arXiv:hep-th/0305008 v2 27 May 2003

UT-03-13 IU-MSTP/55

Anomalies, Local Counter Terms and Bosonization^1

Kazuo Fujikawa

Department of Physics, University of Tokyo Bunkyo-ku, Tokyo 113, Japan

Hiroshi Suzuki

Department of Mathematical Sciences, Ibaraki University Mito, 310-8512, Japan

Abstract

We re-examine the issue of local counter terms in the analysis of quantum anomalies. We analyze two-dimensional theories and show that the notion of local counter terms need to be carefully defined depending on the physics contents such as whether one is analyzing gauge theory or bosonization. It is shown that a part of the Jacobian, which is apparently spurious and eliminated by a local counter term corresponding to the mass term of the gauge field in gauge theory, cannot be removed by a local counter term and plays a central role by giving the kinetic term of the bosonized field in the context of path integral bosonization.

1 Introduction

The quantum anomalies play a central role in modern field theory [1, 2, 3]. In the analysis of quantum anomalies, it is a folklore that the anomaly (or a part of anomaly), which can be cancelled by local counter terms, has no physical meaning. However, it is known [4] that the apparently spurious Jacobian in path integral formulation [5], which could be cancelled by a local counter term corresponding to the mass term for the background gauge field, gives rise to the kinetic term for the bosonized field in bosonization [6]–[16].

There are two basic issues involved when one discusses the local counter terms in anomaly calculations:

1. One has to decide if a relevant symmetry one is analyzing is really broken by the quantum anomaly or not.

2. One has to decide if all or parts of the anomalies evaluated in some specific calculational schemes should be retained even if they appear to be removed by adding suitable local counter terms to the starting Lagrangian.

1A contribution to the Hidenaga Yamagishi commemorative volume of Physics Reports, edited by E. Witten and I. Zahed.

In this paper, we present a detailed analysis of local counter terms and show that the apparently spurious Jacobian in the context of gauge theory cannot be removed by a local counter term in the context of bosonization.

2 Anomalies in a two-dimensional model

We work in the path integral formulation of quantum anomalies. We first briefly review the calculation of the chiral anomaly in a theory which contains U(1) gauge fields ∫ Dψ̄Dψ exp ( i ∫ d^2x L ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ − iA_μγ_5)ψ ]} . (2.1) The operator in Euclidean theory D̸ ≡ γ^μ(∂_μ − iV_μ − iA_μγ_5) (2.2) is not hermitian, and to define a hermitian operator we rotate the gauge field into a pure imaginary variable A_μ(x) → iA_μ(x) (2.3) and rotate it back to the original field A_μ → −iA_μ after the calculation [17]. The operator after the rotation D̸ ≡ γ^μ(∂_μ − iV_μ + A_μγ_5) (2.4) becomes hermitian D̸^† =D̸ in Euclidean sense and one can define D̸φ_n(x) = λ_nφ_n(x), ∫ d^2x φ^†_n(x)φ_m(x) = δ_{n,m}, ψ(x) = ∑ n a_nφ_n(x), ψ̄(x) = ∑ n b̄_nφ^†(x). (2.5)

In the path integral thus defined ∫ Dψ̄Dψ exp (∫ d^2x L ) = lim_{N →∞} N∏ n=1 db̄_nda_n exp (_N ∑ n=1 iλ_nb̄_na_n ) (2.6)

the vector-like transformation ψ(x) → ψ^′(x) = e^{iα(x)}ψ(x), ψ̄(x) → ψ̄^′(x) = ψ̄(x)e^{−iα(x)} (2.7) gives rise to a vanishing Jacobian

ln J(α) = −i lim_{N →∞} N∑ n=1 ∫ d^2x [ φ^†_nα(x)φ_n − φ^†_nα(x)φ_n ] = 0 (2.8)

and thus no anomaly. On the other hand, for the chiral transformation ψ(x) → ψ^′(x) = e^{iα(x)γ5} ψ(x), ψ̄(x) → ψ̄^′(x) = ψ̄(x)e^{iα(x)γ5} (2.9) the Jacobian is given by the master formula of quantum anomaly

ln J_5(α) = −2i lim_{N →∞} N∑ n=1 ∫ d^2x [ φ^†_nα(x)γ_5φ_n ]

≡ −2i lim_{M →∞} ∫ d^2x ∞∑ n=1 [ φ^†_nα(x)γ_5 exp(−λ^2_n/M^2)φ_n ]

= −2i lim_{M →∞} Tr⟨x|α(x)γ_5 exp(− D̸^2/M^2)|x⟩ (2.10)

where the trace is taken over the freedom of Dirac indices in addition to the space-time integral.

When one defines D_μ = ∂_μ − iV_μ as a covariant derivative with only the vector-like gauge field (by noting η^{μν} = (−1, −1) in Euclidean metric) we have

D̸^2 = γ^μγ^ν (∂_μ − iV_μ − A_μγ_5)(∂_ν − iV_ν + A_ν γ_5) = η^{μν} (∂_μ − iV_μ − A_μγ_5)(∂_ν − iV_ν + A_ν γ_5) + 1 2 [γ^μ, γ^ν ](∂_μ − iV_μ − A_μγ_5)(∂_ν − iV_ν + A_ν γ_5)

= D^μD_μ + (∂^μA_μ)γ_5 + 1 4 [γ^μ, γ^ν ](−iF_{μν}) −A^μA_μ + 1 2 [γ^μ, γ^ν ][D_μA_ν − A_μD_ν ]γ_5 (2.11)

where the differential operator in (∂^μA_μ) acts only on A_μ and F_{μν} = ∂_μV_ν − ∂_ν V_μ. If one recalls the definitions of γ_5 and γ^1 = iσ^2, γ^2 = iσ^1 (γ^0 = σ^1) in terms of Pauli matrices in Euclidean theory and the properties

γ_5 ≡ (−i)γ^1γ^2 = iσ^2σ^1 = σ^3,

γ_5 1 4 [γ^μ, γ^ν ] = i 2 ϵ^{μν} , ϵ^{12} = 1, (2.12)

the last two terms in (2.11) do not contain the γ matrices and do not contribute to the anomaly in two-dimensions. Consequently, one can use

D̸^2 = D^μD_μ + (∂^μA_μ)γ_5 + 1 4 [γ^μ, γ^ν ](−iF_{μν}) (2.13)

in the calculation of anomalies.

By this way one can evaluate the integrable form of anomaly [18]

ln J_5(α) = −2i lim_{M →∞} tr ∫ d^2x α(x)γ_5 ∫ d^2k (2π)^2 e^{−ikx} exp ( − D̸^2 M^2 ) e^{ikx} = −2i lim_{M →∞} tr ∫ d^2x α(x)γ_5 ∫ d^2k (2π)^2 ×e^{−ikx} exp [ − D^μD_μ + (∂^μA_μ)γ_5 +^1_4 [γ^μ, γ^ν ](−iF_{μν} ) M^2 ] e^{ikx}

= 2i tr ∫ d^2x α(x)γ_5 [ (∂^μA_μ)γ_5 + 1 4 [γ^μ, γ^ν ](−iF_{μν}) ] ∫ d^2k (2π)^2 e^{k2} = 2i 4π tr ∫ d^2x α(x) ( ∂^μA_μ + 1 2 ϵ^{μν} F_{μν} ) (2.14)

by applying the scale transformation k_μ → Mk_μ as in four-dimensional theory and then retaining terms to the order 1/M^2 in the expansion of the exponential factor in powers of 1/M.

