arXiv:hep-th/0305094 v2 18 May 2003

EPHOU-03-001 May, 2003

Dirac-Kähler Fermion from Clifford Product with Noncommutative Differential Form on a Lattice

Issaku Kanamori^1 and Noboru Kawamoto^2 Department of Physics, Hokkaido University Sapporo, 060-0810, Japan

Abstract

We formulate Dirac-Kähler fermion action by introducing a new Clifford product with noncommutative differential form on a lattice. Hermiticity of the Dirac-Kähler action requires to choose the lattice structure having both orientabilities on a link. The Kogut-Susskind fermion and the staggered fermion actions are derived directly from the Dirac-Kähler fermion formulated by the Clifford product. The lattice QCD action with Dirac-Kähler matter fermion is also derived via an inner product defined by the Clifford product.

PACS code : 04.60.Nc, 11.15.Ha Keywords : Dirac-Kähler fermion, noncommutative geometry, Clifford product, lattice fermion, lattice gauge theory

1kanamori@particle.sci.hokudai.ac.jp 2kawamoto@particle.sci.hokudai.ac.jp

1 Introduction

One of the fundamental questions of the modern field theory is obviously to find a possible origin of supersymmetry if any. It was pointed out by Witten that the quantization of the topological Yang-Mills action with twisting mechanism in 4 dimensions generates N=2 super Yang-Mills action[1]. It was later recognized that this quantization is realized essentially by the instanton gauge fixing of Yang-Mills field[2, 3, 4]. It is thus natural to expect that the twisting mechanism may play an important role to understand the possible origin of supersymmetry at least in the special case like topological field theory.

One of the authors (N.K.) and Tsukioka showed that the 2-dimensional example of a generalized topological Yang-Mills action of generalized gauge theory [5] with instanton gauge fixing generates 2-dimensional super Yang-Mills action in the exactly similar way as the 4-dimensional case[6]. They claimed that the twisting mechanism is just Dirac-Kähler fermion mechanism[7, 8, 9][10, 11, 12, 13, 14, 15, 16, 17, 18] which is formulated by differential forms. Recently a twisted version of superspace formulation has been developed and recognized to play a crucial role in this formulation of supersymmetry and Dirac-Kähler fermion formulation[19]. It was recognized that the “flavor” suffix of Dirac-Kähler fermion is equivalent to the extended supersymmetry suffix. It is thus very natural to expect that Dirac-Kähler fermion formulation plays an important role in formulating the field theory of extended supersymmetry.

On the other hand it was recognized for a long time that the Dirac-Kähler fermion, the Kogut-Susskind fermion and the staggered fermion on the lattice are closely related and in fact almost equivalent [20, 21] [22, 23, 24]. The Dirac-Kähler fermion can be formulated by Clifford product of differential form and then the one to one correspondence of n-form of differential algebra and n-simplex of the lattice structure is essential in the identification of the Dirac-Kähler fermion formulation and the lattice fermion formulations. In order to define Dirac-Kähler fermion formulation on the lattice we need to formulate differential form and then Clifford product on the lattice.

There are several fundamental difficulties in formulating supersymmetry on the lattice. The most notorious problem is the lattice chiral fermion problem. Here we would like to consider that the breakdown of Leibniz rule for the differential operator on the lattice is another fundamental difficulty. To be more explicit it is the well-known fact that the differential operator defined as a difference operator on the lattice does not satisfy Leibniz rule: d{f(x)g(x)} ≠ d{f(x)}g(x) + f(x)d{g(x)}, (1.1) where we define d{f(x)} = ∂_{+μ}f(x)dx^μ = {f(x + μ) − f(x)}dx^μ. (1.2) If we, however, introduce the following noncommutativity between the function and differential: dx^μf(x) = f(x + μ)dx^μ, (1.3) the Leibniz rule on the lattice can be fulfilled: d{f(x)g(x)} = d{f(x)}g(x) + f(x)d{g(x)}. (1.4) This type of noncommutative differential algebra formulated especially on the lattice was developed by several authors[25, 26, 27, 28, 29, 30, 31]. In formulating supersymmetry on the lattice Leibniz rule may be one of the most important characteristics to be satisfied. This formulation with noncommutative differential forms is a special case of the noncommutative geometry à la Connes[32, 33] but not the same type of noncommutativity proposed in string theory[34].

In this paper we formulate Dirac-Kähler fermion formulation on a lattice with noncommutative differential forms as a first step of finding a formulation of supersymmetric field theory on a lattice. We derive the Kogut-Susskind fermion and the staggered fermion actions directly from the Dirac-Kähler fermion action. We try to identify the origin of the difference in the Kogut-Susskind fermion and the staggered fermion formulations. In formulating Dirac-Kähler fermion we need to introduce Clifford product on the lattice, which actually provides more general framework of formulating lattice theory including the lattice gauge theory with noncommutative differential forms which has already been developed by several authors[26, 29, 31, 35, 36]. In defining the Clifford product with noncommutative differential forms on the lattice the proof of associativity is crucial. We have found a definition of associative Clifford product. A simpler version of the definition of Clifford product with noncommutative differential form on the lattice was presented in [37].

There was an interesting but ad hoc derivation of the staggered fermion from the formulation of noncommutative differential form by J. Dai and X. -C. Song[38, 39]. In their derivation, however, the relation between the staggered fermion and the Dirac-Kähler fermion formulations is not clear. We have derived the Kogut- Susskind fermion and the staggered fermion directly from Dirac-Kähler fermion formulation by a newly defined Clifford product. The general definition of Clifford algebra on the lattice was investigated by Vaz, where 1-form Clifford product was explicitly given[40, 41]. There are some comments on the Dirac-Kähler formulation and noncommutative differential form in the literature[42].

Another important motivation of formulating Dirac-Kähler fermion formulation with noncommutative differential form is an introduction of matter fermion into lattice gravity. The 2-dimensional quantum gravity was successfully formulated by dynamical triangulation of 2-dimensional space time[43, 44]. The introduction of matter fermion on the triangulated lattice was successfully formulated. It was shown that the essence of the 2-dimensional quantum gravity on the lattice is the fractal structure of the 2-dimensional space time[45] and the fractal dimensions were evaluated numerically and analytically and perfectly consistent [45, 46, 47][48, 49, 50, 51][52]. The topological versions of Chern-Simons gravity in 3-dimensions and BF gravity in 4-dimensions were successfully formulated on a lattice [53, 54]. It is important to find a formulation of introducing matter fermion on these pure gravity on the simplicial lattice manifold. If a matter fermion like Dirac-Kähler fermion is formulated by the differential form it will provide a coordinate independent formulation and thus may lead to a lattice gravity formulation with matter.

It is interesting to point out that the Weinberg-Salam model was formulated by using the generalized gauge theory[5] with a graded Lie algebra of super group SU(2 | 1)[55]. In this formulation the Clifford product was crucial in defining Yang- Mills action of generalized gauge theory and the introduction of Dirac-Kähler matter fermion. There is a speculative hope that the standard model and gravity could be formulated on the simplicial lattice in terms of differential forms.

This paper is organized as follows: In section 2 we summarize the formulation of noncommutative differential forms on a lattice in particular the basic formulation of universal differential algebra on a lattice. We point out the fundamental connection of Hermiticity and lattice structure. We summarize the known results of Dirac- Kähler fermion formulation and the staggered fermion formulation in section 3. We formulate Dirac-Kähler fermion from Clifford product on a oriented lattice in section 4. We propose new Clifford products on a symmetric lattice and discuss the connection between Hermiticity and the positivity of self inner product of a field in section 5. In section 6 we formulate Dirac-Kähler fermion and the staggered fermion by using the Clifford product defined on the symmetric lattice. In section 7 we formulate the lattice gauge theory with Dirac-Kähler matter fermion in terms of the Clifford product of noncommutative differential forms. In section 8 we give conclusion and discussions.

2 Noncommutative Differential Form on a Lattice

We first summarize the formulation of noncommutative differential forms on a lattice. To define differential forms on a discrete space, we need some formal description. We treat the lattice as discrete Abelian group. See for example [30] and [28, 31] for more general treatment.

2.1 Universal Differential Algebra on a Lattice

A function on a lattice is a map from lattice point x to a complex number. These functions constitute an algebra which is associative and Abelian, and possesses unity. We call the algebra A. We can expand a function f ∈ A as f = ∑ x f_xe^x, (2.1)

where f_x ∈ C is a coefficient and e^x ∈ A spans a basis of A. The sum ∑ x runs over all the lattice points x. e^x has the following properties:

e^x(y) = δ^{xy}, (2.2) e^xe^y = δ^{xy} e^x, (2.3) ∑ x e^x = 11. (2.4)

The relation (2.2) indicates that e^x plays a role of delta function when acting on a lattice point y. It should thus be noted that f(x) = ∑ y f_ye^y (x) = f_x. The relation (2.3) means that the product of functions works pointwise, and ensures its Abelian nature. The relation (2.4) assures the completeness of the bases.

1-form is A-bimodule generated by the following differential operator d:

d(fg) = (df)g + f dg (Leibniz rule), (2.5) d(αf + βg) = α df + β dg (linearity), (2.6)

where f, g ∈ A and α, β ∈ C. A-bimodule is the direct sum of left A-module and right A-module, where the left A-module has coefficient functions on the left of the element of the algebra A and the right A-module has the similar form with left and right interchanged. The Leibniz rule makes it possible that we can write any 1-form as ω = ∑ i f_i dg_i, (2.7)

which has the form of left A-module. We can check that the following representation of d df = 11 ⊗ f − f ⊗ 11 (2.8) satisfies the above two properties (2.5) and (2.6). Here 11 is defined in (2.4).

Using equation (2.8) we obtain the differential of the basis e^x

de^x = ∑ y (e^{y,x} − e^{x,y}) , (2.9)

where e^{x,y} ≡ { e^x ⊗ e^y (= e^x de^y) (x ≠ y) 0 (x = y).

(2.10) e^{x,y} is defined on the link which connects the sites x and y. For simplicity we may simply call the basis of link variable e^{x,y} as the link connecting the sites x and y.

We define the following differential corresponding to 1-form:

θ^x = ∑ y e^{y,y+x}, (2.11)

which is shift invariant in the following sense: ∑ y e^{y,y+x} = ∑ y e^{y+z,y+z+x} . (2.12)

Using this quantity, we can rewrite the differential of a function as df = ∑ x,y f_x (e^{y,x} − e^{x,y}) = ∑ x (T_xf − f)θ^x, (2.13) where shift operator T_x acts as T_xf = T_x ∑ y f_ye^y = ∑ y f_{y+x}e^y = ∑ y f_y e^{x−y}. (2.14)

It is important to realize the noncommutativity of functions and 1-forms, e^xθ^y = θ^y e^{x+y} , θ^xf = (T_xf)θ^x, (2.15) while e^xe^{y,z} ≠ e^{y,z} e^x in general.

We next introduce higher forms. We first define the differentiation of e^{x,y} = e^xde^y(x ≠ y) by d(e^{x,y} ) = ∑ z (e^{z,x,y} − e^{x,z,y} + e^{x,y,z}) , (2.16) where e^{x,y,z} ≡ e^{x,y}e^{y,z} = { e^x ⊗ e^y ⊗ e^z (y ≠ x and y ≠ z) 0 (otherwise).

(2.17) This definition assures the nilpotency of the differential operator d, d^2e^x = 0, (2.18) and thus leads d(e^{x,y}) = de^xde^y (2.19) which defines the d action on 1-form, and ensures the Leibniz rule. e^{x,y,z} spans the basis of 2-form and can be rewritten in the following form for x ≠ y and y ≠ z: e^{x,y,z} = e^x de^y de^z = e^xθ^{y−x}θ^{z−x−y} . (2.20) The pointwise nature of the product leads the following relations: e^xe^{y,z} = δ^{xy}e^{y,z} , e^{x,y}e^z = δ^{yz} e^{x,y} e^xe^{y,z,w} = δ^{xy}e^{y,z,w} , e^{x,y,z}e^w = δ^{zw}e^{x,y,z} (2.21) and e^{x,y}e^{z,w} = δ^{y,z} e^{x,y}e^{z,w} = δ^{y,z} e^{x,y,w}. (2.22) Generalization to higher form is straightforward. A basis of p-form is e^{x0,x1,...,xp} ≡ e^{x0,x1} e^{x1,x2} . . . e^{xp−1,xp} (2.23) = { e^{x0} de^{x1} de^{x2} . . . de^{xp} (x_0 ≠ x_1 and x_1 ≠ x_2 and . . . x_{p−1} ≠ x_p) 0 (otherwise), and d acts as de^{x0,...,xp} = ∑ y p+1∑ q=0 (−)^qe^{x0,...,xq−1,y,xq ,...,xp} . (2.24) Similar relations as (2.21) and (2.22) hold for p-forms as well. A general p-form is

ω_p = ∑ {x_i} f_{x0x1...xp} e^{x0,x1,...,xp} , (2.25) or using θ^{xi} ω_p = ∑ {x_i} f^′_{x0...xp} e^{x0} θ^{x1} . . . θ^{xp} . (2.26)

It is straightforward to check the Leibniz rule and nilpotency of the differential operator,

d^2 = 0 (2.27) d(ω_pω_q) = (dω_p)ω_q + (−)^pω_p dω_q , (2.28)

where ω_p and ω_q are p-form and q-form, respectively. The algebra of these forms is called universal differential algebra.

2.2 Hermiticity and Lattice Structure

The differential 1-form defined in (2.11) of the universal differential algebra contains all possible e^{x,y} connecting a site x to the rest of all lattice sites y. The 1-form e^{y,y+x} in the summation is therefore highly non-local. In order to obtain the standard lattice formulation of known actions we need to make a reduction of links by truncating most of the non-local links e^{x,y} except for the nearest neighboring links. We introduce two types of reduction, one is oriented lattice reduction which is asymmetric and the other is symmetric lattice reduction. These types of reduction were proposed by Dimakis and Müller-Hoissen[29].

