α̃ 3 H^2 + 1 + 2α̃ a^2 ( 1 − 1 3 h_{BH} )]_2 = ( 4πG_n n − 2 )_2 ρ^2_{brane}. (19)

This is a cubic equation for H^2, with one real solution. We can extract this solution to write down the Friedmann equation for our braneworld, in its standard explicit form. To simplify the appearance of the equation we make the following definitions,

λ = 3 √ α̃ ( 4πG_n n − 2 ) ρ_{brane}, (20)

ζ_±(a) = (√ λ^2 + ξ(a)^3 ± λ

) 1_3

. (21)

The Friedmann equation now reads

H^2 = − 1 a^2 + ζ_+^2(a) + ζ_−^2(a) − 2 4α̃ . (22)

If we expand this equation in α̃, then to lowest (zeroth) order, we recover the Friedmann equation for a brane in Einstein gravity [32, 33], as indeed we should,

H^2 = ( 4πG_n n − 2 )_2

ρ^2_{brane} − k^2_n − 1 a^2 + μ a^{n−1} . (23)

3 Brane moving in an AdS background

We now consider the case where the bulk spacetime is pure AdS space. This corresponds to the case μ = 0 in our bulk metric (7). In other words, the bulk metric is now given by ds^2_n = −h_{AdS}(a)dt^2 + da^2 h_{AdS}(a)

+ a^2dΩ^2_{n−2}, (24)

1For the original derivation of this equation, see [42]. Alternative forms of the Friedmann equation for a braneworld in the Gauss-Bonnet bulk were derived in [47, 27, 48, 49].

where h_{AdS}(a) = 1 + k^2_{eff} a^2. (25) The effective cosmological constant is given by Λ_{eff} = −^1_2 (n−1)(n−2)k^2_{eff}. This differs from the bare cosmological constant, Λ_n, because of the Gauss-Bonnet correction,

k^2_{eff} = 1 − β 2α̃ where β = √ 1 − 4α̃k_n^2. (26)

We now assume that the energy-momentum of the brane splits into a contribution from the brane tension, σ, and a contribution from additional matter fields. We write

ρ_{brane} = ρ + σ, p_{brane} = p − σ, (27) where ρ and p are the energy density and pressure respectively, of the additional matter fields. If we define σ̃ = 3 √ α̃ ( 4πG_n n − 2 ) σ, (28) and ζ^∗_± = (√ σ̃^2 + β^3 ± σ̃

) 1_3

, (29)

then we can expand the Friedmann equation (22) about ρ = 0,

H^2 = A − 1 a^2 + 2πG_n(ζ^∗_+^2 − ζ^∗_−^2) (n − 2) √ α̃ √ σ̃^2 + β^2 ρ + O(ρ^2), (30)

where A = ζ^∗_+^2 + ζ^∗_−^2 − 2 4α̃ . (31)

For ρ ≪ σ, this looks like the Friedmann equation for the standard cosmology of an (n − 1)-dimensional κ = 1 universe,

H^2 = A − 1 a^2 + 16πG_{n−1} (n − 2)(n − 3) ρ, (32)

where the cosmological constant Λ_{n−1} =^1_2 (n − 2)(n − 3)A.

Let us restrict our attention to critical branes with vanishing cosmological constant, A = 0. This requires us to fine tune the brane tension in the following way,

σ̃ = (2 + β) √ 1 − β 2 . (33)

In this case, the coefficient multiplying ρ in the Friedmann equation can be simplified dramatically, so that we now have

H^2 = − 1 a^2 + 8πG_nk_{eff} (n − 2)(2 − β) ρ + O(ρ^2). (34)

For ρ ≪ σ, we can compare this with equation (32) to find an expression for the Newton’s constant on the brane,

G_{n−1} =

(n − 3)G_n k_{eff} 2(2 − β)

. (35)

For the five dimensional bulk, this agrees with the expression derived in [50] (see also [51]). Furthermore, for the case of general n, it agrees with the standard relation for critical branes in the α → 0 limit [52].

4 Braneworld holography

We will now consider the case where μ > 0, that is, when the brane is moving in a Gauss-Bonnet black hole bulk. We will assume that there is no additional matter on the brane, so that its energy-momentum only contains brane tension,

ρ_{brane} = σ, p_{brane} = −σ. (36)

For Einstein gravity (α = 0), it has been shown that when the brane is near the AdS boundary, we can think of its dynamics as being described by a radiation dominated FRW universe. This radiation is given by a strongly coupled CFT with an AdS dual description [13].

It is natural to ask if these ideas can be extended to branes moving in a Gauss- Bonnet bulk, with α ∼ k^{−2}_n . In this section, we will demonstrate that, for critical branes (A = 0) near the AdS boundary, they can.

We begin by clarifying what we mean by “near the AdS boundary”. We mean that the brane position is given by a(τ ) ≫ a_H , where a_H is the radius of the black hole horizon (h_{BH}(a_H ) = 0). However, for critical branes (A = 0) and anti-de Sitter branes (A < 0), the trajectory will have a maximum value of a. In order to have a ≫ a_H , we require that a_H ≫ √ α. In fact, a discussion of anti-de Sitter branes cannot be included as the large a limit also requires |A| ≪ α^{−1} when A < 0 (see appendix A).

