arXiv:hep-th/0305045 v2 13 May 2003

Lagrangian and Noncommutativity

Ignacio Cortese and J. Antonio García^∗

Instituto de Ciencias Nucleares, Univesidad Nacional Autónoma de México Apartado Postal 70-543, México D.F., México

May 13, 2003

Abstract We analyze the relation between the concept of auxiliary variables and the Inverse problem of the calculus of variations to construct a Lagrangian from a given set of equations of motion. The problem of the construction of a consistent second order dynamics from a given first order dynamics is investigated. At the level of equations of motion we find that this reduction process is consistent provided that the mapping of the boundary data be taken properly into account. At the level of the variational principle we analyze the obstructions to construct a second order Lagrangian from a first order one and give an explicit formal non-local Lagrangian that reproduce the second order projected dynamics. Finally we apply our ideas to the so called “Noncommutative classical dynamics”.

1 Introduction

Inspired from recent results in string theory [1] some authors, have proposed a “noncommutative quantum mechanics on the plane” [2]. Here by quantum mechanics they mean a classical field theory for the classical “probability field” ψ(x) defined in a space where the coordinates do not commute

[x^i, x^j ] = iθ^{ij} , (1) ∗email: garcia@nuclecu.unam.mx where θ^{ij} is a constant antisymmetric matrix. The tools used recently for the analysis of noncommutative field theory can be applied to this case. In particular, the introduction of noncommutativity in field theories renders the classical field functions on space-time to operators or matrices whose treatment resemble very nearly the techniques usually employed to quantize classical field theories [3]. It is also possible to use the Weyl or Moyal star product in a constructive way to “deform” the standard product of functions. Indeed, a procedure to obtain, in the appropriate limit, this non-commutative quantum mechanics starting from a noncommutative field theory was given by [4]. The complete picture that emerges from here is quite non-local and has been investigated only for some simple cases [5].

Another beautiful approach to obtain a consistent quantum dynamics in phase space with a curved symplectic structure, in contrast to the noncommutative space-time (1), is deformation quantization [7]. Here we start with an associative commutative algebra A and deform it into a new associative but noncommutative new algebra. This can be done using ℏ as a deformation parameter but also we can use σ^{ij} as a deformation parameter (see for example [8]) where {z^i, z^j} = σ^{ij}. (2) Here {z^i, z^j} denotes the Poisson bracket in the “phase space” defined by the coordinates z^i and σ^{ij} is a constant matrix. In this case, we can use an ordering prescription, say symmetric Weyl ordering, to get a consistent picture of the algebra of observables by replacing the standard product of operators by the star or Moyal product in the space of its associated symbols [9]. The picture that emerges from here is a quantum mechanics on phase space defined by some Hamiltonian and the structure given by (2). Of course this approach is very different from the one mentioned above. To recover from deformation quantization a Schroedinger equation and a wave function in configuration space, when the coordinates do not commute, is not an easy task. The reason is that the usual momenta associated with the noncommutative coordinates are not auxiliary variables, in the usual sense. The consequences that this fact has upon the resulting quantum mechanics are quite severe. Indeed, it is not known how to project, in a consistent way, the Wigner distribution functions associated with a given problem to distributions of probability in configuration space. For non constant σ^{ij} the analysis is much more involved. Very interensting recent results along this line started with the seminal work [10] and have been applied to a sigma model in [11].

One obvious question is if there exists a noncommutative classical mechanics that upon some quantization procedure, say canonical quantization, gives the “noncommutative quantum mechanics on the plane”. Since Classical Mechanics (in its first order formulation) is covariant with respect to a wide class of transformations –Darboux transformations– the question of noncommutativity in Classical Mechanics does not make sense unless we fix coordinates using some physical criteria.

An interesting approach not pursued here could be to consider classical dynamics with a noncommutative time. The result of such analysis could be similar to the non-local classical dynamics analyzed in [12].

Here we will consider a different problem which is not related, at least in any direct way, to the approach of constructing noncommutative field theories^1. The approach that we will present here could be related with deformation quantization. The first problem, at a Classical level, is how to define in a consistent way the configuration space dynamics when the coordinates on this space do not commute in the symplectic sense (2). Namely, to define from a given first order variational principle the associated second order variational principle in configuration space upon the elimination of momenta from the first order dynamics. As far as we know, there is not a complete answer to this problem. A previous analysis of the Inverse problem from this perspective can be found in [22].

In its simplest setting the problem can be stated as follows: giving a classical system described by some Hamiltonian of the form H = T + V , and some (constant) symplectic structure, can we define the second order equations of motion in configuration space in such a way that to every solution of the original first order system of differential equations we can associate a solution of the second order equations in configuration space? And, as a second step, can we define the associated quantum theory?

A previous attempt to analyze the problem of the quantization of classical systems with nonstandard symplectic structures can be found in [16], where the importance of the existence of a second order Lagrangian for the quantization is remarked. In this context a discusion about the restricted inverse problem of the calculus of variations and

1A recent attempt to construct a noncommutative field theory with fields that are noncommuting can be found in [6] the quatntization of first order systems can be found in [17].

The aim of this note is to give an answer to the first of these questions and to show that there are still some uncovered problems. The analysis of the second question will be presented elsewhere.