We consider the following two types of square lattice:

1) oriented lattice (see Fig.1) : e^{x,y} { ≠ 0 (y = x + μ) = 0 (otherwise)

(2.29)

2) symmetric lattice (see Fig.1) : e^{x,y} { ≠ 0 (y = x ± μ) = 0 (otherwise).

(2.30)

In the oriented lattice reduction the links pointing from x to x + μ which is next neighbor site of x in the μ direction survive while the links with the opposite direction pointing from x to x−μ are truncated. Thus links have orientability in one direction.

Figure 1: Possible reductions into 1) oriented lattice, and 2) symmetric lattice.

In the symmetric lattice reduction links with both directions x to x ± μ survive and thus links are symmetric in the orientability. Hereafter we differentiate the two cases by 1) and 2) for oriented lattice reduction and symmetric lattice reduction, respectively.

For the oriented reduction there are D nonzero θ^x; θ^μ = ∑ x e^{x,x+μ} while for the symmetric reduction there are 2D nonzero θ^x; θ^{±μ} = ∑ x e^{x,x±μ}. The noncommutativity of functions and 1-forms shown in (2.15) on the lattice can now be given more explicitly by θ^{±μ}f_x = f_{x±μ}θ^{±μ}. (2.31) Here the noncommutativity of bases e^x and θ^{±μ} shown in Eq.(2.15) can be reinterpreted as the noncommutativity of components and forms.

The differential defined in (2.13) can be given by

1) df = D∑ μ=1 (T_μf − f)θ^μ = D∑ μ=1 ∂_{+μ}fθ^μ = D∑ μ=1 θ^μ∂_{−μ}f, (2.32)

2) df = D∑ μ=1 [ (T_μf − f)θ^μ + (T_{−μ}f − f)θ^{−μ} ]

= D∑ μ=1 [ 1 2 (∂_{+μ} + ∂_{−μ})f(θ^μ − θ^{−μ}) + 1 2 (∂_{+μ} − ∂_{−μ})f(θ^μ + θ^{−μ}) ]

= D∑ μ=1 [ (θ^μ − θ^{−μ}) 1 2 (∂_{+μ} + ∂_{−μ})f − (θ^μ + θ^{−μ}) 1 2 (∂_{+μ} − ∂_{−μ})f ] , (2.33)

where ∂_{±μ} is forward and backward difference operators defined by

∂_{±μ}f_x = ±(T_{±μ} − 1)f_x = ±(f_{x±μ} − f_x). (2.34)

The differential for the oriented reduction needs only the forward difference operator while the differential for the symmetric reduction needs both of the forward and backward difference operators. Operating d on x^μ, we can find a natural identification of the differential 1-form on the lattice as

1) dx^μ ≡ θ^μ, 2) dx^μ ≡ θ^μ − θ^{−μ}. (2.35)

We, however, need to introduce different type of 1-forms associated with the second derivative in eq.(2.33) on the lattice in the symmetric reduction,

2) τ^μ ≡ θ^μ + θ^{−μ}. (2.36)

For general p-forms d-operation then leads

1) dω_p = D∑ μ=1 dx^μ∂_{−μ}ω_p, (2.37)

2) dω_p = D∑ μ=1 [ dx^μ 1 2 (∂_{+μ} + ∂_{−μ})ω_p − τ^μ 1 2 (∂_{+μ} − ∂_{−μ})ω_p ] , (2.38)

where the differentials need proper location. These definitions of the exterior derivative on the lattice satisfy the Leibniz rule d(fg) = (df)g + fdg. (2.39) For both 1) and 2) we have e^{x,x+μ+ν} = 0, which leads 0 = de^{x,x+μ+ν} = −e^{x,x+μ,x+μ+ν} − e^{x,x+ν,x+μ+ν} ( μ ≠ ν ). (2.40) Summing x up, we obtain

1), 2) θ^μθ^ν + θ^ν θ^μ = 0. (2.41)

Similarly, from e^{x,x+μ+μ} = 0, we obtain 1), 2) θ^μθ^μ = 0 (no summation for μ). (2.42) Equations (2.41) and (2.42) are just exterior product algebras. For the symmetric reduction we further obtain the similar relations, 2) θ^{−μ}θ^{−ν} + θ^{−ν} θ^{−μ} = 0, (2.43) from e^{x,x−μ−ν} = 0 and 2) ∑ μ [ θ^μθ^{−μ} + θ^{−μ}θ^μ ] = 0 (2.44) from e^{x,x} = 0. Though the last equation holds after summation of μ, we impose stronger conditions 2) θ^μθ^{−μ} + θ^{−μ}θ^μ = 0 ( no summation ) (2.45) so that all θ^{±μ} satisfy exterior algebra.

We next define ∗-conjugation so as to satisfy the following first condition: (dω_p)^∗ = d(ω_p)^∗, (2.46) where ω_p is the p-form defined in (2.25) and d acts as in (2.24). Then there are two possible definitions of the ∗-conjugation which are consistent with the above condition (2.46), A) (e^{x0,x1,...,xp} )^∗ = e^{x0,x1,...,xp} , (2.47) B) (e^{x0,x1,...,xp} )^∗ = (−1)^{p(p+1)2} e^{xp,xp−1,...,x0} . (2.48) We impose the second condition A) or B) to define ∗-conjugation. There are, however, the following two possible variations of condition: a) (ω_pω_q)^∗ = ω^∗_p ω^∗_q , b) (ω_pω_q )^∗ = (−1)^{pq}ω^∗_q ω^∗_p , (2.49) where ω_p and ω_q are p-form and q-form, respectively. Here we point out that the choice of the conditions A) and a) is adequate for the definition of ∗-conjugation on the oriented lattice 1) while the choice of B) and b) is adequate for the symmetric lattice 2).

In these definitions the ∗-conjugation changes left A-module into left A-module on the oriented lattice while left A-module to right A-module on the symmetric lattice,

1) (ω_{μ1 ,···,μp} θ^{μ1} · · · θ^{μp} )^∗ = (ω_{μ1 ,···,μp} )^∗(θ^{μ1} )^∗ · · · (θ^{μp} )^∗ (2.50) 2) (ω_{ϵ1 μ1,···,ϵp μp} θ^{ϵ1 μ1} · · · θ^{ϵpμp} )^∗ = (−1)^{p(p−1)2} (θ^{ϵp μp} )^∗ · · · (θ^{ϵ1μ1} )^∗ω^∗_{ϵ1 μ1 ,···,ϵpμp} ,(2.51) where ϵ_i = ± and ω^∗_{ϵ1 μ1,···,ϵpμp} can be taken either as a simple complex conjugation or a Hermite conjugate. According to the choice A) and B) for 1) and 2), respectively, we obtain

1) (θ^μ)^∗ = θ^μ, 2) (θ^{±μ})^∗ = −θ^{∓μ}. (2.52)

For the symmetric lattice we identify the following interesting features:

2) (dx_μ)^∗ = dx_μ, (τ_μ)^∗ = −τ_μ, (2.53)

where dx_μ behaves as real while τ_μ behaves as pure imaginary with respect to the ∗-conjugation. It should be noted that the order of the function and the differentials are important due to their noncommutativity. It then turns out that the ∗-conjugation on the oriented lattice plays a similar role as complex conjugation while the ∗-conjugation on the symmetric lattice plays a role of Hermite conjugate according to the symmetric nature of the lattice structure.

It is highly nontrivial how to define the integration with noncommutativity on the lattice. It is natural to define the integral as the inverse of differentiation: ∫ df = f. (2.54)

Then in 1-dimension we define the integration on the lattice with noncommutativity so as to satisfy ∫_{x+a} x df = f | | |^{x+a}_x , (2.55) in particular ∫_{x+a} x dx = a, (2.56) where we may identify a as a lattice constant. In the continuum integration we have the following relations: ∫_{f (x+a)} f (x) df = ∫_{x+a} x df dx dx = f | | |^{x+a}_x ≃ a df dx . (2.57)

In comparison with the above continuum relation we can show the following exact relation on the oriented lattice: 1) ∫_{x+a} x F (x^′)dx^′ = ∫_{x+a} x F θ = aF (x), (2.58)

by using solely the Leibniz rule (2.5) and the noncommutativity (2.31). It is possible to generalize into D dimensional total space: 1) ∫ F dx^1 . . . dx^D = ∫ F θ^1 . . . θ^D = ∑ x F_x, (2.59)

where we take a = 1 in the general case.

The integration on the symmetric lattice can be defined in a similar way. The relation (2.56) on the symmetric lattice is 2) ∫_{x+a} x dx^μ = a ∫_{x+a} x (θ^μ − θ^{−μ}) = x^μ | | |^{x+a}_x = a, (2.60)

which naturally leads the definition of 1-dimensional integral (along μ direction) 2) ∫_{x+a} x θ^μ = α, ∫_{x+a} x θ^{−μ} = (α − 1). (2.61)

Here α is an arbitrary parameter with 0 ≤ α ≤ 1. Integrals of general 1-forms in 1 dimension are 2) ∫_{x+a} x fθ^μ = αf(x), (2.62) ∫_{x+a} x fθ^{−μ} = (α − 1)f(x + a) (2.63)

which are consistent with the relation (2.55). Combining (2.62) and (2.63), we obtain 2) ∫_{x+a} x fθ^{ϵμ} = ( α − 1 − ϵ 2 ) f(x + 1 − ϵ 2 a). (2.64) To extend into higher dimensional integral, we impose 2) ∫ θ^μθ^{−μ} ≡ 0, (2.65)

which has geometrical interpretation. We may identify θ^μθ^ν as an area element spanned by the differential θ^μ and θ^ν . Then the area element θ^μθ^{−μ} which is spanned by θ^μ and θ^{−μ} does not span an area but a line element and thus should vanish.

Figure 2: r-cubes on x^μ, C_r|_xμ , and on x^μ + μ, C_r|_xμ_{+μ}, compose (r+1)-cube.

In r-dimensional hyper cube, we define the integral as 2) ∫ C_r fθ^{ϵ1 μ1} . . . θ^{ϵr μr} = ( α − 1 − ϵ_1 2 ) . . . ( α − 1 − ϵ_r 2 ) f(x + 1 − ϵ_1 2 μ_1 + · · · + 1 − ϵ_r 2 μ_r) (2.66)

with μ_i ≠ μ_j . The r-cube is defined as C_r = {x^′|x^{μi} ≤ x^{′μi} ≤ x^{μi} + a, i = 1, . . . , r}, (2.67) which is pictorially shown in Fig. 2. The integral vanishes unless a space spanned by θ^{ϵi μi} ’s are identical to that of C_r. In order to check that this definition of the integral on the lattice is consistent we have tried to prove Stokes theorem. The proof is given in Appendix A.

We next define the inner product of differential forms on the lattice. For the oriented lattice 1) inner product of differential forms can be defined in a standard way with a slight modification due to the noncommutativity. We define the Hodge dual of p-form in D dimension as follows: 1) ∗ (f^{(p)}_{μ1...μp} θ^{μ1} . . . θ^{μp} ) = (T_{−μ1···−μp} f^{(p)}_{μ1...μp} ) ∗ θ^{μ1} . . . θ^{μp} = (T_{−μ1 ···−μp} f^{(p)}_{μ1 ...μp} ) 1 (D − p)! ε^{μ1...μp}_{ν1 ...νD−p} θ^{ν1} . . . θ^{νD−p} . (2.68) The inner product of inhomogeneous differential form f and g can be given by

1) (f, g) = ∫ f^∗ ∗ g | | D-form = ∫_D∑ p=0 1 p! f^{(p)∗}_{μ1 ...μp} (g^{(p)})^{μ1 ...μp} θ^1 . . . θ^D

= ∑ x D∑ p=0 1 p! f^{(p)∗}_{x,μ1 ...μp} (g^{(p)}_x )^{μ1...μp} , (2.69) where

1) f = D∑ p=0 1 p! f^{(p)}_{μ1 ...μp} θ^{μ1} . . . θ^{μp} ,

g = D∑ p=0 1 p! g^{(p)}_{μ1 ...μp} θ^{μ1} . . . θ^{μp} , (2.70) with f^{(p)}_{μ1...μp} = ∑ x f^{(p)}_{x,μ1...μp} e^x. (2.71) The shift operator T_{−μ1 ···−μp} in the definition of Hodge dual (2.68) is necessary to reproduce the standard form of the inner product for differential forms. To be more explicit the inner product for the bases of the differential form can be given by 1) (θ^{μ1} . . . θ^{μp} , θ^{ν1} . . . θ^{νq} ) = ∑ x δ_{pq}δ^{μ1}_{[ν1} . . . δ^{μp}_{νp]}, (2.72)

where [ν_1 . . . ν_p] denotes an antisymmetric sum of the suffices.

In the case of symmetric lattice inner product should be defined in a different way from the case of oriented lattice since there are 2D differential 1-forms in D dimension. We impose the following conditions: 2) (dx^μ, dx^ν ) = (τ^μ, τ^ν ) = ∑ x δ^{μν} , (dx^μ, τ^ν ) = (τ^μ, dx^ν ) = 0, (2.73) where dx^μ = θ^μ − θ^{−μ} and τ^μ = θ^μ + θ^{−μ} as defined in eqs. (2.35) and (2.36), respectively. In the representation space of this inner product dx^μ behaves as real while τ^μ behaves as pure imaginary and the ∗-conjugation plays the role of complex conjugate in accordance with the relation (2.53). The space of dx^μ and τ^μ are, however, orthogonal. The above conditions naturally leads the following relations: 2) (θ^μ, θ^ν ) = (θ^{−μ}, θ^{−ν} ) = 1 2 ∑ x δ^{μν} , (θ^μ, θ^{−ν} ) = (θ^{−μ}, θ^ν ) = 0. (2.74) Then the symmetric lattice counterpart of the formula (2.72) can be obtained by extending the above 1-form inner product formulae to higher forms, 2) (θ^{ϵ1 μ1} . . . θ^{ϵp μp} , θ^{ϵ′1ν1} . . . θ^{ϵ′q μq} ) = ∑ x 1 2^p δ_{pq}δ^{ϵ1μ1}_{[ϵ}′_{1ν1} . . . δ^{ϵpμp}_{ϵ′pνp]}. (2.75) It should be noted that the naive Hodge dual operation on the differential forms does not make sense since we have 2D 1-forms for the symmetric lattice.