When one rotates back to the original variable A_μ → −iA_μ in (2.14) and writes the result in Minkowski metric by noting

ϵ^{12} = 1 → ϵ^{10} = 1 (2.15)

one obtains the Jacobian after the trace over the Dirac indices

ln J_5(α) = ih̄ π ∫ d^2x α(x) ( ∂^μA_μ + 1 2 ϵ^{μν} F_{μν} ) (2.16)

where we added h̄ to emphasize that this is the one-loop effect. In the case of non-Abelian theory, this Jacobian is generalized to [19]

ln J_5(α) = ih̄ π tr ∫ d^2x α^a(x)T^a [ D^μA_μ + 1 2 ϵ^{μν} (F_{μν} + i[A_μ, A_ν ]) ]

= ih̄ 2π ∫ d^2x α^a(x) [ (D^μA_μ)^a + 1 2 ϵ^{μν} F^a_{μν} − 1 2 ϵ^{μν} f^{abc}A^b_μA^c_ν ] . (2.17)

If one follows the conventional wisdom, the first term in the above Jacobians, for example ∂^μA_μ in (2.16), is eliminated by a local counter term (corresponding to the mass term of the gauge field) and thus has no physical meaning. However, this term does not diverge in two-dimensional theory and in fact, it plays a central role by giving the kinetic term for the boson field in bosonization to be discussed below.

3 Anomalies and counter terms in gauge theory

We examine the issue related to local counter terms in the context of a gauge theory with a γ_5 coupling which is defined by a formal path integral ∫ [DA_μ]Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ − 1 4 (∂_μA_ν − ∂_ν A_μ)^2 ]} (3.1)

where the path integral measure is not specified yet, and a suitable gauge fixing term is included in the measure [DA_μ].

If one adopts the definition of the fermionic measure discussed in the preceding section, which is related to the Pauli-Villars regularization, the term ∂^μA_μ in the final expression of the Jacobian ln J_5(α) could be cancelled if one adds a suitable mass term A^μA_μ for the gauge field A_μ in the starting theory L = ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ + h̄ 2π A^2_μ. (3.2)

In fact we have

Z(A_μ + ∂_μα) = ∫ Dψ̄Dψ exp ( i ∫ d^2x { ψ̄iγ^μ [∂_μ − i(A_μ + ∂_μα)γ_5] ψ + h̄ 2π (A_μ + ∂_μα)^2 })

= ∫ Dψ̄^′Dψ^′ exp ( i ∫ d^2x { ψ̄^′iγ^μ [∂_μ − i(A_μ + ∂_μα)γ_5] ψ^′ + h̄ 2π (A_μ + ∂_μα)^2 })

= ∫ Dψ̄Dψ J_5(α) exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ + h̄ 2π (A_μ + ∂_μα)^2 ]}

= Z(A_μ) (3.3)

where the second equality states that the path integral is independent of the naming of path integral variables, and we set ψ^′(x) = exp[iα(x)γ_5]ψ(x). The Jacobian is given by

J_5(α) = exp [ ih̄ π ∫ d^2x α(x)∂^μA_μ ] (3.4)

and thus the gauge symmetry is preserved for an infinitesimal α.

In this sense we interpret that the gauge symmetry in the present regularization ∫ [DA_μ]Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ + h̄ 2π A^2_μ − 1 4 (∂_μA_ν − ∂_ν A_μ)^2 ]} (3.5)

is not broken by the anomaly.

The above Jacobian indicates the identity ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ + h̄ 2π A^2_μ ]}

= ∫ Dψ̄^′Dψ^′ exp { i ∫ d^2x [ ψ̄^′iγ^μ(∂_μ − iA_μγ_5)ψ^′ + h̄ 2π A^2_μ ]}

= ∫ Dψ̄Dψ J_5(α) exp { i ∫ d^2x [ ψ̄^′iγ^μ(∂_μ − iA_μγ_5)ψ^′ + h̄ 2π A^2_μ ]} (3.6)

for the transformation ψ(x) → ψ^′(x) = e^{iα(x)γ5} ψ(x), ψ̄(x) → ψ̄^′(x) = ψ̄(x)e^{iα(x)γ5} (3.7) which gives the identity

∂_μ[ψ̄(x)γ^μγ_5ψ(x)] = − h̄ π ∂_μA^μ(x). (3.8)

This shows that the operator non-conservation holds independent of the local counter term. We can however define a conserved local operator

J^μ_5 (x) ≡ ψ̄(x)γ^μγ_5ψ(x) + h̄ π A^μ(x), ∂_μJ^μ_5 (x) = 0 (3.9) which is a reflection of the fact that the local counter term can cancel the anomaly.

In the above calculational scheme, one can maintain both of the fermion number symmetry in an operator sense

∂_μ[ψ̄(x)γ^μψ(x)] = 0 (3.10)

and chiral gauge symmetry in the sense of the generating functional Z(A_μ) which is made invariant by a local counter term or by the re-definition of J^μ_5 .

In two-dimensions, the connection between the vector and axial-vector currents adds further constraints. One may define a new (gauge invariant) fermion number current in the present regularization scheme by (by noting γ^μγ_5 = −ϵ^{μν} γ_ν and ϵ^{10} = 1 in strictly d = 2 Minkowski metric)

J^μ(x) ≡ −ϵ^{μν} J_{5 ν} (x) = ψ̄(x)γ^μψ(x) − h̄ π ϵ^{μν} A_ν (x) (3.11)

which satisfies an anomalous relation

∂_μJ^μ(x) = − h̄ π ϵ^{μν} ∂_μA_ν (x). (3.12)

The fermion number current, which is obtained from the anomaly-free gauge current J^μ_5 (x), is not conserved.

This may be compared to the covariant formulation of the Jacobian (in Euclidean metric) [20]

Z_{cov} = ∫ [DA_μ]Dψ̄Dψ exp {∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5)ψ − 1 4 (∂_μA_ν − ∂_ν A_μ)^2 ]} . (3.13)

The calculational scheme of covariant anomaly is specified by (in Euclidean theory)

D̸ = γ^μ(∂_μ − iA_μγ_5) = γ^μ(∂_μ − iA_μ)

( 1 + γ_5 2 ) + γ^μ(∂_μ + iA_μ)

( 1 − γ_5 2 ) , D̸^† = γ^μ(∂_μ − iA_μ)

( 1 − γ_5 2 ) + γ^μ(∂_μ + iA_μ)

( 1 + γ_5 2 ) , D̸^† D̸ = [γ^μ(∂_μ − iA_μ)]^2

( 1 + γ_5 2 ) + [γ^μ(∂_μ + iA_μ)]^2

( 1 − γ_5 2 ) , D̸ D̸^† = [γ^μ(∂_μ − iA_μ)]^2

( 1 − γ_5 2 ) + [γ^μ(∂_μ + iA_μ)]^2

(1 + γ_5 2 ) , D̸^† D̸ψ_n(x) = λ^2_nψ_n(x), D̸ D̸^†φ_n(x) = λ^2_nφ_n(x), ψ(x) = ∑ n a_nψ_n(x), ψ̄(x) = ∑ n b̄_nφ^†_n(x) (3.14)

and the path integral and operators appearing there are specified by the cut-off in terms of the gauge invariant λ_n with λ_n ≥ 0

Z_{cov} = ∫ [DA_μ] lim_{N →∞} N∏ n=1 db̄_nda_n exp [ i N∑ n=1 λ_nb̄_na_n − ∫ d^2x 1 4 (∂_μA_ν − ∂_ν A_μ)^2 ] .(3.15)

If one applies the calculational scheme of covariant anomaly, the fermion number (in an operator sense) in this theory however contains an anomaly, though the chiral gauge current in an operator sense is anomaly-free. The Jacobian for the fermion number transformation ψ^′(x) = e^{iα(x)}ψ(x), ψ̄^′(x) = ψ̄(x)e^{−iα(x)} (3.16) is defined by

ln J(α) = −i Tr { α(x) [ exp(− D̸^† D̸/M^2) − exp(− D̸ D̸^†/M^2) ]} = −i Tr [ α(x) ( exp { −[γ^μ(∂_μ − iA_μ)]^2/M^2

} ( 1 + γ_5 2 )

+ exp { −[γ^μ(∂_μ + iA_μ)]^2/M^2 } ( 1 − γ_5 2 )