For that end we will review in section 2 the basic ideas of auxiliary variables in first order systems and the inverse problem of the calculus of variations, i.e, the necessary and sufficient conditions for the existence of a Lagrangian for a given set of first order dynamical equations of motion [13]. This problem is of relevance because there is a relation between the existence of auxiliary variables in the first order dynamics and the existence of a Lagrangian function for the configuration space equations of motion. Here we want to confront the following paradox: From one hand a Lagrangian for an integrable system of first order differential equations always exist [13]. From the other hand we can always associate to a given system of second order differential equations a system of first order differential equations. By eliminating the auxiliary variables from the first order system we can recover the second order system and by the same procedure obtain also a Lagrangian for these second order equations, using the first order variational principle. But it is well known that the Lagrangian for the second order differential equations does not always exist [14]. So, which are the general conditions over the first order Lagrangian function to give, upon reduction, a second order Lagrangian associated to an equivalent second order system? As we will see, this problem can be formally solved with a non-local Lagrangian that gives an equivalent set of equations of motion in the reduced space. The Lagrangian equations of motion in the reduced space are equivalent to a set of second order equations of motion, but the equivalence with the original first order dynamics can be implemented only through a proper consideration of the boundary data and its “projection” to the second order dynamics.

Given the coordinates of the configuration space we will investigate in section 3 the case when we have at hand a Hamiltonian to describe the first order dynamics. In section 4 we will present a procedure to construct a non-local Lagrangian for theories with a given Hamiltonian of the form H = T + V and a constant symplectic structure. In section 5 we will define the “noncommutative classical dynamics” . We will analyze the precise equivalence between “Newtonian equations of motion” and the first order formulation of the theory. Section 6 is devoted to examples and section 7 to conlusions and perspectives.

2 First order Lagrangians and the inverse problem of the calculus of variations

In this section we will review two central ideas relevant for our discussion. The first one is the definition of auxiliary variables for a given variational principle [18]. The second one is about the existence of a Lagrangian for a given first order system of differential equations [13]. Then we will relate this two ideas to construct a Lagrangian for the reduced system that results from the elimination of the auxiliary variables in the original system and point out the possible obstructions to perform such procedure.

2.1 Auxiliary variables

Consider the action S = ∫ dtL(x, ẋ, ẍ, ....), (3) where the Lagrangian depends on the coordinates x^a, a = 1, 2...N and its derivatives with respect to time up to any finite order. The equations of motions will be denoted by δL δx = ∑ n=0 (−1)^nD^n ∂L ∂x^{(n)} , (4)

where D is the total derivative with respect to time given by D = ẋ ∂ ∂x + ẍ ∂ ∂ẋ + ... + ∂ ∂t , (5)

and x^{(n)} denotes the n−derivative with respect to time of the coordinate x. Now suppose that the coordinates can be splited into two groups x^a → (y^i, z^α), (6) such that δL δz^α = 0 ⇔ z^α = Z^α(y^i, ẏ^i, ÿ^i, ...). (7)

Here we want to stress that the procedure to obtain the variables z^α in terms of the reduced space variables y^i is purely algebraic^2. In 2There are some particular examples where this step can be realized by integration. As far as we know there is no a systematic generalization of the ideas below for this case.

that case the variables z^α are called auxiliary variables. The reduced Lagrangian L_R is defined by L_R(y^i, ẏ^i, ÿ^i, ....) = L(y^i, Z^α, ẏ^i, Ż^α, ....). (8) Then we can state the following Theorem: The original equations of motion δL δy^i = 0, δL δz^α = 0, (9)

are equivalent to the equations δL_R δy^i = 0, z^α = Z^α. (10)

The proof is straightforward using the chain rule δL_R δy^i = δL δy^i + δL δz^α ∂Z^α ∂y^i − d dt ( δL δz^α ∂Z^α ∂ẏ^i ) +....(−1)^k d^{(k)} dt^{(k)} ( δL δz^α ∂Z^α ∂y^{(k)i} ) . (11) The equations^{δL}_{δzα} = 0 imply z^α = Z^α (by asumption) and^{δLR}_{δyi} = 0 (by (11)). Conversely, the equations^{δLR}_{δyi} = 0 and z^α = Z^α imply δL δz^α = 0 (by assumption) and δL δy^i = 0 (by (11)).

As an example lets see how this works with the standard Hamiltonian dynamics. The first order Lagrangian is L = ẋp − 1 2 p^2 − V (x), while the reduced Lagrangian (after the elimination of the momenta) is L_R = 1 2 ẋ^2 − V (x).

To see the equivalence we write the chain rule (11)

ẍ + V^′(x) = δL δx − d dt δL δp , which shows explicitly the required equivalence. It is interesting to notice that if we fix as initial conditions x, p at some initial time t_0 in the equations of motion associated to L(x, p) then the initial conditions for the reduced system ẍ + V^′(x) = 0 are the standard Newtonian position and velocity at initial time t_0.

2.2 Inverse problem for the calculus of variations for first order systems and reduction

In this subsection we will construct a criteria for the existence of a second order Lagrangian given a first order one based on the concept of auxiliary variables.

By splitting the original variables x^a into z^α and y^i and by choosing the y^i as the variables that define the reduced space we can write a relation of the form G_i ( δL δx^a , d dt ( δL δx^a ) ) = M_i(ÿ^j , ẏ^j, y^j ), (12)

where G_i are linear combinations of the first order equations of motion associated to the original first order Lagrangian L and its derivatives. The question is if this linear combinations can be written as a variational derivatives with respect to the reduced variables y^i for some function L_R(ẏ, y), i.e., if the equations of motion of the reduced space M_i(ÿ, ẏ, y) = 0 comes from a variational principle. This will be true iff δM_i(t) δy^j (t^′) = δM_j (t^′) δy^i(t) . (13)

These conditions are the Helmholtz conditions for the restricted inverse problem of the calculus of variations associated to the system M_i = 0. If this conditions are meet then G_i are variational total derivatives. A generalization of this problem is the question about the existence of a matrix Λ^{ij} (y, ẏ) with det Λ ≠ 0 such that the equivalent system Λ^{ij} M_j = 0 can be deduced from a variational principle, i.e., if an “integrating factor” exists such that the relations (12) are total variational derivatives. This is the unrestricted inverse problem of the calculus of variation. A review about this interesting problem can be found in [14].