3 Dirac-Kähler Fermion and Staggered Fermion

Here we summarize the well-known results of Dirac-Kähler fermion formulation formulated by Clifford product and staggered fermion formulation on the lattice[10, 11, 12, 13, 16][20, 21] [22, 23, 24]. Dirac-Kähler fermion incorporates inhomogeneous differential forms to describe Dirac fermions. Here we consider the spacetime is even dimensional Euclidean space. Gamma matrices satisfies the Clifford algebra:

{γ^μ, γ^ν } = 2δ^{μν} , (3.1)

where (γ^μ)^† = γ^μ and γ_5 = γ^1 . . . γ^D, where D is the spacetime dimension. We denote the unit vector of μ-direction simply by μ.

We first note the following well known relations on the flat continuous space:

(d − δ)^2 = ∂^μ∂_μ = (γ^μ∂_μ)^2, (3.2)

where δ is the adjoint of the exterior derivative d and has the following form in even dimensions: δ = − ∗ d∗ ≡ −e^μ∂_μ. (3.3) with ∗ as Hodge star dual. Here e_μ = ∂_L/∂_L(dx^μ) is a left derivative differential operator of the differential dx^μ and thus contracts vector suffices, in particular e^μdx^ν = δ^{μν} . The above relation suggests the following correspondences: d − δ = ∂_μ(dx^μ ∧ + e^μ) ∼ γ^μ∂_μ, dx^μ∨ ≡ dx^μ ∧ + e^μ ∼ γ^μ, (3.4) where we have introduced the simplest version of Clifford product ∨. We can then show that the Clifford product satisfies the Clifford algebra: {dx^μ, dx^ν }_∨ ≡ dx^μ ∨ dx^ν + dx^ν ∨ dx^μ = 2δ^{μν} . (3.5) The Clifford product ∨ for arbitrary inhomogeneous forms Φ, Ψ is defined as follows[8]:

Φ ∨ Ψ ≡ D∑ p=0 1 p! (−)^{p(p−1)/2} {η^p ( e_{μ1} . . . e_{μp} Φ ) } ∧ (e^{μ1} . . . e^{μp} Ψ) = ∑ P (−)^{p(p−1)/2} {η^p(e_P Φ)} ∧ (e^P Ψ), (3.6) where we have introduced shorthand notations ∑ P = ∑_D p=0 1 p! and e^P = e^{μ1} . . . e^{μp} .

The sign operator η is defined as

η(p-form) = (−)^p(p-form). (3.7)

The sign operator and the sign factor are necessary for the associativity of the Clifford products.

It is convenient to introduce the following basis:

Z^i_{(j)} = D∑ p=0 1 p! ( γ_{μ1}^T γ_{μ2}^T . . . γ_{μp}^T )_{i (j)} dx^{μ1} ∧ dx^{μ2} ∧ · · · ∧ dx^{μp} = ∑ P ( γ^T ) P i (j) dx^P , (3.8)

where we have introduced the shorthand notation of ( γ^T ) P and dx^P . The transpose of gamma matrices is introduced for the later convenience. This basis represents the Clifford product of differential forms as products of gamma matrices

dx^μ ∨ Z^i_{(j)} = (γ^μ)_k^iZ^k_{(j)}, Z^i_{(j)} ∨ dx^μ = Z^i_{(l)}(γ^μ)_{(j)}^{(l)}. (3.9)

Dirac-Kähler equation for a inhomogeneous differential form Ψ = ψ_i^{(j)}Z^i_{(j)} is readily obtained by the Clifford product:

(d + m) ∨ Ψ = [ γ^μ_i^k∂_μψ_k^{(j)} + mψ^{(j)}_i ] Z^i_{(j)} = 0, (3.10)

where the constant 0-form mass term m is introduced. This equation describes 2^{D/2} Dirac fermions labeled by (j) which are commonly identified as “flavor” suffix. The Dirac-Kähler fermion formulation turns the antisymmetric tensor fields with differential forms into Dirac spinor fields with flavor copies. There is an interesting formulation where the “flavor” suffix can be identified as the extended supersymmetry suffix in the twisted version of generalized topological gauge theory. It was pointed out that the twist of the topological gauge theory is nothing but the Dirac-Kähler fermion formulation[6, 19].

We need to introduce an inner product to generate an action with Dirac-Kähler fermion. A positive definite inner product for Φ = ∑ p 1 p! ϕ_{μ1 ...μp} dx^{μ1} . . . dx^{μp} and Ψ = ∑ p 1 p! ψ_{μ1...μp} dx^{μ1} . . . dx^{μp} is (Φ, Ψ) = ∫ Φ^∗ ∗ Ψ | | |_{D-form}

= ∫ (ζΦ^∗ ∨ Ψ) ∗ 1 = ∫ (ζΦ^∗ ∨ Ψ) | | |_{0-form} ∗ 1 = ∫ ∑ p 1 p! ϕ^∗_{μ1...μp} ψ^{μ1...μp} ∗ 1, (3.11) where ∗ is Hodge star operation and thus ∗1 is a volume form. We have introduced another sign operator ζ which acts as

ζ(p-form) = (−)^{p(p−1)/2}(p-form). (3.12)

This definition of the inner product naturally leads (Φ^∗, Φ) ≥ 0. For the basis Z^i_{(j)} we have the following orthogonality relation:

(Z^k_{(l)}, Z^i_{(j)}) = 2^{D/2}δ^{(l)}_{(j)}δ^i_k ∫ ∗1, (3.13)

where we have used the completeness of gamma matrices, D∑ p=0 ∑ {μ_i} 1 p! (−)^{p(p−1)/2}(γ^T_{μ1} . . . γ^T_{μp} )^{(l)}_k(γ^T_{μ1} . . . γ^T_{μp} )^i_{(j)} = 2^{D/2}δ^{(l)}_{(j)}δ^i_k. (3.14)

Defining Ψ = ψ_{(j)}^iZ^{(j)}_i, we obtain the free fermion action of Dirac-Kähler fermion S = ∫ Ψ ∨ (d + m) ∨ Ψ | | |_{0-form} ∗ 1 (3.15)

= 2^{D/2} ∫ ∑ (j) ψ_{(j)}(γ^μ∂_μ + m)ψ^{(j)} ∗ 1. (3.16)

We next consider D dimensional Euclidean square lattice and derive staggered fermion action from naive fermion action on the lattice. These are well-known derivations from early time of lattice gauge theory[22, 23, 24]. If we naively discritize the Dirac equation on the square lattice we obtain

S_F = 1 2 ∑ x,μ [ψ(x)γ_μψ(x + μ) − ψ(x + μ)γ_μψ(x)], (3.17)

where x denotes the lattice site with integer coordinates x_1, x_2, · · · , x_D in units of lattice spacing which is taken to be 1.

One of the authors and Smit proposed the following transformation which relates the naive fermion formulation and Kogut-Susskind fermion formulation[22]: ψ(x) = A(x)χ(x), ψ(x) = χ(x)A^†(x), (3.18) where A(x) = γ^{x1}_1 γ^{x2}_2 · · · γ^{xD}_d . (3.19) Then the naive fermion formulation of Dirac action leads to S_F = 1 2 ∑ x,μ,(j) η_μ(x)[χ^{(j)}(x)χ^{(j)}(x + μ) − χ^{(j)}(x + μ)χ^{(j)}(x)], (3.20)

with η_μ(x) = (−1)^{x1+x2 +···+xμ−1} . (3.21) This formulation is commonly called staggered fermion formulation of lattice QCD. The γ matrices in the naive fermion formulation have now disappeared in the staggered fermion formulation. Instead we get 2^{[D/2]} copies of spinors.

We now consider D-dimensional hypercube defined on the lattice, with its origin at the site 2y and corners x_μ = 2y_μ + h_μ, h_μ = 0 or 1, μ = 1, · · · , D. (3.22) Thus h labels the set of 2^D D-dimensional vectors which point on the corners of the hypercube. Then η_μ(x) = η_μ(H) with H = {h_1, h_2, · · · h_D}. We introduce the following notations for the convenience: χ(2y + h) ≡ χ_H (y), χ(2y + h) ≡ χ_H (y). (3.23) Here we do not consider the suffix (j) dependence anymore. Then S_F can be written in the following form[23, 24]: S_F = ∑ y,μ,H η_μ(H)χ_H (y){δ_{hμ,0}(χ_{H+μ}(y) − χ_{H+μ}(y − μ)) +δ_{hμ,1}(χ_{H−μ}(y + μ) − χ_{H−μ}(y))}, (3.24) where H ±μ = (h_1, · · · , h_μ ±1, · · · , h_D). We then introduce the following redefinition of fermion fields:

χ_H (y) = {(γ^T_1 )^{h1} (γ^T_2 )^{h2} · · · (γ^T_D )^{hD} }_{ij} ψ_{ij} (y) χ_H (y) = {(γ^T_1 )^{h1} (γ^T_2 )^{h2} · · · (γ^T_D )^{hD} }^†_{ij} ψ_{ij} (y). (3.25) We can then obtain the final form of the staggered fermion action which includes free Dirac fermion action:

S_F = 2^{D/2−1} ∑ y ∑ μ tr { ψ(y)γ_μ∇_μψ(y) + ψ_{(j)}(y)γ^†_5Δ_μψ(y)γ_5γ_μ } , (3.26) where ∇_μψ(y) = 1 2 (ψ(y + μ) − ψ(y − μ)) Δ_μψ(y) = 1 2 (ψ(y + μ) − 2ψ(y) + ψ(y − μ)). (3.27)

This staggered fermion action includes 2^{D/2} copies of Dirac fermions. The Dirac fermion part of this action can be interpreted as Kogut-Susskind fermion action while this action includes the second derivative counterpart as well. The second derivative part is higher order than the Dirac fermion part with respect to the lattice constant.

4 Dirac-Kähler Fermion from Clifford Product on the Oriented Lattice

In order to formulate Dirac-Kähler fermion on a lattice we need to introduce the differential form and Clifford product on the lattice. Because of the noncommutativity a naively extended version of Clifford product of the continuum formulation to the lattice spoils the associativity. In this section we construct an associative Clifford product on the oriented lattice and generate Dirac-Kähler fermion. We need to mention that the same Clifford algebra and the corresponding 1-form Clifford product of this section were given by Vaz[40, 41]. Here we explicitly give the definition of the Clifford product for general higher forms. We find that the Hermiticity and the associativity of the Clifford product are not compatible in formulating Dirac-Kähler fermion on the oriented lattice.

In order to keep the associativity of the Clifford product, we have to carefully compensate the noncommutative effect by inserting some shift operators. As we can see in the definition of the continuum Clifford product (3.6) for a pair of general forms, we find necessity to keep the same noncommutative nature for each terms after the operation of e_μ contractions. To be consistent with the nature of the contraction operator e_μdx^ν = δ^ν_μ and the noncommutative nature between dx^μ = θ^μ and a function f_x on the oriented lattice:

dx^μf_x = T_μf_xdx^μ = f_{x+μ}dx^μ, (4.1)

we impose the following noncommutativity on the contraction operator:

e^μf_x = T_{−μ}f_xe^μ = f_{x−μ}e^μ. (4.2)

The continuum Clifford product (3.4) should now be modified on the oriented lattice:

1) dx^μ ∨ = dx^μ ∧ + ←− T_{−μ}e^μ −→ T_μ, (4.3)

where the last term has the same noncommutative nature as the first term. The

shift operators with right(left) arrow act all the x dependent functions located in

the forward(backward) direction: f −→ T_μg = f(T_μg) −→ T_μ f ←− T_μg = ←− T_μ(T_μf)g. (4.4)

It should, however, be noted that the range of the operation of the shift operators −→ T_μ and ←− T_μ should be terminated when the range of the operation comes outside

of an integration. The similar definition of this 1-form Clifford product without ←− T_{−μ} in (4.3) was given by Vaz[40, 41]. We, however, point out at this stage that

the necessity of ←− T_{−μ} is crucial in the proof of associativity of Clifford product for

general higher forms on the oriented lattice, which will be given below. The oriented

lattice version of 1-from Clifford algebra is given by {dx^μ, dx^ν }_∨ = ←− T_{−μ}2δ^{μν} −→ T_μ, (4.5)

where the shift operators in the righthand side are necessary to compensate the

noncommutative nature of the 2-form on the left hand side.

Generalizing the above treatment to define Clifford product on the oriented lat-

tice, we claim that the following Clifford product which has shift operators in addi-

tion to the continuum version (3.6) satisfies associativity:

1) (f dx^K ) ∨ (g dx^L) ≡ ∑ p 1 p! (−)^{p(p−1)/2} ( η^p ←− T_{−μ1} . . . ←− T_{−μp} e_{μ1} . . . e_{μp} f dx^K ) ∧ ( ge^{μ1} . . . e^{μp} dx^L −→ T_{μ1} . . . −→ T_{μp} )

= ∑ P (−)^{p(p−1)/2} ( η^p ←− T_{−P} e_P f dx^K ) ∧ ( ge^P dx^L −→ T_P ) , (4.6)

where we have introduced the shorthand notations e_H , dx^K , ←−T_{−H} and −→T_H . The

coefficient functions f, g are in general anti-symmetric tensor fields and may have

tensor suffices μ_1 . . . μ_h. We, however, omit the suffix dependence for simplicity.

The most important property of this Clifford product is (f dx^K ∨ g dx^L)h = (T_K T_Lh)(f dx^K ∨ g dx^L), (4.7) which shows that all the inhomogeneous terms in the Clifford product of (4.6) have the same noncommutative nature. Without this property the Clifford product could not be associative.