+ exp { −[γ^μ(∂_μ − iA_μ)]^2/M^2 } (1 − γ_5 2 )

+ exp { −[γ^μ(∂_μ + iA_μ)]^2/M^2

} ( 1 + γ_5 2 ))]

= −2i Tr ( α(x)γ_5 exp { −[γ^μ(∂_μ − iA_μ)]^2/M^2 }) = ∫ d^2x α(x) ih̄ 2π ϵ^{μν} (∂_μA_ν − ∂_ν A_μ) (3.17)

and the Jacobian for the chiral transformation by

ln J_5(α) = −i Tr { α(x)γ_5 [ exp(− D̸^† D̸/M^2) + exp(− D̸ D̸^†/M^2) ]} = 0. (3.18)

We thus have the operator relations

∂_μ[ψ̄(x)γ^μγ_5ψ(x)]_{cov} = 0,

∂_μ[ψ̄(x)γ^μψ(x)]_{cov} = − h̄ π ϵ^{μν} ∂_μA_ν (3.19)

which reproduce the results of the gauge invariant currents J^μ_5 (x) and J^μ(x) in (3.9) and (3.12), respectively, in the regularization corresponding to the Pauli-Villars regularization.

The physics contents of anomaly-free gauge theory with a γ_5 coupling are thus compactly specified by the covariant regularization without a need to introduce a local counter term; this is also the case in the four-dimensional Weinberg-Salam theory.

4 Anomalies and the bosonization of free fermions

We next examine the issue related to local counter terms in the context of the path integral bosonization. In the analysis of the bosonization of the fermion, the fermion number by definition should have a well-defined anomaly-free meaning. The fermion number thus replaces the gauge symmetry as a primary symmetry in the preceding section. If one imposes this condition, the available regularization is restricted essentially to the formulation corresponding to the Pauli-Villars regularization but without a local counter term.

4.1 Abelian bosonization

We review the bosonization related to Abelian gauge transformations [6]–[9]. We thus start with ∫ Dψ̄Dψ exp ( i ∫ d^2x L ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ − iA_μγ_5)ψ ]} (4.1)

where the path integral is specified by the regularization in Section 2. There are two alternative ways to proceed to the bosonization.

We first start with e^{iW (vμ)} = ∫ Dψ̄Dψ exp [ i ∫ d^2x ( ψ̄iγ^μ∂_μψ + v_μψ̄γ^μψ )] . (4.2)

In this setting any local counter term should be expressed as a local polynomial in v_μ.

Now we observe that the vector field in two-dimensional space-time contains two independent components and it can be decomposed into two arbitrary real functions α and β as v_μ(x) = ∂_μα(x) + ϵ_{μν} ∂^ν β(x). (4.3) After this decomposition, we can write (4.2) as e^{iW (vμ)} = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − i∂_μα − i∂_μβγ_5)ψ ]} (4.4)

by noting ϵ_{μν} γ^μ = γ_ν γ_5, which is valid in strictly d = 2 Minkowski metric. We extract the functions α and β as integrated Jacobians associated with the transformations of integration variables ψ and ψ̄. Using the results of Section 2 for the infinitesimal transformations ψ(x) → ψ^′(x) = exp {i [δα(x) + δβ(x)γ_5]} ψ(x), ψ̄(x) → ψ̄^′(x) = ψ̄(x) exp {i [−δα(x) + δβ(x)γ_5]} , (4.5)

we have the Jacobians in (4.4)

ln J(δα) = 0,

ln J(δβ) = i π ∫ d^2x δβ(x)(∂^μA_μ + ϵ^{μν} ∂_μV_ν ), (4.6)

where V_μ = ∂_μα and A_μ = ∂_μβ. Using these Jacobians, the α and β dependences in the action are extracted as

e^{iW (vμ)} = exp[iΓ(v_μ)] ∫ Dψ̄Dψ exp [ i ∫ d^2x (ψ̄iγ^μ∂_μψ) ] (4.7)

where Γ(v_μ) stands for the integrated Jacobian (or anomaly), and it has the form in Minkowski metric

iΓ(v_μ) = i π ∫ d^2x

∫_1 0 ds β∂^μ(1 − s)∂_μβ = i π ∫ d^2x ( − 1 2 ∂^μβ∂_μβ ) . (4.8)

The derivation of this integrated Jacobian proceeds as follows: One first eliminates the component α by a vector-like transformation, which is anomaly free and thus without any Jacobian. One then performs an infinitesimal transformation parametrized by dsβ in the intermediate result where the axial-vector component β is partially extracted and given by A_μ = (1 − s)∂_μβ and V_μ = 0 in the general formula (4.6) of the Jacobian. One then obtains the above formula Γ(v_μ) by integrating over the parameter s of infinitesimal transformations.

We can also write e^{iW (vμ)} = ∫ Dξ exp [ i π ∫ d^2x (1 2 ∂^μξ∂_μξ )] exp[iΓ(v_μ)] (4.9)

since the absolute normalization of path integral does not matter in the definition of W (v_μ). We next shift the variable ξ → ξ + β and note the “translational invariance” of the path integral measure D(ξ + β) = Dξ. We then have e^{iW (vμ)} = ∫ Dξ exp [ i π ∫ d^2x (1 2 ∂^μξ∂_μξ − 1 2 ∂^μβ∂_μβ )]

= ∫ Dξ exp [ i π ∫ d^2x (1 2 ∂^μξ∂_μξ − v_μϵ^{μν} ∂_ν ξ )] . (4.10)

In deriving the last line, we used ∂^μ∂_μβ = ϵ^{μν} ∂_μv_ν .

This relation shows that the theory of a free Dirac fermion ψ and the theory of a free real Bose field ξ define the identical generating functional W (v_μ) of Green’s functions. By differentiating the generating functional with respect to the source field v_μ twice and then setting v_μ = 0, we obtain ⟨T^∗ψ̄(x)γ^μψ(x)ψ̄(y)γ^ν ψ(y)⟩ = ( 1 π )_2 ⟨T^∗ϵ^{μα}∂_αξ(x)ϵ^{νβ} ∂_βξ(y)⟩ (4.11) which shows the equivalence of the correlation functions described by a Dirac fermion and a real boson in d = 2 dimensional space-time.

An alternative way to the bosonization starts with (4.1) and we consider (with A_μ = ∂_μξ) Z(ξ, V_μ ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − i∂_μξγ_5 − iV_μ)ψ ]} (4.12)

and the chiral transformation

ψ(x) = exp[iξ(x)γ_5]ψ^′(x), ψ̄(x) = ψ̄^′(x) exp[iξ(x)γ_5]. (4.13)

The ξ dependence of the action is then removed

Z(ξ, V_μ) = exp[iΓ(V_μ, ξ)] ∫ Dψ̄^′Dψ^′ exp { i ∫ d^2x [ ψ̄^′iγ^μ(∂_μ − iV_μ)ψ^′ ]}

= exp[iΓ(V_μ, ξ)] ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ)ψ ]} (4.14) where Γ(V_μ, ξ) stands for the integrated Jacobian (or anomaly), and it has the form in Minkowski metric iΓ(V_μ, ξ) = i π ∫ d^2x

∫_1 0 ds ξ [ ∂^μ(1 − s)∂_μξ + 1 2 ϵ^{μν} F_{μν} ]

= i π ∫ d^2x (1 2 ξ∂^μ∂_μξ + 1 2 ξϵ^{μν} F_{μν} )

= i π ∫ d^2x ( − 1 2 ∂^μξ∂_μξ + 1 2 ξϵ^{μν} F_{μν} ) . (4.15)

The derivation of this formula proceeds as follows: One performs an infinitesimal transformation parametrized by dsξ in the intermediate result where ξ (and axial-vector gauge field) is given by A_μ = (1 − s)∂_μξ. One then uses (2.16) and obtains the above formula by integrating over the parameter s of infinitesimal gauge transformations.