For a ≫ a_H , the Friedmann equation (22) can be approximated^2 by

H^2 = A − 1 a^2 + [ ζ^∗_+ + ζ^∗_− 2 √ σ̃^2 + β^3 ] μ a^{n−1} . (37)

As in section 3, we restrict attention to critical branes. The fine-tuning of the brane tension (33) simplifies the coefficient of μ, so that our Friedmann equation becomes

H^2 = − 1 a^2 + μ (2 − β)a^{n−1} . (38)

2We are assuming 1 > 4α̃k^2_n, although the argument presented in this section can be modified to include 1 = 4α̃k^2_n.

Our main interest lies in the contribution from the black hole masses. As in Einstein gravity, we will show that this contribution can be thought of as coming from the energy density of a dual CFT – we will now calculate this energy density.

The energy of the bulk is given by the sum of the black hole masses, E_{bulk} = 2M. This energy is measured with respect to the bulk time coordinate, t, whereas an observer on the brane measures energy with respect to the brane time coordinate, τ . To arrive at the energy of the CFT, we therefore need to scale the bulk energy by ṫ, E_{CFT} = E_{bulk}ṫ.

This redshift factor can be found using equation (18). Given that we are near the AdS boundary we find that ṫ ≈ 2 √ α̃σ̃ (1 − β)(2 + β)a

. (39)

We now impose the fine tuning condition (33), to give ṫ ≈ 1 k_{eff} a

. (40)

The CFT energy is therefore given by E_{CF T} = 2Mṫ ≈ (n − 2)Ω_{n−2}μ 8πG_nk_{eff} a

. (41)

To calculate the energy density, we need to divide by the spatial volume of the CFT,

V_{CF T} = Ω_{n−2}a^{n−2}. (42) Finally we arrive at the following expression for the energy density of the dual CFT, ρ_{CF T} = (n − 2)μ 8πG_nk_{eff} a^{n−1}

. (43)

We now rewrite the Friedmann equation (38) in terms of this energy density.

H^2 = − 1 a^2 + 8πG_nk_{eff} (n − 2)(2 − β) ρ_{CF T} . (44)

Using the relation between the braneworld and bulk Newton’s constants (35), the Friedmann equation becomes,

H^2 = − 1 a^2 + 16πG_{n−1} (n − 2)(n − 3) ρ_{CF T} . (45)

This is just the Friedmann equation for the standard cosmology in (n − 1) dimensions. The cosmology is driven by a strongly coupled CFT, which is dual to the AdS black hole bulk. For critical branes near the AdS boundary, we conclude that there is a holographic description even when the bulk gravity includes a Gauss-Bonnet correction.

We should also note that we can use the thermodynamic relation, p = −∂E/∂V , to derive the CFT pressure from the energy density. The equation of state corresponds to that of radiation, p_{CFT} = ρ_{CFT} n − 2 . (46)

If we differentiate the Friedmann equation (38) with respect to τ , then the resulting equation, Ḣ = 1 a^2 − (n − 1)μ 2(2 − β)a^{n−1} , (47)

can be written as the second of the FRW equations of the standard cosmology,

Ḣ = 1 a^2 − 8πG_{n−1} (n − 3)

(ρ_{CF T} + p_{CF T} ) . (48)

5 Exact holography?

The AdS/CFT correspondence relates gravity on n-dimensional AdS space to a CFT on (n − 1)-dimensional Minkowski space. In braneworld holography, the field theory on the brane is cutoff in the UV. This cutoff vanishes as the brane approaches the boundary of AdS so that the field theory becomes conformal. Only at this point can we confidently appeal to the AdS/CFT correspondence. Although it is natural to expect a holographic description for critical branes near the AdS boundary there is no reason to expect more. However, in Einstein gravity, it has been shown that a holographic description exists for non-critical branes [14]. Perhaps even more surprisingly, there is a form of exact holography in Einstein gravity [31]. This is where the condition that the brane should be near the AdS boundary is relaxed. In this section we ask whether or not the same generalisations can be made in Gauss-Bonnet gravity.

5.1 Exact holography in Einstein gravity

We start by reviewing precisely what we mean by exact holography in Einstein gravity. Consider a brane moving in pure AdS space, with

h_{AdS}(a) = k^2_na^2 + 1. (49)

As in section 3, we assume that the energy-momentum of the brane is made up of tension, σ, and additional matter with energy density, ρ, and pressure, p. The Friedmann equation is [32, 33]

H^2 = A − 1 a^2 + 16πG_{n−1} (n − 2)(n − 3) ρ [ 1 + ρ 2σ ] . (50)

This takes the form of the (n − 1)-dimensional standard cosmology when ρ ≪ σ.

Now consider a brane with no additional matter, moving in an AdS black hole bulk, with h_{BH}(a) = k^2_na^2 + 1 − μ a^{n−3} . (51)

In this case the Friedmann equation is given by

H^2 = A − 1 a^2 + μ a^{n−1} . (52)

In [31], we showed how we can calculate exactly the energy density, ρ_{FT}, measured by an observer on the brane – this can be done without assuming that the brane is near the AdS boundary. ρ_{FT} is given in terms of μ, so we can rewrite the Friedmann equation (52) to give

H^2 = A − 1 a^2 + 16πG_{n−1} (n − 2)(n − 3) ρ_{FT} [ 1 + ρ_{FT} 2σ ] . (53)

This takes exactly the same form as the Friedmann equation (50) for the brane moving in pure AdS space with additional matter on the brane. We can therefore think of ρ_{FT} as being the energy density of a field theory living on the brane. This field theory is dual to the AdS black hole bulk, although it is no longer conformal. We think of the dual field theory on the brane as being cut off in the ultra violet – this cutoff disappears as we go closer and closer to the AdS boundary, and we approach a conformal field theory. In this case, we are not assuming that the brane is near the boundary, so the cutoff can be significant.