The conditions (13) can be written in terms of the original first order Lagrangian L through the functions G_i to see which are the conditions under the Lagrangian L to give a second order variational formulation of the system M_i upon the reduction process.

If the variables used in the reduction process are auxiliary then G_i is a total functional derivate and the conditions (13) for the existence of a Lagrangian are automatically satisfied. The reduced Lagrangian L_R is a Lagrangian for the reduced second order equations of motion.

The functions G_i contains the precise information about the algebraic manipulations performed on the original system of equations to arrive at the second order ones in the reduced space. The relations (12) do not imply that the two sets of equations^{δL}_{δyi} = 0,^{δL}_{δzα} = 0 and M_i = 0,^{δL}_{δzα} = 0 are equivalent. The equivalence between these two sets of equations depends crucially on the structure of the original equations of motion and on the reduction process. There are two interesting scenarios: a) reduction with auxiliary variables while maintaining the equivalence (as in the standard Hamilton to Lagrange description in Classical Mechanics), b) reduction with non-auxiliary variables while maintaining the equivalence (a case where the second order Lagrangian does not exist (in the restricted sense stated above)).

If the variables used in the reduction are not auxiliary G_i is not a total variational derivative and the Lagrangian associated to the system M_i does not exist. But it is still possible that a Lagrangian associated with the equivalent system Λ^{ij} M_j = 0 could be constructed. We will not pursue this general problem here but we will take a shortcut to construct a non-local Lagrangian in the case where we do not have auxiliary variables to perform the reduction procedure and the symplectic structure is constant.

The analysis of the unrestricted inverse problem of the calculus of variations for first order system is, in contrast, much more easy to workout. It can be stated as follows [13]: Given a first order system of differential equations in a space defined by the coordinates x^a, a = 1, 2...2n ẋ^a − f^a(x) = 0, (14) we can construct a Lagrangian for this given set of equations in the form δL δx^a = σ_{ab}(x)(ẋ^b − f^b), (15)

where σ_{ab} is a non singular antisymmetric matrix and det σ ≠ 0. This Lagrangian can be constructed by the following procedure [15]. First write a general Lagrangian function as

L = ℓ_a(x)(ẋ^a − f^a). (16)

Now, using (15) we see that ℓ_a(x) must satisfy

L_f ℓ_a = ∂ℓ_a ∂x^b f^b + ∂f^b ∂x^a ℓ_b = 0, (17)

where L_f is the Lie derivative along the vector field f^a and the matrix σ is given by σ_{ab} = ∂ℓ_b ∂x^a − ∂ℓ_a ∂x^b , (18) in order that the equations of motion associated with the Lagrangian (16) be equivalent to the set of the given equations (14). The condition (17) always has solution (at least locally) [13] so it is always possible to construct a variational principle for a given set of first order differential equations.

In particular, a Hamiltonian form for the given system (14) can be constructed if we can find a function H(x) such that

ℓ_af^a = H(x), σ_{ab}f^b = ∂H ∂x^a . (19)

Conversely, given H(x) satisfaying (19) the function ℓ_a satisfy (17). The symplectic structure of the resulting Hamiltonian system is given by σ^{ab} (σ = dℓ).

We can always choose coordinates (at least locally) such that the given system (14) can be transformed to the “normal form”

ẋ^a − f^a(x) = 0 → ξ̇^i − ξ^{i+n} = 0, ξ̇^{i+n} − f^{i+n}(ξ) = 0. (20)

Using these variables and taking as the reduced space ξ^i we obtain, upon reduction, the second order system

ξ̈^i − F^i(ξ^j , ξ̇^j) = 0, F^i(ξ^j , ξ̇^j ) ≡ f^{i+n}(ξ) | |_{ξi+n =ξ̇i} . (21) The Lagrangian equations of motion (15) take the following form δL δξ^i = σ_{ij} (ξ̇^j − ξ^{j+n}) + σ_{ij+n}(ξ̇^{j+n} − f^{j+n}(ξ)) = 0, (22) δL δξ^{i+n} = σ_{i+nj} (ξ̇^j − ξ^{j+n}) + σ_{i+nj+n} (ξ̇^{j+n} − f^{j+n}(ξ)) = 0. (23)

The variables ξ^{i+n} are auxiliary variables iff σ_{i+nj+n} = 0. We can define the second order Lagrangian for the reduced system by applying the reduction procedure outlined in section 2. In the case where σ_{i+nj+n} ≠ 0 the variables ξ^{i+n} are not auxiliary and the reduction process can not help to construct a Lagrangian for the second order system. We will see below how to use the change of variables (20) to construct an equivalent Lagrangian associated to the reduced original system of second order equations of motion. The two conditions upon the transformation (20) are 1) σ_{i+nj+n} (ξ) = 0 and 2) that the transformation be symmetry of the equations of motion.

Defining the configuration space by the variables ξ^i we can construct the explicit relation between the equations of motion associated to the first order system and the reduced space equations (12). It is easy to write this relation using the matrix σ. The result is σ^{i+nj} δL δξ^j + σ^{i+nj+n} δL δξ^{j+n} + d dt ( σ^{ij} δL δξ^j + σ^{ij+n} δL δξ^{j+n} ) = ξ̈^k − f^{k+n}(ξ), (24) where σ^{ij} is the inverse matrix of the matrix σ_{ij} . This relation suggest that the combinations of the Lagrangian equations of motion σ^{i+nj} δL δξ^j + σ^{i+nj+n} δL δξ^{j+n} = ξ̇^{i+n} − f^{i+n}(ξ), (25) and σ^{ij} δL δξ^j + σ^{ij+n} δL δξ^{j+n} = ξ̇^i − ξ^{i+n}, (26)

are, in fact, equivalent to the system

ξ̇^i − ξ^{i+n} = 0, ξ̇^{i+n} − f^{i+n}(ξ) = 0, (27)

iff det σ ≠ 0.

