arXiv:hep-th/0305067 v2 10 May 2003

Trap Surface Formation in High-Energy Black Holes Collision

O. I. Vasilenko^∗

Department of Physics, M.V.Lomonosov Moscow State University, Moscow 119992, Vorob’evy Gory, Russia

Abstract

We investigate classical formation of a trap surface in D-dimensional Einstein gravity in the process of a head-on collision of two high-energy particles, which are treated as Aichelburg-Sexl shock waves. From the condition of the trap surface volume local maximality we deduce an explicit form of the inner trap surface. Imposing the continuity condition on the fronts we obtain a time-dependent solution for the trap surface. We discuss trap surface appearance and evolution.

1 Introduction

Now we see a significant interest to the processes of black hole production in ultrarelativistic particle collisions. A possibility of such production was shown in a series of papers of Amati, Ciafaloni and Veneziano [1] and ’t Hooft [2]. In [3], Aref’eva, Viswanathan and Volovich considered a scenario for similar process by using the Chandrasekhar-Ferrari-Xanthopoulos duality between the Kerr black hole solution and colliding plane gravitational waves.

A new interest to this problem appeared after the proposition of Arkani-Hamed, Dimopoulos and Dvali in [4, 5] for solving the hierarchy problem based on assumption of existence of additional spatial dimensions large compared to the weak scale. The fundamental Planck mass could be of the order of a few TeV which makes plausible observations of effects of extra dimensions existence in future colliders experiments or cosmic rays and astrophysical measurements (see e.g. [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]).

There are some theoretical works [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48] in which this process was analysed in different aspects.

In [44], Eardley and Giddings developed a trap surface approach [51, 52] in Ddimensional Einstein gravity for calculating the cross-section of black hole formation in high-energy collision of two massless particles, which were treated as Aichelburg-Sexl shock waves [49,50]. In [46], Yoshino and Nambu investigating the same task in the case of a head-on collision used the T = const slicing of space-time in the region between

∗E-mail address: vasilenko@depni.sinp.msu.ru the shock-waves to explore horizon formation. However, they obtained the surface that is discontinuous at the shocks and therefore cannot have trapping properties [51, 52].

In this article, we use a similar to [46] space-time slicing to consider the problem of trap surface emergence and evolution. We find a continuous solution for the surface and investigate it’s dynamic.

The paper is organized as follows. We begin in Section 2 by discussing singular and nonsingular forms of the task metric. In Section 3, we formulate an extremum volume method for trap surface finding and obtain explicit expressions describing the inner surface in D space-time dimensions. In Section 4, we find solutions for fronts trap surface and use continuity conditions to determine the whole surface. Here, we present dependencies of surface parameters on time and D. Finally, in Section 5, we summarise and analyse our results.

2 Shock waves metric

Coordinate system. We use a Minkowski coordinate system (t̄, z̄, x̄^i) where z̄ is the direction of particles motion and x̄^i, i = 1 . . .D − 2 are transverse coordinates. Let (ū, v̄) be light-cone coordinates (t̄ − z̄, t̄ + z̄). The particles are moving along z̄ axis in the opposite directions with zero impact parameter (x̄^i = 0).

Schwarzschild metric. In the rest-frame of a sole isolated particle with mass M metric is described by D-dimensional Schwarzschild solution

ds^2 = − ( 1 − 16πG_DM (D − 2)Ω_{D−2} 1 R^{D−3} ) dt^2+ ( 1 − 16πG_DM (D − 2)Ω_{D−2} 1 R^{D−3} )_{−1} dR^2+R^2dΩ^2_{D−2} , (1) where dΩ^2_{D−2} and Ω_{D−2} are the line element and volume of the unit (D − 2)-sphere [ Ω_n = 2π^{(n+1)/2}/Γ((n + 1)/2) ] and G_D is the D-dimensional gravitational constant.