5.2 Exact holography in Gauss-Bonnet gravity?

We shall now investigate whether or not exact holography exists when the bulk is a Gauss-Bonnet black hole. Our result relies on the expression for the Gauss-Bonnet Hamiltonian found in [34]. We will find it convenient to rederive the Friedmann equation from the action given in that paper.

Consider the timelike vector field defined on the brane,

τ^a = (ṫ, ȧ, 0). (54)

This maps the brane onto itself and satisfies τ^a∇_aτ = 1. In principle we can extend the definition of τ into the bulk, stating only that it approaches the form given by equation (54) as it nears the brane. Now introduce a family of spacelike surfaces, {Σ_τ }, each labelled by the parameter τ , so that we have a foliation of the bulk spacetime. These surfaces should meet the boundary/brane orthogonally. We decompose τ^a into the lapse function and shift vector,

τ^a = Nr^a + N^a, (55)

where r^a is the unit normal to Σ_τ .

We can now write the bulk metric in ADM form

ds^2_n = g_{ab}dx^adx^b = −N^2dτ^2 + γ_{ab}(dx^a + N^adτ )(dx^b + N^bdτ ), (56)

where γ_{ab} is the induced metric on Σ_τ .

If S_τ is the intersection of the brane and Σ_τ , then the family of surfaces {S_τ } is a foliation of the brane. In the same way as for the bulk, we can write the brane metric in ADM form,

ds^2_{n−1} = h_{ab}dx^adx^b = −N^2dτ^2 + λ_{ab}(dx^a + N^adτ )(dx^b + N^bdτ ), (57)

where λ_{ab} is the induced metric on S_τ .

Now, from [34], we can write the action as

S = S_{grav} + S_{brane}, (58)

in which

S_{grav} = 1 8πG_n ∫ dt {∫ Σ_t d^{n−1}x ( π^{ab}γ̇_{ab} − NH − N^aH_a ) − ∫ S_t d^{n−2}x √ λ (NJ + N^aJ_a) } , (59) where π^{ab} is the momentum conjugate to γ_{ab}, and H and H_a are the Hamiltonian and momentum constraints respectively. We have an overall factor of 2 by Z_2 symmetry across the brane.

The τ τ component of the junction conditions at the brane gives rise to the Friedmann equation. This is obtained by varying the brane part of the action with respect to the brane metric. For the τ τ component this amounts to variation with respect to N, which gives J + N ( δJ δN ) + N^a ( δJ_a δN ) = 8πG_n √ λ δS_{brane} δN . (60)

The energy-momentum tensor on the brane is given by S^{ab} = 2 √ h δS_{brane} δh_{ab} . (61)

Furthermore, since h_{τ τ} = −N^2 and √ h = N √ λ, we find that

δS_{brane} δN = −N^2 √ λS^{τ τ} , (62)

so that the Friedmann equation now reads J + N ( δJ δN ) + N^a ( δJ_a δN ) = −8πG_nN^2S^{τ τ} . (63)

Note that we have a homogeneous isotropic brane,

ds^2_{n−1} = −dτ^2 + a^2dΩ^2_{n−2}, (64)

moving in a static bulk,

ds^2_n = −h(a)dt^2 + da^2 h(a) + a^2dΩ^2_{n−2} . (65)

Now, on the brane, τ^a is in fact the unit normal to S_t. This means that N = 1 and N^a = 0 on the brane, although this need not be the case in the bulk. We also have S^{τ τ} = ρ_{brane}. Putting all this information back into the Friedmann equation, we now have J + J^′ = −8πG_nρ_{brane}, where J^′ = δJ δN . (66)

Now consider two different scenarios: (i) a bulk AdS black hole, with the brane matter made up of tension only, and (ii) a pure AdS bulk, with the brane matter made up of tension, and some additional matter such as radiation. For case (i), we have h(a) = h_{BH}(a) and ρ_{brane} = σ, where σ is the brane tension.. For case (ii), we have h(a) = h_{AdS}(a) with ρ_{brane} = σ + ρ, where ρ is the energy density of the additional matter. From a holographic point of view, we would expect these two cases to be equivalent if the energy density, ρ, corresponds to that of a field theory dual to the bulk black hole gravity.

Let us begin by considering the case with the bulk black hole. The Friedmann equation reads J_{BH} + J^′_{BH} = −8πG_nσ. (67)

In order to see if we have a holographic description in the way we have just described, we need to calculate the energy density of the bulk, as measured by an observer on the brane – in other words, we want to calculate the energy density of the bulk using τ as our time coordinate. This is done by evaluating the Hamiltonian with a suitable choice of background. We choose the background, M̄, to be pure AdS space (with the same effective cosmological constant as the black hole spacetime),

ds^2_{AdS} = −h_{AdS}(a)dT^2 + da^2 h_{AdS}(a)

+ a^2dΩ^2_{n−2}, (68)

cut off at a surface, ∂M̄, given by

T = T (τ ), a = a(τ ) where − h_{AdS}(a)Ṫ^2 + ȧ^2 h_{AdS}(a)

= −1. (69)

This ensures that the geometry on ∂M̄ is the same as that on the brane.

