arXiv:hep-th/0305090 v3 7 Oct 2003

OU-HET 445 May 2003

Hamilton-Jacobi Method and Effective Actions of D-brane and M-brane in Supergravity

Matsuo Sato^∗ and Asato Tsuchiya^†

Department of Physics, Graduate School of Science Osaka University, Toyonaka, Osaka 560-0043, Japan

Abstract

We show that the effective actions of D-brane and M-brane are solutions to the Hamilton-Jacobi (H-J) equations in supergravities. This fact means that these effective actions are on-shell actions in supergravities. These solutions to the H-J equations reproduce the supergravity solutions that represent D-branes in a B_2 field, M2 branes and the M2-M5 bound states. The effective actions in these solutions are those of a probe D-brane and a probe M-brane. Our findings can be applied to the study of the gauge/gravity correspondence, especially the holographic renormalization group, and a search for new solutions of supergravity.

∗e-mail address : machan@het.phys.sci.osaka-u.ac.jp †e-mail address : tsuchiya@het.phys.sci.osaka-u.ac.jp

1 Introduction

In this paper, we show that the D-brane effective action (the Born-Infeld action plus the Wess-Zumino action) is a solution to the Hamilton-Jacobi (H-J) equation of type IIA(IIB) supergravity and that the M-brane effective action is a solution to the H-J equation of 11- dimensional (11-d) supergravity. This fact means that the effective actions of D-brane and M-brane are on-shell actions in supergravities. We also show that these solutions to the H-J equations reproduce the supergravity solutions which represent a stack of D-branes in a B_2 field, a stack of M2-branes and a stack of the M2-M5 bound states. In fact, we reported the case of D3-brane in our previous publication [1], and in this paper we generalize our previous result to the cases of Dp-branes and M-branes.

The D-brane effective action on a curved background is obtained in principle by calculating the disk amplitude in superstring on the background. The disk amplitude in the open string picture is translated into the closed string picture as the transition amplitude between the vacuum and the boundary state representing a probe D-brane. This transition amplitude should reduce in the α^′ → 0 limit to an on-shell action in type IIA(IIB) supergravity, which is a functional of the values of the fields on a boundary, Therefore, the α^′ → 0 limit of the D-brane effective action should be a solution to the H-J equation of type IIA(IIB) supergravity. Considering the gauge invariance, we see that the α^′ → 0 limit of the D-brane effective action corresponds to setting the combination of the gauge field plus the NS 2-form field to be zero. Nevertheless, a nontrivial fact we obtain is that the D-brane effective action itself is a solution to the H-J equation. Probably this fact comes from the supersymmetry, since the R-R plays a crucial role in our analysis.

The strategy of our analysis is as follows. We reduce type IIA(IIB) supergravity on S^{8−p}, dropping the fermionic degrees of freedom consistently, and obtain a (p + 2)-dimensional gravity. Adopting the radial coordinate as time, we develop the canonical formalism based on the ADM decomposition for this (p + 2)-dimensional gravity and obtain the H-J equation originating from the hamiltonian constraint. We solve the H-J equation under the condition that the fields be constant on fixed-time surfaces, and find that the Dp-brane effective action is a solution to the H-J equation and reproduces the supergravity solution of a stack of Dpbranes in a B_2 field. We note here that the near-horizon limit of this supergravity solution with p = 3 is conjectured to be dual to noncommutative Yang Mills (NCYM) [2, 3, 4] and reduces to AdS_5 × S^5 in the commutative limit, which is dual to N = 4 super Yang Mills [5, 6]. In our formulation, the fixed-time surface whose dimension is p + 1 can be interpreted as the worldvolume of a probe Dp-brane, and the radial time as the position of the probe Dp-brane. We also reduce 11-d supergravity on S^7 and S^4, repeat the above steps, and obtain the M2 and M5 brane effective actions as solutions to the H-J equations, respectively. We find that these solutions to the H-J equation reproduce the supergravity solutions of a stack of M2-branes and a stack of the M2-M5 bound states, respectively. Furthermore, by using the SL(2, R) symmetry in type IIB supergravity and the relation of type IIA supergravity with 11-d supergravity, we obtain solutions to the H-J equations that reproduce the supergravity solutions representing (p, q) strings and (p, q) 5-branes in type IIB supergravity and NS 5-branes in type IIA supergravity. Note that the near-horizon limit of supergravity backgrounds reproduced by M2-branes, the M2-M5 bound states and NS 5-branes are conjectured to be dual to three-dimensional N = 8 superconformal field theory, (a noncommutative version of) six-dimensional N = (2, 0) superconformal field theory and Little String Theory, respectively [5, 4, 7].

As we discuss below, the fact that our solutions to the H-J equations are the on-shell actions around the supergravity backgrounds which conjectured to be dual to various gauge theories motivates us to further investigate the subject in the present paper.

Indeed, our findings can be applied to the study of the gauge/gravity correspondence. A well-understood example of the gauge/gravity correspondence is the AdS/CFT correspondence [5, 6]; in particular, the correspondence between N = 4 super Yang Mills at the conformally invariant point and type IIB supergravity on AdS × S^5. It is relevant to investigate whether this kind of correspondence can be extended to N = 4 super Yang Mills in the Coulomb branch [5, 8] or four-dimensional less supersymmetric (N = 0, 1, 2) gauge theories [9] or higher (lower) dimensional supersymmetric gauge theories [5, 7, 10]. Another relevant problem to be studied from the viewpoint of the gauge/gravity correspondence is a quantum theory of NCYM. Classical aspects of NCYM such as noncommutative instantons [11, 2] are well-understood while little is known about quantum aspects. In particular, renormalizability of NCYM has not been established perturbatively or non-perturbatively. Note that the authors of Ref.[12] verified the renormalizability of two-dimensional bosonic NCYM by performing a numerical simulation of its lattice version. As we describe shortly, solving the H-J equation and obtaining the on-shell action in supergravity is doubly important for studying the above issues in the gauge/gravity correspondence. In order to study the gauge/gravity correspondence for the less supersymmetric gauge theories, we must generalize our analysis in the present paper; we should reduce supergravities in more complicated ways and search for solutions to the H-J equations of these reduced gravities that reproduce the supergraviy solutions conjectured to be dual to the less supersymmetric gauge theories.

One application of the H-J method in supergravity to the study of the gauge/gravity correspondence is to compare the on-shell action of supergravity with the effective action of the dual gauge theory. Suppose that supergravity on a certain background corresponds to a large N (noncommutative) gauge theory in which one of the Higgs fields has a nontrivial vacuum expectation value (vev) and the U(N) gauge symmetry is spontaneously broken to U(1) × SU(N − 1). Then, if we interpret the radial time as a position of the probe Dbrane, the on-shell action of supergravity around this background should coincide with the effective action of the gauge theory via the identification of the radial time with the vev of the Higgs field. Thus the H-J method is useful for checking this case of the gauge/gravity correspondence. It is actually conjectured in Ref.[13] that the effective action of N = 4 super Yang Mills in the Coulomb branch takes the form of the D3-brane effective action in the ’t Hooft limit. It is important to perform a similar calculation of the effective action in NCYM and to compare the result with the on-shell action obtained in this paper.

The other application is the study of the holographic renormalization group, which is also useful for establishing the gauge/gravity correspondence. The authors of Ref.[14] derived the renormalization group equation in the dual gauge theory from the H-J equation in supergravity. In particular, they found that in their simple examples the lowest term in the derivative expansion of the on-shell action in supergravity plays a role of the counter terms and gives the beta functions and the anomalous dimensions in the dual gauge theory. In this context, the radial time is interpreted as the renormalization scale in the dual gauge theory. Note that the solutions found in this paper are also the lowest term in the derivative expansion. One can check whether supergravity on a certain background corresponds to a large N gauge theory by comparing the beta functions and the anomalous dimensions given by the on-shell action around the background with those in the gauge theory. Also, one can examine the structure of the renormalization of NCYM through the holographic renormalization group. Although it is not obvious whether the lowest term in the on-shell action is sufficient in more complicated cases we are interested in, our results are at least a first step to the study of the holographic renormalization group in these cases.

Another application of the H-J method is searching for new solutions and classifying the solutions in supergravity. Using the solution to the H-J equation obtained in the present paper, we expect to be able to obtain new solutions in supergravity reduced on higher dimensional spheres under the condition that the fields depend only on the radial coordinate. That is, while the supergravity solution representing Dp-branes in a B_2 field is obtained by Tdualizing a tilted smeared D(p − 1)-brane solution [15], we can search supergravity solutions that cannot be obtained by such a T-dualization, as is discussed below. If we find a solution to the H-J equation of supergravity reduced in a different way, we expect to be able to obtain a different kind of new solutions of supergravity. Furthermore, if we find a complete solution to the H-J equation under a certain condition, we can classify the solutions in supergravity under the condition. Hence, our analysis in the present paper should be a first step to the classification of the supergravity solutions.

As is well-known, a complete solution to the H-J equation that includes as many arbitrary constants as the number of the degrees of freedom is a generator of the canonical transformation that makes the new Hamiltonian vanish. If one finds a complete solution to the H-J equation, one can represent the coordinates as functions of time for an arbitrary initial condition. Namely, the problem can be completely solved. Although our solution to the H-J equation is not a complete solution, it includes several arbitrary constants. We can reduce the original equations of motion in supergravity, which are the second order differential equations, to the first order ones by using the solution, and obtain as many conserved quantities as the number of the arbitrary constants. We may solve the first order equations to find a new solution of supergravity, utilizing these conserved quantities. Alternatively, we can search for a new solution to the H-J equation that generalizes the present solution and includes more arbitrary constants so that we may find a new solution more easily.

The present paper is organized as follows. In section 2, we develop the Hamilton-Jacobi method in general constrained systems. In section 3, we perform reductions of supergravities on higher-dimensional spheres. In section 4, we develop the canonical formalism for the reduced gravities obtained in section 3 to derive the H-J equations. In section 5, we find that the Dp-brane effective action is a solution to the H-J equation of the reduced gravity and reproduces the supergravity solution of a stack of D3-branes in a B_2 field. Section 6 is devoted to the similar calculation in the cases of M2-brane and M5-brane. In section 7, using the SL(2,R) symmetry in type IIB supergravity and the relation between 11-d supergravity and type IIA supergravity, we obtain solutions to the H-J equations that reproduce the supergravity solutions of (p, q) string and (p, q) 5-brane in type IIB supergravity and of NS 5-brane in type IIA supergravity. Section 8 is devoted to discussion and perspective. In appendix A, the equations of motion in supergravities are listed. In appendix B, we write down the ansatz for the fields made in performing a reduction of type IIA(IIB) supergravity on S^{8−p}.