From (4.7) and (dx^K f) ∨ dx^L = dx^K ∨ (f dx^L), we obtain (f dx^K ∨ g dx^L) ∨ h dx^M = f(T_K g)(T_K T_Lh){(dx^K ∨ dx^L) ∨ dx^M }, f dx^K ∨ (g dx^L ∨ h dx^M ) = f(T_K g)(T_K T_Lh){dx^K ∨ (dx^L ∨ dx^M )}. (4.8) In order to prove the associativity of the Clifford product defined on the oriented lattice we simply need to prove (dx^K ∨ dx^M ) ∨ dx^L = dx^K ∨ (dx^M ∨ dx^L). (4.9) We give the proof of (4.9) in appendix B. Due to the presence of the shift operators ←− T_{−μ} and −→ T_μ, the proof of the associativity is not trivial.

Having defined the oriented lattice version of the Clifford product, we define Dirac operator as d ∨ = ∑ μ dx^μ ∨ ∂_{−μ}. (4.10)

The square of this Dirac operator leads d ∨ d ∨ = ∑ μ ←− T_{−μ} (−→ T_μ + −→ T_{−μ} − 2 ) = ∑ μ ←− T_{−μ} ( T_μ + T_{−μ} − 2 ) , (4.11)

which is similar to the usual lattice Laplacian except for the extra shift operator ←− T_{−μ}. Here we introduce the same bases Z^i_{(j)} as the continuum version (3.8) and expand fermionic fields, which are composed of fermionic differential forms, by these bases:

Z^i_{(j)} = ∑ P ( γ^T ) P i (j) dx^P (4.12)

Ψ = ψ_i^{(j)}Z^i_{(j)} = ψ_i^{(j)}(Z̃^i_{μ(j)} + dx^μ(γ^T_μ Z̃_μ)^i_{(j)}), (4.13)

where Z̃^i_{μ(j)} is the similar basis as (3.8) except that it includes neither dx^μ nor γ^μ. We introduce the last expression for the later convenience. It should be noted that ψ_i^{(j)}Z^i_{(j)} ≠ Z^i_{(j)}ψ_i^{(j)} due to the noncommutativity.

We then obtain d ∨ Ψ

= ∑ μ dx^μ ∨ (1 − T_{−μ})Ψ = 1 2 ∑ μ (γ_μ)_i^k [ (T_μ − 1)ψ_k^{(j)} + ←− T_{−μ}(1 − T_{−μ})ψ_k^{(j)} −→ T_μ ] Z^i_{(j)} + 1 2 ∑ μ (γ^†_5)_i^k [ (T_μ − 1)ψ_k^{(l)} − ←− T_{−μ}(1 − T_{−μ})ψ_k^{(l)} −→ T_μ ] (γ_5γ_μ)_{(l)}^{(j)}Z^i_{(j)}, (4.14)

where we have used the following relations: dx^μZ̃^i_{μ(j)} + (γ^T_μ )^i_kZ̃^k_{μ(j)} = (γ^T_μ )^i_k Z^k_{(j)} dx^μZ̃^i_{μ(j)} − (γ^T_μ )^i_kZ̃^k_{μ(j)} = (γ^T_5 )^{†i}_lZ^l_{(k)}(γ^T_μ γ^T_5 )^{(k)}_{(j)}. (4.15) In order to obtain Dirac-Kähler fermion action we need to establish the relation between the inner product and the Clifford product. Identifying dx^μ = θ^μ on the oriented lattice, we find ∫ ζ(dx^{μ1} ∧ · · · ∧ dx^{μp} ) ∨ (dx^{ν1} ∧ · · · ∧ dx^{νq} ) ∗ 1 = (dx^{μ1} · · · dx^{μp} , dx^{ν1} · · · dx^{νq} ) = ∑ x δ_{pq}δ^{μ1}_{[ν1} . . . δ^{μp}_{νp]}, (4.16)

where we have already introduced the inner product in (2.72).

We introduce an action with the Clifford product S = ∫ (Ψ ∨ (d + m) ∨ Ψ) ∗ 1, (4.17)

where Ψ = ψ_i^{(j)}Z^i_{(j)} and Ψ = Z^{(j)}_i ψ_{(j)}^i. The mass term satisfies the following obvious relation: ∫ (Ψ ∨ Ψ) ∗ 1 = 2^{D/2} ∑ x ψ_{(j)}^i(x)ψ_i^{(j)}(x). (4.18)

The above action then leads

S = 2^{D/2} ∑ x ψ_{(j)}^i(x) [∑ μ (γ_μ)_i^k{ψ_k^{(j)}(x + μ) − ψ_k^{(j)}(x)} + mψ_i^{(j)}(x) ] . (4.19)

Since the difference of the fermion fields is asymmetric, this action is not Hermitian and thus has ill-defined propagator. Hence naively extended action of the Dirac- Kähler fermion formulation on the oriented lattice lacks Hermiticity. In order to recover the Hermiticity we can introduce another type of inner product where Hodge star operation can be defined in such a way that Hermiticity is recovered[37]. This type of definition of the inner product, however, sacrifices the associativity of the Clifford product.

5 Clifford Product and Hermiticity on the Symmetric Lattice

In the last section we have pointed out that Hermiticity and associativity of the Clifford product cannot be accommodated in a compatible way on the oriented lattice. Here we propose to define an associative Clifford product on the symmetric lattice. The Dirac-Kähler fermion action can be derived by this Clifford product to be compatible with Hermiticity. To define a new Clifford product on the symmetric lattice we impose the following two conditions; i) associativity of Clifford product and ii) positivity of inner product, ζΦ^∗ ∨ Φ|_{0-form} ≥ 0.

On the oriented lattice there is single θ^μ, on a link connecting x and x + μ, which can be identified as 1-form differential dx^μ. There are, however, θ^μ and θ^{−μ} on a link of symmetric lattice and the 1-form differential is identified as dx^μ = θ^μ − θ^{−μ}. On the symmetric lattice there is an arbitrariness for the definition of the contraction operator e^μ since there correspond two 1-form differentials θ^μ and θ^{−μ} on a link. We generalize to define e_μ = α ∂ ∂θ^{ϵμ} −→ T_{ϵμ} + β ∂ ∂θ^{−ϵμ} −→ T_{−ϵμ}, (5.1) where ϵ = ± and thus ϵμ = +μ or −μ and α and β are constants to be fixed later. The shift operators −→ T_{ϵμ} and −→ T_{−ϵμ} act in the same way as (4.4). The contraction operator should have the opposite shifting role to the differential as in (4.2) ∂ ∂θ^{±μ} f = (T_{∓μ}f) ∂ ∂θ^{±μ} , (5.2)

which leads ∂ ∂θ^{ϵμ} −→ T_{ϵμ}f = f ∂ ∂θ^{ϵμ} −→ T_{ϵμ}. (5.3)

We then define the following Clifford product: fθ^K ∨ gθ^L = 2D∑ p=0 (−)^{p(p−1)/2} ∑ {ϵ_iμ_i} { η^p p∏ i=1 ( α ∂ ∂θ^{ϵiμi} −→T_{ϵiμi} + β ∂ ∂θ^{−ϵiμi} −→T_{−ϵi μi} ) fθ^K }

∧ {_p ∏ i=1 ( γ ∂ ∂θ^{ϵiμi} −→ T_{ϵi μi} + δ ∂ ∂θ^{−ϵiμi} −→ T_{−ϵiμi} ) gθ^L } , (5.4)

where we have introduced the short hand notation θ^K = θ^{ϵ1 μ1} . . . θ^{ϵk μk} and T_K = T_{ϵ1μ1} . . . T_{ϵk μk} for the later convenience. Here we introduce different parameters for the second contraction operator. In the summation it is natural to sum up 2D contractions, since we have 2D 1-forms in the D-dimensional symmetric lattice.

Due to the property (5.3) the contraction operators in (5.4) do not generate any shift. Thus the shifting property of the Clifford product on the symmetric lattice is the same as that of wedge product and hence leads the same relations as (4.7) and (4.8) for the oriented lattice. In order to prove the associativity of Clifford product on the symmetric lattice we simply need to prove the associativity of the following shift invariant forms as in the case of oriented lattice:

θ^K ∨ (θ^M ∨ θ^L) = (θ^K ∨ θ^M ) ∨ θ^L. (5.5)

We give the proof in appendix C. The parameters α, β, γ, and δ are not restricted from the associativity.

We now define an inner product of differential forms Φ and Ψ

(Φ, Ψ) = ∫ ζΦ^∗ ∨ Ψ | | |_{0-form}vol . (5.6)

We can then show that the positivity of a self inner product of a field Φ

(Φ, Φ) ≥ 0, (5.7)

imposes constraints on the parameters introduced in the definition of the Clifford product. Here the vol is appropriately chosen volume element for the symmetric lattice to pick up the 0-form components in the integrand. Since there are 2D 1- forms and the relation (2.65) is imposed on the integration of symmetric lattice, the definition of volume element needs further cares.

It is useful to note that the following factorization property holds for the Clifford product on the lattice: { (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^K }_∗ ∨ (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^K = (−)^{k(a+b)} { (θ^{ϵμ})^{a∗}(θ^{−ϵμ})^{b∗} ∨ (θ^{ϵμ})^a(θ^{−ϵμ})^b } ( θ^{K ∗} ∨ θ^K ) , (5.8)

where θ^K contains neither θ^{ϵμ} nor θ^{−ϵμ}. The proof of this formula is given in appendix C while similar factorization property of Clifford product is satisfied even on the oriented lattice as shown in (B.8). Let’s consider the case where Φ = f(θ^{ϵμ})^a(θ^{−ϵμ})^bθ^K which is general enough for the proof of associativity. We can then show [ ζ { f(θ^{ϵμ})^a(θ^{−ϵμ})^bθ^K }_∗] ∨ f(θ^{ϵμ})^a(θ^{−ϵμ})^bθ^K = [ ζ { T_K∗ f(θ^{ϵμ})^a(θ^{−ϵμ})^b }_∗ ∨ T_K∗ f(θ^{ϵμ})^a(θ^{−ϵμ})^b ] ( ζθ^{K ∗} ∨ θ^K ) , (5.9) where we have used the following relations: ζ(ω_pω_q) = (−)^{pq}(ζω_p)(ζω_q) (5.10) (ω_pω_q )^∗ = (−)^{pq}ω^∗_q ω^∗_p , (5.11) with ω_p and ω_q as p-form and q-form, respectively. This relation shows that we can confirm the positivity of a general form if we can prove the positivity of the term which includes only θ^{±μ} since the Clifford product of the general forms can be factorized into the product of these terms.

For an arbitrary form which includes θ^{±μ} F = f_0 + f_+θ^μ + f_−θ^{−μ} + f̃θ^μθ^{−μ}, (5.12) we require the positivity of the inner product: (F, F ) = ∫ ζF^∗ ∨ F | | |_{0-form}vol ≥ 0, (5.13) or equivalently, 0 ≤ ζF^∗ ∨ F | | |_{0-form} = f^∗_0 f_0 − (αδ + βγ) { T_{−μ}(f^∗_+f_+) + T_μ(f^∗_−f_−) } − (αγ + βδ) { T_{−μ}(f^∗_+f_−)−→T_{−2μ} + T_μ(f^∗_−f_+)−→T_{2μ} } − (α^2 − β^2)(γ^2 − δ^2)f̃^∗f̃. (5.14) This relation then requires the following constraints on the constant parameters: αδ + βγ ≤ 0, αγ + βδ = 0 (α^2 − β^2)(γ^2 − δ^2) = (αγ + βδ)^2 − (αδ + βγ)^2 ≤ 0. (5.15) We can then summarize the constraints required from the positivity of the inner product as αδ + βγ = −r, αγ + βδ = 0 (5.16) with r ≥ 0.

We further impose that dx^μ ∨ should satisfy the same Clifford algebra as the continuum case, {dx^μ, dx^ν }_∨ = dx^μ ∨ dx^ν + dx^ν ∨ dx^μ = (θ^μ − θ^{−μ}) ∨ (θ^ν − θ^{−ν} ) + (θ^ν − θ^{−ν} ) ∨ (θ^μ − θ^{−μ}) = 4rδ^{μν} = 2δ^{μν} , (5.17) which determines the parameter r =^1_2 . With these parameters the inner product is given by (fθ^{ϵ1 μ1} . . . θ^{ϵp μp} , gθ^{ϵ′1 ν1} . . . θ^{ϵ′q νq} ) = ∫ {ζfθ^{ϵ1 μ1} . . . θ^{ϵp μp} }^∗ ∨ gθ^{ϵ′1 ν1} . . . θ^{ϵ′q νq} | | |_{0-form}vol = ∫ 1 2^p δ_{pq} ( T_{ϵ1μ1...ϵpμp} f^∗g ) δ^{ϵ1μ1}_{[ϵ}′_{1ν1} . . . δ^{ϵpμp}_{ϵ′pνp ]}vol = ∑ x 1 2^p δ_{pq}δ^{ϵ1μ1}_{[ϵ}′_{1ν1} . . . δ^{ϵpμp}_{ϵ′pνp ]}f^∗_x g_x, (5.18) which is the general form of (2.75).

The final form of our new Clifford product is fθ^K ∨ gθ^L = 2D∑ p=0 (−)^{p(p−1)/2} ( − 1 2 )_p ∑ {ϵ_iμ_i} { η^p (_p ∏ i=1 ∂ ∂θ^{ϵiμi} T_{ϵiμi} ) fθ^K } ∧ {(_p ∏ i=1 ∂ ∂θ^{−ϵiμi} ) gθ^L } , (5.19)

where it should be understood that permutably equivalent product of the differentiation of θ^{±μ} should not be summed up in the summation. The reason why we have shift operator without arrow T_{ϵiμi} in this definition is due to the cancellation of the operation of −→ T_{ϵiμi} and −→ T_{−ϵi μi} and thus the shift operator T_{ϵiμi} acts only on the fields restricted in the range.