Given that N = 1 and N^a = 0 on the brane, we evaluate the Hamiltonian to derive the energy of the bulk measured with respect to τ , E = 1 8πG_n ∫ S_τ d^{n−2}x √ λ (J_{BH} − J_{AdS}) , (70)

where we have a factor of two because there are two copies of the bulk. To get the energy density we need to divide by the spatial volume of the brane, V = ∫ S_τ d^{n−2}x √ λ. (71)

We thus see that ρ = E V = 1 8πG_n (J_{BH} − J_{AdS}). (72)

If we substitute this back into the Friedmann equation (67), we obtain

J_{AdS} + J^′_{AdS} + (J^′_{BH} − J^′_{AdS}) = −8πG_n(σ + ρ). (73)

It is clear that for the holographic description to be valid, we need to ignore the contribution from (J^′_{BH} − J^′_{AdS}). This is achieved if we satisfy the condition |J | ≫ |J^′|. (74) For Gauss-Bonnet gravity, we have [34]

J = 2K + 12αδ^{[l}_a δ^m_b δ^{n]}_c K^a_l [ ^R^{bc}_{mn} − 2H^b_m H^c_n − 2 3 K^b_mK^c_n ] , (75)

where ^R^{bc}_{mn} is the Riemann tensor on S_τ , K^a_b is the extrinsic curvature of S_τ in Σ_τ and H^a_b is the extrinsic curvature of S_τ in the brane. To evaluate J^′, we need to vary equation (75) with respect to N. However, the only term that depends on N is H^a_b , which is proportional to 1/N. Therefore,

J^′ = 48 N αδ^{[l}_a δ^m_b δ^{n]}_c K^a_l H^b_mH^c_n. (76)

We see immediately that when α = 0, then J^′ = 0, and the condition (74) holds for all values of a(τ ). This is why we have an exact holographic description for Einstein gravity. This is surprising because we would expect the AdS/CFT description to only be valid when the brane is near the AdS boundary where the cutoff to the dual CFT is insignificant.

What happens when we consider Gauss-Bonnet gravity explicitly, and α ∼ k^{−2}_n ? To evaluate J and J^′, we need the following, ^R^{bc}_{mn} = 1 a^2 ( δ^b_mδ^c_n − δ^c_mδ^b_n ) , H_{ab} = −Hλ_{ab}, K_{ab} = √ h(a) a^2

+ H^2 λ_{ab}, (77)

where H is the Hubble parameter, and h(a) is h_{BH}(a) or h_{AdS}(a), depending on whether we are working with the BH or AdS spacetime. We shall leave h(a) general in what follows.

Given the equations stated in (77), we find that

J = 2(n − 2) √ H^2 + h(a) a^2 { 1 + 2α̃ [ 1 a^2 − 4 3 H^2 − 1 3 h(a) a^2 ]} , (78)

J^′ = 8(n − 2)α̃ √ H^2 + h(a) a^2

H^2, (79)

where α̃ = (n − 3)(n − 4)α, as adopted in (10). For α ∼ k^{−2}_n , the condition (74) amounts to, α^{−1} ≫ H^2. (80) We are now ready to ask if we can have exact holography like we did for Einstein gravity. For a ∼ √ α, it is clear that both sides of (80) are of order α^{−1}, and the condition (74) does not hold. There is no exact holography in Gauss-Bonnet gravity. This is not really surprising – the fact that we found exact holography for Einstein gravity was remarkable. As we suggested earlier, via the AdS/CFT motivation for braneworld holography, we would only really expect to find a holographic description for critical branes near the AdS boundary.

Given that we know that the condition (74) doesn’t hold for general values of a, we now ask what happens when a is large. Recall that we must immediately eliminate the possibility of anti-de Sitter branes (A < 0). For critical branes and de Sitter branes, H^2 ∼ A for large a, so the condition (74) only holds if we have

α^{−1} ≫ A. (81)

This suggests that we would only find a holographic description for critical branes satisfying A = 0. Unlike in Einstein gravity, there will be no extension to non-critical branes.

To sum up, we have found a condition that determines when a holographic description will be valid for a brane moving in a black hole bulk. This condition is satisfied for Einstein gravity, regardless of the brane’s position, or the value of the braneworld cosmological constant. For Gauss-Bonnet gravity, the condition is far more restrictive. It only holds for critical branes close to the AdS boundary. We conclude that the holographic description shown in the last section is the only one you can find for branes in Gauss-Bonnet gravity.

6 Cardy-Verlinde formulæ

The Cardy-Verlinde formula [17] for a CFT is the generalisation to arbitrary dimensions of the well known Cardy formula [53] for 1 + 1-dimensional CFTs. It relates the entropy, S, of the CFT, to its energy, E, and Casimir energy, E_c. The Casimir energy can be thought of as providing the non-extensive part of the formula. In this paper, we will discuss the local version of the Cardy-Verlinde formula for a CFT living on an FRW brane.