2 H-J method in constrained systems

Let us consider a classical system with n degrees of freedom and k first class constraints. Suppose the action of the system is given in the canonical form: I = ∫_t t_0 dτ (p_iq̇_i − H(p_1, · · · .p_n, q_1, · · · , q_n, τ ) − α_af_a(p_1, · · · .p_n, q_1, · · · , q_n, τ )), (2.1) where i runs from 1 to n, a runs from 1 to k, H is the Hamiltonian and the α_a are Lagrange multipliers. By variating the action with respect to q_i, p_i and α_a, one obtains the following equations of motion:

q̇_i = ∂H ∂p_i + α_a ∂f_a ∂p_i , ṗ_i = − ∂H ∂q_i − α_a ∂f_a ∂q_i , f_a(p_1, · · · , p_n, q_1, · · · , q_n, τ ) = 0. (2.2)

Let q_i = q̄_i(τ ) and p_i = p̄_i(τ ) be a solution to the above equations of motion which satisfies the boundary conditions q̄_i(t) = x_i. Substituting this classical solution to the action gives the on-shell action, which can be regarded as a function of the boundary positions x_i and the final time t. S(x_1, · · · , x_n, t) = ∫_t t_0 dτ (p̄_i ˙q̄_i − H(p̄_1, · · · .p̄_n, q̄_1, · · · , q̄_n, τ )). (2.3)

The variation of S with respect to x_i and t is given by δS = (p̄_i(t)˙q̄_i(t) − H(p̄(t), q̄(t), t))δt + ∫_t t_0 dτ ( δp̄_i ˙q̄_i + p̄_iδ ˙q̄_i − ∂H(p̄, q̄, τ ) ∂p̄_i δp̄_i − ∂H(p̄, q̄, τ ) ∂q̄_i δq̄_i ) . (2.4)

Using the equations of motion (2.2) and integrating the righthand side of (2.4) partially, one obtains δS = (p̄_i(t)˙q̄_i(t) − H(p̄(t), q̄(t), t))δt + p̄_i(t)δq̄_i(t) + ∫_t t_0 dτ α_a ( ∂f_a(p̄, q̄, τ ) ∂p̄_i δp̄_i + ∂f_a(p̄, q̄, τ ) ∂q̄_i δq̄_i ) . (2.5)

Here the last line in (2.5) vanishes, since 0 = f_a(p̄ + δp̄, q̄ + δq̄, τ ) = f_a(p̄, q̄, τ ). Noting that q̄_i(t + δt) + δq̄_i(t + δt) = x_i + δx_i, one obtains δq̄_i(t) = δx_i − ˙q̄_i(t)δt. Therefore, (2.5) reduces to δS = −H(p̄(t), x, t)δt + p̄_i(t)δx_i, (2.6) which is equivalent to the equations ∂S ∂t = −H(p̄(t), x, t), ∂S ∂x_i = p̄(t)_i. (2.7)

Finally, one obtains the equations satisfied by the on-shell action S, the H-J equations: ∂S ∂t + H ( ∂S ∂x_1 , · · · , ∂S ∂x_n , x_1, · · · , x_n, t ) = 0, f_a ( ∂S ∂x_1 , · · · , ∂S ∂x_n , x_1, · · · , x_n, t ) = 0. (2.8)

Suppose a solution to (2.8) is given. Then, the canonical momenta are represented in terms of x_i by using the second equation in (2.7). It follows that the equations of motion (2.2) reduce to a set of the first order differential equations only for q_i. Thus one can simplify the problem of solving the equations of motion.

It is well-known that the H-J equation is in general more powerful as seen in below. First, note that if S is a solution to the above equations, S + σ is also a solution to it, where σ is a arbitrary constant. Let the above solution possess l arbitrary constants β_1, · · · , β_l that are not the trivial additive constant σ. Then, the following quantities are conserved quantities:

γ_s = ∂S ∂β_s (s = 1, · · · , l). (2.9)

In fact, on one hand, d dt γ_s =

∂^2S ∂β_s∂t + ∂^2S ∂β_s∂x_i ẋ_i. (2.10)

On the other hand, from (2.8) and the arbitrariness of β_s, we obtain 0 = ∂ ∂β_s ( ∂S ∂t + H ) = ∂^2S ∂β_s∂t + ∂H ∂(∂S/∂x_i) ∂^2S ∂β_s∂x_i 0 = α_a ∂ ∂β_s f_a = α_a ∂f_a ∂(∂S/∂x_i) ∂^2S ∂β_s∂x_i . (2.11)

Summing the two equations in (2.11) and using (2.2) and (2.10) gives d dt γ_s = 0. (2.12)

In particular, when l = n, it follows that β_i and γ_i are new canonical momentum and new coordinates which are obtained from the canonical transformations generated by S, respectively, and are constant with respect to the time. One can completely solve the problem by using the second equation in (2.7) and (2.9).

3 Reductions of type IIA(IIB) and 11-d supergravities on higher dimensional spheres

In this section, we perform reductions of supergravities on higher dimensional spheres. We will regard the fixed-time surface as the worldvolume of the p-brane (Dp-brane or M2-brane or M5-brane) later. Hence, we will reduce supergravity to a (p + 2)-dimensional gravity.

First, in order to fix the conventions, we write down the actions of type IIA(IIB) and 11-d supergravities. In this paper, we drop the fermionic degrees of freedom consistently. In the following equations, |K_q |^2 =^1_{q!} K_{M1 ···Mq} K^{M1 ···Mq} for a q-form K_q, where the appropriate metric is used for the contractions, and C_{p+1} is the R-R (p + 1)-form. The bosonic part of type IIA supergravity is given by I_{IIA} = 1 2κ^2_{10} ∫ d^{10}X √ −G [ e^{−2ϕ} ( R_G + 4∂_M ϕ∂^M ϕ − 1 2 |H_3|^2 )

− 1 2 |F_2|^2 − 1 2 |F̃_4|^2 ]

− 1 4κ^2_{10} ∫ B_2 ∧ F_4 ∧ F_4, (3.1)

where

H_3 = dB_2, F_{p+2} = dC_{p+1} (p = 0, 2), F̃_4 = F_4 − C_1 ∧ H_3. (3.2)

The bosonic part of type IIB supergravity is given by I_{IIB} = 1 2κ^2_{10} ∫ d^{10}X √ −G [ e^{−2ϕ} ( R_G + 4∂_M ϕ∂^M ϕ − 1 2 |H_3|^2 )

− 1 2 |F_1|^2 − 1 2 |F̃_3|^2 − 1 4 |F̃_5|^2 ]

+ 1 4κ^2_{10} ∫ C_4 ∧ H_3 ∧ F_3, (3.3)

where

H_3 = dB_2, F_{p+2} = dC_{p+1} (p = −1, 1, 3), F̃_3 = F_3 + C_0 ∧ H_3,

F̃_5 = F_5 + C_2 ∧ H_3. (3.4)

One must also impose the self-duality condition

∗ F̃_5 = F̃_5 (3.5)

on the equations of motion derived from the above action. The bosonic part of 11-d supergravity is given by

I_{11} = 1 2κ^2_{11} ∫ d^{11}X √ −G ( R_G − 1 2 |F^{(M )}_4 |^2 ) − 1 12κ^2_{11} ∫ A_3 ∧ F^{(M )}_4 ∧ F^{(M )}_4 , (3.6)

where

F^{(M )}_4 = dA_3.

We list all of the equations of motion and the Bianchi identities in these supergravities in appendix A.

Let us consider a reduction of type IIA(IIB) supergravity on S^{8−p} (p = 0, · · · , 7), where p takes 0, 2, 4, 6 for type IIA supergravity and 1, 3, 5, 7 for type IIB supergravity. We split the ten-dimensional coordinates X^M (M = 0, 1, · · · , 9) into two parts, as X^M = (ξ^α, θ_i) (α = 0, · · · , p + 1, i = 1, · · · , 8 − p), where the ξ^α are (p + 2)-dimensional coordinates and the θ_i parametrize S^{8−p}. We make the following ansatz for the ten-dimensional metric, which preserves the (p + 2)-dimensional general covariance:

ds_{10} = G_{M N} dX^M dX^N

= h_{αβ}(ξ) dξ^αdξ^β + e^{ρ(ξ)2} dΩ_{8−p}. (3.7)

We assume that the dilaton depends only on ξ^{α1}:

ϕ = ϕ(ξ). (3.8)

The ansatzes for the other fields are summarized in appendix A. Here, as an example, we perform the reduction for the p = 6 case explicitly. The reductions for the other cases can be performed in the same way as the p = 6 case. The ansatzes for the other fields in the p = 6 case are

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ + 1 2! d_α(ξ)ϵ_{θi1 θi2} dξ^α ∧ dθ_{i1} ∧ dθ_{i2} , F_2 = 1 2! F_{α1α2} (ξ)dξ^{α1} ∧ dξ^{α2} − 1 2! 8! e^{ρ/2}ε^{α1···α8}F̃_{α1···α8} (ξ)ε_{θi1 θi2} dθ_{i1} ∧ dθ_{i2} , F̃_4 = 1 4! F̃_{α1···α4} (ξ)dξ^α1 ∧ · · · ∧ dξ^α4 + 1 2! 2! 6! e^{ρ/2}ε_{α1···α6β1β2}F̃^{α1···α6} (ξ)ε_{θi1 θi2} dξ^{β1} ∧ dξ^{β2} ∧ dθ_{i1} ∧ dθ_{i2} . (3.9) By substituting (3.7), (3.8) and (3.9) into the equations of motion and the Bianchi identities in type IIA supergravity in appendix A, we obtain the following equations in eight dimensions.

R_{hαβ} + 2∇^{(8)}_α ∇^{(8)}_β ϕ − 1 2 ∇^{(8)}_α ∇^{(8)}_β ρ − 1 8 ∂_αρ∂_β ρ − 1 4 H_{αγ1 γ2} H^{γ1γ2}_β − 1 2 e^{−ρ}d_αd_β 1It is sufficient for the purpose of this paper to assume that the fields depend only on ξ^{p+1} (= r). However, we consider more general ansatzes such as (3.7) and (3.8) for further developments.