We next note that the gauge field in two-dimensional space-time contains two independent components and it can be decomposed into two arbitrary real functions α and β as V_μ(x) = ∂_μα(x) + ϵ_{μν} ∂^ν β(x). (4.16) After this decomposition, we can write

γ^μV_μ(x) = γ^μ∂_μα(x) + γ^μγ_5∂_μβ(x) (4.17)

by using the relations γ^0 = σ^1, γ^1 = iσ^2, γ_5 = σ^3 valid in Minkowski space-time. Consequently, we can write (4.12) as Z(ξ, V_μ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − i∂_μξγ_5 − i∂_μα − iγ_5∂_μβ)ψ ]}

= ∫ Dψ̄Dψ exp ( i ∫ d^2x { ψ̄iγ^μ[∂_μ − i∂_μ(ξ + β)γ_5]ψ }) (4.18)

after the elimination of α by a change of variables ψ(x) → exp[iα(x)]ψ(x) and ψ̄(x) → ψ̄(x) exp[−iα(x)], which is free of anomaly.

We thus have ∫ Dξ Z(ξ, V_μ) = ∫ DξDψ̄Dψ exp ( i ∫ d^2x { ψ̄iγ^μ[∂_μ − i∂_μ(ξ + β)γ_5]ψ })

= ∫ DξDψ̄Dψ exp { i ∫ d^2x { ψ̄iγ^μ(∂_μ − i∂_μξγ_5)ψ ]}

= ∫ Dξ Z(ξ, 0) (4.19)

by noting Dξ = D(ξ + β). When one combines this expression with the formula (4.14) which contains Γ(V_μ, ξ), one concludes ∫ Dξ exp[iΓ(V_μ, ξ)] ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ)ψ ]} = independent of V_μ. (4.20)

We now recall that the generating functional of connected Green’s functions W (V_μ), when the variable V_μ is regarded as the Schwinger’s source function, is defined by e^{iW (Vμ)} = ∫ Dψ̄Dψ exp [ i ∫ d^2x ( ψ̄iγ^μ∂_μψ + V_μψ̄γ^μψ )] . (4.21)

This expression combined with (4.20) gives rise to e^{−iW (Vμ)} = ∫ Dξ exp [ − i π ∫ d^2x ( 1 2 ∂^μξ∂_μξ − V_μϵ^{μν} ∂_ν ξ )] (4.22)

by noting that the absolute normalization of the path integral is immaterial in the definition of W (V_μ). On the right-hand side of this path integral, the Feynman’s iϵ prescription appears with a reversed signature in accord with the Wick rotation in this formula which is defined by x^0 → +ix^2 instead of the conventional x^0 → −ix^2. The hermitian conjugate of this relation gives e^{iW (Vμ)} = ∫ Dξ exp [ i π ∫ d^2x ( 1 2 ∂^μξ∂_μξ − V_μϵ^{μν} ∂_ν ξ )] (4.23)

which is justified in the expansion in terms of the source function V_μ.^1

These relations (4.21) and (4.23) show that the theory of a free Dirac fermion ψ and the theory of a free real Bose field ξ define the identical generating functional W (V_μ) of Green’s functions. We thus arrive at the same conclusion as in the first method.

4.2 Non-Abelian bosonization

We next repeat the procedure (4.10) for the non-Abelian bosonization [10]–[16]. We define the generating functional of Green’s functions by e^{iW (v−)} = ∫ Dψ̄Dψ exp [ i ∫ d^2x ( ψ̄iγ^μ∂_μψ + ψ̄v_−γ^−ψ )] , (4.24)

where the fermions belong to a representation of the group SU(n) and the source field v_− is Lie algebra valued, v_− = v^a_−T^a. We have used the light-cone coordinates defined by

A_± = A_0 ± A_1, A^± = 1 2 (A^0 ± A^1). (4.25)

We note the relation valid in strictly d = 2

γ^− = 1 2 (γ^0 − γ^1) = γ^0

1 + γ_5 2 = −γ^1

1 + γ_5 2 (4.26)

and thus v_−γ^− = (v_0 − v_1) 1 2 (γ^0 − γ^1) = γ^μv_μ

1 + γ_5 2 . (4.27)

1This procedure is justified only for tree diagrams.

In two-dimensional space-time, the two independent components of v_μ can be written as −iv_−(x) = exp[ih(x)]∂_− exp[−ih(x)] ≡ U(h)^†∂_−U(h), −iv_+(x) = exp[il(x)]∂_+ exp[−il(x)] ≡ U(l)^†∂_+U(l), (4.28) where h = h^aT^a and l = l^aT^a.

By using the above relations, the generating functional is written as e^{iW (v−)} = ∫ Dψ̄Dψ exp ( i ∫ d^2x { ψ̄iγ^μ [ ∂_μ + U(h)^†∂_μU(h)

1 + γ_5 2 ] ψ }) . (4.29)

Formally, this can be regarded as a non-Abelian chiral gauge theory in which vector and axial gauge fields are given by V_μ = A_μ = iU(h)^†∂_μU(h)/2.

In (4.29), we repeatedly apply an infinitesimal transformation of integration variables, ψ(x) → ψ^′(x) = exp[idsh(x)(1 + γ_5)/2]ψ, ψ̄(x) → ψ̄^′(x) = ψ̄ exp[idsh(x)(−1 + γ_5)/2] (4.30) and integrate the resulting Jacobian by using (2.17) with respect to the parameter s. In the intermediate steps, the gauge fields are given by V_μ(s) = A_μ(s) = iU(h, s)^†∂_μU(h, s)/2 where U(h, s) = e^{−i(1−s)h}. This operation then extracts the v_− dependence from the action of the path integral. The result is

e^{iW (v−)} = exp[iΓ(v_−)] ∫ Dψ̄Dψ exp [ i ∫ d^2x ( ψ̄iγ^μ∂_μψ )] (4.31)

where

iΓ(v_−) = i 2π tr ∫ d^2x

∫_1 0 ds h ( D^μA_μ(s) + 1 2 ϵ^{μν} {F_{μν} (s) + i[A_μ(s), A_ν (s)]} ) . (4.32)

Various factors in this expression are given explicitly as h = −iU(h, s)^†∂_sU(h, s), D^μA_μ(s) = ∂^μA_μ(s) − i[V^μ(s), A_μ(s)] = i 2 ∂^μ[U(h, s)^†∂_μU(h, s)], F_{μν} (s) + i[A_μ(s), A_ν (s)] = ∂_μV_ν (s) − ∂_ν V_μ(s) − i[V_μ(s), V_ν (s)] + i[A_μ(s), A_ν (s)] = i 2 ∂_μ[U(h, s)^†∂_ν U(h, s)] − i 2 ∂_ν [U(h, s)^†∂_μU(h, s)]. (4.33) Plugging these into (4.32) and using ∂^μ(U^†∂_sU) = ∂_s(U^†∂^μU) + [U^†∂_sU, U^†∂^μU], we find iΓ(v_−) = −iΓ_{WZW}(U(h)) (4.34) where the Wess-Zumino-Witten action Γ_{WZW}(U) is given by

Γ_{WZW}(U) = 1 8π tr ∫ d^2x ∂^μU^†∂_μU − 1 12π tr ∫ d^3x ϵ^{μνλ}(U^†∂_μU)(U^†∂_ν U)(U^†∂_λU). (4.35)

In the second term on the right-hand side an additional third dimension has been introduced by U(x^0, x^1, x^2) = U(h(x^0, x^1), s = 1 − x^2) (we have set ϵ^{102} = 1). It can be verified that the WZW action defined above satisfies the composition law

Γ_{WZW}(U(h)U) = Γ_{WZW}(U(h)) + Γ_{WZW}(U) − i 2π tr ∫ d^2x v_−U∂^−U^†. (4.36)

We have shown in (4.31) that

e^{iW (v−)} = exp [−iΓ_{W ZW} (U(h))] (4.37)

since the absolute normalization of the path integral does not matter in the definition of W (v_−). We can re-write this relation by multiplying the constant ∫ DU exp [iΓ_{W ZW} (U)] (4.38)

to the right-hand side. We then change the integration variable as U → U(h)U. By using the gauge invariance of the integration measure, D(U(h)U) = DU, and the composition law in (4.36), we recover the non-Abelian bosonization formula [10] e^{iW (v−)} = ∫ DU exp [ iΓ_{W ZW} (U) − i 2π tr ∫ d^2x (v_−iU∂^−U^†) ] . (4.39)

5 Local counter terms and bosonization

In either method of the Abelian bosonization in the preceding section, the term ∂^μA_μ in the Jacobian factor in (4.6) or in (2.16) plays a central role to give the kinetic term of the bosonic field ξ in (4.10) or (4.23). If one eliminates the term ∂^μA_μ by a local counter term as in (3.2) or (3.5), the path integral bosonization as presented here does not work.