We begin with the thermodynamic relation

dE = T dS − p dV, (82)

where T , p and V are the temperature, pressure and volume of the CFT respectively. If we introduce the following densities, s = S V , ρ = E V , (83)

we can use the fact that V ∼ a^{n−2} to rewrite the thermodynamic relation in the following form, dρ = T ds + γd ( 1 a^2 ) , (84) where γ = (n − 2)a^2 2 (ρ + p − T s). (85)

We can think of γ as describing the variation of ρ with respect to the spatial curvature, 1/a^2. If the entropy and energy were purely extensive, γ would vanish. γ will therefore give the non-extensive part of the local Cardy-Verlinde formula.

In section 3, we showed that for a critical brane near the AdS boundary, the dynamics is driven by a CFT that is dual to the Gauss-Bonnet AdS black hole bulk. Eventually we will state the Cardy-Verlinde formula for this CFT. However, first we will review the form of the Cardy-Verlinde formula for a CFT that is dual to an AdS black hole bulk in Einstein gravity.

6.1 Cardy-Verlinde formulæ for CFTs with AdS duals in Einstein gravity

Now consider a critical brane moving in a black hole bulk, in Einstein gravity[13]. When it is near the AdS boundary, the CFT on the brane obeys the following Cardy- Verlinde formula,

s^2 = ( 4π n − 2 )_2 γ ( ρ − γ a^2 ) . (86)

A remarkable connection between this formula, and the Friedmann equation was noted in [13]. At the point that the brane crosses the horizon, the entropy density is given by the Hubble entropy, s = (n − 3)H 4G_{n−1} , (87)

and γ = (n − 2)(n − 3)/16πG_{n−1} . The Cardy-Verlinde formula now reads

H^2 = − 1 a^2 + 16πG_{n−1} (n − 2)(n − 3) ρ. (88)

This is precisely the Friedmann equation for the standard cosmology!

However, we should be cautious. Contrary to the claim made in [13], the formula (86) is only valid when k^{−1}_n ≪ a_H ≪ a. This must be the case because the dual field theory ceases to be conformal for smaller values of a. We would therefore expect the structure of the formula to change, and an extra scale to be introduced, reflecting the fact that conformal invariance has been broken.

Since the holographic description exists in Einstein gravity for all values of a, it was possible to find a more exact version of this formula [31],

s^2 = ( 4π n − 2 )_2 γ ( 1 + ρ σ ) [ ρ ( 1 + ρ 2σ ) − γ a^2 ( 1 + ρ σ )] . (89)

The brane tension, σ now appears as the new scale in the formula. For ρ ≪ σ, this formula reduces to its conformal version (86).

It is interesting to evaluate this formula at the point that the brane crosses the horizon. Once again, the entropy density is given by the Hubble entropy, but this time we have a more precise formula for γ. It is given by [31] γ ( 1 + ρ σ ) = (n − 2)(n − 3) 16πG_{n−1} . (90)

The generalised Cardy-Verlinde formula (89) now coincides with the exact braneworld Friedmann equation (50).

6.2 Cardy-Verlinde formulæ for CFTs with AdS duals in Gauss-Bonnet gravity

Now consider the case of the critical brane moving in a Gauss-Bonnet black hole bulk. For the brane near the AdS boundary we have a holographic description, but not otherwise. We shall now derive the Cardy-Verlinde formula for the CFT on the brane, when the holographic description holds.

The entropy of the CFT is just given by the total entropy of the two Gauss-Bonnet black holes [40] (see also [54, 55]), S = 2. Ω_{n−2}a^{n−2}_H 4G_n [ 1 + 2 ( n − 2 n − 4 ) α̃ a^2_H ] . (91)

Note that the Gauss-Bonnet black hole entropy does not obey the area law which exists in Einstein gravity. The temperature of the CFT is given by the temperature of the black hole, T_{BH}, with the appropriate redshift factor, ṫ ≈ 1/k_{eff}a, T = T_{BH} k_{eff}a

, where T_{BH} = h_{BH}^′(a_H ) 4π . (92)

In section 4, we found the energy density and pressure of the CFT (equations (43) and (46) respectively). In principle we can now calculate γ, and attempt to construct a Cardy-Verlinde formula in the form of equation (86). However, as noted in [36] this will be impossible if one attempts to include all the Gauss-Bonnet corrections.

Before we lose hope, it is important to take stock of what we are actually trying to do. We are trying to find a Cardy-Verlinde formula for a CFT that is dual to a Gauss- Bonnet AdS bulk. It only makes sense to think of this CFT when the holographic description is valid, that is when √ α ≪ a_H ≪ a. It is therefore inappropriate to include the α̃/a^2_H correction in the entropy formula (91). In the holographic limit we can make the following consistent approximations: s = 1 2G_n (a_H a )_{n−2} [ 1 + O ( α̃ a^2_H )] (93) ρ = n − 2 8πG_nα̃k_{eff} (a_H a )_{n−1} [ α̃k^2_n + O ( α̃ a^2_H )] (94) γ = n − 2 8πG_nk_{eff} (a_H a )_{n−3} [ χ + O ( α̃ a^2_H )] (95) where χ = 1 − 2 (_{n−1} n−4 ) α̃k^2_n. We can now cast these quantities into a Cardy-Verlinde formula:

s^2 = 1 χ ( k_{eff} k_n )_2 ( 4π n − 2 )_2 γ [ ρ − γ a^2 ] ( 1 + O ( α̃ a^2_H )) , (96)

Note that this formula agrees with (86) in the limit α → 0.