− 1 2 e^{2ϕ} ( F_{αγ}F^γ_β + 1 3! F̃_{αγ1γ2γ3}F̃^{γ1γ2 γ3} β + 1 5! F̃_{αγ1···γ5}F̃^{γ1 ···γ5}_β + 1 7! F̃_{αγ1···γ7}F̃^{γ1 ···γ7}_β )

+ 1 4 e^{2ϕ}h_{αβ}(|F_2|^2 + |F_4|^2 + |F_6|^2 + |F_8|^2) = 0, (3.10)

R_h + 4∇^{(8)2}ϕ − ∇^{(8)2}ρ − 4∂_αϕ∂^αϕ − 3 8 ∂_αρ∂^αρ + 2∂_αϕ∂^αρ − 1 2 |H_3|^2 − 1 2 e^{−ρ}d_αd^α + e^{− ρ2} R^{(S2 )} = 0, (3.11)

R_h + 4∇^{(8)2}ϕ − 1 2 ∇^{(8)2}ρ − 4∂_αϕ∂^αϕ − 1 8 ∂_αρ∂^αρ + ∂_αϕ∂^αρ − 1 2 |H_3|^2 + 1 2 e^{−ρ}d_αd^α − 1 2 e^{2ϕ}(|F_2|^2 + |F_4|^2 + |F_6|^2 + |F_8|^2) = 0, (3.12)

∇^{(8)}_γ (e^{−2ϕ+ ρ2} H^{γαβ} ) + 1 2 e^{ρ2} F̃^{αβγ1γ2} F_{γ1γ2} + 1 4! e^{ρ2} F̃^{αβγ1···γ4}F̃_{γ1···γ4} + 1 6! e^{ρ2} F̃^{αβγ1···γ6}F̃_{γ1···γ6} = 0 (3.13) ∇^{(8)}_α (e^{−2ϕ− ρ2} d^α) + 1 2 ε^{α1···α8} ( + 1 6! F_{α1α2}F̃_{α3···α8} − 1 4!4! F̃_{α1···α4}F̃_{α5···α8} ) = 0, (3.14)

∇^{(8)}_β (e^{ρ2} F^{βα}) + 1 3! e^{ρ2} F̃^{αβ1β2β3} H_{β1 β2β3} + 1 6! ε^{αβ1···β7} d_{β1}F̃_{β2···β7} = 0, (3.15) ∇^{(8)}_δ (e^{ρ2} F̃^{δαβγ}) + 1 3! e^{ρ2} F̃^{αβγδ1δ2δ3} H_{δ1δ2δ3} − 1 4! ε^{αβγδ1···δ5} d_{δ1}F̃_{δ2···δ5} = 0, (3.16) ∇^{(8)}_β (e^{ρ2} F̃^{βα1···α5} ) + 1 3! e^{ρ2} F̃^{α1···α5β1β2β3} H_{β1 β2β3} + 1 2 ε^{α1···α5β1β2β3} d_{β1} F_{β1β2} = 0, (3.17)

∇^{(8)}_β (e^{ρ2} F̃^{βα1···α7} ) = 0, (3.18)

∂_{[α1} H_{α2α3α4]} = 0, (3.19)

∂_{[α1} d_{α2]} = 0, (3.20)

∂_{[α1} F_{α1α2]} = 0, (3.21)

5∂_{[α1}F̃_{α2···α5]} + 5! 2! 3!

F_{[α1α2} H_{α3 α4α5]} = 0, (3.22)

7∂_{[α1}F̃_{α2···α7]} + 7! 3! 4!

F̃_{[α1···α4} H_{α5α5α7]} = 0. (3.23)

One can easily verify that these equations are derived from I_8, which we will describe below. Applying this procedure to the other p case, we obtain I_{p+2}. We have thus reduced type IIA(IIB) supergravity on S^{8−p} and obtain the (p+2)-dimensional gravities. These reductions are consistent truncations in the sense that every solution of I_{p+2} can be lifted to a solution of type IIA(IIB) supergravity.

Let us write down I_{p+2} explicitly. We first define Ĩ_{p+2} by

Ĩ_{p+2} = ∫ d^{p+2}ξ √ −h [ e^{−2ϕ+ 8−p4 ρ} ( R_h + e^{− ρ2} R^{(S8−p )} + 4∂_αϕ∂^αϕ +

(8 − p)(7 − p) 16 ∂_αρ∂^αρ −(8 − p)∂_αϕ∂^αρ − 1 2 |H_3|^2 ) − 1 2 e^{8−p4 ρ} ∑ n |F̃_n|^2 ] , (3.24)

where

F̃_n = F_n + s C_{n−3} ∧ H_3, s = { −1 for type IIA (p = 0, 2, 4, 6) 1 for type IIB (p = 1, 3, 5, 7)

Here n takes 2, 4, · · · , p + 2 for type IIA supergravity and 1, 3, · · · , p + 2 for type IIB supergravity. Ĩ_2 is obtained by setting H_3 = 0 in (3.24). Then,

I_{p+2} = Ĩ_{p+2} for p = 0, 1, · · · , 5, (3.25)

I_8 = Ĩ_8 + ∫ d^8ξ √ −h ( − 1 2 e^{−ρ}|d_1|^2 ) + ∫ b_0 ( F_2 ∧ F̃_6 − 1 2 F̃_4 ∧ F̃_4 ) , (3.26)

I_9 = Ĩ_9 + ∫ d^9ξ √ −h ( − 1 2 e^{− ρ2} |d_2|^2 ) + ∫ b_1 ∧ (F̃_3 ∧ F̃_5 − F_1 ∧ F̃_7), (3.27)

where d_1 = db_0 and d_2 = db_1.

We perform reductions of 11-d supergravity on S^7 and S^4 in the same way as those of type IIA(IIB) supergravity. For a S^7 reduction, we make the following ansatzes:

ds_{11} = h_{αβ}(ξ)dξ^α dξ^β + e^{ρ(ξ)2} dΩ_7,

F^{(M )}_4 = 1 4! F^{(M )}_{α1···α4} (ξ)dξ^{α1} ∧ · · · ∧ dξ^{α4} , (3.28) where α, β run form 0 to 3. Then, we obtain a 4-dimensional gravity, which is a consistent truncation of 11-d supergravity,

I^{(M )}_4 = ∫ d^4ξ √ −h e^{7ρ4} ( R_h + e^{− ρ2} R^{(S7 )} + 21 8 ∂_αρ ∂^αρ − 1 2 |F^{(M )}_4 |^2 ) , (3.29)

where F^{(M )}_4 = dA_3. For a S^4 reduction, we make the following ansatzes:

ds_{11} = h_{αβ}(ξ)dξ^αdξ^β + e^{ρ(ξ)2} dΩ_4,

F^{(M )}_4 = F^{(M )}_{α1···α4} (ξ)dξ^{α1} ∧ · · · ∧ dξ^{α4} + 1 4! 7! e^ρε^{α1···α7}F̃^{(M )}_{α1···α7} (ξ)ε_{θi1 ···θi4} dθ_{i1} ∧ · · · ∧ dθ_{i4} , (3.30) where α, β run form 0 to 6. Then, we obtain a 7-dimensional gravity, which is also a consistent truncation of 11-d supergravity,

I^{(M )}_7 = ∫ d^4ξ √ −h e^ρ ( R_h + e^{− ρ2} R^{(S4 )} + 3 4 ∂_αρ ∂^αρ − 1 2 |F^{(M )}_4 |^2 − 1 2 |F̃^{(M )}_7 |^2 ) , (3.31)

where F̃^{(M )}_7 = dA_6 −^1_2 A_3 ∧ F^{(M )}_4 .

4 Canonical formalism and the H-J equations in the reduced gravities

In this section, we develop the canonical formalism for I_{p+2}, I^{(M )}_4 and I^{(M )}_7 obtained in the previous section. First we rename the (p + 2)-dimensional coordinates:

ξ^μ = x^μ (μ = 0, · · · , p), ξ^{p+1} = r.

Here p takes 2 and 5 for I^{(M )}_4 and I^{(M )}_7 , respectively. Adopting r as time, we make the ADM decomposition for the (p + 2)-dimensional metric. ds^2_{p+2} = h_{αβ} dξ^αdξ^β = (n^2 + g^{μν} n_μn_ν ) dr^2 + 2n_μ dr dx^μ + g_{μν} dx^μdx^ν , (4.1)

where n and n_μ are the lapse function and the shift function, respectively. Hence force μ, ν run from 0 to p.

In what follows, we consider a boundary surface specified by r = const. and impose the Dirichlet condition for the fields on the boundary. Here we need to add the Gibbons-Hawking term [16] to the actions, which is defined on the boundary and ensures that the Dirichlet condition can be imposed consistently. Then, the (p + 2)-dimensional action I_{p+2} with the Gibbons-Hawking term on the boundary can be expressed in the canonical form as follows. For p = 0, 1, · · · , 5,

I_{p+2} = ∫ drd^{p+1}x √ −g ( π^{μν} ∂_rg_{μν} + π_ϕ∂_rϕ + π_ρ∂_rρ + π^{μν}_B ∂_rB_{μν} + ∑ n π^{μ1···μn−1} C_{n−1} ∂rCμ1···μn−1 −nH − n_μH^μ − B_{rμ}G^μ_B − ∑ n C_{rμ1 ···μn−2} G^{μ1 ···μn−2} C_{n−1} ) (4.2) with H = −e^{2ϕ− 8−p4 ρ} ( (π^{μν} )^2 + 1 2 π_ϕ^2 + 1 2 π^μ_μπ_ϕ + 4 8 − p π_ρ^2 + π_ϕπ_ρ

+ ( π^{μν}_B − ∑ n≥3 (n − 1)(n − 2) 2 C_{μ1···μn−3} π^{μ1···μn−3 μν} C_{n−1} )_2

−e^{− 8−p4 ρ} ∑ n (n − 1)! 2 (π^{μ1···μn−1} C_{n−1} ) 2 − L, H^μ = −2∇_ν π^{νμ} + π_ϕ∂^μϕ + π_ρ∂^μρ + π^{νλ}_B H^μ_{νλ} + ∑ n≥4 π^{ν1···νn−1} C_{n−1} ( F^μ_{ν1 ···νn−1} + s (n − 1)! (n − 4)! 3! C^μ_{ν1 ···νn−4} H_{νn−3 νn−2νn−1} ) , G^μ_B = −2∇_ν π^{νμ}_B , G^{μ1 ···μn−2} C_{n−1} = −(n − 1)∇ν π νμ_1···μ_{n−2} C_{n−1} − s (n + 1)! (n − 2)! 3! π^{μ1···μn−2ν1 ν2ν3} C_{n+1} Hν1 ν2 ν3 , (4.3)

where L = e^{−2ϕ+ 8−p4 ρ} ( R_g + 4∇_μ∇^μϕ − 8 − p 2 ∇_μ∇^μρ − 4∂_μϕ∂^μϕ − (8 − p)(9 − p) 16 ∂_μρ∂^μρ +(8 − p)∂_μϕ∂^μρ − 1 2 |H_3|^2 ) − 1 2 e^{8−p4 ρ} ∑ n |F̃_n|^2 + e^{−2ϕ+ 6−p4 ρ}R^{(S8−p )}, (4.4)

I_8 and I_9 with the Gibbons-Hawking terms can be rewritten in the form (4.2) with p = 6 and p = 7, respectively, up to the terms including b_0 and b_1. The differences will turn out not to be relevant for our purpose, so that we do not write down the precise canonical forms of I_8 and I_9 here.