Let us summarize this section. We have postulated the form of the new Clifford product on the symmetric lattice where we have introduced 4 parameters but there are only two actual degrees of freedom, αδ + βγ and αγ + βδ. The associativity of Clifford product had no restriction on the parameters while the positivity restricted the parameters to single degree of freedom. The remaining freedom of the parameter has been fixed by the isomorphism between the Clifford algebra of γ-matrix and 1- form Clifford products. Thus the newly defined Clifford product is almost “unique” on the symmetric lattice as far as 2D forms are introduced with noncommutative differential forms.

It is important to note that the summation ∑_{2D} p=0 in the definition of the Clifford product (5.19) runs over p = 0 ∼ 2D. Correspondingly the summation ∑ {ϵ_iμ_i} sums

up ±μ for μ = 1 ∼ D. This is due to the fact that we have 2D 1-forms θ^{±μ} on the symmetric lattice. Restricting the above summation to p = 0 ∼ D, we can define another type of Clifford product which satisfies associativity, fθ^K ∨ gθ^L ≡ D∑ p=0 (−)^{p(p−1)/2} ∑ {μ_i} 1 p! { η^p p∏ i=1 ( α ∂ ∂θ^{μi} −→ T_{μi} + β ∂ ∂θ^{−μi} −→ T_{−μi} )} fθ^K

∧ {_p ∏ i=1 ( γ ∂ ∂θ^{μi} −→T_{μi} + δ ∂ ∂θ^{−μi} −→T_{−μi} )} gθ^L, (5.20)

where we have again introduced four parameters α, β, γ and δ. Here it should be noted that the summation runs over only +μ for μ_i. The proof of the associativity of this Clifford product is given in appendix D.

In defining the inner product of (5.6), we employ the above definition of the Clifford product. We impose the positivity of a self inner product of arbitrary field Φ as in (5.7). Since the formula (5.8) characterizing the factorization property of Clifford product is still satisfied in the present case, the positivity requirement of the inner product is equivalent to the following condition: 0 ≤ ζF^∗ ∨ F | | 0-form

= f^∗_0 f_0 − βγT_{−μ}(f^∗_+f_+) − αδT_μ(f^∗_−f_−) − βδT_{−μ}(f^∗_+f_−) −→ T_{−2μ} − αγT_μ(f^∗_−f_+) −→ T_{2μ} (5.21)

where F has the same form as (5.12). This positivity constraint limits the parameters as follows: βγ ≤ 0, αδ ≤ 0, βδ = αγ = 0. (5.22) Non-trivial solutions on these relations are

1. α = δ = 0, βγ < 0,

2. β = γ = 0, αδ < 0,

where the former picks up only f^∗_+f_+ term while the latter picks up f^∗_−f_−term in the factorized part of the inner product.

Taking the parameter choice of the case 1. with βγ = −1 in the solutions, we obtain another concrete definition of Clifford product on the symmetric lattice fθ^K ∨ gθ^L = D∑ p=0 (−)^{p(p−1)/2}(−)^p ∑ {μ_i} 1 p! { η^p (_p ∏ i=1 ∂ ∂θ^{−μi} T_{−μi} ) fθ^K } ∧ {_p ∏ i=1 ∂ ∂θ^{μi} gθ^L } . (5.23)

As an particular example the 1-form Clifford product effectively has the following asymmetric operation: θ^μ∨ = θ^μ∧, θ^{−μ}∨ = θ^{−μ} ∧ − ∂ ∂θ^μ . (5.24)

It is important to note that δ = d−d∨ plays a role of adjoint differential operator of d as in the continuum case: ∫ (ζgθ^K )^∗ ∨ dfθ^L | | |_{0-form}vol = ∫ (ζδgθ^K )^∗ ∨ fθ^L | | |_{0-form}vol , (5.25)

where the proofs based on the definitions of the Clifford products (5.19) and (5.23) are given in appendix E. In both definitions of the Clifford product the operator δ plays the role of the conjugate of the exterior derivative operator. This shows that differential form and Clifford product is well defined on the symmetric lattice.

6 Dirac-Kähler Fermion and Staggered Fermion on the Symmetric Lattice

One of the puzzling points in formulating differential form on the D-dimensional symmetric lattice is that we have 2^{2D} differential forms since we need 2D 1-forms θ^μ and θ^{−μ} or dx^μ and τ^μ to accommodate Hermiticity. However we just need 2^D forms in formulating Dirac-Kähler fermion formulation in general since there are D 1-forms in D-dimensional manifold.

In this section we show that a naive choice of 2^D forms for the Dirac-Kähler fermion formulation with the Clifford product defined in the previous section naturally leads to the Kogut-Susskind fermion action[20, 21]. Here in this section we mainly deal with the Clifford product defined in (5.19). We can then show that the Dirac-Kähler fermion formulation with a particular choice of the form degrees for fermion and the conjugate fermion on the symmetric lattice leads to the staggered fermion action which is commonly used in lattice QCD[22, 23, 24].

6.1 Naive Fermion

We first consider the case where we choose dx^μ and τ^μ as the basis of fields separately and thus define

Z^i_{(j)} = D∑ p=0 1 p! ( γ^T_{μ1} γ^T_{μ2} . . . γ^T_{μp} )_i (j) dx^{μ1} ∧ dx^{μ2} ∧ · · · ∧ dx^{μp} , (6.1)

W^i_{(j)} = D∑ p=0 1 p! ( γ^T_{μ1} γ^T_{μ2} . . . γ^T_{μp} )_i (j) τ^{μ1} ∧ τ^{μ2} ∧ · · · ∧ τ^{μp} , (6.2)

where we rewrite the definitions of dx^μ and τ^μ:

dx^μ = θ^μ − θ^{−μ}, τ^μ = θ^μ + θ^{−μ}. (6.3)

We can then derive the following relations which are the essence of the Dirac-Kähler formulation:

dx^μ ∨ Z^i_{(j)} = (γ^T_μ Z)^i_{(j)}, τ^μ ∨ Z^i_{(j)} = τ^μ ∧ Z^i_{(j)},

dx^μ ∨ W^i_{(j)} = dx^μ ∧ W^i_{(j)}, τ^μ ∨ W^i_{(j)} = (γ^{†T}_5 W (γ_5γ_μ)^T )^i_{(j)}. (6.4)

There are the following orthogonality relations for the bases: ( fZ^k_{(l)}, gZ^i_{(j)} ) = ( fW^k_{(l)}, gW^i_{(j)} ) = 2^{D/2} δ^{(l)}_{(j)} δ^i_k ∑ x f^∗(x)g(x), ( fZ^k_{(l)}, gW^i_{(j)} ) = ( fW^k_{(l)}, gZ^i_{(j)} ) = δ^{(l)}_k δ^i_{(j)} ∑ x f^∗(x)g(x), (6.5)

where the *-operation on the bases leads: ( Z^k_{(l)} )_∗ = ζZ^{(l)}_k, ( W^k_{(l)} )_∗ = ζηW^{(l)}_k , (6.6)

where the sign operators ζ and η are defined in (3.12) and (3.7), respectively. We can further show the following relations: ( fZ^k_{(l)}, gdx^μ ∨ W^i_{(j)} ) = (γ^T_μ )^{(l)}_kδ^i_{(j)} ∑ x f^∗(x)g(x), ( fW^k_{(l)}, gτ^μ ∨ Z^i_{(j)} ) = (γ^T_μ )^{(l)}_kδ^i_{(j)} ∑ x f^∗(x)g(x), (6.7)

where we have used the following relations:

W^{(l)}_k ∨ τ^μ = −((γ_5γ_μ)^T W (γ^†_5)^T )^{(l)}_k (6.8)

Z^{(l)}_k ∨ dx^μ = (Zγ^T_μ )^{(l)}_k. (6.9)

We rewrite the exterior derivative operator defined in (2.38) as d = ∑ μ [ θ^μ∂_{−μ} − θ^{−μ}∂_{+μ} ]

= ∑ μ [dx^μ∇_μ − τ^μΔ_μ] , (6.10) where

∇_μ = 1 2 (∂_{+μ} + ∂_{−μ}),

Δ_μ = 1 2 (∂_{+μ} − ∂_{−μ}). (6.11)

Here ∇_μ is the lattice derivative and Δ_μ is the lattice second derivative defined in (3.27). We then expand the fermionic field and the conjugate fermionic field composed of differential forms in terms of the bases Z and W ,

Ψ = ψ_i^{(j)}Z^i_{(j)}, Ψ = (ζZ^k_{(l)})^∗ψ_{(l)}^k = Z^{(l)}_kψ_{(l)}^k, χ = χ_i^{(j)}W^i_{(j)}, χ = (ζW^k_{(l)})^∗χ_{(l)}^k = ηW^{(l)}_kχ_{(l)}^k. (6.12)

We can now explicitly construct the Dirac-Kähler fermion action: ∫ ( Ψ ∨ d ∨ Ψ, Ψ ∨ d ∨ χ χ ∨ d ∨ Ψ, χ ∨ d ∨ χ )| | |_{0-form}vol

= ∑ x 2^D2 ∑ μ ψ_{(j)}γ^μ∇_μψ^{(j)}, ∑ μ {tr(ψγ_μ)∇_μ tr χ − tr ψΔ_μ tr(γ_μχ)} ∑ μ {(tr χ)∇_μ tr(γ_μψ) + tr(χγ_μ)∇_μ tr ψ}, 2^D2 ∑ μ ((γ_5γ_μχ)_{(j)}Δ_μ(γ^†_5χ)^{(j)}) . (6.13)

In particular we obtain the following Kogut-Susskind fermion action: ∫ ( Ψ ∨ (d + m) ∨ Ψ )| |_{0-form}vol

= 2^{D/2} ∑ x [ ∑ μ { ψ_{(j)}^i(x)(γ^μ)_i^k∇_μψ^{(j)}_k (x) } + mψ_{(j)}^i(x)ψ_i^{(j)}(x) ] (6.14)

where the fermion fields are expanded only by the differential forms of dx^μ. This naive truncation of 2^{2D} forms into 2^D form leads the naive lattice fermion action with 2^D2 flavors. To be precise the above lattice Dirac action is not the original Kogut- Susskind fermion action since the fields on the lattice and the components of Dirac fields have no direct correspondence. We, however, consider that the correspondence is hidden through the n-form of differential form and n-simplex of lattice component.

At this stage it is worth to mention that we have chosen the bases of 2^D possible differential forms as purely composed of dx^μ or τ^μ. There are in general mixed bases of dx^μ and τ^μ which we have not considered in this naive example.

6.2 Staggered Fermion

We next consider the case where Ψ is expanded by θ^{μi} while Ψ is expanded by θ^{−μi} . We introduce the following basis for Ψ:

Ψ = ψ_i^{(j)}Z_+^i_{(j)}, (6.15)

where

Z_+^i_{(j)} = D∑ p=0 1 p! (γ^T_{μ1} . . . γ^T_{μp} )^i_{(j)} √ 2θ^{μ1} . . . √ 2θ^{μp} . (6.16)

The actions of dx^μ ∨ and τ^μ ∨ on this basis are given by

(θ^μ − θ^{−μ}) ∨ Z_+^i_{(j)} = 1 √ 2 (γ^T_μ Z_+)^i_{(j)} − θ^{−μ}Z_+^i_{(j)},

(θ^μ + θ^{−μ}) ∨ Z_+^i_{(j)} = 1 √ 2 (γ^†_5^T Z_+(γ_5γ_μ)^T )^i_{(j)} + θ^{−μ}Z_+^i_{(j)}. (6.17)

Similarly we expand Ψ by the following bases:

Ψ = Z_−^{(l)}_kψ_{(l)}^k (6.18)

where

Z_−^{(l)}_k = (ζZ_+^k_{(l)})^∗ = D∑ p=0 1 p! (γ^T_{μ1} . . . γ^T_{μp} )^{(l)}_k(− √ 2θ^{−μ1} ) . . . (− √ 2θ^{−μp} ). (6.19)

We can derive the following relations for the inner products: ( fZ_+^k_{(l)}, gZ_+^i_{(j)} ) = 2^{D/2}δ^{(l)}_{(j)}δ^i_k ∑ x f^∗(x)g(x), ( fZ_+^k_{(l)}, gθ^μ ∨ Z_+^i_{(j)} ) = 2^{D/2} 1 2 √ 2 { γ^†_{5k}^i(γ_5γ_μ)_{(j)}^{(l)} + (γ_μ)_k^iδ^{(l)}_{(j)} } ∑ x f^∗(x)g(x), ( fZ_+^k_{(l)}, gθ^{−μ} ∨ Z_+^i_{(j)} ) = 2^{D/2} 1 2 √ 2 {(γ^†_5)_k^i(γ_5γ_μ)^{(l)}_{(j)} − (γ_μ)_k^iδ^{(l)}_{(j)}} ∑ x f^∗(x)g(x), ( fZ_+^k_{(l)}, gθ^{−μ}Z_+^i_{(j)} ) = 0. (6.20)

It is interesting to note that Ψ and Ψ can be considered as fermion fields located on two types of oriented lattice separately; Ψ is defined on a positively oriented lattice while Ψ is defined on a negatively oriented lattice. The Hermiticity of Dirac- Kähler action required the necessity of symmetric lattice which naturally led to the introduction of two types of 1-forms: θ^μ and θ^{−μ}. We need to introduce the

Figure 3: ψ(x) on the starting point of positively oriented lattice, ψ(x) on the end point of negatively oriented lattice .

fermion field ψ_i^{(j)} and the conjugate fermion field ψ_{(j)}^i on a lattice in the Dirac- Kähler fermion formulation. Correspondingly it is natural to introduce the separate conjugate base Z_+ and Z_− for ψ_i^{(j)} and ψ_{(j)}^i, respectively. This conjugate feature can be pictorially depicted by Fig.3, where Ψ(x) lives on the starting point of positively oriented link while Ψ(x) lives on the end point of negatively oriented link.