One shock wave metric. The gravitational solution for each of the incoming particles can be found by boosting this solution, taking the limit of large boost and small mass M, with fixed total energy μ. The result for a particle moving in the +z direction is the Aichelburg-Sexl [49, 50] metric

ds^2 = −dūdv̄ + dx̄^{i2} + Φ(x̄^i)δ(ū)dū^2 . (2)

Function Φ depends only on the transverse radius r̄ = √ x̄^ix̄_i, takes the form

Φ = −2a ln(r̄) , D = 4 , (3) Φ = 2a^{D−3} (D − 4)r̄^{D−4} , D > 4 , (4)

where a = ( 8πG_Dμ Ω_{D−3} )_{1/(D−3)} (5) and satisfies the Poisson equation

∂^2Φ ∂x̄^i∂x̄_i = −16πGμδ^{D−2}(x̄^i) . (6)

Change of coordinates. It is possible to remove singularity in the metric (2) by introducing new coordinates (u, v, x^i) defined by ū = u , v̄ = v + Φθ(u) + uθ(u)(∇Φ)^2 4 , (7)

x̄^i = x^i + u 2 ∇_iΦ(x)θ(u) (here θ is the Heaviside step function). In these coordinates, geodesics and their tangents are continuous across the shock plane at u = 0.

Two shock waves metric. Metric (2) is flat everywhere except the null plane ū = 0 of the shock wave. So in order to obtain a two shock waves metric for time t̄ < 0 preceding the collision we can combine it with another similar metric corresponding to the particle moving along v̄ = 0 in the −z direction by matching together the regions of flat space which precede each of two waves.

In coordinates (7), the combined metric of the shock waves becomes ds^2 = −du dv + ( H^u_{ik}H^u_{jk} + H^v_{ik}H^v_{jk} − δ_{ij} ) dx^idx^j (8) where

H^u_{ij} = δ_{ij} + 1 2 ∂^2Φ(x) ∂x^i∂x^j uθ(u) , H^v_{ij} = δ_{ij} + 1 2 ∂^2Φ(x) ∂x^i∂x^j vθ(v) . (9) It is convenient to introduce spherical coordinates (r, ⃗φ) ≡ (r, φ^k, k = 1, . . ., D−3) in the transverse space (x^i).

3 Inner trap surface

The event of the black hole production in a two particle collision signifies that during the collision a space-time region is formed from which no light ray can go to infinity. The border of this region is a trap surface. More precise definition of the trap surface is following [51]. Trap surface T is a smooth compact space-like (D − 2)-surface with the property that light geodesics which cross it orthogonally converge locally in the future-time direction. In particular, this signifies that a volume of a transferred (D−2)- surface formed by these geodesics points placed on a same distance from the trap surface decreases when the distance increases.

Slice of space-time. We shall consider the following slice of space-time:

region I : t = z, t ≤ T , region II : t = T, T ≤ z ≤ −T , region III : t = −z, t ≤ T .

Here T ≤ 0 and the particles collision takes place at (T = 0, z = 0).

Inner trap surface. According to this slice, equations describing a trap surface M in the region II take the form t = T = const , z = δf(r) , δ = sgn z . (10) Null normals to this surface are given by N(ε, δ) = [ N^t, N^z, N^r, ⃗N^φ ] (ε, δ) = [ 1, − εδ √ 1 + f^{′2} , εf^′ √ 1 + f^{′2} , ⃗0 ] , (11)

where f^′ = df/dr and ε = ±1.