Note that (4.2) takes the form of (2.1). Indeed, n, n_μ and C_{rμ1 ···μn−2} play the roles of α_a in (2.1). They give the constraints, H = 0, H^μ = 0 and G_{Cn−1} = 0, which are called the Hamiltonian constraint, the momentum constraint and the Gauss law constraint, respectively, and correspond to f_a = 0 in (2.2). Note that (4.2) has no analogue of H in (2.1). It follows from the arguments in section 2 that the H-J equations of this system are given by ∂S_{p+1} ∂r̄ = 0, H = 0, H^μ = 0, G_{Cn−1} = 0 (4.5) with

π^{μν} (x) = 1 √ −g(x) δS δg_{μν} (x) , π_ϕ(x) = 1 √ −g(x) δS δϕ(x) , π_ρ(x) = 1 √ −g(x) δS δρ(x) , π^{μν}_B (x) = 1 √ −g(x) δS δB_{μν} (x) , π^{μ1···μn−1} C_{n−1} (x) = 1 √ −g(x) δS δC_{μ1···μn−1} (x) , (4.6)

where r̄ is the boundary value of r, and g_{μν} (x), ϕ(x), · · · , C_{μ1 ···μn−1} (x) are the boundary values of the corresponding fields. The first equation in (4.5) indicates that S_{p+1} does not depend on the boundary ‘time’ explicitly. The last three equations in (4.5) give functional differential equations for S_{p+1}. The third and fourth ones imply that S_{p+1} must be invariant under the diffeomorphism in p + 1 dimensions and the U(1) gauge transformations (See appendix C in Ref.[1]). The second one is a nontrivial equation that can determine the form of S_{p+1}. Hereafter, we call this equation the Hamilton-Jacobi equation.

The canonical form of I^{(M )}_4 with the Gibbons-Hawking term is

I^{(M )}_4 = ∫ d^4ξ √ −g(π^{μν} ∂_rg_{μν} + π_ρ∂_rρ + π^{μνλ}_{A3} ∂_rA_{μνλ} − nH − n_μH^μ − A_{rμν} G^{μν}_{A3} ) (4.7) with

H = e^{− 74 ρ} ( −(π^{μν} )^2 + 1 9 (π^μ_μ)^2 − 8 63 π^2_ρ + 4 9 π^μ_μπ_ρ − 3(π^{μνλ}_{A3} )^2 ) − L, H^μ = −2∇_ν π^{νμ} + π_ρ∂^μρ + π^{νλρ}_{A3} F^{(M )μ}_{νλρ}, G^{μν}_{A3} = −3∇_λπ^{λμν}_{A3} , (4.8)

where

L = e^{74 ρ} ( R − 7 2 ∇_μ∇^μρ − 7 2 ∂_μρ∂^μρ − 1 2 |F^{(M )}_4 |^2 ) + e^{54 ρ}R^{(S7 )}. (4.9)

The canonical form of I^{(M )}_7 with the Gibbons-Hawking term is

I^{(M )}_7 = ∫ d^7ξ √ −g(π^{μν} ∂_rg_{μν} + π_ρ∂_rρ + π^{μνλ}_{A3} ∂_rA_{μνλ} + π^{μ1···μ6}_{A6} ∂_rA_{μ1···μ6} −nH − n_μH^μ − A_{rμν} G^{μν}_{A3} − A_{rμ1···μ5} G^{μ1 ···μ5}_{A6} ) (4.10) with H = −e^{−ρ} ( (π^{μν} )^2 − 1 9 (π^μ_μ)^2 + 5 9 π^2_ρ − 4 9 π^μ_μπ_ρ + 3(π^{μ1μ2 μ3}_{A3} + 10π^{μ1 μ2 μ3ν1 ν2ν3}

A_6 Aν1ν2 ν3 ) 2

+ 6! 2 (π^{μ1···μ6} A_6 ) 2 ) − L, H^μ = −2∇_ν π^{νμ} + π_ρ∂^μρ + π^{νλρ}_{A3} F^{(M )μ}_{νλρ} + ( F^{(M )μ}_{ν1 ···ν6} − 15 2 A^μ_{ν1ν2} F^{(M )}_{ν3···ν6} ) π^{ν1···ν6}_{A6} , G^{μν}_{A3} = −3∇_λπ^{λμν}_{A3} , G^{μ1 ···μ5} A_6 = −6∇ν π νμ_1 ···μ_5 A_6 , (4.11)

where L = e^ρ ( R − 2∇_μ∇^μρ − 5 4 ∂_μρ∂^μρ − 1 2 |F^{(M )}_4 |^2 − 1 2 |F̃^{(M )}_7 |^2 ) + e^{ρ2} R^{(S7 )}. (4.12)

The H-J equations for I^{(M )}_4 and I^{(M )}_7 are derived in the same way as the one for I_{p+2}.

5 Dp-brane effective action as a solution to the H-J equation

5.1 Dp-brane effective action as a solution

In this subsection, we find a solution to the H-J equation obtained in the previous section. We assume that the fields are constant on the fixed-time surface. Let S^{(0)}_{p+1} be a solution to the H-J equation under this assumption. We can drop b_0 and b_1 consistently in the H-J equations for S^{(0)}_7 and S^{(0)}_8 . That is, after this simplification, the H-J equations for S^{(0)}_7 and S^{(0)}_8 coincide with the ones derived from (4.2) with p = 6 and p = 7, respectively. We see from (4.3), (4.4), (4.5) and (4.6) that S^{(0)}_{p+1} satisfies the equation e^{2ϕ− 8−p4 ρ} ( 1 √ −g δS^{(0)}_{p+1} δg_{μν} )_2 + 1 2 g_{μν} 1 √ −g δS^{(0)}_{p+1} δg_{μν} 1 √ −g δS^{(0)}_{p+1} δϕ + 1 2 ( 1 √ −g δS^{(0)}_{p+1} δϕ )_2

+ 4 8 − p ( 1 √ −g δS^{(0)}_{p+1} δρ )_2 + 1 √ −g δS^{(0)}_{p+1} δϕ 1 √ −g δS^{(0)}_{p+1} δρ + ( 1 √ −g δS^{(0)}_{p+1} δB_{μν} − ∑ n (n − 1)(n − 2) 2 C_{μ1 ···μn−3} 1 √ −g δS^{(0)}_{p+1} δC_{μ1···μn−3μν} )_2

+e^{− 8−p4 ρ} ∑ n (n − 1)! 2 ( 1 √ −g δS^{(0)}_{p+1} δC_{μ1···μn−1} )_2 + e^{−2ϕ+ 6−p4 ρ}R^{(S8−p )} = 0. (5.1)

In what follows, we show that the form

S^{(0)}_{p+1} = S^c_{p+1} + S^{BI}_{p+1} + S^{W Z}_{p+1} + σ_{p+1} (5.2)

is a solution to (5.1), with

S^c_{p+1} = α_{p+1} ∫ d^{p+1}x √ −ge^{−2ϕ+ 7−p4 ρ}, S^{BI}_{p+1} = β_{p+1} ∫ d^{p+1}xe^{−ϕ} √ − det(g_{μν} + F_{μν} ),

S^{W Z}_{p+1} = γ_{p+1} ∫ ∑ n C_{n−1} ∧ e^F = γ_{p+1} ∫ ( C_{p+1} + C_{p−1} ∧ F + 1 2 C_{p−3} ∧ F ∧ F + · · · ) , (5.3)

where F_{μν} = B_{μν} + F^{(p+1)}μν , F^{(p+1)}μν is an arbitrary constant anti-symmetric tensor, and σ_{p+1} is an arbitrary constant. As we discussed in section 6 in Ref.[1], S^{BI}_{p+1} + S^{W Z}_{p+1} is the effective action of a probe Dp-brane while S^c_{p+1} should be interpreted as the vacuum to vacuum amplitude and does not contribute to the effective action of the probe Dp-brane. Furthermore, F^{(p+1)}μν is interpreted as the U(1) gauge field strength in the world-volume.

Noting that 1 √ −g δS^{(0)}_{p+1} δB_{μν} − ∑ n (n − 1)(n − 2) 2 C_{μ1···μn−3} 1 √ −g δS^{(0)}_{p+1} δC_{μ1···μn−3 μν} = 1 √ −g δS^{BI}_{p+1} δB_{μν} and 1 √ −g δS^{W Z}_{p+1} δg_{μν} = 0,

one can see that the left-hand side of (5.1) can be decomposed into the four parts

L.H.S. of (5.1) = e^{2ϕ− 8−p4 ρ} × ( (1) + (2) + (3) ) + e^{− 8−p4 ρ} × (4) + e^{−2ϕ+ 6−p4 ρ}R^{(S8−p)}, (5.4)

with

(1) = ( 1 √ −g δS^c_{p+1} δg_{μν} )_2 + 1 2 g_{μν} 1 √ −g δS^c_{p+1} δg_{μν} 1 √ −g δS^c_{p+1} δϕ + 1 2 ( 1 √ −g δS^c_{p+1} δϕ )_2

+ 4 8 − p ( 1 √ −g δS^c_{p+1} δρ )_2 + 1 √ −g δS^c_{p+1} δϕ 1 √ −g δS^c_{p+1} δρ ,

(2) = 2g_{μλ}g_{νρ} 1 √ −g δS^c_{p+1} δg_{μν} 1 √ −g δS^{BI}_{p+1} δg_{λρ} + 1 2 g_{μν} 1 √ −g δS^c_{p+1} δg_{μν} 1 √ −g δS^{BI}_{p+1} δϕ + 1 2 g_{μν} 1 √ −g δS^{BI}_{p+1} δg_{μν} 1 √ −g δS^c_{p+1} δϕ + 1 √ −g δS^c_{p+1} δϕ 1 √ −g δS^{BI}_{p+1} δϕ + 1 √ −g δS^{BI}_{p+1} δϕ 1 √ −g δS^c_{p+1} δρ ,

(3) = ( 1 √ −g δS^{BI}_{p+1} δg_{μν} )_2 + 1 2 g_{μν} 1 √ −g δS^{BI}_{p+1} δg_{μν} 1 √ −g δS^{BI}_{p+1} δϕ + 1 2 ( 1 √ −g δS^{BI}_{p+1} δϕ )_2

+ ( 1 √ −g δS^{BI}_{p+1} δB_{μν} )_2 ,

(4) = ∑ n (n − 1)! 2 ( 1 √ −g δS^{W Z}_{p+1} δC_{μ1···μn−1} )_2

. (5.5)

(1) and (4) are easily calculated as

(1) = − 7 − p 4(8 − p) α^2_{p+1}e^{−4ϕ+ 7−p2 ρ},

(4) = − 1 2 γ^2_{p+1}

[^{p+1}_2 ]∑

k=0 (2k)!

4^k(k!)^2 δ^{[μ1}_{ν1} δ^{μ2}_{ν2} · · · δ^{μ2k ]}_{ν2k} F_{μ1μ2} · · · F_{μ2k−1μ2k} F^{ν1ν2} · · · F^{ν2k−1ν2k} . (5.6) In order to calculate (2) and (3), we introduce the (p + 1) × (p + 1) matrices G and B:

(G)_{μν} = g_{μν} , (B)_{μν} = F_{μν} .