We can now construct the action of Dirac-Kähler fermion by using the orthogonal relations (6.20), ∫ Ψ ∨ ( √ 2d + m) ∨ Ψ | | |_{0-form}vol (6.21)

= 2^{D/2} ∑ x [∑ μ { ψ_{(j)}^k(x)(γ_μ)_k^i∇_μψ_i^{(j)}(x)

+ ψ_{(j)}^k(x)(γ^†_5)_k^iΔ_μψ_i^{(l)}(x)(γ_5γ_μ)_{(l)}^{(j)} }

+ mψ_{(j)}^i(x) ψ_i^{(j)}(x) ] , (6.22)

where the origin of the factor in √ 2d∨ comes from the normalization to the Laplacian operator of this Clifford product. This action is exactly the same as the staggered fermion action of (3.26). It is interesting to recognize that the inner product defined by the Clifford product of this subsection bridges the fermion field Ψ(x) defined on the positively oriented lattice and the conjugate fermion field Ψ defined on the negatively oriented lattice.

It is interesting to note at this stage that the Clifford product defined in (5.23) leads to the same staggered fermion formulation. In fact the following action leads the same staggered fermion action as the above (6.22): ∫ ( Ψ ∨ (d + m) ∨ Ψ )| |_{0-form}vol , (6.23)

where the Clifford product of this action is defined by (5.23) and the fermion fields are expanded by the naive form of (6.1) as

Ψ = ψ_i^{(j)}Z^i_{(j)}, Ψ = Z^{(j)}_i ψ_{(j)}^i. (6.24)

In this definition of the Clifford product √ 2 for the exterior derivative is not necessary.

We claim that these are the direct derivations of staggered fermion action from Dirac-Kähler fermion action. The connection between the Dirac-Kähler fermion formulation and Kogut-Susskind fermion formulation was recognized at the similar early stage of lattice QCD when the staggered fermion formulation was recognized to be equivalent to the above expression of (6.22)[22, 23, 24]. The free Dirac fermion action part of the above staggered fermion action may be considered as the Kogut- Susskind fermion action (6.14) of previous subsection. Only difference between them is the choice of different bases.

The essence of the identification of Dirac-Kähler fermion action which is defined purely by a differential form and the staggered fermion formulation with species doublers which is equivalent to the naive Dirac fermion action is based on the one to one correspondence between n-form of differential algebra and n-simplex of simplicial manifold. For the cubic lattice as a simplicial manifold this identification can be realized by doubling the size of lattice. The field defined on a site of original lattice can be identified as a field defined on the center of n-simplex of the double spacing lattice and thus can be identified as a field of higher differential form. For example the fields on the middle of links of double spacing lattice correspond to 1-form fields, the fields on the middle of plaquette to 2-form fields, and so on. See Fig. 4.

point χ(x) ∼ φ(y) line χ(x + μ) ∼ φ_μ(y) area χ(x + μ + ν) ∼ φ_{μν} (y) (μ ≠ ν) . .

Figure 4: n-form and n-simplex correspondence between the Dirac-Kähler fermion and the staggered fermion fields. The solid lines denote double spacing lattice while the dotted lines and the solid lines together compose of the original lattice.

Figure 5: U_{−μ}(x + μ) = U^†_μ(x)

7 Yang-Mills and Dirac-Kähler Matter from Clifford Product

We formulate lattice QCD with Dirac-Kähler matter fermion in terms of noncommutative differential form via Clifford product defined in the previous sections. Here in this section we only consider the symmetric lattice. Similar treatments have already been given by A. Dimakis et al. [29] and P. Aschieri et al.[31]. We define 1-form link variable U U = ∑ μ ( U_μθ^μ + U_{−μ}θ^{−μ} ) , (7.1)

where U_μ and U_{−μ} are Lie group valued function of universal differential algebra defined in (2.1). Hermitian conjugate of U can be defined as

U^† = ∑ μ ( (θ^μ)^∗U^†_μ + (θ^{−μ})^∗U^†_{−μ} )

= − ∑ μ ( T_{−μ}U^†_μθ^{−μ} + T_μU^†_{−μ}θ^μ ) = −U, (7.2)

where the link variable U_{−μ} is related to the Hermitian conjugate as

T_{−μ}U^†_μ(x) = U^†_μ(x − μ) = U_{−μ}(x) T_μU^†_{−μ}(x) = U^†_{−μ}(x + μ) = U_μ(x), (7.3)

which is pictorially shown in Fig. 5.

A gauge field is defined as A = ∑ μ [ A_μθ^μ + A_{−μ}θ^{−μ} ] = U − u = ∑ μ [ (U_μ − 1)θ^μ + (U_{−μ} − 1)θ^{−μ} ] , (7.4)

where u = ∑ μ (θ^μ + θ^{−μ}). (7.5)

It is interesting to note that u has the following special properties:

u^2 = 0, [u, ω_p]_± = uω_p − (−)^pω_pu = dω_p, (7.6) where ω_p is p-form variable and [ , ]_± is the graded commutator.

A gauge transformation of the link variable U is defined by U −→ GUG^{−1}, (7.7) where G is a Lie group valued 0-form and is unitary. In terms of components the gauge transformations of the link variable can be read as

U_μ(x) −→ G(x)U_μ(x)G^{−1}(x + μ), (7.8) U_{−μ}(x + μ) = U^†_μ(x) −→ G(x + μ)U^†_μ(x)G^{−1}(x), (7.9)

which are the standard lattice gauge transformation of link variables.

From (7.4) and (7.6) we obtain the transformation of A A −→ GAG^{−1} + G dG^{−1} . (7.10) For an infinitesimal gauge transformation G = 1 − v the gauge transformation leads to the following standard form:

δ_gA = dv + [A, v], (7.11)

whose component-wise expression is

δ_gA_μ(x) = ∂_{+μ}v(x) + A_μ(x)v(x + μ) − v(x)A_μ(x). (7.12)

It should be noted that the gauge transformation of the coordinate dependent gauge field cannot be written down by the form of commutator due to the noncommutativity while the 1-form gauge field function of universal differential algebra has the standard transformation property. It is worth to mention at this stage that the link variable, U_μ(x), and the gauge field of the standard lattice gauge theory, A^′_μ(x), and the current definition of the gauge field A_μ(x) are related as U_μ(x) = exp aA^′_μ(x) = 1 + A_μ(x), where we have recovered the lattice constant a while we take a = 1 in the current definition. Thus the current definition of the gauge field, A_μ(x), and the lattice gauge field A^′_μ(x) are different in the sense that A_μ(x) includes all the higher order terms with respect to the lattice constant and is not Lie algebra valued variable.

The curvature 2-form F is equivalent to

U^2 = (u + A)^2 = [u, A]_+ + A^2 = dA + A^2 ≡ F, (7.13) where the special properties of u in (7.6) are used. The lattice version of Yang-Mills action is then given by 1 2g^2 tr(F, F ) = 1 2g^2 ∫ tr[(ζF )^† ∨ F ] | | |_{0-form}vol = 1 2g^2 ∑ x ∑ μ,ν tr { 1 − U_μ(x)U_ν (x + μ)U^†_μ(x + ν)U^†_ν (x) } , (7.14)

where we have used the definition of the Clifford product of (5.19). It is interesting to note that the other definition of the Clifford product (5.23) leads to the same action. This is exactly the Wilson action of the lattice QCD.

We now generate the gauge and Dirac-Kähler fermion coupled system by introducing a covariant derivative. From the transformation (7.10) and the Leibniz rule, we can realize that the covariant derivative has the standard form d + A. The explicit form of the covariant derivative acting on a fermion field is given by

(d + A)ψ_i^{(j)}(x) = ψ_i^{(j)}(x)u + Uψ_i^{(j)}(x) = − ∑ μ [ {U_μ(x)ψ_i^{(j)}(x + μ) − ψ_i^{(j)}(x)}θ^μ + {U^†_μ(x − μ)ψ_i^{(j)}(x − μ) − ψ_i^{(j)}(x)}θ^{−μ} ] , (7.15)

which shows obviously the covariance of the covariant derivative because of the transformation properties of the link variables (7.8) and (7.9) and the following gauge transformation of fermion field:

Ψ → GΨ, Ψ → ΨG^{−1}. (7.16)

We can then introduce the gauge interaction to Dirac-Kähler matter fermion of the naive fermion action of (6.14) and the staggered fermion action (6.22) and (6.23). Replacing d to d + A in (6.14), we obtain the following gauge invariant action: ∫ ( Ψ ∨ (d + A + m) ∨ Ψ )| |_{0-form}vol

= 2^{D/2} ∑ x [∑ μ { ψ_{(j)}^i(x)(γ^μ)_i^k 1 2 (U_μ(x)ψ(x + μ) − U^†_μ(x − μ)ψ(x − μ))_i^{(j)} }

+ mψ_{(j)}^i(x)ψ_i^{(j)}(x) ] , (7.17)

where Ψ and Ψ are defined in (6.12). This is the naive fermion version of lattice QCD action with 2^{D/2} flavors.

In the similar way we obtain the following gauge invariant staggered fermion action from (6.22): ∫ Ψ ∨ ( √ 2(d + A) + m) ∨ Ψ | | |_{0-form}vol

= 2^{D/2} ∑ x [1 2 ∑ μ { ψ_{(j)}^k(x + μ)(γ_μ)_k^iU^†_μ(x)ψ(x)_i^{(j)} − ψ_{(j)}^k(x)(γ_μ)_k^iU_μ(x)ψ(x + μ)_i^{(j)} + ψ_{(j)}^k (x)(γ_5)^†_k^i(U_μ(x)ψ(x + μ) + U^†_μ(x − μ)ψ(x − μ) −2ψ(x))_i^{(l)}(γ_5γ_μ)_{(l)}^{(j)} } + mψ_{(j)}^i(x) ψ_i^{(j)}(x) ] , (7.18)

where Ψ and Ψ are defined in (6.15) and (6.18). It is interesting to note that the other definition of Clifford product (5.23) with the Dirac-Kähler action (6.23) leads the same staggered fermion action as the above. There is only a minor normalization difference between these formulations.

8 Conclusion and Discussions

We have formulated the Clifford product with noncommutative differential forms on the lattice which satisfies associativity. We have directly derived Kogut-Susskind fermion action and the staggered fermion action from the Dirac-Kähler fermion formulation defined by the the Clifford product. In order to keep the Hermiticity of Dirac-Kähler fermion action we need to choose not the oriented lattice but the symmetric lattice which in general has 2D differential 1-forms in D-dimensional symmetric lattice. In defining the Clifford product there is an arbitrariness which is related with the doubled number of 1-forms and can be parameterized by 4 constant parameters. It turned out that these parameters can be determined almost uniquely by the positivity of the self inner product of a field. There are, however, two types of definition of Clifford product depending on the choice of 2D or D differential 1- forms. It was shown that the newly defined Clifford product with noncommutative differential forms generates lattice QCD gauge action together with Dirac-Kähler matter fermion.

One of the interesting point of the current analyses is that the Hermiticity played an important role in choosing the compatible lattice structure as the symmetric lattice. The symmetric lattice, however, has two types of 1-forms θ^μ and θ^{−μ} or dx^μ and τ^μ on a link of lattice, and thus requires 2D 1-forms in D dimension. In the standard differential algebra we have D differential 1-forms and thus this mismatch in number suggests us an extra degree of freedom hidden in this formulation. In the naive fermion formulation of subsection 6.1 led Kogut-Susskind type fermion action in the sector of dx^μ base. On the other hand the action has the second derivative term in the sector of τ^μ base. The degree θ^{−μ} in contrast with θ^μ was used to define the conjugate of fermion field in the formulation of Dirac-Kähler fermion field of subsection 6.2, which led to the staggered fermion formulation with first and second derivatives in the action. It is interesting to recognize that this first derivative and the second derivative nature together with the doubled degrees of freedom of 1-form suggests both boson and fermion degrees of freedom hidden in this formulation. We believe that the extended supersymmetry on the lattice will be accommodated along the line of current formulation.

There is another interesting indication that the lattice chiral fermion problem with the recent development of Ginsparg-Wilson relation [56] could be fundamentally related with the current formulation of noncommutative differential form. The noncommutative differential form was used as a convenient tool in the derivation of lattice chiral anomaly from the arguments of index theorem[57, 58].

One of the importance of formulating matter fermion field in terms of differential form is related with the possibility that the extension of the formulation into gravity on a simplicial lattice may be straightforward since the gauge and matter fermion field, and Clifford product are all formulated by the differential form.

Acknowledgments

This work is supported in part by Japanese Ministry of Education, Science, Sports and Culture under the grant number 13640250 and 13135201.

Appendix A. Proof of Stokes Theorem on the Symmetric Lattice

We show how the Stokes theorem can be derived by the integral defined on the symmetric lattice in subsection 2.2.

