arXiv:hep-th/0305102 v2 19 May 2003

On the dimensional dependence of duality groups for massive p-forms

J.L. Noronha, D. Rocha, M.S. Guimarães, and C. Wotzasek

Instituto de Física Universidade Federal do Rio de Janeiro 21945, Rio de Janeiro, Brazil Abstract We study the soldering formalism in the context of abelian p-form theories. We develop further the fusion process of massless antisymmetric tensors of different ranks into a massive p-form and establish its duality properties. To illustrate the formalism we consider two situations. First the soldering mass generation mechanism is compared with the Higgs and Julia-Toulouse mechanisms for mass generation due to condensation of electric and magnetic topological defects. We show that the soldering mechanism interpolates between them for even dimensional spacetimes, in this way confirming the Higgs/Julia-Toulouse duality proposed by Quevedo and Trugenberger [1] a few years ago. Next, soldering is applied to the study of duality group classification of the massive forms. We show a dichotomy controlled by the parity of the operator defining the symplectic structure of the theory and find their explicit actions.

The study of duality transformation has had strong impact over different areas of physics – from Strings to Condensed Matter – with particular emphasis in the massless p-form electromagnetic theory. Indeed duality operation and self-dual actions were thoroughly studied in the context of massless four dimensional electromagnetic theory and its even dimensional p-form extensions [2, 3]. However a similar study in the context of massive abelian p-forms has attracted little interest [1, 4] which prompts us to present this investigation. We bring about a study that extends both the notion of duality symmetry to massive totally antisymmetric tensors of arbitrary ranks and the notion of self-duality. Consequences of the present analysis to topological mass generation and duality group classification will be presented.

The ubiquitous role of the duality operation in the investigation of concrete physical systems is by now well recognized [5]. This is a symmetry transformation that is fundamental for investigations in arenas as distinct as quantum field theory, statistical mechanics and string theory. Establishing a duality means that one has two equivalent mathematical description of the same physical phenomenon in terms of different fields. Duality is a general concept relating physical quantities in different regions of the parameter space. It relates a model in a strong coupling regime to its dual version working in a weak coupling regime, providing valuable information in the study of strongly interacting models. The instance of electromagnetic-like self duality present in D = 4k + 2 dimensions has attracted much attention because it seems to play an important role in many theoretical models [6].

It is important to mention that antisymmetric tensor gauge theories have attracted much interest in constructing gauge theories of elementary extended objects (strings, membranes,...) in recent years [7, 8]. An antisymmetric tensor of rank (p + 1) couples to elementary p-branes, a natural generalization of the coupling of the vector potential one-form in Maxwell theory to elementary point-particles (0-branes). They also appear naturally in effective field theories for the low-energy dynamics of strings where they play an important role in the realization of various dualities among different theories [9]. The study of dualities is becoming more and more important due to recent developments in string theory, where it was shown that inequivalent vacua are related by dualities based on the existence of extended objects, the D-branes [10].

For massless p-forms duality group classification and mass generation mechanisms have not been thoroughly studied. Indeed the dependence of duality with dimensionality appears to be crucial. The current status is as follows. The distinction among different dimensions is manifest by the double dualization operation following from the identities, valid in Minkowskian spacetimes ∗∗F = { +F, if D = 4k + 2 −F, if D = 4k (1) where ∗ denotes the usual Hodge operation and F is a^D_2 -form. This leads to two, apparently independent, consequences. First, the concept of self-duality seems to be well defined only in twice odd dimensions, and not present in the twice even cases. Second, (1) leads to separate outcomes regarding the duality groups. The invariance of the action in different D-dimensions is preserved by the following groups,