But this equivalence is not “variationally admissible” [20] because does not define auxiliary variables in the reduction process. This imply that the Lagrangian for the second order system (“Newton equations”) can not be defined by using the first order Lagrangian.

Notice that here ξ^i and ξ^{i+n} do not have the meaning of coordinates and momenta, respectively. The nessesary conditions for the existence of a first order Lagrangian with auxiliary variables ξ^{i+n} are the condition (17) in terms of the new variables ξ and σ_{i+nj+n} (ξ) = 0.

For example consider the isotropic harmonic oscillator in the plane with mass and frequency equal to one. The phase space is defined by q_1, q_2, p_1, p_2 with the standard symplectic structure. Now consider the first order Lagrangian [19]

L = E(q_iṗ_i − p_iq̇_i) − H (28)

where E =^1_2 ∑ i(q^2_i + p^2_i ) and H = −2E^2. The matrix σ_{ab} is σ_{ab} = ( p_iq_j − q_ip_j 2Eδ_{ij} + q_iq_j + p_ip_j −(2Eδ_{ij} + q_iq_j + p_ip_j ) p_iq_j − q_ip_j ) . (29)

The momenta p_i are not more auxiliary variables and the reduction process fails. So we can not define the reduced second order Lagrangian associated to the first order Lagrangian (28) by the process of elimination of the variable p_i by using its own equations of motion. Nevertheless, the dynamical system described by (28) is equivalent to the original harmonic oscillator. Notice that the phase space in this description is highly noncommutative and that a second order Lagrangian for the equivalent dynamics, i.e., the harmonic oscillator, of course, can be constructed. Another examples along these lines can be found in [21].

We can use Darboux transformations to construct a Lagrangian for a given set of second order equations. The procedure is: 1) Choose the variables that we want to eliminate, 2) Construct a Darboux transformation that renders those variables to auxiliary variables, 3) Eliminate those variables from the first order system and the Lagrangian. At the end we will have a Lagrangian for a system of second order equations of motion. If this equations are equivalent to the original ones we have also an equivalent Lagrangian for the given equations. The requirement upon the Darboux transformation is that its projection to configuration space (that results in a function of coordinates and its derivatives) be a symmetry of the equations of motion, i.e., M^i = Λ^i_j M^j where M^i denotes the original set of equations of motion and M^j the transformed one and Λ^i_j a regular matrix.

3 Hamiltonian Systems

In this section we will analyze the case when we have at hand a Hamiltonian function to describe the given system of first order differential equations. In this case as we noticed, the matrix (18) corresponds to the symplectic structure of the Hamiltonian system. So we will analyze the role played by the matrix σ_{ij} in the definition of the Poisson bracket in the associated “phase space”. In particular, we will see that the matrix σ_{ij} is related with the noncommutativity for the reduced coordinates (“configuration space”). In the case where σ_{ij} ≠ 0 we will talk about a “noncommutative configuration space”. For that end we will split the variables x^a into x^i, p_j. The matrix σ_{ab} can be written in the form σ_{ab} = ( B_{ij} −A_{ij} A^T_{ij} C_{ij} ) , (30)

where B_{ij} , C_{ij} are antisymmetic matrices that depend on the form of the specific Lagrangian that we choose to describe the given first order system. The matrix σ_{ab} is by construction antisymmetric, regular det σ ≠ 0 and closed (σ = dℓ, dσ = 0 where d is the exterior derivative). So it can be used to construct a Poisson bracket {F (x), G(x)} = ∂F ∂x^a σ^{ab} ∂G ∂x^a (31)

where σ^{ab} is the inverse of the matrix σ_{ab}. By construction this Possion bracket satisfies the Jacobi Identity (because σ = dℓ). The inverse matrix σ^{ab} has the form

σ^{−1} = ( (A^T )^{−1}CM^{−1}A^{−1} N^{−1}(A^T )^{−1} −M^{−1}A^{−1} A^{−1}BN^{−1}(A^T )^{−1} ) (32)

where M = 1+A^{−1}B(A^T )^{−1}C and N = 1+(A^T )^{−1}CA^{−1}B. From here we can see the role played by the matrix C_{ij} in the noncommutativity of the reduced coordinates x^i. Indeed

{x^i, x^j } = ((A^T )^{−1}CM^{−1}A^{−1})^{ij} . (33)

In this case we say that we have a noncommutative configuration space. In particular, when the matrix A = 1 and B = 0, this relation becomes

{x^i, x^j } = C_{ij} . (34) For a Hamiltonian system the first order Lagrangian takes the general form L = ℓ_a(x)ẋ^a − H(x), (35) and the equations of motion are δL δx^a = σ_{ab}ẋ^b − ∂H ∂x^a . (36)

In particular when the Hamiltonian is of the form H =^1_2 p^2 + V (x), the equations of motion can be written as δL δx^i = B_{ij}ẋ^j − A_{ij}ṗ_j − ∂V ∂x^i , (37) δL δp_i = (A^T )_{ij}ẋ^j + C_{ij}ṗ_j − p_i. (38)

The case C = 0 is

σ^{−1} = ( 0 (A^T )^{−1} −A^{−1} A^{−1}B(A^T )^{−1} ) , (39) and correspond, in view of the analysis of the previous section, to the case where the second order Lagrangian can be constructed because the momenta p_i are auxiliary variables in the usual sense (usual configuration space). In this case we recover the standard reduction procedure, even if A, B being arbitrary functions of x^i. The case C ≠ 0 is more interesting. In this case, the relation analogous to (12) reads A^{ij} δL δx^j + d dt [ δL δp_i + C_{ik}A^{kl} δL δx^l ] = A^{ij} ( B_{jk}ẋ^k − ∂V ∂x^j ) − d dt [ C_{ik}A^{kl} ∂V ∂x^l ] + d dt [ ((A^T )_{il} + C_{ik}A^{kj} B_{jl})ẋ^l ] .(40)

These equations suggest that the combination δL δp_i + C_{ik}A^{kl} δL δx^l = 0, (41)

play the role of the “definition of momenta” for this set of equations. In fact, the original system of equations is equivalent to the system C_{ik}A^{kl}B_{lj}ẋ^j − C_{ik}A^{kl} ∂V ∂x^l + (A^T )_{ij}ẋ^j − p_i = 0, (42) B_{ij}ẋ^j − A_{ij}ṗ_j − ∂V ∂x^i = 0, (43)

iff det A ≠ 0. By using (42) as the definition of momenta we can recover the second order dynamics by pluggin this definition in the equation (43).