Then, we have 1 √ −g δS^c_{p+1} δg_{μν} = 1 2 α_{p+1}e^{−2ϕ+ 7−p4 ρ} ( 1 G )_{μν} , 1 √ −g δS^c_{p+1} δϕ = −2α_{p+1}e^{−2ϕ+ 7−p4 ρ}, 1 √ −g δS^c_{p+1} δρ = 7 − p 4 α_{p+1}e^{−2ϕ+ 7−p4 ρ}, 1 √ −g δS^{BI}_{p+1} δg_{μν} = 1 2 β_{p+1}e^{−ϕ} √ det(G + B) det G ( 1 G + B G 1 G − B )_{μν} , 1 √ −g δS^{BI}_{p+1} δB_{μν} = 1 2 β_{p+1}e^{−ϕ} √ det(G + B) det G ( 1 G + B B 1 G − B )_{μν} , 1 √ −g δS^{BI}_{p+1} δϕ = −β_{p+1}e^{−ϕ} √ det(G + B) det G

. (5.7)

Using this notation, we can express each term in (2) and (3) in terms of the trace of the (p + 1) × (p + 1) matrix and calculate (2) and (3) as follows:

(2) = α_{p+1}β_{p+1}e^{−3ϕ+ 7−p4 ρ} √ det(G + B)

det G ( 1 2 tr ( 1 G G 1 G + B G 1 G − B G ) − p + 1 4

− 1 2 tr ( 1 G + B G 1 G − B G ) + 2 − 7 − p 4 )

= 0,

(3) = 1 4 β^2_{p+1}e^{−2ϕ} det(G + B) det G ( tr ( 1 G + B G 1 G − B G 1 G + B G 1 G − B G )

−tr ( 1 G + B G 1 G − B G )

+2 − tr ( 1 G + B B 1 G − B G 1 G + B B 1 G − B G ))

= 1 2 β^2_{p+1}e^{−2ϕ} det(G + B) det G = 1 2 β^2_{p+1}e^{−2ϕ}

[^{p+1}_2 ]∑

k=0 (2k)!

4^k(k!)^2 δ^{[μ1}_{ν1} δ^{μ2}_{ν2} · · · δ^{μ2k ]}_{ν2k} F_{μ1μ2} · · · F_{μ2k−1μ2k} F^{ν1ν2} . . . F^{ν2k−1ν2k} . (5.8) From (5.1), (5.4), (5.6) and (5.8), we conclude that S^{(0)}_{p+1} satisfies the H-J equation (5.1) if

α^2_{p+1} =

4(8 − p) 7 − p R^{(S8−p )} = 4(8 − p)^2 and β^2_{p+1} = γ^2_{p+1}. (5.9)

5.2 Dp-brane in a B_2 field

In this subsection, we see that S^{(0)}_{p+1} obtained in the previous subsection reproduces the supergravity solution representing a stack of Dp-branes in a constant B_2 field. First, we examine the cases in which 2 ≤ p ≤ 6. For simplicity, let us consider the supergravity solutions with only B_{p−1p} non-vanishing. These supergravity solutions were constructed in Ref.[15], and they are also solutions of I_{p+2} taking the following forms:

ds^2_{p+2} = f^{− 12} (η_{μ̂ν̂} dx^{μ̂}dx^{ν̂} + hδ_{ab}dx^adx^b) + f^{12} dr^2,

e^{2ϕ} = g^2_{st}f^{− p−32} h, e^{ρ2} = r^2f^{12} , B_{p−1 p} = tan θf^{−1}h,

C_{01···p−2} = (−1)^{p+1}g^{−1}_{st} sin θf^{−1}, C_{01···p} = (−1)^{p+1}g^{−1}_{st} cos θf^{−1}h, (5.10)

where μ̂, ν̂ = 0, 1, · · · , p − 2, a, b = p − 1, p, f = 1 + Q̃ r^{7−p} , h^{−1} = sin^2 θf^{−1} + cos^2 θ. (5.11)

Note that these supergravity solutions preserve 16 supersymmetries, and reduce to the ordinary Dp-brane solutions when θ = 0.

By varying I_{p+2} with respect to the canonical momenta, we obtain the relations between the canonical momenta and the r-derivatives of the fields. Using these relations, we calculate the values of the canonical momenta on the boundary specified by r = r̄:

−π_{00} = π_{11} = · · · = π_{p−2p−2} = f̄^{p−5}_4 g^2_{st}h̄ ( (8 − p)r̄^{7−p}f̄ + 1 2 r̄^{8−p}∂_{r̄}f̄ ) , π_{p−1p−1} = π^{Ip+2}_{pp} = f̄^{p−5}_4 g^2_{st} ( (8 − p)r̄^{7−p}f̄ + 1 2 cos^2 θr̄^{8−p}h̄∂_{r̄}f̄ ) , π_ϕ = f̄^{p−3}_4 g^2_{st}h̄ ( 4(p − 8)r̄^{7−p}f̄ − r̄^{8−p}∂_{r̄}f̄ ) , π_ρ =

(7 − p)(8 − p) 2g^2_{st}h̄ r̄^{7−p}f̄^{p+14} , π^{Ip+2}_{Bp−1p} = 0, π_{Cp−101···p−2} = (−1)^{p+1} (p − 1)!

sin θ g_{st} r̄^{8−p}f̄^{− p+14} ∂_{r̄}f̄, π_{Cp+101···p} = (−1)^{p+1} (p + 1)!

cos θ g_{st} r̄^{8−p}h̄f̄^{− p+14} ∂_{r̄}f̄ , (5.12)

where

f̄ = 1 + Q̃ r̄^{7−p} , h̄^{−1} = sin^2 θf̄^{−1} + cos^2 θ.

On the other hand, S^{(0)}_{p+1} gives the following canonical momenta:

π_{μν} = g_{μλ}g_{νρ} 1 √ −g δS^{(0)}_{p+1} δg_{λρ} = 1 2 α_{p+1}e^{−2ϕ+ 7−p4 ρ}g_{μν} + 1 2 β_{p+1}e^{−ϕ} √ det(G + B) det G ( G 1 G + B G 1 G − B G ) μν ,

π_ϕ = 1 √ −g δS^{(0)}_{p+1} δϕ = −2α_{p+1}e^{−2ϕ+ 7−p4 ρ} − β_{p+1}e^{−ϕ} √ det(G + B) det G , π_ρ = 1 √ −g δS^{(0)}_{p+1} δρ = 7 − p 4 α_{p+1}e^{−2ϕ+ 7−p4 ρ}, π_{Bμν} = g_{μλ}g_{νρ} 1 √ −g δS^{(0)}_{p+1} δB_{λρ} = 1 2 β_{p+1}e^{−ϕ} √ det(G + B) det G ( G 1 G + B B 1 G − B G ) μν +γ_{p+1}ε_{μνλ1λ2···λp−1} [^{p+1}_2 ]∑

k=0 1 (p + 1 − 2k)!2^k(k − 1)! C^{λ1λ2···λp+1−2k} ×F^{λp+1−2k+1λp+1−2k+2} · · · F^{λp−2λp−1} , π_{Cn−1μ1 μ2...μn−1} = g_{μ1 λ1} g_{μ2 λ2} · · · g_{μn−1 λn−1} 1 √ −g δS^{(0)}_{p+1} δC_{λ1λ2···λn−1} = γ_{p+1} 1 (n − 1)!2^{p−n+2}2 (_{p−n+2} 2 ) ! ε_{μ1 μ2···μp+1} F^{μnμn+1} · · · F^{μpμp+1} . (5.13) We substitute the values of the fields in (5.10) into the right-hand sides of (5.13), setting F^{(p+1)}_{μν} = 0.

It can be verified that the right-hand sides of (5.13) reproduce the right-hand sides of (5.12) if α_{p+1} = 16 − 2p and β_{p+1} = (−1)^pγ_{p+1} =

(p − 7)Q̃ cos θ g_{st} , (5.14) These conditions are consistent with (5.9).

Next, we compare the value of the on-shell action with that of S^{(0)}_{p+1} directly. Substituting the values of the fields with r = r̄ in (5.10) into (5.3), we obtain

S^c_{p+1} = α_{p+1}V_{p+1}r^{7−p}_0 g^2_{st} , S^{BI}_{p+1} = β_{p+1}V_{p+1} g_{st} cos θ f^{−1}_0 ,

S^{W Z}_{p+1} = (−1)^{p+1} γ_{p+1}V_{p+1} g_{st} cos θ f^{−1}_0 , (5.15) where V_{p+1} = ∫ d^{p+1}x. Here, we set σ_{p+1} = 0.

Then, it follows from (5.2), (5.14) and (5.15) that

S^{(0)}_{p+1} = S^c_{p+1} + S^{BI}_{p+1} + S^{W Z}_{p+1} =

(16 − 2p)V_{p+1}r^{7−p}_0 g^2_{st} (5.16) We calculate the values of the on-shell actions for (5.10) by substituting (5.12) with r̄ replaced by r into (4.2). Noting that the constraints in (4.2) are satisfied on shell, we reproduce the value of S^{(0)}_{p+1} for (5.10) as follows: I^{on−shell} p+2 = ∫_{r̄} 0 drd^{p+1}x √ −g(π^{μν} ∂_rg_{μν} + π_ϕ∂_rϕ + π_ρ∂_rρ + π^{μν}_B ∂_rB_{μν} + ∑ n π^{μ1μn−1} C_{n−1} ∂rCμ1···μn−1 ) = 2(7 − p)(8 − p)V_{p+1} g^2_{st} ∫_{r̄} 0 dr r^{6−p} = 2(8 − p)V_{p+1} g^2_{st} r̄^{7−p}. (5.17)

Thus, we have shown that S^{(0)}_{p+1} with F^{(p+1)}μν = 0 and σ_{p+1} = 0 reproduces the supergravity solution (5.10) when α_{p+1} and β_{p+1} take the values in (5.14). We also verified that S^{(0)}_1 and S^{(0)}_2 reproduce the supergravity solutions representing a stack of D0-branes and of D1-branes, respectively. Note that S^{(0)}_4 also reproduces the near-horizon limit of (5.10) with p = 3 [1], which is conjectured to be dual to NCYM [3, 4].

6 Effective actions of M2-brane and M5-brane as solutions to the H-J equations

6.1 M2-brane case

We assume again that the fields are constant on the fixed-time surface. Let us denote a solution to the H-J equation under this assumption by S^{(0)}_{M 2}. It follows from (4.7), (4.8) and (4.9) that S^{(0)}_{M 2} satisfies the equation ( 1 √ −g δS^{(0)}_{M 2} δg_{μν} )_2 − 1 9 ( g_{μν} 1 √ −g δS^{(0)}_{M 2} δg_{μν} )_2 + 8 63 ( 1 √ −g δS^{(0)}_{M 2} δρ )_2

− 4 9 g_{μν} 1 √ −g δS^{(0)}_{M 2} δg_{μν} 1 √ −g δS^{(0)}_{M 2} δρ + 3 ( 1 √ −g δS^{(0)}_{M 2} δA_{μνλ} )_2 + e^{3ρ}R^{(S7 )} = 0. (6.1)

One can easily verify that the form

S^{(0)}_{M 2} = S^c_{M 2} + S^{N G}_{M 2} + S^{W Z}_{M 2} + σ_{M 2} (6.2)

with

S^c_{M 2} = α_{M 2} ∫ d^3x √ −ge^{32 ρ}, S^{N G}_{M 2} = β_{M 2} ∫ d^3x √ −g, S^{W Z}_{M 2} = γ_{M 2} ∫ A_3, (6.3)

where σ_{M 2} is an arbitrary constant, satisfies the H-J equation if

α^2_{M 2} = 14 3 R^{(S7 )} = 196 and β^2_{M 2} = γ^2_{M 2}. (6.4)

Note that S^{N G}_{M 2} + S^{W Z}_{M 2} is interpreted as a probe M2-brane effective action as in the case of the Dp-brane.