A null geodesic which normally crosses the trap surface (10) at (T, z_0 = f(r_0) ≡ f_0, r_0, ⃗φ_0) is a straight line described by equations t = T + τ, z = δf_0 − τ εδ √ 1 + f^{′2}_0

, r = r_0 + τ εf^′_0 √ 1 + f^{′2}_0

, ⃗φ = ⃗φ_0 . (12)

Transferred surfaces. Such geodesics transfer the trap surface M on the distance τ to the surface M(ε, τ). A volume S(ε, τ) of M(ε, τ) is equal to S(ε, τ) = Ω_{D−3} ∫ r^{D−3} dl , (13) where dl is an element of M(ε, τ)-surface generator in (z, r)-plane, which according to (12) can be expressed through an initial dr_0 as

dl = √ dr^2 + dz^2 = √( dr dr_0 )_2 + ( dz dr_0 )_2

dr_0 = √ 1 + f^{′2}_0 [ 1 + τεf^{′′}_0 ( 1 + f^{′2}_0 )_{3/2} ] dr_0 . (14) So (13) can be rewritten as

S(ε, τ) = Ω_{D−3} ∫ r_0 + τεf^{′0} √ 1 + f^{′2}_0 D−3 √ 1 + f^{′2}_0 [ 1 + τεf^{′′}_0 ( 1 + f^{′2}_0 )_{3/2} ] dr_0 . (15)

For the small τ this expression takes the form

S(ε, τ) = Ω_{D−3} ∫ r^{D−3}_0 √ 1 + f^{′2}_0 1 + τε √ 1 + f^{′2}_0 [ (D − 3)f^′_0 r_0 + f^{′′}_0 1 + f^{′2}_0 ]

+ τ^2(D − 3) 1 + f^{′2}_0 [ (D − 4)f^{′2}_0 2r^2_0 + f^′_0f^{′′}_0 r_0(1 + f^{′2}_0) ] + Ø(τ^3) } dr_0 . (16)

Explicit form of an inner trap surface. Now we can derive the equation for function f(r) from the demand that for the small τ the volume S(ε, τ) decreases when τ increases for both ε = ±1. The necessary condition is the equality to zero of the τ-linear term in the right part of (16)

(D − 3)f^′_0

r_0 + f^{′′}_0 1 + f^{′2}_0

= 0 . (17)

Integration of this equation gives the explicit form of an inner trap surface z = δR ∫_{r/R} 1 dρ √ ρ^{2(D−3)} − 1

, (18)

where R = R(T ) is a trap surface radius at z = 0. For D = 4 we have a catenoid

r = R cosh (z/R) . (19)

Using (17), we can rewrite the τ-second-order term in (16) in the form

τ^2(D − 3) 1 + f^{′2}_0 [ (D − 4)f^{′2}_0 2r^2_0 + f^′_0f^{′′}_0 r_0(1 + f^{′2}_0) ] = − τ^2

(D − 2)(D − 3) 2r^2_0 f^{′2}_0 1 + f^{′2}_0

, (20)

which clearly demonstrates that the term is negative and consequently (17) is also the sufficient condition. In fact, inner trap surface calculation is equivalent to the soap films or minimal surfaces finding task [53].

Limitation on τ range. Expression (15) is valid if no self-crossing of M(ε, τ)- surface takes place. In the case of M(−1, τ), geodesic outgoing from (z = 0, r = R)- surface must not reach (z = 0, r = 0)-surface which takes place when τ < R. In the case of M(1, τ), geodesics outgoing from a vicinity of (z = 0, r = R)-surface must not cross. Since they cross at z = 0, then according to (12) τ cannot exceed τ_{max} τ < τ_{max} = lim_{r→R} f √ 1 + f^{′2} = R D − 3 . (21)

The small τ limit in (16) corresponds to τ ≪ R.

4 Trap surface formation

Front trap surface in the initial coordinates. From the point of view of observers in outer areas (|z| > −t) collision takes place at

ū = +0 , v̄ = +0 . (22)

Since the metric in these areas is Minkowskian and there is an axial symmetry, these equations can serve as a definition of a trap surface on the shock waves fronts, viz. in the regions I and II.