Boundary of r + 1-cube is

∂C_{r+1} = ∑ s (−)^s ( C_r|_xs − C_r|_xs_{+μ}s ) , (A.1)

where C_r|_xs is a r-dimensional cube dimensionally reduced from C_{r+1} with x^{′s} fixed to x^s. In order to prove the Stokes theorem, we must evaluate integral of exact r + 1 form. Introducing the following r-from: ω = fθ^{ϵ1 μ1} . . . θ^{ϵr μr} , (A.2) we can express the exact form as dω = ∑ μ [ ∂_{+μ}fθ^μθ^{ϵ1μ1} . . . θ^{ϵr μr} − ∂_{−μ}fθ^{−μ} θ^{ϵ1μ1} . . . θ^{ϵr μr} ] . (A.3)

Since we impose ∫ θ^μθ^{−μ} = 0, all μ_i’s are different and thus the integrals vanishes and Stokes’ theorem is trivial if μ_i = μ_j . Integration of dω in (r + 1)-cube leads ∫ C_{r+1} dω = (−)^r ∫ C_{r+1} [ ∂_{+μr+1} fθ^{ϵ1 μ1} . . . θ^{ϵr μr} θ^{μr+1} − ∂_{−μr+1} fθ^{ϵ1 μ1} . . . θ^{ϵr μr} θ^{−μr+1} ]

= (−)^r [ α ∫ C_r |_xμ_{r+1} (f(x^′ + μ_{r+1}) − f(x^′))θ^{ϵ1 μ1} . . . θ^{ϵr μr} + (1 − α) ∫ C_r |_xμ_{r+1 +μr+1} (f(x^′) − f(x^′ − μ_{r+1}))θ^{ϵ1μ1} . . . θ^{ϵr μr} ]

= (−)^r [ α ∫ C_r |_xμ_{r+1} (f(x^′ + μ_{r+1}) − f(x^′))θ^{ϵ1 μ1} . . . θ^{ϵr μr} + (1 − α) ∫ C_r |_xμ_{r+1} (f(x^′ + μ_{r+1}) − f(x^′))θ^{ϵ1 μ1} . . . θ^{ϵr μr} ]

= (−)^r ∫ C_r |_xμ_{r+1}

(f(x^′ + μ_{r+1}) − f(x^′))θ^{ϵ1μ1} . . . θ^{ϵr μr} , (A.4)

where we have integrated only μ_{r+1}’s direction of dω. Integration of the boundary is ∫ ∂C_{r+1} ω = (−)^{r+1} (∫ C_r |_xμ_{r+1} − ∫ C_r |_xμ_{r+1 +μr+1} ) fθ^{ϵ1 μ1} . . . θ^{ϵr μr} = (−)^{r+1} ∫ C_r |_xμ_{r+1} (f(x^′) − f(x^′ + μ_{r+1}))θ^{ϵ1μ1} . . . θ^{ϵr μr} = (−)^r ∫ C_r |_xμ_{r+1} (f(x^′ + μ_{r+1}) − f(x^′))θ^{ϵ1 μ1} . . . θ^{ϵr μr} = ∫ C_{r+1} dω. (A.5)

Thus we obtain Stokes theorem on the symmetric lattice ∫ C dω = ∫ ∂C ω. (A.6)

B. Proof of Associativity of Clifford product on the Oriented Lattice

In this appendix we prove the associativity of the following Clifford product on the oriented lattice: (dx^K ∨ dx^M ) ∨ dx^L = dx^K ∨ (dx^M ∨ dx^L), (B.1) which guarantees the associativity of Clifford product for the general form. We should remind that dx^μ = θ^μ on the oriented lattice.

Here we first assume that the associativity is satisfied in the case where dx^M is 1-form dx^μ (dx^K ∨ dx^μ) ∨ dx^L = dx^K ∨ (dx^μ ∨ dx^L), (B.2) where dx^K and dx^L are arbitrary k, l-form. Assuming the associativity of (B.2) we can readily show that the associativity is satisfied in the case dx^M = dx^μ ∨ dx^ν as follows: { dx^K ∨ (dx^μ ∨ dx^ν ) } ∨ dx^M = { (dx^K ∨ dx^μ) ∨ dx^ν } ∨ dx^M = (dx^K ∨ dx^μ) ∨ { dx^ν ∨ dx^M } = dx^K ∨ { dx^μ ∨ (dx^ν ∨ dx^M ) } = dx^K ∨ { (dx^μ ∨ dx^ν ) ∨ dx^M } . (B.3)

Here the Clifford product of 1-forms leads dx^μ ∨ dx^ν = dx^μ ∧ dx^ν + ←− T_{−μ}δ_{μ,ν} −→ T_ν , (B.4)

and thus the associativity for dx^M =2-form case of (B.1) is proved. Proceeding in the similar way by induction and noting the following general relation: dx^M ∨ dx^μ = dx^M ∧ dx^μ + ←− T_{−μ}((m − 1)-form) −→ T_μ, (B.5)

we can complete the proof for the general form of the associativity (B.1).

We next prove that the assumed associativity (B.2) is in fact satisfied. We can factor out dx^μ from dx^K dx^K = (dx^μ)^adx^{K′} , (B.6) where dx^{K′} is k^′-form and does not contain dx^μ. Here a = 0, 1 and thus (dx^μ)^a can be expanded by (dx^μ)^a = δ_{a,0} + δ_{a,1}dx^μ. (B.7) Similarly we set dx^L = (dx^μ)^bdx^{L′} , where dx^{L′} is l^′-form and does not contain dx^μ. The following useful formula: (dx^μ)^adx^{K′} ∨ (dx^μ)^bdx^{L′} = { δ_{a,1}δ_{b,1}(−)^{k′} ←− T_{−μ} −→ T_μ + (−)^{k′b}(dx^μ)^a(dx^μ)^b } (dx^{K′} ∨ dx^{L′} ) = (−)^{k′b} { (dx^μ)^a ∨ (dx^μ)^b } { dx^{K′} ∨ dx^{L′} } , (B.8)

straightforwardly leads the desired relation, { (dx^μ)^adx^{K′} ∨ dx^μ } ∨ (dx^μ)^bdx^{L′} = (dx^μ)^adx^{K′} ∨ { dx^μ ∨ (dx^μ)^bdx^{L′} }

= { δ_{a,0}δ_{b,0}(−)^kdx^μ + δ_{a,0}δ_{b,1}←−T_{−μ}−→T_μ + δ_{a,1}δ_{b,0}(−)^k←−T_{−μ}−→T_μ + δ_{a,1}δ_{b,1} ←− T_{−μ} −→ T_μdx^μ } (dx^{K′} ∨ dx^{L′} ). (B.9) This completes the proof of the associativity (B.2) and thus the general form of (B.1).

C. Proof of Associativity of Clifford Product on the Symmetric Lattice

The proof of the associativity of the Clifford product on the symmetric lattice proceeds parallel to the oriented lattice version of the previous appendix except that the calculation is more involved.

Let us again assume that the following associativity is satisfied:

(θ^K ∨ θ^{ϵμ}) ∨ θ^L = θ^K ∨ (θ^{ϵμ} ∨ θ^L), (C.1)

where θ^K and θ^L are any k- and l-form, respectively, while θ^{ϵμ} is 1-form. For any 1-form θ^{ϵ′ν} we can readily prove by (C.1) {θ^K ∨ (θ^{ϵμ} ∨ θ^{ϵ′ ν} )} ∨ θ^L = θ^K ∨ {(θ^{ϵμ} ∨ θ^{ϵ′ν} ) ∨ θ^L}. (C.2)

Here the Clifford product of 1-forms leads θ^{ϵμ} ∨ θ^{ϵ′ ν} = θ^{ϵμ} ∧ θ^{−ϵ′ ν} + (αγ + βδ)δ_{ϵμ,ϵ}′_ν −→ T_{2ϵμ} + (αδ + βγ)δ_{ϵμ,−ϵ}′_ν (C.3) and thus the associativity for θ^M =2-form case of (5.5) is proved.

Proceeding in the similar way by induction and noting the following general relation:

θ^M ∨ θ^{ϵμ} = θ^M ∧ θ^{ϵμ} + ((m − 1)-form), (C.4) we can complete the proof for the following general form of the associativity as in the oriented lattice case,

(θ^K ∨ θ^M ) ∨ θ^L = θ^K ∨ (θ^M ∨ θ^L), (C.5)

where θ^M is general m-form.

We next prove the assumed associativity(C.1). We then factor out θ^{±μ} from θ^K and θ^L

θ^K = (θ^μ)^a(θ^{−μ})^bθ^{K′} , θ^L = (θ^μ)^c(θ^{−μ})^dθ^{L′} (C.6)

where a, b, c, d = 0 or 1 and θ^{K′} and θ^{L′} are k^′- and l^′-form, respectively, and do not contain θ^{±μ}. The following factorization formula is useful for the proof: { (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^{K′} } ∨ { (θ^{ϵμ})^c(θ^{−ϵμ})^dθ^{L′} }

= (−)^{k′(c+d)} [ (θ^{ϵμ})^a(θ^{−ϵμ})^b(θ^{ϵμ})^c(θ^{−ϵμ})^d + (αδ + βγ) { δ_{a,1} δ_{d,1}(−)^{b+c}(θ^{−ϵμ})^b(θ^{ϵμ})^c + δ_{b,1} δ_{c,1}(θ^{ϵμ})^a(θ^{−ϵμ})^d } + (αγ + βδ) { δ_{a,1} δ_{c,1}(−)^b(θ^{−ϵμ})^b(θ^{−ϵμ})^d −→ T_{2ϵμ} + δ_{b,1} δ_{d,1}(−)^c(θ^{ϵμ})^a(θ^{ϵμ})^c −→ T_{−2ϵμ} }

− (α^2 − β^2)(γ^2 − δ^2)δ_{a,1}δ_{b,1}δ_{c,1}δ_{d,1} ] ( θ^{K′} ∨ θ^{L′} )

= (−)^{k′(c+d)} [ (θ^{ϵμ})^a(θ^{−ϵμ})^b ∨ (θ^{ϵμ})^c(θ^{−ϵμ})^d ] ( θ^{K′} ∨ θ^{L′} ) , (C.7)

where we have used the following relation:

(θ^μ)^a = δ_{a,0} + δ_{a,1}θ^μ. (C.8)

Special case of this formula leads (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^{K′} ∨ θ^{ϵμ}

= [{ (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^{K′} } ∨ { (θ^{ϵμ})^c(θ^{−ϵμ})^dθ^{L′} }] c=1,d=0,θ^{L′} =1 = (−)^{k′} [ δ_{a,0}(−)^bθ^{ϵμ}(θ^{−ϵμ})^b + (αδ + βγ)δ_{b,1}(θ^{ϵμ})^a + (αγ + βδ)δ_{a,1}(−)^b(θ^{−ϵμ})^b −→ T_{2ϵμ} ] θ^{K′} (C.9) and θ^{ϵμ} ∨ { (θ^{ϵμ})^c(θ^{−ϵμ})^dθ^{L′} }

= [ δ_{c,0}θ^{ϵμ}(θ^{−ϵμ})^d + (αδ + βγ)δ_{d,1}(−)^c(θ^{ϵμ})^c + (αγ + βδ)δ_{c,1}(θ^{−ϵμ})^d−→T_{2ϵμ} ] θ^{L′} . (C.10)

After straightforward calculations we finally obtain { (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^{K′} ∨ θ^{ϵμ} } ∨ (θ^{ϵμ})^c(θ^{−ϵμ})^dθ^{L′} = (θ^{ϵμ})^a(θ^{−ϵμ})^bθ^{K′} ∨ { θ^{ϵμ} ∨ (θ^{ϵμ})^c(θ^{−ϵμ})^dθ^{L′} }

= (−)^{k(c+d+1)} [ δ_{a,0} δ_{b,0} δ_{c,0} δ_{d,0}θ^{ϵμ} + δ_{a,0} δ_{c,0}(δ_{b,0} δ_{d,1} − δ_{b,1} δ_{d,0})θ^{ϵμ}θ^{−ϵμ} + (αδ + βγ) { δ_{a,0} δ_{c,0}(δ_{b,1} δ_{d,0} + δ_{b,0} δ_{d,1}) + (δ_{a,1} δ_{b,1} δ_{c,0} δ_{d,0} − δ_{a,0} δ_{b,0} δ_{c,1} δ_{d,1} )θ^{ϵμ} + 2δ_{a,0} δ_{b,1} δ_{c,0} δ_{d,1}θ^{−ϵμ} + δ_{b,1} δ_{d,1}(δ_{a,0} δ_{c,1} + δ_{a,1} δ_{c,0})θ^{ϵμ}θ^{−ϵμ} }

+ (αγ + βδ) { δ_{b,0} δ_{d,0}(δ_{a,1} δ_{c,0} + δ_{a,0} δ_{c,1} ) −→ T_{2ϵμ} + (δ_{a,1} δ_{b,0} δ_{c,1} δ_{d,0} −→ T_{2ϵμ} − δ_{a,0} δ_{b,1} δ_{c,0} δ_{d,1} −→ T_{−2ϵμ})θ^{ϵμ} + {δ_{a,0} δ_{c,1}(δ_{b,0} δ_{d,1} + δ_{b,1} δ_{d,0}) + δ_{a,1} δ_{c,0}(δ_{b,0} δ_{d,1} − δ_{b,1} δ_{d,0})} −→ T_{2ϵμ}θ^{−ϵμ} + δ_{a,1} δ_{c,1}(δ_{b,1} δ_{d,0} + δ_{b,0} δ_{d,1})−→T_{2ϵμ}θ^{ϵμ}θ^{−ϵμ} }

+ (α^2 − β^2)(γ^2 − δ^2) { δ_{b,1} δ_{d,1}(δ_{a,0} δ_{c,1} − δ_{a,1} δ_{c,0} ) + δ_{a,1} δ_{b,1} δ_{c,1} δ_{d,1}θ^{ϵμ} }] ( θ^{K′} ∨ θ^{L′} ) . (C.11)

This completes the proof of the associativity (C.1) and thus the general form of (C.5).

D. Other Possible Associative Clifford Products on the Lattice

We prove the associativity of another type of Clifford product defined in (5.20).