We can now ask whether this formula bears any resemblance to the Friedmann equation at the point that the brane crosses the black hole horizon – the answer is no. However, it doesn’t make sense to evaluate this formula at a = a_H , as it is only valid for a ≫ a_H . In Einstein gravity, this was also the case, but the Cardy- Verlinde formula (86) evaluated at the horizon, still gave the Friedmann equation of the standard cosmology. We believe we now understand why this was the case.

From a holographic perspective, we need to ask what is the difference between an Einstein bulk and a Gauss-Bonnet bulk. The difference lies in the existence of exact holography for Einstein gravity but not for Gauss-Bonnet gravity. This means we cannot say anything sensible about the CFT at the time the brane crosses the horizon for the Gauss-Bonnet bulk. For the Einstein bulk, we can happily trust the exact holographic description and use the generalised version of the Cardy-Verlinde formula (89) at a = a_H . This formula agrees with the braneworld Friedmann equation at each order of ρ. Since the braneworld Friedmann equation and the standard Friedmann equation agree up to order ρ, it is clear what is happening when we evaluate the approximate formula (86) at the horizon. We are just seeing the agreement of (89) with the braneworld Friedmann equation, up to order ρ. However, we should note that the ρ^2 corrections are not small at the horizon.

In Gauss-Bonnet gravity there is no exact holography, and therefore no correct way to describe the physics of a dual field theory at the time the brane crosses the black hole horizon. The Cardy-Verlinde formula (96) will only be valid near the boundary of AdS.

7 Discussion

In this paper we have attempted to extend the ideas of braneworld holography in Einstein gravity, to Gauss-Bonnet gravity. We have found that there exists a holographic description of a critical brane moving in a Gauss-Bonnet AdS black hole bulk, but only when it is close to the boundary. This is in contrast to Einstein gravity, when a holographic description can be found even when the brane is not near the AdS boundary. This has important implications when one considers the Cardy-Verlinde formulæ for the dual field theories on the brane. It was previously thought that one could not cast the thermodynamic quantities for the CFT dual to a Gauss-Bonnet AdS bulk into a Cardy-Verlinde like formula. However, by making approximations consistent with the limit in which the holographic description is valid, it turns out that one can.

Finding a Cardy-Verlinde formula for the CFT with the Gauss-Bonnet AdS dual enabled us to compare its properties with its analogue in Einstein gravity. In particular, if we evaluate the Cardy-Verlinde formula for Einstein gravity at the point at which the brane crosses the black hole horizon, it gives us the Friedmann equation. This relationship between the Cardy-Verlinde formula and the Friedmann equation has been somewhat of a mystery, although our study of Gauss-Bonnet braneworld holography has enabled us to shed some light on the problem. We found that the relationship does not exist for Gauss-Bonnet gravity. We believe that this is because there is no exact holography for Gauss-Bonnet gravity, and hence we cannot make sense of the CFT physics at the time the brane crosses the horizon – this is explained in detail in section 6.

We would like to finish off by commenting on earlier studies of Gauss-Bonnet braneworld holography [27, 28, 29, 30]. From these, one draws negative conclusions about the existence of a holographic description. However, these studies all use an alternative Friedmann equation, derived in [56, 27]. The difference occurs because they have different boundary terms in the Gauss-Bonnet action [57, 58]. In this paper, we have used the boundary terms derived by Myers [37]. It is encouraging that we have succeeded in gaining some positive results using this method. The study of braneworld cosmology using the Friedmann equations discussed in this article has recently begun [59, 60]. It would be an interesting avenue of research to investigate the possible connections between the existence of a holographic description of braneworld cosmology, and the nature of the alternative boundary terms employed in the study of braneworld cosmology in a Gauss-Bonnet bulk. In particular, the treatment of the brane as a thin wall in the bulk spacetime is not a trivial matter in the Gauss-Bonnet braneworld model [61]. Before one takes a thin wall limit to approach the standard Randall-Sundrum braneworld model, the thick wall in these models has an internal structure – it remains an open question as to whether the nature of this internal structure affects the existence of a holographic description of braneworld cosmology.

Acknowledgements We would like to thank Dominic Breacher, Christos Charmousis, Stephen Davis, Shin’ichi Nojiri and Simon Ross for helpful correspondence. JPG would particularly like to thank Ulf Danielsson for stimulating discussions. AP would also like to thank Syksy Räsänen and John March-Russell for helpful conversations. AP was funded by PPARC. JPG and AP acknowledge the invaluable support of B. Bird.

A Requirements for large a limit

In this section, we will justify some of the claims made in section 4 regarding the limit a ≫ a_H .

Note that the condition h(a_H ) = 0 implies that

α̃μ = Aa^{n−1}_H (97)

where

A = α̃k^2_n + α̃ a^2_H + ( α̃ a^2_H

)_2 (98) is of order one.

If we assume that a_H ≪ a, we see that 4α̃μ/a^{n−1} ≪ 1, so that the Friedmann equation takes the form given in equation (37):

H^2 = A − 1 a^2 + B A μ a^{n−1} (99)

where B is also of order one. For the de Sitter brane (A > 0) there are clearly a number of scenarios in which H never vanishes and the brane can reach to arbitrarily large values of a (see section 5.5 in [15]). However, for critical branes (A = 0) and anti-de Sitter branes (A < 0), a will have a maximum value a_{max}, where H vanishes.