Front trap surface in the new coordinates. In the new coordinates (u, v, r, φ^k), the trap surface in the region I according to (7),(22) is given by

u = +0 , v + Φ(r) − Φ(r_c) = 0 (23)

with the null normals n = [ n^u, n^v, n^r, ⃗n^φ ] equal to

n_1 = [ 0, 1, 0, ⃗0 ] , n_2 = [( r a )_{D−3} , ( a r )_{D−3} , 1, ⃗0 ] . (24)

Table 1: Dependencies of T_{min}, R(T_{min}), r_b(T_{min}) on D.

D T_{min}/a R_{min}/a r_b(T_{min})/a 4 −0.43 0.36 0.65 5 −0.32 0.47 0.76 6 −0.26 0.54 0.81 7 −0.22 0.60 0.85 8 −0.19 0.64 0.87 9 −0.17 0.67 0.89 10 −0.15 0.69 0.90

Similarly, the trap surface in the region II is described by

v = +0 , u + Φ(r) − Φ(r_c) = 0 (25) and n_3 = [ 1, 0, 0, ⃗0 ] , n_4 = [( a r )_{D−3} , ( r a )_{D−3} , 1, ⃗0 ] . (26)

Smooth transition from (23) to (25) demands n_2 = n_4 when u = v = 0. This condition gives the value of the trap surface radius at the moment of collision r_c

r_c ≡ r_b(T = 0) = a . (27)

Trap surface continuity. Demanding trap surface continuity on the border of the regions I and II and taking into account (23) and (18) we obtain equations for R(T ) and trap surface radius on the border r_b(T ) T = 1 2 [Φ(a) − Φ(r_b)] = −R ∫_{rb/R} 1 dρ √ ρ^{2(D−3)} − 1

. (28)

Consideration of the regions II and III border produces the same equations.

In [46] where the same problem was treated one of this condition was replaced by the demand of null normals continuity which leads to discontinuity of the surface on the borders. In our approach, normals N(1, −1) and n_2 [N(1, 1) and n_4] are not equal on the (u=0)[(v=0)-]-border. So in our case, the surface is continuous but not smooth on the borders.

Trap surface dynamic. Dependencies of R on T for D = 4, 5, 6, 7, 8, 9, 10 are shown in Fig.1. Trap surface appears at t = T_{min} when r_b = r_b(T_{min}). Further r_b increases as T increases (Fig.2) and reaches its maximum value a at the moment of collision T = 0. Dependencies of T_{min}, R(T_{min}) and r_b(T_{min}) on D are given in Table 1.

Figure 1: Dependencies of R on T for D = 4, . . ., 10.

5 Summaries

From the condition of a trap surface volume local maximality we deduce the explicit form of the inner trap surface (18). The form of the fronts surface is given simply by ū = +0 , v̄ = +0 (22). The condition of trap surface continuity on the region II borders (28) provides the dependencies on T of R (trap surface radius at z = 0) and r_b (trap surface radius at the shocks) for D = 4, 5, 6, 7, 8, 9, 10 which are shown in Fig.1 and Fig.2.

According to these results, a process of trap surface formation looks like follows. There is no trap surface at time preceding t = T_{min}. It emerges at t = T_{min} with radius on the shocks equal to r_b(T_{min}). Values of T_{min}, R(T_{min}) and r_b(T_{min}) grow with a raise of D (see Table 1). Later r_b and R increase with time and reach their maximum value a at the moment of collision.

There are many speculations predicting the end of short distance physics. Calculation of the size of horizon formation in black hole collisions may help us to evaluate a distance at which this end may take place.

Acknowledgments

Conversations with I. Ya. Aref’eva are gratefully acknowledged.

Figure 2: Dependencies of r_b on T for D = 4, . . ., 10.