We follow the same procedure as the previous appendices so that we just need to

prove the following type of associativity:

(θ^K ∨ θ^{ϵμ}) ∨ θ^L = θ^K ∨ (θ^{ϵμ} ∨ θ^L). (D.1)

Since the summation in the definition of the Clifford product in (5.20) does not

contain the summation of ϵ_i, we need to show the proof for both cases of θ^μ and θ^{−μ}

explicitly. Straightforward calculations lead { (θ^μ)^a(θ^{−μ})^bθ^{K′} ∨ θ^μ } ∨ (θ^μ)^c(θ^{−μ})^dθ^{L′}

= (θ^μ)^a(θ^{−μ})^bθ^{K′} ∨ { θ^μ ∨ (θ^μ)^c(θ^{−μ})^dθ^{L′} }

= (−)^{k′(c+d+1)} [ δ_{a,0} δ_{c,0} { δ_{b,0} δ_{d,0}θ^μ + (δ_{b,0} δ_{d,1} − δ_{b,1} δ_{d,0})θ^μθ^{−μ} }

+ αδ δ_{a,0} δ_{d,1} { δ_{b,0} δ_{c,0} − δ_{b,0} δ_{c,1}θ^μ + δ_{b,1} δ_{c,0}θ^{−μ} + δ_{b,1} δ_{c,1}θ^μθ^{−μ} }

+ βγ δ_{b,1} δ_{c,0} { δ_{a,0} δ_{d,0} + δ_{a,1} δ_{d,0}θ^μ + δ_{a,0} δ_{d,1}θ^{−μ} + δ_{a,1} δ_{d,1}θ^μθ^{−μ} } − βδ δ_{a,0} δ_{b,1} δ_{c,0} δ_{d,1}θ^μ −→ T_{−2μ} + αγ { δ_{b,0} δ_{d,0}(δ_{a,1} δ_{c,0} + δ_{a,0} δ_{c,1} ) + δ_{a,1} δ_{c,1} δ_{b,0} δ_{d,0}θ^μ + {δ_{a,0} δ_{c,1}(δ_{b,0} δ_{d,1} + δ_{b,1} δ_{d,0}) + δ_{a,1} δ_{c,0}(δ_{b,0} δ_{d,1} − δ_{b,1} δ_{d,0})}θ^{−μ} + δ_{a,1} δ_{c,1}(δ_{b,1} δ_{d,0} + δ_{b,0} δ_{d,1})θ^μθ^{−μ} }−→ T_{2μ} ] ( θ^{K′} ∨ θ^{L′} ) , (D.2) and { (θ^μ)^a(θ^{−μ})^bθ^{K′} ∨ θ^{−μ} } ∨ (θ^μ)^c(θ^{−μ})^dθ^{L′}

= (θ^μ)^a(θ^{−μ})^bθ^{K′} ∨ { θ^{−μ} ∨ (θ^μ)^c(θ^{−μ})^dθ^{L′} }

= (−)^{k′(c+d+1)} [ δ_{b,0} δ_{d,0} { δ_{a,0} δ_{c,0}θ^{−μ} + (δ_{a,1} δ_{c,0} − δ_{a,0} δ_{c,1})θ^μθ^{−μ} }

+ αδ δ_{a,1} δ_{d,0} { δ_{b,0} δ_{c,0} + δ_{b,0} δ_{c,1}θ^μ − δ_{b,1} δ_{c,0}θ^{−μ} + δ_{b,1} δ_{c,1}θ^μθ^{−μ} }

+ βγ δ_{b,0} δ_{c,1} { δ_{a,0} δ_{d,0} + δ_{a,1} δ_{d,0}θ^μ + δ_{a,0} δ_{d,1}θ^{−μ} + δ_{a,1} δ_{d,1}θ^μθ^{−μ} }

+ βδ { δ_{a,0} δ_{c,0}(δ_{b,1} δ_{d,0} + δ_{b,0} δ_{d,1}) + {δ_{b,0} δ_{d,1}(δ_{a,1} δ_{c,0} − δ_{a,0} δ_{c,1}) + δ_{b,1} δ_{d,0}(δ_{a,1} δ_{c,0} + δ_{a,0} δ_{c,1})}θ^μ + δ_{b,1} δ_{d,1} δ_{a,0} δ_{c,0}θ^{−μ} + δ_{b,1} δ_{d,1}(δ_{a,1} δ_{c,0} + δ_{a,0} δ_{c,1})θ^μθ^{−μ} }−→ T_{−2μ}

− αγ δ_{a,1} δ_{b,0} δ_{c,1} δ_{d,0}θ^{−μ} −→ T_{2μ} ] ( θ^{K′} ∨ θ^{L′} ) . (D.3)

These proofs compete the proof of the associativity of the particular form (D.1)

and thus lead to the associativity of the general form of Clifford product on the

symmetric lattice.

E. Adjoint operator of exterior derivative: δ = d − d ∨ We show that the following operators,

δ^{(1)} = d − d ∨ = 1 2 ∑ μ ( ∂ ∂θ^{−μ} ∂_{−μ} − ∂ ∂θ^μ ∂_{+μ} ) ≡ ∑ μ δ^{(1)}_μ , (E.1)

δ^{(2)} = d − d ∨ = − ∑ μ ∂ ∂θ^μ ∂_{+μ} ≡ ∑ μ δ^{(2)}_μ , (E.2)

play the role of adjoint of exterior derivative d = ∑ μ (θ^μ∂_{−μ} − θ^{−μ}∂_{+μ}) ≡ ∑ μ d_μ (E.3)

for the definitions of Clifford product given in (5.19) and (5.23), respectively. They

satisfy ∫ ( ζgθ^K )_∗ ∨ dfθ^L | | |_{0-form}vol = ∫ ( ζδ^{(i)}gθ^K )_∗ ∨ fθ^L | | |_{0-form}vol , (E.4)

for i = 1, 2. More explicitly we give proofs of the following equivalence: ( ζgθ^K )_∗ ∨ d_μfθ^L | | |_{0-form} = (ζδ^{(i)}_μ gθ^K )^∗ ∨ fθ^L | | |_{0-form}, (E.5)

up to overall shift operators for i = 1, 2. Summing up μ and integrating out, we

obtain (E.4) from (E.5) up to the surface terms.

Let us factor out θ^{±μ} from θ^K and θ^L,

θ^K = (θ^μ)^a(θ^{−μ})^bθ^{K′} , θ^L = (θ^μ)^c(θ^{−μ})^dθ^{L′} , (E.6)

where θ^{K′} and θ^{L′} contain neither θ^μ nor θ^{−μ}. Then we can show the following

factorization property: ( ζg^′(θ^μ)^a(θ^{−μ})^b )_∗ ∨ d_μf^′(θ^μ)^c(θ^{−μ})^d | | |_{0-form}(ζθ^{K′} )^∗ ∨ θ^{L′} | | |_{0-form}

= (ζδ^{(i)}_μ g^′(θ^μ)^a(θ^{−μ})^b)^∗ ∨ f^′(θ^μ)^c(θ^{−μ})^d | | |_{0-form}(ζθ^{K′} )^∗ ∨ θ^{L′} | | |_{0-form} (E.7) where g^′ = T_{−K}′ g and f^′ = T_{−K}′ f and those shift operators are generated by the relations, (θ^{K′} )^∗g = g^′(θ^{K′} )^∗ and (θ^{K′} )^∗f = f^′(θ^{K′} )^∗. Due to this factorization property we just need to prove the formula only for the factorized case.

Introducing the most general form which include θ^{±μ},

F = f_0 + f_+θ^μ + f_−θ^{−μ} + f̃ θ^μθ^{−μ}, (E.8) G = g_0 + g_+θ^μ + g_−θ^{−μ} + g̃θ^μθ^{−μ}, (E.9)

we need to prove (ζG)^∗ ∨ d_μF | | |_{0-form} = (ζδ^{(i)}_μ G)^∗ ∨ F | | |_{0-form}, (E.10)

up to overall shift operators. Explicit calculations lead (ζG)^∗ ∨ d_μF | | 0-form

= (ζδ^{(1)}_μ G)^∗ ∨ F | | 0-form = 1 2 (∂_{+μ}g^∗_− − ∂_{−μ}g^∗_+)f_0 + 1 4 g̃^∗(∂_{−μ}f_+ + ∂_{+μ}f_−), (E.11) and (ζG)^∗ ∨ d_μF | | |_{0-form} = (ζδ^{(2)}_μ G)^∗ ∨ F | | |_{0-form} = −(∂−μg^∗_+)f0. (E.12)

Here we have used the lattice version of integration by part, g(∂_{±μ}f) = −(∂_{∓μ}g)f which is valid up to surface terms. We have thus completed the proof for the factorized version which leads the complete proof of the general form due to the factorization property.

References

[1] E. Witten, Commun. Math. Phys. 117 (1988) 353, J. Math. Phys. 35 (1994) 5101.

[2] L. Baulieu and I. Singer, Nucl. Phys. Proc. Suppl. B5 (1988) 12.

[3] J.M.F. Labastida and M. Pernici, Phys. Lett. B212 (1988) 56.

[4] R. Brooks, D. Montano and J. Sonnenschein, Phys. Lett. B214 (1988) 91.

[5] N. Kawamoto and Y. Watabiki, Commun. Math. Phys. 144 (1992) 641; Mod.

Phys. Lett. A7 (1992) 1137.

[6] N. Kawamoto and T. Tsukioka, Phys. Rev. D61 (2000) 105009,

hep-th/9905222.

[7] D. Ivanenko and L. Landau, Z. Phys. 48 (1928) 340. [8] E. Kähler, Rend. Math. 21 (1962) 425.

[9] W. Graf, Annales Poincare Phys. Theor. 29 (1978) 85. [10] P. Becher and H. Joos, Zeit. Phys. C15 (1982) 343. [11] T. Banks, Y. Dothan, and D. Horn, Phys. Lett. B117 (1982) 413. [12] J. M. Rabin, Nucl. Phys. B201 (1982) 315.

[13] I. M. Benn and R. W. Tucker, Commun. Math. Phys. 89 (1983) 341. [14] P. Mitra, Nucl. Phys. B227 (1983) 349.

[15] H. Aratyn and A. H. Zimerman, Phys. Rev. D33 (1986) 2999. [16] J. A. Bullinaria, Ann. Phys. 168 (1986) 301. [17] S. N. Solodukhin, Int. J. Theor. Phys. 31 (1992) 47. [18] S. I. Kruglov, hep-th/0110251.

[19] J. Kato, N. Kawamoto and Y. Uchida, to appear. [20] J. B. Kogut and L. Susskind, Phys. Rev. D11 (1975) 395. [21] L. Susskind, Phys. Rev. D16 (1977) 3031. [22] N. Kawamoto and J. Smit, Nucl. Phys. B192 (1981) 100. [23] H. Kluberg-Stern, A. Morel, O. Napoly, and B. Petersson, Nucl. Phys. B220 (1983) 447.

[24] F. Gliozzi, Nucl. Phys. B204 (1982) 419.

[25] S. L. Woronowicz, Commun. Math. Phys. 122 (1989) 125. [26] A. Dimakis, F. Müller-Hoissen, and T. Striker, J. Phys. A26 (1993) 1927.

[27] A. Dimakis, F. Müller-Hoissen, and T. Striker, Phys. Lett. B300 (1993) 141. [28] P. Aschieri and L. Castellani, Int. J. Mod. Phys. A8 (1993) 1667,

hep-th/9207084.

[29] A. Dimakis and F. Müller-Hoissen, J. Math. Phys. 35 (1994) 6703. [30] A. Dimakis and F. Müller-Hoissen, J. Phys. A27 (1994) 3159, hep-th/9401149. [31] P. Aschieri, L. Castellani, and A. P. Isaev, hep-th/0201223. [32] A. Connes, Academic Press, New York (1994).

[33] G. Landi, Lecture Notes in Physics: Monographs, m51 (Springer-Verlag, Berlin Heidelberg, 1997), hep-th/9701078.

[34] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

[35] A. P. Balachandran, G. Bimonte, G. Landi, F. Lizzi, and P. Teotonio-Sobrinho, J. Geom. Phys. 24 (1998) 353, hep-lat/9604012.

[36] J. Dai and X.-C. Song, hep-th/0101184.

[37] I. Kanamori, Soryushiron Kenkyu(Kyoto) 105 (2002) 53. [38] J. Dai and X.-C. Song, Phys. Lett. B508 (2001) 385, hep-th/0101130. [39] J. Dai and X.-C. Song, hep-lat/0105017.

[40] J. Vaz, Advances in Applied Clifford algebras, 7 (1997) 37. [41] J. Vaz, hep-th/9706189. [42] T. Striker, hep-lat/9507017.

[43] V.A. Kazakov, I.K. Kostov and A.A. Migdal, Phys. Lett. B157 (1985) 295;

D.V. Boulatov, V.A. Kazakov, I.K. Kostov and A.A. Migdal, Nucl. Phys. B275 (1986) 641.

[44] J. Ambjørn, B. Durhuus and T. Jonsson, Phys. Lett. B244 (1990) 403. [45] N. Kawamoto, V.A. Kazakov, Y. Saeki and Y. Watabiki, Phys. Rev. Lett. 68 (1992) 2113.

[46] J. Ambjørn, K.N. Anagnostopoulos, T. Ichihara, L. Jensen, N. Kawamoto, Y.

Watabiki and K. Yotsuji, Phys. Lett. B397 (1997) 177.

[47] J. Ambjørn, K.N. Anagnostopoulos, T. Ichihara, L. Jensen, N. Kawamoto, Y.

Watabiki and K. Yotsuji, Nucl. Phys. B511 (1998) 673.

[48] J. Distler, Z. Hlousek and H. Kawai, Mod. Phys. Lett. A5 (1990) 1093. [49] H. Kawai and M. Ninomiya, Nucl. Phys. B336 (1990) 115. [50] N. Kawamoto, Y. Saeki and Y. Watabiki, unpublished; Y. Watabiki, Progress in Theoretical Physics, Suppl. No. 114 (1993) 1; N. Kawamoto, in Proceedings of Nishinomiya-Yukawa workshop, Nishinomiya 1992, Quantum gravity, ed. K. Kikkawa and M. Ninomiya (World Scientific) p. 112; In First Asia-Pacific Winter School for Theoretical Physics 1993, Proceedings, Current Topics in Theoretical Physics, ed. Y.M. Cho (World Scientific).

[51] H. Kawai, N. Kawamoto, T. Mogami and Y. Watabiki, Phys. Lett. B306 (1993) 19. [52] N. Kawamoto and K. Yotsuji, Nucl. Phys. B644[FS] (2002) 533. [53] N. Kawamoto, N. Sato and H. B. Nielsen, Nucl. Phys. B555 (1999) 629. [54] N. Kawamoto, N. Sato and Y. Uchida, Nucl. Phys. B574 (2000) 809. [55] N. Kawamoto, T. Tsukioka and H. Umetsu, Int. J. Mod. Phys. A16 (2001) 3867.

[56] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D25 (1982) 2649. [57] T. Fujiwara, H. Suzuki, and Ke Wu, Nucl. Phys. B569 (2000) 643,

hep-lat/9906015.

[58] T. Fujiwara, H. Suzuki, and Ke Wu, Phys. Lett. B463 (1999) 63,

hep-lat/9906016.