G_d =

{ Z_2, if D = 4k + 2 SO(2), if D = 4k (2) which were coined as “duality groups”. The duality operation is characterized by an one-parameter SO(2) group of symmetry in D=4k dimensions, while for D=4k+2 dimensions it is manifest by a discrete Z_2 operation. The Z_2 is a discrete group with two elements. This led to the prejudice that only the 4 dimensional Maxwell theory and its 4k extensions would possess duality as a symmetry, while for the 2 dimensional scalar theory and its 4k+2 extensions duality is not even definable. This two-fold dependence of duality with dimensionality has been clarified by algebraic methods [2], and its physical origin disclosed by the soldering [3]. The solution for these problems came, first with the recognition of a 2-dimensional internal structure hidden in the space of potentials [11, 2, 3]. Transformations in this internal duality space have extended the concept of self duality to all even dimensions. In the D=4 the explicitly self-dual Maxwell theory is known under the names of Schwarz and Sen but this deep unifying concept has also been appreciated by others [2, 11].

The investigation of mass generation for compact antisymmetric tensors of arbitrary ranks in D = d + 1 dimensions, coupled to magnetic and electric topological defects, due to some condensation mechanism has been tackled by Quevedo and Trugenberger [1] that also established an interesting duality between the Higgs and the Julia-Toulouse mechanisms for even dimensional spacetime. In compact antisymmetric field theories p-branes appear as topological defects of the original theory. While electric (p-1)-branes coupled minimally with the original p-forms, the magnetic (d-p)- branes can be viewed as closed singularities (Dirac strings). The effective, low-energy field theory, is then valid outside these singularities. It is known that topological defects condensation leads to drastic modifications of the infrared behavior of the original theory [8, 12]. There is a new phase with a continous distribution of topological defects described by a low energy effective action - the condensation of topological defects gives rise to new low-energy modes representing the long-wavelength fluctuations about the homogeneous condensate. Quevedo and Trugenberger have shown that, in the presence of a magnetic defect described by a Dirac string ψ^{(0)}_p , a massless abelian (p − 1)-form ϕ^{(0)}_{p−1} interpolates into a massive (p)-form ψ^{(m)}_p in the condensed phase of the magnetic defect. In this process, coined by Quevedo and Trugenberger as

Julia-Toulouse mechanism, the degrees of freedom of the abelian (p − 1)-form are incorporated by the magnetic condensate to acquire a mass proportional to the density of the condensate, ϕ^{(0)}_{p−1} → ψ^{(m)}_p = ϕ^{(0)}_{p−1} ⊕ ψ^{(0)}_p (3) This is quite distinct from the Higgs mechanism where the original U(1) massless tensor ϕ^{(0)}_p acquires the degrees of freedom of the Higgs condensate, say Σ^{(0)}_{p−1} to become massive, ϕ^{(0)}_p → ϕ^{(m)}_p = ϕ^{(0)}_p ⊕ Σ^{(0)}_{p−1} (4) When the topological defects have the same dimensionality, Higgs and Julia-Toulouose phases are described by tensors of the same rank this way establishing a duality between these two mechanisms [1].

Alternatively, one of us and collaborators [3], have developed a systematic method for the study of mass generation and different aspects of duality, that embraces all ranks and dimensions. It contains two basic elements; a point contact transformation and the soldering formalism that operates in the internal space [13]. The mass generation is a consequence of the fusion of distinct fields and has been established in some special examples [14]. The soldering may be summarized by the following scheme, A^{(0)}_p → A^{(m)}_p = A^{(0)}_p ⊕ B^{(0)}_q (5) if the ranks p and q of the massless fields A^{(0)}_p and B^{(0)}_q satisfy a massive duality condition: p + q = d.

In another direction, the ability of the formalism to distinguish among different group structures of the duality transformation is traceable to the dimensional dependence of the parity property of a differential operator (a generalized non-covariant curl) that solves the Gauss law of the massless components. The parity’s dimensional dependence of the operator selects the proper symmetry in the symplectic sector of the theory while the Hamiltonian, being quadratically dependent on the operator does not differentiate between the two cases. It is crucial to note that this procedure produces two distinct classes of dual theories characterized by the opposite signatures of the (2x2) matrices in the internal space. These actions correspond to self-dual and anti-selfdual representations of the original theory. An interesting duality between these duality symmetric actions has been reported recently [15].