Consider the critical brane at a_{max}. It follows from (99) that μ = A B a^{n−3}_{max} (100)

Combining this with equation (97), we find α̃ a^2_H = B ( a_H a_{max} )_{n−3} ≪ 1 (101)

where we have used the fact that B is order one.

Now consider the anti-de Sitter brane at a_{max}. This time we get μ = A B ( |A|a^{n−1}_{max} + a^{n−3}_{max} ) (102)

Again, we combine this with equation (97) to give B = α̃|A| ( a_{max} a_H )_{n−1} + α̃ a^2_H ( a_{max} a_H )_{n−3} . (103)

Since B is order one, and a_{max} ≫ a_H , we must have α̃|A| ≪ 1, α̃ a^2_H

≪ 1. (104)

This means that the anti-de Sitter brane is ruled out in the large a analysis.

References

[1] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “The hierarchy problem and new dimensions at a millimeter,” Phys. Lett. B429 (1998) 263–272,

hep-ph/9803315.

[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “New dimensions at a millimeter to a Fermi and superstrings at a TeV,” Phys. Lett. B436 (1998) 257–263, hep-ph/9804398.

[3] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity,” Phys. Rev. D59 (1999) 086004, hep-ph/9807344.

[4] L. Randall and R. Sundrum, “A large mass hierarchy from a small extra dimension,” Phys. Rev. Lett. 83 (1999) 3370–3373, hep-ph/9905221.

[5] L. Randall and R. Sundrum, “An alternative to compactification,” Phys. Rev.

Lett. 83 (1999) 4690–4693, hep-th/9906064.

[6] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231–252, hep-th/9711200.

[7] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253–291, hep-th/9802150.

[8] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B428 (1998) 105–114,

hep-th/9802109.

[9] H. Verlinde, “Holography and compactification,” Nucl. Phys. B580 (2000) 264–274, hep-th/9906182.

[10] S. S. Gubser, “AdS/CFT and gravity,” Phys. Rev. D63 (2001) 084017,

hep-th/9912001.

[11] S. W. Hawking, T. Hertog, and H. S. Reall, “Brane new world,” Phys. Rev.

D62 (2000) 043501, hep-th/0003052.

[12] A. Hebecker and J. March-Russell, “Randall-Sundrum II cosmology, AdS/CFT, and the bulk black hole,” Nucl. Phys. B608 (2001) 375–393, hep-ph/0103214.

[13] I. Savonije and E. Verlinde, “CFT and entropy on the brane,” Phys. Lett.

B507 (2001) 305–311, hep-th/0102042.

[14] A. Padilla, “CFTs on non-critical braneworlds,” Phys. Lett. B528 (2002) 274–282, hep-th/0111247.

[15] A. Padilla, “Braneworld cosmology and holography,” hep-th/0210217.

[16] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2 (1998) 505–532, hep-th/9803131.

[17] E. Verlinde, “On the holographic principle in a radiation dominated universe,”

hep-th/0008140.

[18] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12 (1971) 498–501.

[19] P. Candelas, G. T. Horowitz, A. Strominger, and E. Witten, “Vacuum configurations for superstrings,” Nucl. Phys. B258 (1985) 46–74.

[20] M. B. Green and P. Vanhove, “D-instantons, strings and M-theory,” Phys.

Lett. B408 (1997) 122–134, hep-th/9704145.

[21] B. Zwiebach, “Curvature squared terms and string theories,” Phys. Lett. B156 (1985) 315.

[22] B. Zumino, “Gravity theories in more than four-dimensions,” Phys. Rept. 137 (1986) 109.

[23] D. J. Gross and J. H. Sloan, “The quartic effective action for the heterotic string,” Nucl. Phys. B291 (1987) 41.

[24] A. Fayyazuddin and M. Spalinski, “Large N superconformal gauge theories and supergravity orientifolds,” Nucl. Phys. B535 (1998) 219–232, hep-th/9805096.

[25] O. Aharony, A. Fayyazuddin, and J. M. Maldacena, “The large N limit of N = 2,1 field theories from three-branes in F-theory,” JHEP 07 (1998) 013,

hep-th/9806159.

[26] S. Nojiri and S. D. Odintsov, “Brane-world cosmology in higher derivative gravity or warped compactification in the next-to-leading order of AdS/CFT correspondence,” JHEP 07 (2000) 049, hep-th/0006232.

[27] S. Nojiri, S. D. Odintsov, and S. Ogushi, “Cosmological and black hole brane world universes in higher derivative gravity,” Phys. Rev. D65 (2002) 023521,

hep-th/0108172.

[28] Y. M. Cho and I. P. Neupane, “Anti-de sitter black holes, thermal phase transition and holography in higher curvature gravity,” Phys. Rev. D66 (2002) 024044, hep-th/0202140.

[29] J. E. Lidsey, S. Nojiri, and S. D. Odintsov, “Braneworld cosmology in (anti)-de Sitter Einstein-Gauss-Bonnet-Maxwell gravity,” JHEP 06 (2002) 026,

hep-th/0202198.

[30] S. Nojiri, S. D. Odintsov, and S. Ogushi, “Friedmann-Robertson-Walker brane cosmological equations from the five-dimensional bulk (A)dS black hole,” Int. J. Mod. Phys. A17 (2002) 4809–4870, hep-th/0205187.

[31] J. P. Gregory and A. Padilla, “Exact braneworld cosmology induced from bulk black holes,” Class. Quant. Grav. 19 (2002) 4071–4083, hep-th/0204218.