The supergravity solution representing a stack of M2-brane is also a solution of I^{(M )}_4 , which is given by

ds^2_4 = f^{− 23} η_{μν} dx^μdx^ν + f^{13} dr^2, f = 1 + Q̃ r^6 , e^{ρ2} = r^2f^{13} , A_{012} = f^{−1}, (6.5)

where μ, ν run from 0 to 3. We verified that S^{(0)}_{M 2} with σ_{M 2} = 0 reproduces this solution when

α_{M 2} = 14, β_{M 2} = −γ_{M 2} = −6Q̃, (6.6)

which is consistent with (6.4).

6.2 M5-brane case

We adopt again the assumption that the fields are constant on the fixed-time surface. Let S^{(0)}_{M 5} be a solution to the H-J equation under this assumption. It follows from (4.10), (4.11) and (4.12) that S^{(0)}_{M 5} satisfies the equation ( 1 √ −g δS^{(0)}_{M 5} δg_{μν} )_2 − 1 9 ( g_{μν} 1 √ −g δS^{(0)}_{M 5} δg_{μν} )_2 + 5 9 ( 1 √ −g δS^{(0)}_{M 5} δρ )_2

− 4 9 g_{μν} 1 √ −g δS^{(0)}_{M 5} δg_{μν} 1 √ −g δS^{(0)}_{M 5} δρ + 3 ( 1 √ −g δS^{(0)}_{M 5} δA_{μνλ} + 10A_{ρ1 ρ2ρ3} 1 √ −g δS^{(0)}_{M 5} δA_{μνλρ1ρ2ρ3} )_2

+ 6! 2 ( δS^{(0)}_{M 5} δA_{μ1···μ6} )_2

+ e^{32 ρ}R^{(S4 )} = 0. (6.7)

Let us consider the following form:

S^{(0)}_{M 5} = S^c_{M 5} + S^{BI}_{M 5} + S^{W Z}_{M 5} + σ_{M 5}, (6.8)

with

S^c_{M 5} = α_{M 5} ∫ d^6x √ −ge^{34 ρ}, S^{BI}_{M 5} = β_{M 5} ∫ d^6x √ −g √ 1 + 1 12 F_{μνρ}F^{μνρ} + 1 288 (F_{μνρ}F^{μνρ})^2 − 1 96 F_{μνλ}F^{νλρ}F_{ρστ} F^{στ μ}, S^{W Z}_{M 5} = γ_{M 5} ∫ ( A_6 + 1 2 A_3 ∧ F_3 ) , (6.9) where F_{μνλ} = A_{μνλ} +F^{(M 5)}_{μνλ} , F^{(M 5)}_{μνλ} is an arbitrary constant completely anti-symmetric tensor, and σ_{M 5} is an arbitrary constant. We verified that (6.8) satisfies (6.7), up to the constraint − 1 3! ε^{μ1···μ6} F_{μ4μ5 μ6} = 12 δ δA_{μ1μ2 μ3} √ 1 + 1 12 F_{μνρ}F^{μνρ} + 1 288 (F_{μνρ}F^{μνρ})^2 − 1 96 F_{μνλ}F^{νλρ}F_{ρστ} F^{στ μ},(6.10) if α^2_{M 5} = 16 3 R^{(S4 )} = 64 and β_{M 5} = −γ_{M 5}. (6.11)

The equations of motion satisfied by M5-brane are determined by the space-time supersymmetry and the kappa symmetry [18, 19, 20]. These equations of motion are equivalent to the equations derived from the M5-brane effective action and the non-linear self-duality condition [21, 22].^2 This M5-brane effective action and the non-linear self-duality condition reduce to S^{BI}_{M 5} + S^{W Z}_{M 5} and (6.10) in our case in which the worldvolume of the M5-brane is the time-fixed surface and the static gauge is taken.

The supergravity solution of the M2-M5 bound state is given in Ref.[17], and it is also a solution of I^{(M )}_7 which takes the following form:

ds^2_6 = f^{− 23} k^{13} η_{μ̂ν̂} dx^{μ̂}dx^{μ̂} + f^{13} k^{− 23} δ_{ab}dx^adx^b + f^{13} k^{13} dr^2, e^{ρ2} = r^2f^{13} k^{13} , A_{012} = sin θf^{−1}, A_{345} = tan θk^{−1}, F̃^{(M )}_{012345r} = 3 cos θQ̃r^{−4}f^{−1}k^{−1}, (6.12)

where μ̂, ν̂ = 0, 1, 2, a, b = 3, 4, 5, f = 1 + Q̃ r^3

, k = sin^2 θ + cos^2 θf. (6.13)

We verified that (6.8) with F^{(M 5)}_{μνλ} = 0 and σ_{M 5} = 0 reproduces this solution when α_{M 5} = 8 and β_{M 5} = −γ_{M 5} = −3Q̃ cos θ, which is consistent with (6.11).

2For a review, see Refs.[23, 24]. Also, for an alternative formulation of the M5-brane effective action, see Refs.[25].

7 (p, q) string and (p, q) 5-brane in type IIB supergravity and NS 5-brane in type IIA supergravity

7.1 (p, q) string and (p, q) 5-brane

Let us recall the SL(2, R) symmetry in type IIB supergravity. It is convenient for this purpose to work in the Einstein frame and redefine the R-R 4-form. The Einstein metric is given by

G^{(E)}_{M N} = e^{− ϕ2} G_{M N} , (7.1)

and the new R-R 4-form is given by

C^{new}_4 = C_4 + 1 2 C_2 ∧ B_2. (7.2)

The type IIB supergravity action (3.3) is rewritten in terms of the Einstein metric and the new R-R 4-form: I_{IIB} = 1 2κ^2_{10} ∫ d^{10}X √ −G^{(E)} ( R_G(E) − 1 2 ∂_M τ ∂^Mτ̄ (Im τ )^2 − 1 2 M_{ij} F^i_3 · F^j_3 − 1 4 |F̃_5|^2 )

+ ε_{ij} 8κ^2_{10} ∫ C^{new}_4 ∧ F^i_3 ∧ F^j_3 , (7.3)

where

τ = C_0 + i e^{−ϕ}, M_{ij} = 1 Im τ ( |τ |^2 Re τ Re τ 1 ) , C^i_2 = ( B_2 C_2 ) , F^i_3 = dC^i_2,

F̃_5 = dC^{new}_4 − 1 2 ε_{ij} C^i_2 ∧ F^j_3 . (7.4)

One can easily check that the action (7.3) and the self-duality condition (3.5) is invariant under the following SL(2, R) transformation.

τ^′ = aτ + b cτ + d a, b, c, d; real, ad − bc = 1, C^i_2^′ = Λ^i_j C^j_2, Λ^i_j = ( d −c −b a ) , C^{new}_4^′ = C^{new}_4 ,

G^{(E)}_{M N}^′ = G^{(E)}_{M N} . (7.5)

First, let us see how a solution to the H-J equation corresponding to (p, q) string is obtained. Noting that (7.1) implies that ρ^{(E)} = ρ − ϕ, one can rewrite (5.1) with p = 1 in terms of the Einstein metric as follows. ( 1 √ −g^{(E)} δS^{(0)}_2 δg^{(E)}μν )_2 − 1 8 ( g^{(E)}_{μν} 1 √ −g^{(E)} δS^{(0)}_2 δg^{(E)}μν )_2 + 1 14 ( 1 √ −g^{(E)} δS^{(0)}_2 δρ^{(E)} )_2

− 1 2 g^{(E)}_{μν} 1 √ −g^{(E)} δS^{(0)}_2 δg^{(E)}μν 1 √ −g^{(E)} δS^{(0)}_2 δρ^{(E)} + (Im τ )^2 1 √ −g^{(E)} δS^{(0)}_2 δτ 1 √ −g^{(E)} δS^{(0)}_2 δτ̄ +g^{(E)}_{μλ} g^{(E)}_{νρ} M^{−1}_{ij} 1 √ −g^{(E)} δS^{(0)}_2 δC^i_{μν} 1 √ −g^{(E)} δS^{(0)}_2 δC^j_{λρ} + e^{3ρ(E)} R^{(S7 )}

= 0. (7.6)

One can verify that this H-J equation is invariant under (7.5), which implies g^{(E)}μν^′ = g^{(E)}μν and ρ^{(E)′} = ρ^{(E)}. Therefore, the SL(2, R) transformed S^{(0)}_2 is also a solution to the H-J equation, which clearly reproduces the supergravity solution of (p, q) string.

Second, let us see briefly how a solution to the H-J equation corresponding to (p, q) 5- brane is obtained. We consider the p = 5 case of the reduction in section 3 with the ansatz for H_3 replaced by

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ (7.7) + 1 3! 7! e^{2ϕ+ 34 ρ}ε_{α1···α7}H̃^{α1···α7} (ξ)ε_{θ1 θ2 θ3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} . (7.8) Then, we obtain as a consistent truncation a seven-dimensional gravity, and rewrite it in terms of the Einstein metric and the new R-R 4 form:

I^{(p,q)5}_7 = ∫ d^7ξ √ −he^{34 ρ(E)} ( R^{(E)}_h + e^{− 12 ρ(E)} R^{(S3 )} + 3 8 ∂_αρ^{(E)}∂^αρ^{(E)} − 1 2 ∂_ατ ∂^ατ̄ (Im τ )^2 − 1 2 M_{ij} F^i_3 · F^j_3 − 1 2 |F̃_5|^2 − 1 2 M_{ij} F^i_7 · F^j_7 ) , (7.9)

where

H_3 = dB_2, F_1 = dC_0, F_3 = dC_2, F̃_3 = F_3 + C_0 ∧ H_3, F̃_5 = dC^{new}_4 − 1 2 B_2 ∧ F_3 + 1 2 C_2 ∧ H_3,

F̃_7 = dC_6 + C^{new}_4 ∧ H_3 − 1 2 C_2 ∧ B_2 ∧ H_3,

H̃_7 = dB_6 − C_0 ∧ F̃_7 − C^{new}_4 ∧ F_3 + 1 4 C_2 ∧ C_2 ∧ H_3,

F^i_7 = ( e^ϕH̃_7 e^{−ϕ}F̃_7 − e^ϕC_0H̃_7 ) , (7.10)

and τ , M_{ij} and F^i_3 are formally the same in (7.4). (7.9) is invariant under the transformation (7.5) with

F^i_7 = Λ^i_j F^j_7 . (7.11)

The transformation laws for B_6 and C_6 are determined by (7.11). Clearly, the H-J equation derived from (7.9) is invariant under this SL(2, R) transformation. Therefore, by rewriting (5.2) with p = 5 in terms of the Einstein metric and the new R-R 4-form and applying the SL(2, R) transformation to it, we obtain a solution to the H-J equation reproducing the supergravity solution of (p, q) 5-brane.