One may argue for the absence of the counter term by saying that it is a necessity to preserve the fermion number symmetry precisely in the bosonization, which in turn specifies the regularization of the Jacobian. Once the fermionic path integral is specified by a specific regularization, its full contents should be retained in the faithful bosonization; a local counter term could modify the contents of the fermion theory in general. The actual situation is, however, more involved and subtle.

We thus start with the second method of Abelian bosonization in (4.12). One may add a local counter term A^2_μ/(2π) to the action in the path integral as Z(ξ, V_μ ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iA_μγ_5 − iV_μ)ψ + 1 2π A^2_μ ]} (5.1)

where A_μ ≡ ∂_μξ. (5.2)

When one extracts the ξ dependence from the fermionic sector by a change of path integral variables, one arrives at Z(ξ, V_μ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ)ψ + 1 π ξϵ^{μν} ∂_μV_ν ]} (5.3) since a part of the Jacobian for the chiral transformation is cancelled by the counter term. See (4.15). In this formula, the variable ξ has no dynamical degrees of freedom and thus the Jacobian factor has no physical meaning; it simply corresponds to an addition of a c-number term coupled to the source V_μ. This shows that the second method of bosonization fails if one adds the local counter term A^2_μ/(2π), and the second method is essentially reduced to the first method of bosonization

Z(v_μ) = ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iv_μ)ψ ]} . (5.4)

In this sense, the first method of bosonization is more intrinsic, though the second method provides a clear physical picture, namely, ξ as a Nambu-Goldstone field derivatively coupled to the axial current and V_μ standing for the source field.

We thus analyze the first method of bosonization in (4.2). By repeating the above procedure, one might attempt to eliminate the part of the anomaly ∂^μA_μ in (4.6), which is spurious from a view point of gauge theory, by adding a local counter term A^2_μ/(2π) to the original Lagrangian. This counter term is written as (∂_μβ)^2/(2π) in the present context, and this counter term, if added, cancels the kinetic term of β in (4.8) just as in the case we discussed above and invalidates the bosonization.

We now examine this counter term in more detail. The term A^2_μ/(2π), which is local in terms of the axial vector field A_μ appearing in (2.16), is actually not local in the context of (4.2). The local counter term in the context of (4.2) should be expressed as a local polynomial of the source field v_μ, as we have emphasized there. The would-be counter term is written in terms of v_μ as 1 2π A^2_μ = 1 2π (∂_μβ)^2 = − 1 2π ϵ^{μν} ∂_μv_ν 1 ∂_ρ∂^ρ ϵ^{αβ}∂_αv_β = − 1 8π ϵ^{μν} F_{μν} 1 ∂_ρ∂^ρ ϵ^{αβ}F_{αβ} (5.5)

which is not local. It is thus not allowed to add this term as a counter term to the definition of the original partition function (4.2). This term, if added, modifies the physical contents of the original fermionic theory even in the conventional understanding of local counter terms.

We can give an identical reasoning for the absence of the local counter term in non- Abelian bosonization in (4.35). From a view point of gauge theory, the first term of (4.32) may be regarded as a spurious anomaly and one might add a counter term tr A^2_μ/(2π) = (A^a_μ)^2/(4π). This term, if added, removes the kinetic term of the non-linear sigma model in (4.35) (note A^2_μ = ∂^μU^†∂_μU/4) and invalidates the above non-Abelian bosonization. This term, however, is not local when expressed in terms of the source field v_−. In fact, noting the relation

∂_+v_− = i∂_−[U(h)^†∂_+U(h)] + [v_−, U(h)^†∂_+U(h)] ≡ iD^v_−[U(h)^†∂_+U(h)] (5.6)

we find A^2_μ = A_−A_+ = − 1 4 U(h)^†∂_−U(h)U(h)^†∂_+U(h) = 1 4 v_− 1 D^v_− ∂_+v_− (5.7) which is non-local in terms of v_−.

To understand the meaning of the local counter term in bosonization better, it is instructive to examine what happens if one adds a local term −z^2v^2_μ/(2π) to the Lagrangian in (4.2) e^{iW (vμ)} = ∫ Dψ̄Dψ exp [ i ∫ d^2x ( ψ̄iγ^μ∂_μψ + v_μψ̄γ^μψ − z^2 2π v^2_μ )] (5.8)

where z stands for a real non-negative number z ≥ 0.

We follow the first method of the path integral bosonization (4.2) and observe − ∫ d^2x z^2 2π v^2_μ = − ∫ d^2x z^2 2π (∂^μα∂_μα − ∂^μβ∂_μβ) (5.9) for the replacement (4.3). As a consequence, we obtain the following generating functional after extracting the variables α and β from the fermionic path integral

e^{iW (vμ)} (5.10) = ∫ DξDη exp [ i π ∫ d^2x ( 1 2 ∂^μξ∂_μξ + 1 2 ∂^μη∂_μη − z^2 2 ∂^μα∂_μα − 1 − z^2 2 ∂^μβ∂_μβ )]

= ∫ DξDη exp [ i π ∫ d^2x ( 1 2 ∂^μξ∂_μξ − v_μ √ 1 − z^2ϵ^{μν} ∂_ν ξ + 1 2 ∂^μη∂_μη + v_μz∂^μη )]

where we introduced two real scalar fields, ξ (pseudoscalar) and η (scalar), and made the appropriate shifts of the path integral variables ξ and η in the second line. We also used the relation ∂^μ∂_μα = ∂^μv_μ.

The formulas (5.8) and (5.10), after differentiating twice with respect to v_μ and then setting v_μ = 0, give rise to ⟨T^∗ψ̄(x)γ^μψ(x)ψ̄(y)γ^ν ψ(y)⟩ + iz^2 π η^{μν} δ^2(x − y) = (1 − z^2) ( 1 π )_2 ⟨T^∗ϵ^{μα}∂_αξ(x)ϵ^{νβ} ∂_βξ(y)⟩ + z^2 ( 1 π )_2 ⟨T^∗∂^μη(x)∂^νη(y)⟩ = ∫ d^2p (2π)^2 e^{−ip(x−y)} i π [ (1 − z^2) ( p^μp^ν p^2 − η^{μν} ) + z^2 p^μp^ν p^2 ] (5.11)

and it gives the same current correlation function as our previous formula (4.11) ⟨T^∗ψ̄(x)γ^μψ(x)ψ̄(y)γ^ν ψ(y)⟩ = ( 1 π )_2 ⟨T^∗ϵ^{μα}∂_αξ(x)ϵ^{νβ} ∂_β ξ(y)⟩ = ∫ d^2p (2π)^2 e^{−p(x−y)} i π ( p^μp^ν p^2 − η^{μν} ) (5.12)

which is natural since our specification of the path integral measure precisely fixes the fermionic currents.