References

[1] D. Amati, M. Ciafaloni, G. Veneziano, “Supersting Collisions at Planckian Energies”, Phys. Lett. B 197, 81–88 (1987); “Can Spacetime be Probed Below the String Size?”, Phys. Lett. B 216, 41–47 (1989); “Classical and Quantum Gravity Effects from Planckian Energy Collisions”, Int. J. Mod. Phys. A 3, 1615–1661 (1989); “Higher Order Gravitational Deflection and Soft Bremsstrahlung in Planckian Energy Superstring Collisions”, Nucl. Phys. B 347, 550–580 (1990); “Planckian Scattering Beyond the Semiclassical Approximation”, Phys. Lett. B 289, 81–97 (1992); “Effective Action and All-Order Gravitational Eikonal at Planckian Energies”, Nucl. Phys. B 403, 707–724 (1993).

[2] G. ’t Hooft, “Gravitational Dominance in Ultra-High-Energy Scattering”, Phys.

Lett. B 198, 61–63 (1987); “On the Factorization of Universal Poles in a Theory of Gravitating Point Particles”, Nucl. Phys. B 304, 867–876 (1998).

[3] I. Ya. Aref’eva, K. S. Viswanathan, I. V. Volovich, “Planckian Energy Scattering, Colliding Plane Gravitational Waves and Black Hole Creation”, Nucl. Phys. B 452, 346–368 (1995); Erratum-ibid. B 462, 613–617 (1996) [arXiv:hep-th/9412157].

[4] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, “The Hierarchy problem and New Dimensions at a Millimeter”, Phys. Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315]; “Phenomenology, Astrophysics and Cosmology of Theories with Sub-Millimeter Dimensions and TeV Scale Quantum Gravity”, Phys.Rev. D 59 (1999) 086004 [arXiv:hep-ph/9807344].

[5] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G. Dvali, “New Dimensions at a Millimeter to a Fermi and Superstrings at a TeV”, Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398].

[6] E. A. Mirabelli, M. Perelstein, M. E. Peskin, “Collider Signatures of New Large Space Dimensions”, arXiv:hep-ph/9811337.

[7] T. Banks, W. Fischler, “A Model for High Energy Scattering in Quantum Gravity”, arXiv:hep-th/9906038.

[8] I. Ya. Aref’eva, “High Energy Scattering in the Brane-World and Black Hole Production”, Part. Nucl. 31, 169–180 (2000) [arXiv:hep-th/9910269].

[9] S. B. Giddings, E. Katz, “Effective theories and black hole production in warped compactifications”, J. Math. Phys. 42, 3082-3102 (2001) [arXiv:hep-th/0009176].

[10] S. B. Giddings, S. Thomas, “High Energy Colliders as Black Hole Factories: The End of Short Distance Physics”, Phys. Rev. D 65, 056010 (2002) [arXiv:hep-ph/0106219].

[11] S. B. Giddings, “Black hole production in TeV-scale gravity, and the future of high energy physics”, arXiv:hep-ph/0110127; “Black holes at accelerators”, arXiv:hep-th/0205027; “Black holes in the lab?”, arXiv:hep-th/0205205; “Black holes in high-energy collisions?”, AIP Conf. Proc. 646:34-42, 2003 Also in *Waterloo 2002, Theoretical physics* 34–42.

[12] G. Landsberg, “Discovering New Physics in the Decays of Black Holes”, arXiv:hep-ph/0112061; “Black Holes at Future Colliders and Beyond — a Review”, arXiv:hep-ph/0211043.

[13] P. C. Argyres, S. Dimopoulos, J. March-Russell, “Black Holes and Sub-millimeter Dimensions”, arXiv:hep-th/9808138.

[14] S. Dimopoulos, G. Landsberg, “Black Holes at the LHC”, Phys. Rev. Lett. 87, 161602 (2001) [arXiv:hep-ph/0106295].

[15] S. Dimopoulos, R. Emparan, “String Balls at the LHC and Beyond”, Phys. Lett.

B 256 393–398 (2002) [arXiv:hep-ph/0108060].

[16] R. Emparan, G. T. Horowitz, R. C. Myers, “Black Holes Radiate Mainly on the Brane”, arXiv:hep-th/0003118.