7.2 NS 5-brane in type IIA supergravity

In this subsection, using the relation between 11-d supergravity and type IIA supergravity, we see that the NS 5-brane effective action is a solution to the H-J equation of supergravity and it reproduces the supergravity solution of NS 5-brane. In order to see the relation to type IIA supergravity, we consider a reduction of 11-d supergravity on S^3 × S^1, which is different from the one done in section 3:

ds^2_{11} = G_{M N} dX^M dX^N (7.12) = h_{αβ}(ξ)dξ^αdξ^β + e^{12 ρ2(ξ)}dΩ_3 + e^{12 ρ1(ξ)}(dX^{10})^2, F^{(M )}_4 = 1 4! F^{(M )}_{α1···α4} dξ^{α1} ∧ · · · ∧ dξ^{α4} + 1 3! 7!

e^{14 ρ1 + 34 ρ2} ε_{α1···α7}F̃^{(M )α1···α7} ε_{θi1 θi2 θi3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} ∧ dX^{10}, (7.13)

where α, β run from 0 to 6, and X^{10} parametrizes S^1. Then, we obtain as a consistent truncation a seven-dimensional gravity

I^{(M )}_7^′ = ∫ d^4ξ √ −h e^{14 ρ1+ 34 ρ2} ( R_h + e^{− ρ22} R^{(S3 )} + 3 8 ∂_αρ_1 ∂^αρ_2 + 3 8 ∂_αρ_2 ∂^αρ_2 − 1 2 |F^{(M )}_4 |^2 − 1 2 |F̃^{(M )}_7 |^2 ) , (7.14) where F̃^{(M )}_7 = dA_6 −^1_2 A_3 ∧ F^{(M )}_4 . Let us consider the form

S^{(0)}_{M 5}^′ = S^c_{M 5}^′ + S^{BI}_{M 5} + S^{W Z}_{M 5} + σ_{M 5}, (7.15)

with

S^c_{M 5}^′ = α_{M 5}^′ ∫ d^6x √ −ge^{14 ρ1+ 12 ρ2} , (7.16)

and S^{BI}_{M 5} and S^{W Z}_{M 5} the same in (6.9). One can verify that (7.15) satisfies the H-J equation of I^{(M )}_7^′ under the assumption that the fields are constant on the fixed-time surface, up to the constraint (6.10), if

α_{M 5}^′ = 6R^{(S3 )} = 36, and β^2_{M 5} = γ^2_{M 5}. (7.17)

Following the relation between 11-d supergravity and type IIA supergravity [26], we define the fields in type IIA supergravity in terms of the fields in 11-d supergravity as follows.

h^{(M 5)}_{αβ} = e^{− 23 ϕ}h^{(IIA)}_{αβ} , ρ_1 = 8 3 ϕ, ρ_2 = ρ − 4 3 ϕ, A_3 = −C_3, A_6 = −B_6. (7.18)

We rewrite I^{(M )}_7^′ in term of these new fields and obtain

I^{(N S5)} 7 = ∫ d^7ξ √ −h [ e^{−2ϕ+ 34 ρ} ( R_h + e^{− 12 ρ}R^{(S3)} + 4∂_αϕ∂^αϕ + 3 8 ∂_αρ∂^αρ − 3∂_αϕ∂^αρ )

− 1 2 e^{34 ρ}|F_4|^2 − 1 2 e^{2ϕ+ 34 ρ}|H̃_7|^2 ] , (7.19)

where F_4 = dC_3 and H̃_7 = dB_6 +^1_2 C_3 ∧ F_4. This action is actually given by a consistent truncation of type IIA supergravity in which the ansatzes for the fields are

ds^2_{10} = h_{αβ} (ξ)dξ^αdξ^β + e^{12 ρ(ξ)}dΩ_3, ϕ = ϕ(ξ), H_3 = − 1 3! 7! e^{2ϕ+ 34 ρ}ε_{α1···α7}H̃^{α1···α7} (ξ)ε_{θi1 θi2 θi3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} , F_4 = 1 4! F_{α1···α4} (ξ)dξ^{α1} ∧ · · · ∧ dξ^{α4} . (7.20)

Thus, by rewriting (7.15) in terms of the fields in type IIA supergravity, we obtain the NS 5-brane effective action (plus the cosmological term) that is a solution to the H-J equation of I^{(N S5)}_7 , a reduction of type IIA supergravity. Clearly, this solution reproduces the supergravity solution of NS 5-brane.

8 Discussion and perspective

In this paper, we found that S^{(0)}_{p+1} is a solution to the H-J equation of type IIA(IIB) supergravity and it reproduces the supergravity solution representing Dp-branes in a constant B_2 field. S^{(0)}_{p+1} is not a complete solution to the H-J equation though it has some arbitrary constants. In other words, it should be obtained by making some of the arbitrary constants in a certain complete solution take specific values. It is interesting to see if S^{(0)}_{p+1} can be generalized so that it includes more arbitrary constants and to look for a complete solution. It is relevant to investigate what class of supergravity solutions S^{(0)}_{p+1} can reproduce. We verified that S^{(0)}_4 does not reproduce the black 3-brane solution, which preserves no supersymmetry, or the solution of the D3-brane with the wave, which preserves 8 supersymmetries, and that S^{(0)}_6 does not reproduce the solution of the D1-D5 bound state, which preserves 8 supersymmetries.

As is clear from the general argument in section 2, the quantities,

δS^{(0)}_{p+1} δF^{(p+1)}μν = √ −gπ^{μν}_B and δS^{(0)}_{p+1} δβ_{p+1} = S^{BI}_{p+1} + S^{W Z}_{p+1} , (8.1)

are constant with respect to the time, where we take the sign in (5.9) such that β_{p+1} = γ_{p+1}. We verified this statement by an explicit calculation. We also obtain other conserved quantities from the SL(2, R) transformed S^{(0)}_{p+1} in type IIB supergravity, since it includes the continuous parameters of SL(2, R). As is discussed in section 2, we can reduce the equations of motion to a set of the first order differential equations by using S^{(0)}_{p+1}. We may simplify these first order equations by using the conserved quantities so that we can answer the above question and/or find a new solution of supergravity. As we discussed in the introduction, it is also interesting to consider a reduction more complicated than that on higher dimensional sphere and obtain another solution to the H-J equation of supergravity, which should be relevant to the gauge/gravity correspondence with less supersymmetries.

Finally, we make a remark on the case in which we perform a reduction on T^{8−p} (R^{8−p}). Let us consider an ansatz for the metric

ds^2_{10} = h_{αβ} (ξ)dξ^αdξ^β + e^{12 ρ(ξ)}dy^idy^i, (8.2)

where α, β run from 0 to p + 1, i runs from 1 to 8 − p and the y^i parametrize T^{8−p} or R^{8−p}. We make ansatzes for the other fields similar to the ones in the reduction on S^{8−p}, and obtain a (p + 2)-dimensional gravity as a consistent truncation. It follows that (5.2) with α_{p+1} = 0 is a solution to the H-J equation of this (p + 2)-dimensional gravity. This fact seems to imply that the vacuum to vacuum amplitude vanishes in the reduction on the flat manifolds.

Acknowledgements

We would like to thank T. Nakatsu, M. Nishimura and C. Nunez for discussions, and M. Bianchi for comments on the holographic renormalization group. A.T. is also grateful to the members of Center for Theoretical Physics, Massachusetts Institute of Technology, for their hospitality, where most part of his work was done. The work of M.S. is supported in part by Research Fellowships of the Japan Society for the Promotion of Science (JSPS) for Young Scientists (No.13-01193).

Appendix A: Equations of motion and Bianchi identities

In this appendix, we list explicitly the equations of motion and the Bianchi identity for type IIA(IIB) and 11-d supergravities. The equations of motion for type IIA supergravity are

R_{M N} + 2D_M D_N ϕ − 1 4 H_{M L1L2} H^{L1 L2}_N − 1 2 e^{2ϕ}F_{M L}F^L_N − 1 12 e^{2ϕ}F̃_{M L1L2L3}F̃^{L1L2 L3}_N + 1 4 e^{2ϕ}G_{M N} (|F_2|^2 + |F̃_4|^2) = 0, (A.1) R + 4D_M D^M ϕ − 4∂_M ϕ∂^M ϕ − 1 2 |H_3|^2 = 0, (A.2)

D_L(e^{−2ϕ}H^{LM N} ) + 1 2 F_{L1L2}F̃^{L1L2M N} ) − 1 2!4!4! ε^{M N L1···L8}F̃_{L1L2 L3L4}F̃_{L5L6L7 L8} = 0,(A.3) D_LF^{LM} + 1 6 H_{L1L2 L3}F̃^{M L1L2L3} = 0, (A.4) D_LF̃^{LM1M2M3} − 1 3!4! ε^{M1M2M3L1 ···L7} H_{L1L2 L3}F̃_{L4L5L6L7} = 0, (A.5) where D_M represents the covariant derivative in ten dimensions. The Bianchi identities for type IIA supergravity are dH_3 = 0, (A.6) dF_2 = 0, (A.7) dF̃_4 + F_2 ∧ H_3 = 0. (A.8) The equations of motion for type IIB supergravity are R_{M N} + 2D_M D_N ϕ − 1 4 H_{M L1L2} H^{L1 L2}_N − 1 2 e^{2ϕ}F_M F_N − 1 4 e^{2ϕ}F̃_{M L1L2}F̃^{L1L2}_N − 1 4 · 4! e^{2ϕ}F̃_{M L1···L4}F̃^{L1···L4}_N + 1 4 e^{2ϕ}G_{M N} (|F_1|^2 + |F̃_3|^2)) = 0, (A.9) R + 4D_M D^M ϕ − 4∂_M ϕ∂^M ϕ − 1 2 |H_3|^2 = 0, (A.10) D_L(e^{−2ϕ}H^{LM N} ) + F_LF̃^{LM N} + 1 6 F̃_{L1L2L3}F̃^{M N L}1^L2^L3 = 0, (A.11) D_LF^L − 1 6 H_{L1 L2L3}F̃^{L1L2L3} = 0, (A.12) D_LF̃^{LM N} − 1 6 H_{L1 L2L3}F̃^{M N L1L2L3} = 0, (A.13) F̃^M1^{···M}5 = 1 5! ε^{M1 ···M5L1···L5}F̃_{L1L2L3 L4L5} , (A.14) where D_M represents the covariant derivative in ten dimensions again. The Bianchi identities for type IIB supergravity are dH_3 = 0, (A.15) dF_1 = 0, (A.16) dF̃_3 − F_1 ∧ H_3 = 0, (A.17) dF̃_5 − F̃_3 ∧ H_3 = 0. (A.18) The equations of motion for 11-d supergravity are R_{M N} − 1 12 F^{(M )}_{M L1L2L3} F^{(M )L1L2L3} N + G_{M N} ( − 1 2 R + 1 4 |F^{(M )}_4 |^2 ) = 0, (A.19)