In this work we study the soldering of arbitrary massless anti-symmetric tensors leading to a new, massive anti-symmetric form. The duality transformation properties for this massive form is then studied from this point of view. We show that for massive p-forms in odd-dimensional spacetime there is a dichotomy that very much resemble the analogous situation of the case of massless p-forms in even dimensional spacetimes. The duality groups are either Z_2 or SO(2) according to the dimension of the spacetime being D = 3 mod(4) or D = 5 mod(4) respectively. For the latter there is an one-parameter continuous SO(2) invariance for the potentials in the internal space while for the former there is a Z_2 property that is not implementable as a canonical transformation but possess a self-dual form that is absent from other case. We show that for massive p-form case it is the parity dependence on dimensionality of a (covariant) generalized curl that selects between an SO(2) or a Z_2 structure for the theory. However, the physical origin of the operator carrying this property is different since there is no Gauss law to restrict the space of states. In the analysis that follows we use the covariant version of the dual-projection technique developed in [3], that has proved to be adequate to disclose duality and self-duality in the context Maxwell-like massless p-forms, to deal with the duality group dimensional dependence problem for massive p-forms. This technique is based on the doubling of the space of potentials in order to make duality an explicit symmetry by creating an internal space of potentials. Unlike the algebraic or group theoretical methods, this technique is applicable to both even and odd dimensions as well as massless and massive p-forms therefore allowing this investigation.

Let us consider a massive p-form theory (basically a D-dimensional Proca-like model) whose action is defined as,

S^m_p = ⟨ (−1)^p(D − p − 1)!

2 (p + 1)!

H^2_{p+1}(A_p) + (−1)^{p+1} m^2 2 A^2_p ⟩ , (6)

where ⟨· · ·⟩ means spacetime integration and we adopt a simplified notation that goes as follows - A_p ≡ A_{μ1···μp} represents a p-form and

H_{p+1}(A_p) = ∂_{[μ1} A_{μ2···μp+1 ]} , (7)

denotes its field tensor. We use the following metric g^{μν} = diag(+, −, · · · , −). After the elimination of the redundant variables using the constraints this model displays a total of (_{D−1} p ) degrees of freedom. Making use of the identity

ϵ_{pq} ϵ^{pq̃} = (−1)^{D+1} p! δ^{q̃}_{[q]} (8)

with δ^{q̃}_{[q]} ≡ δ^{μ̃1}_{[μ1} · · · δ^{μ̃q}_{μq ]} , (9) the action for the massive theory may be rewritten in a first-order form with the introduction of an auxiliary field

S^m_p = ⟨ Π_q ϵ∂A_p − (−1)^q 2 Π^2_q + (−1)^{p+1} m^2 2 A^2_p ⟩ . (10)

We shall denote the first term in this action as the “covariant symplectic sector” and the remaining of the action as the symplectic potential or just potential for short [16]. Here Π_q is a q-form auxiliary field and Π_q ϵ∂A_p = ϵ^{μ1···μq αμ1···μp} Π_{μ1···μq} ∂_αA_{ν1···νp} . (11) This brings naturally the generalized-curl operator (ϵ∂) into the (covariant) symplectic sector of the action. This is unlike the case of massless p-forms where the (non-covariant) curl operator was brought into the symplectic part of the action as the result of the solution of the Gauss law. A further relabeling as

Π_q = mB_q (12)

and a simultaneous duality transformation of both A_p and B_q [17] will rephrase the action as S_{ef f} = ⟨ (−1)^p 1 8 p! (q + 1)!

H^2_{q+1}(B_q) + (−1)^q 1 8 q! (p + 1)! F^2_{p+1}(A_p) − mB_qϵ∂A_p ⟩ , (13)

which we recognize as a B ∧ F type theory.