The vector current defined as a source current for v_μ in (5.8) is given by j^μ(x) = ψ̄(x)γ^μψ(x) − z^2 π v^μ(x) (5.13) and it satisfies in the present regularization of the fermionic path integral

∂_μj^μ(x) = ∂_μ[ψ̄(x)γ^μψ(x)] − z^2 π ∂_μv^μ(x) = − z^2 π ∂_μv^μ(x). (5.14)

The axial current defined by

j^μ_5 (x) ≡ −ϵ^{μν} j_ν (x) = ψ̄(x)γ^μγ_5ψ(x) + z^2 π ϵ^{μν} v_ν (x) (5.15)

then satisfies ∂_μj^μ_5 (x) = −

1 − z^2 π ϵ^{μν} ∂_μv_ν (x). (5.16)

When one understands the local counter term as a result of “regularization ambiguity” (see Appendix for a detailed analysis), one presumes the existence of a certain regularization which gives rise to the fermionic currents satisfying the same relations as in (5.14) and (5.16)

∂_μ[ψ̄(x)γ^μψ(x)]_{reg} = − z^2 π ∂^μv_μ(x), ∂_μ[ψ̄(x)γ^μγ_5ψ(x)]_{reg} = −

1 − z^2 π ϵ^{μν} ∂_μv_ν (x) (5.17)

and in strictly d = 2 [ψ̄(x)γ^μγ_5ψ(x)]_{reg} = −ϵ^{μν} [ψ̄(x)γ_ν ψ(x)]_{reg}. (5.18)

In this understanding of the local counter term, the above correlation function (5.11) implies^2 ⟨T^∗[ψ̄(x)γ^μψ(x)]_{reg}[ψ̄(y)γ^ν ψ(y)]_{reg}⟩

= (1 − z^2) ( 1 π )_2 ⟨T^∗ϵ^{μα}∂_αξ(x)ϵ^{νβ} ∂_βξ(y)⟩ + z^2 ( 1 π )_2 ⟨T^∗∂^μη(x)∂^νη(y)⟩ = ∫ d^2p (2π)^2 e^{−ip(x−y)} i π [ (1 − z^2) ( p^μp^ν p^2 − η^{μν} ) + z^2 p^μp^ν p^2 ] . (5.19)

These correlation functions (5.12) and (5.19), when written in term of the canonical T -product by applying the Bjorken-Johnson-Law (BJL) prescription [21],^3 both give rise to the same result ⟨T ψ̄(x)γ^μψ(x)ψ̄(y)γ^ν ψ(y)⟩ = ⟨T [ψ̄(x)γ^μψ(x)]_{reg}[ψ̄(y)γ^ν ψ(y)]_{reg}⟩ = ∫ d^2p (2π)^2 e^{−ip(x−y)} i π ( p^μp^ν p^2

− δ^μ_0 δ^ν_0 ) . (5.21)

2It is confirmed that the regularization scheme parametrized by L_1 = L_2 = L_3 = L_4 = 1 − 2z^2 in (A.5)–(A.8) in Appendix gives rise to this formula.

3The essence of the BJL prescription is that the correlation function written in terms of the T -product ⟨T A(x)B(y)⟩ is well defined and smooth near x^0 ∼ y^0, and thus the large p_0 limit of the Fourier transform vanishes lim p_0 →∞ ∫ d^2x e^{ip(x−y)}⟨T A(x)B(y)⟩ = 0. (5.20)

This formula in terms of the T -product gives the ordinary Goto-Imamura-Schwinger term and the current algebra (the Kac-Moody algebra)

[j^0(t, x), j^0(t, y)] = 0,

[j^0(t, x), j^1(t, y)] = − i π δ^′(x − y), [j^1(t, x), j^1(t, y)] = 0, (5.22)

where j^μ stands for the vector current given by either definition of the current. These relations are derived by

lim_{p0→∞} p_0 ∫ d^2x e^{ip(x−y)}⟨T j^0(x)j^ν (y)⟩ = lim_{p0→∞} ∫ d^2x e^{ip(x−y)}i∂_0⟨T j^0(x)j^ν (y)⟩ = lim_{p0→∞} ∫ d^2x e^{ip(x−y)}i [ ⟨T ∂_0j^0(x)j^ν (y)⟩ + ⟨[j^0(x), j^ν (y)]⟩δ(x^0 − y^0) ] = ∫ d^2x e^{ip1(x−y)1} i⟨[j^0(x), j^ν (y)]⟩δ(x^0 − y^0)

= lim_{p0→∞} p_0 i π ( p^0p^ν p^2

− δ^0δ^ν_0 )

= i π p^1δ^ν_1 (5.23)

where we used the definition of the T -product, in particular, lim_{p0→∞} ∫ d^2x e^{ip(x−y)}⟨T ∂_0j^0(x)j^ν (y)⟩ = 0. (5.24)

The last relation in (5.22) is derived in a similar way. It is known that the chiral anomaly and the Goto-Imamura-Schwinger term give the same effect in the current algebra in d = 2 dimensions.

From a view point of bosonization, the two limiting cases z = 0 and z = 1 give a clear physical picture which introduces a single bosonic field. The local counter term thus preserves the current algebra and the canonical commutation relations of the bosonized fields, for example, [Π_η(t, x), ∂_yη(t, y)] = 1 π [∂_tη(t, x), ∂_yη(t, y)] = iδ^′(x − y) (5.25) for z = 1. This is the content (in the context of bosonization) of the common statement that the local counter term does not change physics.

The Jacobian, which could be eliminated by a local counter term in the context of gauge theory, plays a fundamental role in the bosonization of fermion theory by giving the kinetic term of the bosonized field. We have shown that those apparently spurious Jacobians are not eliminated by local counter terms in the context of bosonization, even if one follows the conventional definition of local counter terms.

6 Discussions

We have analyzed the issue related to local counter terms in the evaluation of the quantum anomaly. We have shown that this issue depends on the physical situations: In the context of gauge theory the ordinary argument for the use of local counter terms is justified. On the other hand, the use of local counter terms in a naive sense spoils the path integral bosonization. We have shown that the apparently local counter terms in the context of gauge theory are in fact not local in the context of bosonization. This clearly shows that the naive use of local counter terms changes the physics contents of the original fermionic theory in bosonization.

Our analysis of the apparently local counter term in the context of bosonization has a close analogue in the analysis of the Liouville action in the quantization of string theory. One may start with the Lagrangian for the bosonic string L = 1 2 √ gg^{μν} ∂_μX^a∂_ν X^a (6.1)

where the index μ of x^μ runs over 1 and 2 and parameterizes the world sheet, and the index a = 1 ∼ d where d stands for the dimension of the target space-time. In the conformal gauge condition of the world sheet g_{μν} (x) = ρ(x)η_{μν} = exp[σ(x)]η_{μν}, it is known that the (carefully defined) path integral measure in ∫ dμ exp [ − ∫ d^2x ( 1 2 √ gg^{μν} ∂_μX^a∂_ν X^a )] (6.2)

gives rise to the Liouville action [22]–[24] dμ → dμ exp [ − 26 − d 48π ∫ d^2x ( 1 2 ∂^μσ∂_μσ + 1 2 m^2e^σ )] (6.3)

when one extracts the Weyl freedom ρ dependence from the action. The first term of the Liouville action (the kinetic term) appears to be eliminated by a suitable local counter term. But it is known that the kinetic term is in fact non-local when written in a gauge condition other than the conformal gauge and has a structure − 26 − d 96π ∫ d^2x √ gR 1 □ R (6.4)

where R stands for the Riemann scalar curvature in two-dimensional space; in the conformal gauge one has √ gR = ∂^μ∂_μ ln ρ. This is analogous to our finding in (5.5). If this kinetic term should be freely changed by a local counter term, one would not be able to distinguish a critical string from a non-critical string by looking at the Weyl anomaly. On the other hand, the second term in the Liouville action is written as the cosmological term √ g and its coefficient can be freely modified by a suitable local counter term.