D_LF^{(M )LM1M2M3} − 1 2(4!)^2 ε^{M1M2M3L1···L8} F^{(M )}_{L1L2L3 L4} F^{(M )}_{L5L6L7L8} = 0, (A.20) where D_M represents the covariant derivative in eleven dimensions. The Bianchi identities for 11-d supergravity is dF^{(M )}_4 = 0. (A.21)

Appendix B: Ansatzes for the fields

In this appendix, we write down the ansatzes for the fields except the metric and the dilaton in the reduction of type IIA(IIB) supergravity on S^{8−p}. p = 0

F_2 = 1 2 F_{αβ}(ξ)dξ^α ∧ dξ^β . (B.1) p = 1

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F_1 = F_α(ξ)dξ^α, F̃_3 = 1 3! F̃_{αβγ}(ξ)dξ^α ∧ dξ^β ∧ dξ^γ . (B.2) p = 2

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F_2 = 1 2 F_{αβ}(ξ)dξ^α ∧ dξ^β , F̃_4 = 1 4! F̃_{α1···α4} (ξ)dξ^α1 ∧ · · · ∧ dξ^α4 . (B.3) p = 3

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F_1 = F_α(ξ)dξ^α, F̃_3 = 1 3! F̃_{αβγ}(ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F̃_5 = 1 5! F̃_{α1···α5} (ξ)dξ^α1 ∧ · · · ∧ dξ^α5 − 1 5! 5! e^{4ρ/5}ε^{α1···α5}F̃_{α1···α5} (ξ)ε_{θi1 ···θi5} dθ_{i1} ∧ · · · ∧ dθ_{i5} . (B.4) p = 4

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F_2 = 1 2 F_{αβ}(ξ)dξ^α ∧ dξ^β , F̃_4 = 1 4! F̃_{α1···α4} (ξ)dξ^α1 ∧ · · · ∧ dξ^α4 + 1 4! 6! e^ρε^{α1···α6}F̃_{α1···α6} (ξ)ε_{θi1 ···θi4} dθ_{i1} ∧ · · · ∧ dθ_{i4} . (B.5) p = 5

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ , F_1 = F_α(ξ)dξ^α, F̃_3 = 1 3! F̃_{α1α2α3} (ξ)dξ^α1 ∧ dξ^α2 ∧ dξ^α3 + 1 3! 7! e^{3ρ/4}ε^{α1···α7}F̃_{α1···α7} (ξ)ε_{θi1 θi2 θi3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} , F̃_5 = 1 5! F̃_{α1···α5} (ξ)dξ^α1 ∧ · · · ∧ dξ^α5 − 1 2! 3! 5! e^{3ρ/4}ε_{α1···α5β1β2}F̃^{α1···α5}_5 (ξ)ε_{θi1 θi2 θi3} dξ^{β1} ∧ dξ^{β2} ∧ dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} .(B.6) p = 6

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ + 1 2! d_α(ξ)ϵ_{θi1 θi2} dξ^α ∧ dθ_{i1} ∧ dθ_{i2} , F_2 = 1 2! F_{α1α2} (ξ)dξ^{α1} ∧ dξ^{α2} − 1 2! 8! e^{ρ/2}ε^{α1···α8}F̃_{α1···α8} (ξ)ε_{θi1 θi2} dθ_{i1} ∧ dθ_{i2} , F̃_4 = 1 4! F̃_{α1···α4} (ξ)dξ^α1 ∧ · · · ∧ dξ^α4 + 1 2! 2! 6! e^{ρ/2}ε_{α1···α6β1β2}F̃^{α1···α6}_4 (ξ)ε_{θi1 θi2} dξ^{β1} ∧ dξ^{β2} ∧ dθ_{i1} ∧ dθ_{i2} . (B.7) p = 7

H_3 = 1 3! H_{αβγ} (ξ)dξ^α ∧ dξ^β ∧ dξ^γ + 1 2 d_{α1α2}(ξ)dξ^{α1} ∧ dα^{α2} ∧ dθ_1, F̃_1 = F̃_α(ξ)dξ^α1 − 1 9! e^{ρ/4}ε^{α1···α9}F̃_{α1···α9} (ξ)dθ_1 F̃_3 = 1 3! F̃_{α1α2α3} (ξ)dξ^α1 ∧ dξ^α2 ∧ dξ^α3 + 1 2! 7! e^{ρ/4}ε_{α1···α7β1β2}F̃^{α1···α7}_4 (ξ)dξ^{β1} ∧ dξ^{β2} ∧ dθ_1 F̃_5 = 1 5! F̃_{α1···α5} (ξ)dξ^α1 ∧ · · · ∧ dξ^α5 − 1 4! 5! e^{ρ/4}ε_{α1···α5β1···β4}F̃^{α1···α5}_5 (ξ)dξ^{β1} ∧ · · · ∧ dξ^{β4} ∧ dθ_1. (B.8)

References

[1] M. Sato and A. Tsuchiya, “Born-Infeld Action from Supergravity,” Prog. Theor. Phys.

109 (2003) 687, hep-th/0211074.

[2] N. Seiberg and E. Witten, “String Theory and Noncommutative Geometry,” JHEP 9909 (1999) 32, hep-th/9908142.

[3] A. Hashimoto and N. Itzhaki, “Non-Commutative Yang-Mills and the AdS/CFT Correspondence,” Phys. Lett. B465 (1999) 142, hep-th/9907166.

[4] J.M. Maldacena and J.G. Russo, “Large N Limit of Non-Commutative Gauge Theories,” JHEP 9909 (1999) 25, hep-th/9908134.

[5] J.M. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[6] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge Theory Correlators from Non- Critical String Theory,” Phys. Lett. B428 (1998) 105, hep-th/9802109. E. Witten, “Anti De Sitter Space And Holography,” Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[7] O. Aharony, M. Berkooz, D. Kutasov and N, Seiberg, “Linear Dilatons, NS5-branes and Holography,” JHEP 9810 (1998) 004, hep-th/9808149.

[8] M.R. Douglas and W. Taylor, “Branes in the bulk of Anti-de Sitter space,” hep-th/9807225.

[9] For example,

I.R. Klebanov and M.J. Strassler, “Supergravity and a Confining Gauge Theory: Duality Cascades and χSB-Resolution of Naked Singularities,” JHEP 0008 (2000) 052, hep-th/0007191.

J.M. Maldacena and C. Nunez, “Towards the large N limit of pure N=1 super Yang Mills,” Phys. Rev. Lett. 86 (2001) 588, hep-th/0008001.

[10] A. Jevicki, Y. Kazama, T. Yoneya, “Generalized Conformal Symmetry in D-Brane Matrix Models,” Phys. Rev. D59 (1999) 066001, hep-th/9810146.

[11] M.R. Douglas and G. Moore, “D-branes, Quivers, and ALE Instantons,” hep-th/9603167.

N. Nekrasov and A. Schwarz, “Instantons on noncommutative R^4, and (2, 0) superconformal six dimensional theory,” Commun. Math. Phys. 198 (1998) 689, hep-th/9802068. M. Berkooz, “Non-local Field Theories and the Non-commutative Torus,” Phys. Lett. B430 (1998) 237, hep-th/9802069.

[12] W. Bietenholz, F. Hofheinz and J. Nishimura, “A Non-Perturbative Study of Gauge Theory on a Non-Commutative Plane,” JHEP 0209 (2002) 009, hep-th/0203151.

[13] I.L. Buchbinder, A.Yu. Petrov and A.A. Tseytlin, “Two-loop N=4 Super Yang Mills effective action and interaction between D3-branes,” Nucl. Phys. B621 (2002) 179, hep-th/0110173.

[14] J. de Boer, E. Verlinde and H. Verlinde, “On the Holographic Renormalization Group,” JHEP 0008 (2000) 003, hep-th/9912012.

[15] J.C. Breckenridge, G. Michaud and R.C. Myers, “More D-brane bound states,” Phys.

Rev. D55 (1997) 6438, hep-th/9611174.

M.S. Costa and G. Papadopoulos, “Superstring dualities and p-brane bound states,” Nucl. Phys. B510 (1988) 217, hep-th/9612204.

[16] G.W. Gibbons and S.W. Hawking, “Action Integrals and Partition Functions in Quantum Gravity,” Phys. Rev. D15 (1977) 2752.

[17] J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, “Dyonic membranes,” Nucl. Phys. B460 (1996) 560, hep-th/9508177.

J.G. Russo and A.A. Tseytlin, “Waves, boosted branes and BPS states in M-theory,” Nucl. Phys. B490 (1997) 121, hep-th/9611047.

[18] P.S. Howe and E. Sezgin, “Superbranes,” Phys. Lett. B390 (1997) 133, hep-th/9607227.

[19] P.S. Howe and E. Sezgin, “D=11, p=5,” Phys. Lett. B394 (1997) 62, hep-th/9611008.

[20] P.S. Howe, E. Sezgin and P.C. West, “Covariant Field Equations of the M Theory Five-Brane,” Phys. Lett. B399 (1997) 49-59, hep-th/9702008.

[21] E. Witten, “Five-Brane Effective Action In M-Theory,” J. Geom. Phys. 22 (1997) 103, hep-th/9610234.

[22] M. Cederwall, B. Nilsson, P. Sundell, “An action for the super-5-brane in D=11 supergravity,” JHEP 9804 (1998) 007, hep-th/9712059.

[23] E. Sezgin and P. Sundell, “Aspects of the M5-Brane,” Conference on Superfivebranes and Physics in 5+1 Dimensions, 1-3 April, 1998, Trieste, Italy, hep-th/9902171.

[24] M. J. Duff, “TASI Lectures on Branes, Black Holes and Anti-de Sitter Space,” hep-th/9912164.

[25] P. Pasti, D. P. Sorokin and M. Tonin, “Covariant action for a D = 11 five-brane with the chiral field,” Phys. Lett. B398 (1997) 41, hep-th/9701037.

I. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. Sorokin and M. Tonin, “Covariant action for the super-five-brane of M-theory,” Phys. Rev. Lett. 78 (1997) 4332, hep-th/9701149.

M. Aganagic, J. Park, C. Popescu and J. H. Schwarz, “World-volume action of the M-theory five-brane,” Nucl. Phys. B496 (1997) 191, hep-th/9701166. I. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. Sorokin and M. Tonin, “On the Equivalence of Different Formulations of the M–Theory Five–Brane,” Phys. Lett. B408 (1997) 135, hep-th/9703127.

[26] I. Bandos, A. Nurmagambetov and D. Sorokin, “The type IIA NS5–Brane,” Nucl. Phys.

B586 (2000) 315, hep-th/0003169.