[17] R. Emparan, “Black Hole Production at a TeV”, Invited talk at the 12-th Workshop on General Relativity and Gravitation, Tokyo, November 25–28, 2002 [arXiv:hep-ph/0302226].

[18] E. J. Ahn, M. Cavaglia, A. V. Olinto, “Brane factories”, arXiv:hep-th/0201042.

[19] E. J. Ahn, M. Cavaglia, “A New Era in High-energy Physics”, arXiv:hep-ph/0205168.

[20] J. Hewett, M. Spiropulu, “Particle Physics Probes Of Extra Spacetime Dimensions”, arXiv:hep-ph/0205106.

[21] I. Mocioiu, Y. Nara, I. Sarcevic, “Hadrons as Signature of Black Hole Production at the LHC”, Phys. Lett. B 557 (2003) 87–93 [arXiv:hep-ph/0301073].

[22] G. F. Giudice, R. Rattazzi, J. D. Wells, “Quantum Gravity and Extra Dimensions at High-Energy Colliders”, Nucl. Phys. B 544, 3 (1999) [arXiv:hep-ph/9811291]; “Transplanckian Collisions at the LHC and Beyond”, arXiv:hep-ph/0112161.

[23] J. L. Feng, A. D. Shapere, “Black Hole Production by Cosmic Rays”, Phys. Rev.

Lett. 88, (2002) 021303 [arXiv:hep-ph/0109106].

[24] L. Anchordoqui, H. Goldberg, “Experimental Signature for Black Hole Production in Neutrino Air Showers”, Phys. Rev. D 65 (2002) 047502, [arXiv:hep-ph/0109242]; “Black Hole Chromosphere at the LHC”, arXiv:hep-ph/0209337.

[25] L. A. Anchordoqui, J. L. Feng, H. Goldberg, A. D. Shapere, “Black Holes from Cosmic Rays: Probes of Extra Dimensions and New Limits on TeV-Scale Gravity”, arXiv:hep-ph/0112247.

[26] R. Casadio, B. Harms, “Can black holes and naked singularities be detected in accelerators?”, arXiv:hep-th/0110255.

[27] R. Casadio, “On brane-world black holes and short scale physics”, arXiv:hep-ph/0304099.

[28] K. Cheung, “Black hole production and Large Extra Dimensions”, Phys. Rev. Lett.

88 (2002) 221602 [arXiv:hep-ph/0110163]; “Black hole, string ball, and p-brane production at hadronic supercolliders”, Phys. Rev. D 66 (2002) 036007 [arXiv:hepph/020533].

[29] A. Ringwald, H. Tu, “Collider versus Cosmic Ray Sensitivity to Black Hole Production”, Phys.Lett. B 525 (2002) 135–142 [arXiv:hep-ph/0111042].

[30] M. Cavaglia, “Black hole and brane production in TeV gravity: A review”, arXiv:hep-ph/0210296.

[31] M. B. Voloshin, “Semiclassical suppression of black hole production in particle collisions”, Phys. Lett. B 518 137–142 (2001) [arXiv:hep-ph/0107119]; “More remarks on suppression of large black hole production in particle collisions”, Phys. Lett. B 524 376–382 (2001) [arXiv:hep-ph/0111099].

[32] S. D. H. Hsu, “Quantum Production of Black Holes”, Phys. Lett. B 555 (2003) 92–98 [arXiv:hep-ph/0203154].

[33] S. Bilke, E. Lipartia, M. Maul, “Effective Field Theoretical Approach to Black Hole Production”, arXiv:hep-ph/0204040.

[34] A. Chamblin, G. C. Nayak, “Black Hole Production at LHC: String Balls and Black Holes from pp and Lead-lead Collisions”, Phys. Rev. D 66 (2002) 091901 [arXiv:hep-ph/0206060].

[35] A. Chamblin, F. Cooper, G. C. Nayak, “Interaction of a TeV Scale Black Hole with the Quark-Gluon Plasma at LHC”, arXiv:hep-ph/0301239.