The reduction is, as in the previous case, not “variationaly admisible” so the reduced Lagrangian can not be constructed by using auxiliary variables.

The second order dynamics is described by the equations of motion

A^{ij} ( B_{jk}ẋ^k − ∂V ∂x^j ) − d dt [ C_{ik}A^{kl} ∂V ∂x^l ] + d dt [ ((A^T )_{il} + C_{ik}A^{kj} B_{jl})ẋ^l ] = 0.

(44) These “Newtonian equations of motion” must be taken with care because the reduction procedure used to obtain them was not standard. Indeed, a solution to the original first order system with prescribed initial conditions, say by fixing the coordinates and momenta at some initial time by x^i(t_0) = x^i_0, p_j (t_0) = p_{j 0}, correspond to a solution of the “Newtonian equations of motion” (44) with the initial conditions

x^i(t_0) = x^i_0 (45) [ C_{ik}A^{kl}B_{lj}ẋ^j − C_{ik}A^{kl} ∂V ∂x^l + (A^T )_{ij}ẋ^j ] (t_0) = p_{i0}. (46)

An interesting observation is that these initial conditions are not the usual initial position and velocities of Newtonian Mechanics but depend on the symplectic matrix σ and the dynamics through the potential function V (x). Of course, we can recover the standard case when the matrices A = 1, C = 0.

4 A Non local Lagrangian for the reduced system

In this section we will construct a non local Lagrangian associated with the reduced system (44). Notice that we can not construct a standard Lagrangian for this system by the auxiliary variables procedure of our previous section. We will restrict ourselves to the case when A, B, C are constant matrices. A modification of our procedure in the general case is still an open problem.

We will show here that in this case, we can construct the equations of motion in the reduced space and its associated Lagrangian. The Lagrangian will be a non local function of the reduced variables and its derivatives with respect to time of any order.

Observing that we can solve in a formal way the equations of motion (38) for the “auxiliary” variables p_j we have

p_j = (1 − C d dt )^{jk}(A^T )_{kl}ẋ^l, (47)

where (1 − C^d_{dt} )^{jk} denotes the inverse of the matrix of (1 − C^d_{dt} )_{jk}. Notice that we have obtained the variables p_j that are the analogous of the momenta in the standard Hamiltonian formulation in terms of the reduced coordinates x^j and its derivatives with respect to time of infinite order. This relations can be interpreted in the space of solutions as the Green functions associated to the differential equations (38) given the solution for x^j (t) with some specified boundary conditions. It is possible to extend in some cases the concept of auxiliary variables when we have such differential equations and not the algebraic usual ones as (7). As far as we know there is no systematic approach for this case. We will follow here another route. We will take the formal solution (47) as given and claim that they can be considered as “auxiliary variables”.

With this observations in mind we can use (in a formal way) the reduction procedure of section 2. In particular the equations of motion in the reduced space are A_{ik} d dt [ (1 − C d dt )^{kl}(A^T )_{lj}ẋ^j ] − B_{ij}ẋ^j + ∂V ∂x^i = 0, (48)

and by multiplication of the matrix (1 − C^d_{dt} )_{jk} this system is equivalent to the system (44).

To construct the reduced Lagrangian function we observe that the first order Lagrangian associated to the system (37,38) is L = 1 2 σ_{ab}x^aẋ^b − H(x), (49) where x^a = (x^i, p_j ) and the matrix σ_{ab} is given by (30). In terms of x^i, p_j this Lagrangian is L = 1 2 B_{ij} x^iẋ^j + A_{ij} p_jẋ^i + 1 2 C_{ij}p_iṗ^j − H. (50) Pluggin p_j from (47) into this Lagrangian function we obtain the reduced non local Lagrangian

L_{N L} = 1 2 B_{ij} x^iẋ^j + 1 2 A_{ij}ẋ^i(1 − C d dt )^{jk}A^T_{kl}ẋ^l − V (x). (51)

This reduced Lagrangian function is also of infinite order in time derivatives of the reduced coordinates x^i and to obtain from it the equations of motion (48) we need to apply the extended Euler-Lagrange operator δL δx^i = ∞∑ n=0 (−1)^k d^{(n)} dt^{(n)} ∂L ∂(x^i)^{(n)}

, (52)

where (x^i)^{(n)} denotes the n−derivative with respect to time of the coordinate x^i.

The equations of motion of the Lagrangian (51) using the operator (52) are precisely (48). The second order dynamics (44) is equivalent to the equations of motion (48) associated with the non-local

Lagrangian (51), i.e., (1 − C d dt )_{ij} δL_{N L} δx^j = A^{ij} ( B_{jk}ẋ^k − ∂V ∂x^j )

− d dt [ C_{ik}A^{kl} ∂V ∂x^l ] + d dt [ ((A^T )_{il} + C_{ik}A^{kj} B_{jl})ẋ^l ] = 0 (53)

As the matrix operator (1 − C^d_{dt} )_{ij} have a formal inverse (to obtain the momenta (47)) the system (53) is equivalent with the system (44).