Incidentally, the present treatment of the cosmological term (for d < 26) suggests that the spurious Jacobian term, which could be eliminated by a local counter term, should be retained with an arbitrary but non-vanishing coefficient in a general context.

We dedicate the present paper to the memory of Hidenaga Yamagishi, whose critical spirit contributed to the clarification of an anomaly-related issue of the proton decay [25].

Note added

After submitting this paper for publication, related works [26] on the path integral bosonization in two dimensions came to our attention. The authors of these papers analyze the problem from a view point of Bose symmetry of vertices involved in Feynman diagrams. Their criterion is more restrictive than ours in the sense that the addition of the local counter term in (5.8), for example, is not allowed in their scheme. The definition of the Bose symmetry is somewhat subtle and (A.18), which may be regarded to be Bose symmetric, does not work in the bosonization. In the path integral bosonization the property γ^μγ_5 = −ϵ^{μν} γ_ν is used in an essential way inside the action, and thus this symmetry need to be preserved in the current level also. (A.18) does not respect this symmetry as is shown in (A.19).

A Classification of regularization schemes

In this appendix, we present a classification of the various regularization schemes of ∫ Dψ̄Dψ exp { i ∫ d^2x [ ψ̄iγ^μ(∂_μ − iV_μ − iA_μγ_5)ψ ]} (A.1)

by assuming that the regularization is Lorentz covariant and characterized as a regularization of current operators

j^μ_5 (x) = ψ̄(x)γ^μγ_5ψ(x), j^μ(x) = ψ̄(x)γ^μψ(x). (A.2)

We note that, in strictly d = 2 dimensions, there is a relation between the above two fermionic currents j^μ_5 (x) = −ϵ^{μν} j_ν (x) (A.3)

as a result of γ^μγ_5 = −ϵ^{μν} γ_ν if the currents are uniformly regularized in terms of the regularized correlation functions ⟨ψ_α(x)ψ̄_β(y)⟩_{reg}.

Now we consider the expectation values of currents j^μ(x) and j^μ_5 (x) in the presence of the background axial and vector gauge fields, A_μ and V_μ. In terms of Feynman diagrams, it is given by one-loop diagrams which contain a current and interaction vertices specified by i ∫ d^2y L_{int} = i ∫ d^2y j^ν_5 (y)A_ν(y) and i ∫ d^2y L_{int} = i ∫ d^2y j^ν (y)V_ν (y). One-loop diagrams with more than two insertions of interaction vertices are ultraviolet convergent and they do not contribute to anomalies (they are independent of regularization schemes, as long as the ultraviolet properties are concerned).^4 It is thus sufficient to consider one-loop diagrams which contain only one interaction vertex. These are given by current-current correlators such as ⟨T^∗j^μ_5 (x)j^ν_5 (y)⟩_0, where the subscript 0 indicates that the correlator is evaluated in the absence of gauge fields.

4In fact, it can be shown that correlation functions corresponding to those diagrams identically vanish. Functions given in (A.5)–(A.8) are the only non-trivial ones in this Abelian theory.

There are two different ways to define current operators: The first is to define the currents by a variation of the fermion variables ψ(x) → exp [iα(x) + iβ(x)γ_5] ψ(x), ψ̄(x) → ψ̄(x) exp [−iα(x) + iβ(x)γ_5] (A.4)

inside the action, which defines the Noether currents. The second way is to define the currents as the source currents for the background gauge fields V_μ(x) and A_μ(x). These two definitions of currents give rise to the identical results in ordinary cases. But in the analysis of anomalies, they generally give rise to different results, namely, L_2 ≠ L_3 in (A.6) and (A.7) below; one may recall that the effects of the anomaly can be collected to any one of the vertices, either the Noether current or the interaction vertex, in the present context. Our convention in this appendix is that the first current at the point x stands for the Noether current and the second current at the point y stands for the source current coupled to the background gauge field.

By applying the standard (un-regularized) Feynman rules and expanding correlators with respect to the external momentum, we find (F.T. denotes the Fourier transformation with ∫ d^2x e^{ip(x−y)}) F.T. ⟨T^∗j^μ_5 (x)j^ν_5 (y)⟩_0 = i 2π [( 2p^μp^ν p^2 − η^{μν} ) F (p^2) + η^{μν} L_1(p^2) ] , (A.5)

F.T. ⟨T^∗j^μ(x)j^ν_5 (y)⟩_0 = − i 2π [( 2ϵ^{μα}p_αp^ν p^2 − ϵ^{μν} ) F (p^2) + ϵ^{μν} L_2(p^2) ] , (A.6)

F.T. ⟨T^∗j^μ_5 (x)j^ν (y)⟩_0 = − i 2π [( 2ϵ^{να}p_αp^μ p^2 − ϵ^{νμ} ) F (p^2) + ϵ^{νμ}L_3(p^2) ] , (A.7)

F.T. ⟨T^∗j^μ(x)j^ν (y)⟩_0 = i 2π [( 2p^μp^ν p^2 − η^{μν} ) F (p^2) − η^{μν} L_4(p^2) ] . (A.8)

In these expressions, the factor F is given by a convergent integral and we have

F (p^2) = 1 (A.9)

for any regularization scheme. On the other hand, the factors L_1, L_2, L_3 and L_4 are given by logarithmically divergent integrals and their values depend on the regularization scheme. The tensor structures of these divergent terms are determined by assuming the Lorenz covariance. The factors L_1, L_2, L_3 and L_4 parameterize possible regularization schemes which include the choice of local counter terms. For example, an addition of the counter term A^2_μ amounts to a change of L_1 while keeping L_2, L_3 and L_4 invariant, though other factors could be changed by imposing (A.3).

One might think that L_2 = L_3 always holds in view of the symmetric appearance of (A.6) and (A.7). But they are in general different as we explained above. In fact the covariant formulation in Section 3 treats (A.6) and (A.7) in a different manner and leads to L_2 ≠ L_3. The property L_2 ≠ L_3 can be regarded as a breaking of the Bose symmetry among the vertices.

From the above expressions, we have

F.T. ∂^x_μ⟨T^∗j^μ_5 (x)j^ν_5 (y)⟩_0 = 1 2π [L_1(p^2) + 1]p^ν ,

F.T. ∂^x_μ⟨T^∗j^μ(x)j^ν_5 (y)⟩_0 = − 1 2π [L_2(p^2) − 1]p_μϵ^{μν} ,

F.T. ∂^x_μ⟨T^∗j^μ_5 (x)j^ν (y)⟩_0 = 1 2π [L_3(p^2) + 1]p_μϵ^{μν} ,

F.T. ∂^x_μ⟨T^∗j^μ(x)j^ν (y)⟩_0 = − 1 2π [L_4(p^2) − 1]p^ν (A.10) and F.T. ⟨T^∗[j^μ_5 (x) + ϵ^{μα}j_α(x)]j^ν_5 (y)⟩_0 = i 2π [L_1(p^2) − L_2(p^2)]η^{μν} ,

F.T. ⟨T^∗[j^μ_5 (x) + ϵ^{μα}j_α(x)]j^ν (y)⟩_0 = i 2π [L_3(p^2) − L_4(p^2)]ϵ^{μν} . (A.11)

Now using the above four factors L_1, L_2, L_3 and L_4, we can classify various regularization schemes we encountered so far. The first category may be called a “consistent type” and it is characterized by the property L_2 = L_3. It thus preserves the Bose symmetry among two vertices. As a possible choice, we may take L_1 = L_2 = L_3 = L_4 = +1. This choice corresponds to the Pauli-Villars prescription in the path integral treatment. In fact, for this choice, we have from (A.10)

∂_μ⟨j^μ(x)⟩ = 0 (A.12)

corresponding to (2.8), and

∂_μ⟨j^μ_5 (x)⟩ = − 1 π [∂_μA^μ(x) + ϵ^{μν} ∂_μV_ν (x)] (A.13)

corresponding to (2.16). This choice thus breaks only the axial current conservation. Also, from (A.11), we see that the relation (A.3) holds in an operator sense without “anomaly”. In other words, if one requires the vector current (which may be the fermion number current) conservation and the relation (A.3), one inevitably has L_1 = L_2 = L_3 = L_4 = +1.