[36] O. V. Kancheli, “Parton picture of inelastic collisions at transplanckian energies”, arXiv:hep-ph/0208021.

[37] V. Cardoso, J. P. S. Lemos, “Black hole collision with a scalar particle in three dimensional anti-de Sitter spacetime”, arXiv:hep-th/0112254; “Gravitational radiation from collisions at the speed of light: a massless particle falling into a Schwarzschild black hole”, Phys. Lett. B 538 (2002) 1–5 [arXiv:gr-qc/0202019]; “Black hole collision with a scalar particle in four, five and seven dimensional anti-de Sitter spacetimes: ringing and radiation”, arXiv:hep-th/0206084; “The radial infall of a highly relativistic point particle into a Kerr black hole along the symmetry axis”, arXiv:gr-qc/0207009.

[38] K. Krasnov, “Lambda < 0 Quantum Gravity in 2+1 Dimensions II: Black Hole Creation by Point Particles”, arXiv:hep-th/0202117.

[39] D. Ida, K. Oda, S. C. Park, “Rotating black holes at future colliders: Greybody factors for brane fields”, Phys. Rev. D 67 (2003) 064025 [arXiv:hep-th/0212108].

[40] P. Kanti, J. March-Russell, “Calculable Corrections to Brane Black Hole Decay.

1. The Scalar Case”, Phys. Rev. D 66, 024023 (2002) [arXiv:hep-ph/0203223]; “Calculable Corrections to Brane Black Hole Decay. 2. Greybody Factors for Spin 1/2 and 1”, arXiv:hep-ph/0212199.

[41] A. Jevicki, J. Thaler, “Dynamics of Black Hole Formation in an Exactly Solvable Model”, arXiv:hep-th/0203172.

[42] S. N. Solodukhin, “Classical and quantum cross-section for black hole production in particle collisions”, arXiv:hep-ph/0201248; “Black hole production via quantum tunneling”, arXiv:hep-th/0212001.

[43] K. Nakamura, K. Nakao, T. Mishima, “Hoop Conjecture and Black Holes on a Brane”, arXiv:gr-qc/0302058.

[44] D. M. Eardley and S. B. Giddings, “Classical black hole production in high-energy collisions”, arXiv:gr-qc/0201034.

[45] H. Yoshino, Y. Nambu, A. Tomimatsu, “Hoop conjecture for colliding black holes: non-time-symmetric initial data”, Phys. Rev. D 65 (2002) 064034 [arXiv:gr-qc/0109016] .

[46] H. Yoshino, Y. Nambu, “High-energy head-on collisions of particles and hoop conjecture”, arXiv:gr-qc/0204060.

[47] H. Yoshino, Y. Nambu, “Black hole formation in the grazing collision of highenergy particles”, arXiv:gr-qc/0209003.

[48] E. Kohlprath, G. Veneziano, “Transplanckian Collisions at the LHC and Beyond”, arXiv:hep-ph/0112161; “Black holes from high-energy beam–beam collisions”, arXiv:gr-qc/0203093.

[49] P. C. Aichelburg and R. U. Sexl, “On The Gravitational Field Of A Massless Particle”, Gen. Rel. Grav. 2, 303 (1971).

[50] T. Dray and G. ‘t Hooft, “The Gravitational Shock Wave of a Massless Particle,” Nuclear Physics B 235, 173–188 (1985).

[51] R. Penrose, “Structure of Space-Time”, in Battelle Rencontres (edit. by C. M. De- Witt and J. A. Wheeler) (Benjamin, New York, 1968).

[52] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Space-Time”, Cambridge University Press (1973).

[53] B. A. Dubrovin, S. P. Novikov, A. T. Fomenko, “Sovremennaya geometriya”, Nauka, Moskva (1979); “Modern Geometry-Methods and Applications, Part I: The Geometry of Surfaces, Transformation Groups, and Fields”, Springer Verlag, 2-nd edition (January 1992).