5 Noncommutative Classical Dynamics in configuration space

In this section we will develop, as a simple application of the ideas above, the noncommutative classical mechanics constructed, as we stated in the introduction from a classical Hamiltonian function and a constant symplectic structure. We will outline some properties of this noncommutative dynamics and the reduced non-local Lagrangian.

Lets start by the definition of the noncommutative classical mechanics as the dynamics described by the first order Lagrangian L = α (ẋp_x − yṗ_y + θṗ_y p_x − σẋy) − H(x, y, p_x, p_y), (54) where α =^1_{1−σθ} . In the case when H =^1_2 p^2 + V (x, y) the associated Lagrangian equations of motion are δL δp_x = α(ẋ + θṗ_y ) − p_x = 0, (55) δL δp_y = α(ẏ − θṗ_x) − p_y = 0, (56) δL δx = α(−ṗ_x + σẏ) − ∂V ∂x = 0, (57) δL δy = α(−ṗ_y − σẋ) − ∂V ∂y = 0. (58)

So the matrix σ is

σ = α 0 σ −1 0 −σ 0 0 −1 1 0 0 θ 0 1 −θ 0 , from our previous notation we can identify A = α ( 1 0 0 1 ) , B = α ( 0 σ −σ 0 ) , C = α ( 0 θ −θ 0 ) . The relation (12) is in this case d dt ( δL δp_x ) − θ d dt ( δL δy ) − ( δL δx ) = ẍ − σẏ + 1 α ∂V ∂x − θ d dt ( ∂V ∂y ) d dt ( δL δp_y ) − θ d dt ( δL δx ) − ( δL δy ) = ÿ + σẋ + 1 α ∂V ∂y + θ d dt ( ∂V ∂x ). From here we observe that there is a combination of equations of motion in “phase space” that can play the role of the “definition of momenta”. The combination is − δL δp_x − θ δL δy = 0, (59) − δL δp_y − θ δL δx = 0. (60)

Using these relations the system ṗ_x − σẏ + 1 α ∂V ∂x = 0, (61)

ṗ_y + σẋ + 1 α ∂V ∂y = 0, (62) p_x = ẋ − θ ∂V ∂x , (63)

p_x = ẏ + θ ∂V ∂y , (64)

is equivalent to the original system. The key point to notice here is that the definition of the momenta is not purely kinematics but contains dynamical information, i.e., are different for each system defined by some potential function V (x, y). This implies that the second order dynamics given by ẍ − σẏ + 1 α ∂V ∂x − θ d dt ( ∂V ∂y ) = 0, (65)

ÿ + σẋ + 1 α ∂V ∂y + θ d dt ( ∂V ∂x ) = 0, (66)

is not directly equivalent with the original first order system. We need to specify appropiarte boudary conditions to associate to a given solution of the original first order system the corresponding solution for the second order system (65, New-eq-y). For example the Lagrangian (54) implies the following fixing at the boundaries

(x + θ 2 p_y)(t_i) = x_i, (x + θ 2 p_y)(t_f ) = x_f , (67) (y − θ 2 p_x)(t_i) = y_i, (y − θ 2 p_x)(t_f ) = y_f . (68)

For each trajectory with the specified boundary conditions (67) and (68) corresponds a solution of the system (65) and (66) with the boundaries ( x + θ 2 (ẏ + θ ∂V ∂x ) ) (t_i) = x_i, ( x + θ 2 (ẏ + θ ∂V ∂x ) ) (t_f ) = x_f , (69) ( y − θ 2 (ẋ − θ ∂V ∂y ) ) (t_i) = y_i, ( y − θ 2 (ẋ − θ ∂V ∂y ) ) (t_f ) = y_f . (70)

This is the exact sense in which the original and the reduced second order dynamics are equivalent. It is worth noting that these boundary conditions depends on the parameter θ and on the specific potential that appears in the Newtonian equations (65) and (66). This information is crucial for the quatization of the classical system using the Path Integral.

To construct the non-Local Lagrangian associated to the equations of motion (65) and (66) we obtain the momenta from equations (55) and (56) to get

p_x = α(1+(αθ)^2 d^2 dt^2 )^{−1} d dt (x+αθẏ), p_y = α(1+(αθ)^2 d^2 dt^2 )^{−1} d dt (y−αθẋ). (71) According to our analysis the equations of motion in the noncommutative configuration space are 1 α^2 ∂V ∂x − σ α ẏ + (1 + (αθ)^2 d^2 dt^2 )^{−1} d^2 dt^2 (x + αθẏ) = 0, (72) 1 α^2 ∂V ∂y + σ α ẋ + (1 + (αθ)^2 d^2 dt^2 )^{−1} d^2 dt^2 (y − αθẋ) = 0, (73)

and the Lagrangian is L = 1 2 (ẋ ⋆ ẋ + ẏ ⋆ ẏ) + αθ 2 (ẋ ⋆ ÿ − ẏ ⋆ ẍ) + ασ 2 (xẏ − yẋ) − V (x, y), (74) where ⋆ ≡ α^2(1 + (αθ)^2 d^2 dt^2 )^{−1}. (75)

The equations (72) and (73) are equivalent to the second order equations (65) and (66).

6 Examples

Consider the following Lagrangian [16],

L = (y + z)ẋ + wż + 1 2 (w^2 − 2zy − z^2).

The symplectic structure that can be read out from this Lagrangian is {x, y} = 1, {y, w} = −1, {w, z} = −1, (all other Poisson brackets are zero). The equations of motion are δL δx = −ẏ − ż = 0, (76) δL δy = ẋ − z = 0, (77) δL δw = ż + w = 0, (78) δL δz = ẋ − ẇ − y − z = 0. (79)

At first sight the variables y, z as a set and w are auxiliary. In fact, using (77),(79) and (78) we can define a reduced Lagrangian for the variable x that gives the correct reduced Lagrangian and four order equation of motion for x. We can also consider as auxiliary variables only y, z leaving the reduced space for x, w whose Lagrangian can also be constructed. In this case we observe that the reduced coordinates define a commutative configuration space (x, w have zero Poisson bracket).