[32] P. Binetruy, C. Deffayet, and D. Langlois, “Non-conventional cosmology from a brane-universe,” Nucl. Phys. B565 (2000) 269–287, hep-th/9905012.

[33] P. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois, “Brane cosmological evolution in a bulk with cosmological constant,” Phys. Lett. B477 (2000) 285–291, hep-th/9910219.

[34] A. Padilla, “Surface terms and the Gauss-Bonnet Hamiltonian,” Class. Quant.

Grav. 20 (2003) 3129–3150, gr-qc/0303082.

[35] R.-G. Cai and Y. S. Myung, “Holography and entropy bounds in Gauss-Bonnet gravity,” Phys. Lett. B559 (2003) 60–64, hep-th/0210300.

[36] R.-G. Cai, “The Cardy-Verlinde formula and AdS black holes,” Phys. Rev.

D63 (2001) 124018, hep-th/0102113.

[37] R. C. Myers, “Higher derivative gravity, surface terms and string theory,” Phys.

Rev. D36 (1987) 392.

[38] S. C. Davis, “Generalised Israel junction conditions for a Gauss-Bonnet brane world,” Phys. Rev. D67 (2003) 024030, hep-th/0208205.

[39] D. G. Boulware and S. Deser, “String generated gravity models,” Phys. Rev.

Lett. 55 (1985) 2656.

[40] R.-G. Cai, “Gauss-Bonnet black holes in AdS spaces,” Phys. Rev. D65 (2002) 084014, hep-th/0109133.

[41] R. C. Myers, “Black holes in higher curvature gravity,” gr-qc/9811042.

[42] C. Charmousis and J.-F. Dufaux, “General Gauss-Bonnet brane cosmology,” Class. Quant. Grav. 19 (2002) 4671–4682, hep-th/0202107.

[43] J. Crisostomo, R. Troncoso, and J. Zanelli, “Black hole scan,” Phys. Rev. D62 (2000) 084013, hep-th/0003271.

[44] S. Deser and B. Tekin, “Gravitational energy in quadratic curvature gravities,” Phys. Rev. Lett. 89 (2002) 101101, hep-th/0205318.

[45] S. Deser and B. Tekin, “Energy in generic higher curvature gravity theories,” Phys. Rev. D67 (2003) 084009, hep-th/0212292.

[46] E. Gravanis and S. Willison, “Israel conditions for the Gauss-Bonnet theory and the Friedmann equation on the brane universe,” Phys. Lett. B562 (2003) 118–126, hep-th/0209076.

[47] J. E. Kim, B. Kyae, and H. M. Lee, “Effective Gauss-Bonnet interaction in Randall-Sundrum compactification,” Phys. Rev. D62 (2000) 045013,

hep-ph/9912344.

[48] B. Abdesselam and N. Mohammedi, “Brane world cosmology with Gauss-Bonnet interaction,” Phys. Rev. D65 (2002) 084018, hep-th/0110143.

[49] C. Germani and C. F. Sopuerta, “String inspired braneworld cosmology,” Phys.

Rev. Lett. 88 (2002) 231101, hep-th/0202060.

[50] Y. M. Cho, I. P. Neupane, and P. S. Wesson, “No ghost state of Gauss-Bonnet interaction in warped background,” Nucl. Phys. B621 (2002) 388–412,

hep-th/0104227.

[51] I. P. Neupane, “Gravitational potential correction with Gauss-Bonnet interaction,” Phys. Lett. B512 (2001) 137–145, hep-th/0104226.

[52] S. B. Giddings, E. Katz, and L. Randall, “Linearized gravity in brane backgrounds,” JHEP 03 (2000) 023, hep-th/0002091.

[53] J. L. Cardy, “Operator content of two-dimensional conformally invariant theories,” Nucl. Phys. B270 (1986) 186–204.

[54] I. P. Neupane, “Black hole entropy in string-generated gravity models,” Phys.

Rev. D67 (2003) 061501, hep-th/0212092.

[55] I. P. Neupane, “Thermodynamic and gravitational instability on hyperbolic spaces,” hep-th/0302132.

[56] S. Nojiri, S. D. Odintsov, and S. Ogushi, “Holographic entropy and brane FRW dynamics from AdS black hole in d5 higher derivative gravity,” Int. J. Mod. Phys. A16 (2001) 5085, hep-th/0105117.

[57] S. Nojiri and S. D. Odintsov, “Finite gravitational action for higher derivative and stringy gravities,” Phys. Rev. D62 (2000) 064018, hep-th/9911152.

[58] M. Cvetic, S. Nojiri, and S. D. Odintsov, “Black hole thermodynamics and negative entropy in de Sitter and anti-de Sitter Einstein-Gauss-Bonnet gravity,” Nucl. Phys. B628 (2002) 295–330, hep-th/0112045.

[59] J. E. Lidsey and N. J. Nunes, “Inflation in Gauss-Bonnet brane cosmology,” Phys. Rev. D67 (2003) 103510, astro-ph/0303168.

[60] J. E. Lidsey and R. Tavakol, “Running of the scalar spectral index and observational signatures of inflation,” astro-ph/0304113.

[61] N. Deruelle and T. Dolezel, “Brane versus shell cosmologies in Einstein and Einstein- Gauss-Bonnet theories,” Phys. Rev. D62 (2000) 103502,

gr-qc/0004021.