Next, if one supplements the local counter term A^2_μ to the above prescription as in (3.2), it eliminates the anomaly in the axial-axial channel. This prescription is thus given by L_1 = −1 ≠ L_2 = L_3 = L_4 = +1. In fact, we have ∂_μ⟨j^μ(x)⟩ = 0 and

∂_μ⟨j^μ_5 (x)⟩ = − 1 π ϵ^{μν} ∂_μV_ν (x). (A.14)

Here we are identifying the current j^μ_5 with the source current of the axial gauge field. This j^μ_5 is thus equivalent to the current J^μ_5 in (3.9). This prescription however somewhat peculiar because it leads to an anomaly in the relation (A.3):

⟨j^μ_5 (x) + ϵ^{μν} j_ν (x)⟩ = 1 π A^μ(x). (A.15)

To remedy this anomaly, we may use the current J^μ in (3.11) as the vector current j^μ. This choice corresponds to L_1 = L_2 = L_3 = L_4 = −1 and we have the relation (A.3) and ∂_μ⟨j^μ_5 (x)⟩ = 0, ∂_μ⟨j^μ(x)⟩ = − 1 π [ϵ^{μν} ∂_μA_ν (x) + ∂_μV^μ(x)] (A.16)

which are “dual” to the relations in (A.12) and (A.13). The axial current is conserved and the anomalies appear only in the vector current.

The covariant formulation in Section 3 belongs to a different category of regularization which may be termed as a “covariant type”. This category is characterized by the conservation of the current operators j^μ_5 (y) and j^μ(y) coupled to the gauge fields. Namely, one requires

F.T. ∂^y_ν ⟨T^∗j^μ_5 (x)j^ν_5 (y)⟩_0 = − 1 2π [L_1(p^2) + 1]p^μ = 0,

F.T. ∂^y_ν ⟨T^∗j^μ(x)j^ν_5 (y)⟩_0 = 1 2π [L_2(p^2) + 1]ϵ^{μν} p_ν = 0,

F.T. ∂^y_ν ⟨T^∗j^μ_5 (x)j^ν (y)⟩_0 = − 1 2π [L_3(p^2) − 1]ϵ^{μν} p_ν = 0,

F.T. ∂^y_ν ⟨T^∗j^μ(x)j^ν (y)⟩_0 = 1 2π [L_4(p^2) − 1]p^μ = 0, (A.17)

which implies L_1 = L_2 = −1 ≠ L_3 = L_4 = +1. It is interesting that this requirement completely fixes the regularization ambiguity. This covariant regularization satisfies (A.3) without anomaly and

∂_μ⟨j^μ_5 (x)⟩ = − 1 π ϵ^{μν} ∂_μV_ν (x), ∂_μ⟨j^μ(x)⟩ = − 1 π ϵ^{μν} ∂_μA_ν (x) (A.18)

corresponding to (3.19) (in (3.19) V_μ is set to 0). These anomalies being proportional to the ϵ-tensor contain no spurious parts. This is an advantage of the covariant type when it is applied to gauge theory. However, when the system is not anomaly-free as gauge theory, this regularization breaks the Bose symmetry (as is manifested by L_2 ≠ L_3) and cannot be used to extract the effect of anomaly as a local functional, namely, as the Wess-Zumino term. When there is no vector gauge field V_μ as in (3.13), the factors L_3 and L_4 are irrelevant and the covariant type gives an identical result as L_1 = L_2 = −1 in the consistent type, as was noted in the text.

Incidentally, it is possible to “transform” the covariant type into the consistent type [27]. The prescription is that one first defines a regularized effective action by integrating the covariantly regularized currents multiplied by gauge fields with respect to the gauge fields along a certain path such that 0 → A_μ and 0 → V_μ. Then consistently regularized currents are obtained by differentiating the effective action thus defined with respect to gauge fields. It can be shown that this prescription corresponds to L_1 = −1, L_2 = L_3 = 0 and L_4 = +1. Being L_2 = L_3, the Bose symmetry is restored and simultaneously anomalies have no spurious part:

∂_μ⟨j^μ_5 (x)⟩ = − 1 2π ϵ^{μν} ∂_μV_ν (x), ∂_μ⟨j^μ(x)⟩ = − 1 2π ϵ^{μν} ∂_μA_ν (x). (A.19)

As a cost of these properties, the relation (A.3) has an anomaly with this regularization ⟨j^μ_5 (x) + ϵ^{μν} j_ν (x)⟩ = 1 2π [A^μ(x) + ϵ^{μν} V_ν (x)]. (A.20)

References

[1] S. L. Adler, in Lectures on Elementary Particles and Quantum Field Theory, edited by S. Deser et al. (MIT Press, Cambridge, Mass., 1970).

[2] S. B. Treiman, R. Jackiw, B. Zumino and E. Witten, Current Algebra and Anomalies (World Scientific, Singapore, 1985).

[3] R. Bertlmann, Anomalies in Quantum Field Theory (Oxford University Press, Oxford, 1996).

[4] K. Seo, unpublished note (1984).

[5] K. Fujikawa, Phys. Rev. Lett. 42 (1979) 1195; Phys. Rev. D21 (1980) 2848; Erratumibid. D22 (1980) 1499.

[6] S. R. Coleman, Phys. Rev. D11 (1975) 2088.

[7] R. Roskies and F. A. Schaposnik, Phys. Rev. D23 (1981) 558. [8] R. E. Gamboa Saraví, F. A. Schaposnik and J. E. Solomin, Nucl. Phys. B185 (1981) 239.

[9] K. Furuya, R. E. Gamboa Saraví and F. A. Schaposnik, Nucl. Phys. B208 (1982) 159.

[10] E. Witten, Commun. Math. Phys. 92 (1984) 455.

[11] A. M. Polyakov and P. B. Wiegmann, Phys. Lett. 131B (1983) 121; Phys. Lett.

141B (1984) 223.

[12] D. Gonzales and A. N. Redlich, Phys. Lett. 147B (1984) 150. [13] P. Di Vecchia and P. Rossi, Phys. Lett. 140B (1984) 344.

[14] R. E. Gamboa Saraví, F. A. Schaposnik and J. E. Solomin, Phys. Rev. D30 (1984) 1353.

[15] C. M. Naón, Phys. Rev. D31 (1985) 2035.

[16] E. Abdalla, M. C. Abdalla and K. D. Rothe, Non-perturbative Methods in Twodimensional Quantum Field Theory (World Scientific, 1991) and references therein.

[17] A. A. Andrianov and L. Bonora, Nucl. Phys. B233 (1984) 232.

[18] J. Wess and B. Zumino, Phys. Lett. 37B (1971) 95. [19] W. A. Bardeen, Phys. Rev. 184 (1969) 1848. [20] K. Fujikawa, Phys. Rev. D29 (1984) 285. [21] J. D. Bjorken, Phys. Rev. 148 (1966) 1467.

K. Johnson and F. E. Low, Prog. Theor. Phys. Suppl. 37-38 (1966) 74. [22] A. M. Polyakov, Phys. Lett. 103B (1981) 207. [23] K. Fujikawa, Phys. Rev. D25 (1982) 2584. [24] O. Alvarez, Nucl. Phys. B216 (1983) 125. [25] H. Yamagishi, Phys. Rev. D27 (1983) 2383. [26] N. Banerjee and R. Banerjee, Nucl. Phys. B445 (1995) 516.

E. M. Abreu, R. Banerjee and C. Wotzasek, Nucl. Phys. B509 (1998) 519. [27] H. Banerjee, R. Banerjee and P. Mitra, Z. Phys. C32 (1986) 445.