Now suppose that we want to construct the reduced dynamics in the noncommutative space x, y. To arrive to this space we can use the equations (77) and (78) to eliminate the variables z, w but this reduction is not variational admissible so we can not construct a Lagrangian for this reduced system. In fact, it can be shown that a quadratic Lagrangian for this reduced second order dynamics does not exist.

The construction of the non-local Lagrangian can be worked out by the procedure sketched in this note and consist in the use of the equations of motion (79) and (78) to obtain the variables z, w from its own equations of motion. The first observation is that these variables are not auxiliary in the usual sense, but nevertheless we can obtain them as a formal integration of the equations (79) and (78) to get

z = (1 − d^2 dt^2 )^{−1}(ẋ − y), w = −(1 − d^2 dt^2 )^{−1} d dt (ẋ − y). (80)

The reduced equations of motion are ẋ − (1 − d^2 dt^2 )^{−1}(ẋ − y) = 0, ẏ + (1 − d^2 dt^2 )^{−1} d dt (ẋ − y) = 0. (81)

These equations are equivalent to the second order equations

ÿ + y = 0, ẍ + ẏ = 0. (82)

The reduction process, namely the construction of a Lagrangian associated to this equations of motion can be implemented to get

L_R = 1 2 (ẋ − y)(1 − d^2 dt^2 )^{−1}(ẋ − y) + yẋ. (83)

This Lagrangian reproduces the equations of motion (81). The relation between the Lagrangian equations of motion and the reduced second order dynamics is given by d dt δL δy + δL δx = ẍ + ẏ, (84) − d dt δL δx − d dt δL δw − δL δz + δL δy = ÿ + y. (85)

From here we can see that the combination^{δL}_{δx} +^{δL}_{δw} = 0 and^{δL}_{δy} = 0 define the “momenta”

w − ẏ = 0, ẋ − z = 0. (86)

The system w − ẏ = 0, ẋ − z = 0, ż + w = 0, ẋ − ẇ − y − z = 0, (87) is equivalent to the original set of first order equations of motion. In this case the general solution of the original first order system and the general solution for the reduced system (82) coincides because the “momenta” z, w as given by (86) are precisely the velocities as in the standard Newtonian case.

The case of the noncommutative classical mechanics analyzed in section 5 can be illustrated by taking as an example the simple potential V = c(x+y) with c any constant. Here the general solutions of the original first order system and the reduced one do not coincide, but taking into account the properly choosed boundary conditions (69) and (70) the respective solution coincides and are x(t) = 1 4T ( − 4t_f x_i + 4t_ix_f + 4tX − 2θY − cT ( 2t^2 + θ(t_f + θ) − 2t(t_i + t_f + θ) + t_i(2t_f + θ) ))

y(t) = 1 4T ( − 4t_f y_i + 4t_iy_f + 4tY + 2θX − cT ( 2t^2 + θ(θ − t_f ) − 2t(t_i + t_f − θ) + t_i(2t_f − θ) )) . where X = x_i − x_f , Y = y_i − y_f , T = t_i − t_f . The free particle can be obtained by taking c = 0 in the expressions above. It is interesting to observe that due to the boundary conditions the solution depends on the parameter θ.

As a final example consider the construction of a second order Lagrangian for the noncommutative harmonic osillator described by the first order Lagrangian (54), with the potential given by V = 1 2 ω^2(x^2+y^2), using a Darboux transformation to render some variables to auxiliary variables. The Darboux transformation is

x^′ = x + 1 2 θp_y , y^′ = y − 1 2 θp_x, p^′_x = p_x, p^′_y = p_y. (88)

With this transformation we construct a new first order Lagrangian L^′. For this Lagrangian the momenta p^′_x, p^′_y are auxiliary variables. Then we proceed to eliminate them to find the second order Lagrangian

L^′ = Ω^2 [ (ẋ^{′2} + ẏ^{′2}) − 1 2 ω^2(x^{′2} + y^{′2}) + θω^2 2 (x^′ẏ^′ − y^′ẋ^′) ]

where Ω = (1 + (^{ωθ}_2 )^2)^{−1}. The crucial point is that the equations of motion associated to this second order Lagrangian are equivalet to the original second order system. The equations of motion associated with this Lagrangian are

Ω^2 [ ẍ^′ + ω^2x^′ + ω^2θẏ^′ ] = 0,

Ω^2 [ ÿ^′ + ω^2y^′ + ω^2θẋ^′ ] = 0.

These equations of motion are proportional to the original system of second order equations. So the Darboux transformation (88) is a symmetry of the equations of motion. So, we have constructed an equivalent Lagrangian for the given system of second order equations. The symmetry transformation is given by the projection of the Darboux transformation to the configuration space x = x^′ − 1 2 θΩ^2(ẏ^′ + ω^2θ 2 x^′), y = y^′ − 1 2 θΩ^2(ẋ^′ + ω^2θ 2 y^′). 7 Conclusions

In summary, we have analyzed the role of auxiliary variables in first order dynamics and its relation with the inverse problem of the calculus of variations. The relation between the first order equations and the reduced second order equations was worked out by showing that there exist a relation between a functional combination of the first order equations of motion and the reduced system. This relation can always be computed when the variables of the reduced space are fixed and works a the level of the equations of motion. When the eliminated variables are auxiliary, the Lagrangian can be constructed directly. When the variables are not auxiliary we need to find a symmetry of the equations of motion that allows the construction of a Lagrangian with auxiliary variables. In this way we can construct an equivalent second order Lagrangian for a given set of second order equations of motion.

When the symplectic structure is constant we can construct, in a formal way, a non-local Lagrangian. The equations of motion of this non-local Lagrangian are equivalent to the set of second order equations (44). These equations are in turn equivalent to the original set of first order equations of motion.

Finally we have worked out as examples the case of “non-commutaive mechanics”, a system with no second order Lagrangian and for the case of the non-commutaive harmonic oscillator we have constructed using our procedure an equivalent Lagrangian for the original second order dynamics. It will be interesting to analyze the problem of the quantization [16] of this systems and its relation with the non-commutaive quantum mechanics.

Acknowlegments

This work was supported in part by grants CONACyT 32431-E and DGAPA IN11700. We would like to thank to Marc Henneaux for calling our attention to the reference [22] where the same perspective to study the Inverse problem of the calculus of variation was adopted.

References

[1] A Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory: Compactification on tori, JHEP 9802, 003 (1998), hep-th/9711162. N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP9909 032, (1999). hep-th/9908142.

[2] V.P Nair and A.P. Polychronatos, Quantum Mechanics on the Noncommutative Plane and Sphere, hep-th/0011172. V.P. Nair Quantum Mechanics on a Noncommutative Brane in M(atrix) Theory, hep-th/0008027. L. Mezincescu, Star operation in Quantum Mechanics, hep-th/0007046.

[3] M.R. Douglas and N.A. Nekrasov, Noncommutative Fiel Theory, hep-th/0106048. and references there in.

[4] Pei-Ming Ho and Hsien-Chung Kao,Noncommutative Quantum Mechanics from Noncommutative Field Theory, Phys. Rev Lett. 88 (2002).

[5] T. Hakioglu, Nonlocal noncommutative picture in quantum mechanics and distinguished canonical maps, hep-th/0108125. M. Chaichan, A. Demichev, P. Presnajder, M.M. Sheikh-Jabbari and T. Tureanu, Quantum Theories on Noncommutative Spaces with Nontrivial Topologies: Aharanov-Bhom and Casimir Effects, hep-th/0101209. M. Chaichian, M. M. Sheikh-Jabbari, A. Tureanu, Hydrogen Atom Spectrum and the Lamb Shift in Noncommutative QED, Phys.Rev.Lett.86 (2001) 2716. J. Gamboa, M. Loewe and J.C. Rojas, Noncommutativity and the Aharanov-Bhom Effect hep-th/0101081. J. Gamboa, M. Loewe and J.C. Rojas, Noncommutative Quantum Mechanics, hep-th/0010220. A.Smailagic, E.Spallucci, Isotropic representation of noncommutative 2D harmonic oscillator, Phys.Rev. D65 107701 (2002).

[6] J.M. Carmona, J.L. Cortés, J. Gamboa and F. Méndez, Quantum Theory of Noncommutative Fields, hep-th/0301248.

[7] H. Groenewold, Physica 12 405 (1946). F. Bayen, M, Flato, C.

Fronsdal, A. Linchnerowicz and D. Sternheimer, Ann. Phys. 111, 61 (1978). T. Curtright, D. Fairlie and C. Zachos, Phys. rev. D58

025002, (1998). C. Zachos, Deformation Quantization: Quantum Mechanics lives and works in phase space, hep-th/0110114.

[8] O. F. Dayi and L. Kelleyane, Wigner Functions for the Landau Problem in Noncommutative Spaces, hep-th/0202062. A. Kokado, T. Okamura and T. Saito, Wigner Formulation of Noncommutative Quantum Mechanics, hep-th/0208040.

[9] J. Harvey, Komaba Lectures on Noncommutative Solitons and D- Branes, hep-th/0102076.

[10] M. Kontsevich, Deformation Quantization of Poisson Manifolds, q-alg/9709040.

[11] Alberto S. Cattaneo and Giovanni Felder, A Path Integral Approach to the Kontsevich Formula, math-qa/9902090. Poisson Sigma Models and Deformation Quantization, hep-th/0102208. V. Schomerus, D-branes and Deformation Quantization, JHEP 9906 (1999) 030. hep-th/9903205.

[12] J. Gomis, K. Kamimura and J. Llosa, Hamiltonian Formalism for Space-time Noncommutative Theories, hep-th/0006235.

[13] S. Hojman and L. F. Urrutia, J. Math. Phys. 22 1896, (1981).

[14] Ian Anderson and G. Thompson, The Inverse Problem of the Calculus of Variations for Ordinary Differential Equations, Memoirs of the Amer. Math. Soc. 98 1 (1992). I. Anderson, Introduction to the variational Bicomplex, Contemporary Mathematics 132, 51 (1992).

[15] S. Hojman, L. Nuñez, A. Patiño and H. Rago, Symmetries and Conserved quantities in geodesic motion, J. Math. Phys. 27 281 (1986).

[16] S. Hojman and L.C. Shepley, No Lagrangian? No quantization!, J. Math, Phys. 32 142 (1991).

[17] C. Acatrinei, Lagrangian versus Quantization, hep-th/02012321.

[18] M. Henneaux and C. Teitelboim, Quantization of Gauge systems, Princeton University Press, 1992.

[19] S. Hojman, Symmetries of Lagrangians and their equations of motion, J. Phys A: Math. Gen. 17 2399 (1984).

[20] S.P. Novikov, The Hamiltonian Formalism and the Many value analogue of Morse Theory, Russian Math. Surveys 37:5 1 (1982).

[21] P.C. Stichel, Dynamical equivalence, commutation relations and noncommutative geometry , Lect. Notes Phys. 539 (2000) 75-92. hep-th/9810100

[22] M. Henneaux, Equations of motion, commuation relations and ambiguities in the Lagrangian formalism, Annals Phys. 140 (1882) 45-64.