It is interesting, at this juncture, to compare the field contents of the soldering analysis with the mass generation coming from the Higgs and the Julia-Toulouse mechanism. By inspection, we see,

• Higgs/Soldering Σ^{(0)}_{p−1} =^∗ (B_q) (14)

• Julia-Toulouse/Soldering ϕ^{(0)}_{p−1} =^∗ (B_q) (15) where ∗ here is the massless duality operation, characterized by α_p =^∗β_q (16) if p+q = d−1. Therefore, in order to identify the fields we need the condition, p−1 = q = d−p or, equivalently, 2p = d+1 = D, that is the Quevedo-Trugenberger condition for the Higgs/Julia-Toulouse duality, to hold. The field B_q therefore interpolates between the original abelian form in the Julia-Toulouse condensation to the Higgs condensate in the Higgs mechanism.

Next, let us consider the classification of the duality group structure induced by the soldering analysis. Notice that the condition p = q must hold for self-duality be manifest. This establishes the connection between the tensorial rank and spacetime dimensions D = 2p + 1 , (17) so that only odd dimensional manifolds are prone to display self-duality. To recognize, among the odd dimensions, those displaying the Z_2 structure characteristic of the selfduality and those carrying the SO(2) invariance, a field redefinition that rearranges the (covariant) symplectic sector of the action (10) is implemented. Therefore, let us write A_p = ( A^+_p + A^−_p ) Π_p = η m ( A^+_p − A^−_p ) , (18) with η = ± being the signature of the canonical transformation, and bring this redefinition back into the action (10) to obtain

S^m_p = ⟨ η m [( A^+_p ϵ∂A^+_p − A^−_p ϵ∂A^−_p ) + ( A^+_p ϵ∂A^−_p − A^−_p ϵ∂A^+_p )] + (−1)^{p+1} m^2 [( A^+_p

)_2 + ( A^−_p )_2]⟩ . (19)

The parity of the generalized-curl is defined as ⟨A_p ϵ ∂ B_q⟩ = P(ϵ∂) ⟨B_q ϵ ∂ A_p⟩ (20) and its dependence on the rank of the p and q-forms, or dimensionality is given by

P(ϵ∂) = (−1)^{(p+1)(q+1)} . . limit q → p = (−1)^{D+12} . (21)

Therefore, for the self-dual case (p = q) we identify the first term in the symplectic sector of (19) as the one displaying the Z_2 aspect while the second term displays SO(2) invariance. The presence of both structures, simultaneously, in the action is however illusory. In those dimensions where one structure is clearly present the other is a total derivative and vice-versa, this being a consequence of the dependence of the operator’s parity (21) on dimensionality. It is clear then that the Z_2 structure survives whenever D = 3 + 4k but is absent for D = 5 + 4k when the SO(2) structure takes over. Therefore, for the first case, D = 3 mod(4)

S^m_p → S^+_p (A^+_p ) + S^−_p (A^−_p ) (22)

where

S^±_p = ⟨ ± η mA^±_p ϵ∂A^±_p − (−1)^p m^2(A^±_p )^2 ⟩ (23)

while for the latter, D = 5 mod(4), the action becomes S^m_p → ⟨ η mA^α_p ε^{αβ}ϵ∂A^β_p − (−1)^p m^2(A^α_p )^2 ⟩ (24) where A^α_p = A^±_p and ϵ^{+−} = 1. Due to the diagonalization imposed by the Z_2 structure each one of the actions in (22) carries one-half the total number of degrees of freedom but in the SO(2) case there is no such a decomposition so that all degrees of freedom in the action in (24) are entangled out. Observe that the self-dual structure inherent to (22) is obtained directly from (10) imposing the second-class constraint of self-duality

Π_p = ± m A_p , (25)

therefore reducing to half the number of degrees of freedom. This generalizes to D = 3 mod(4) the self-dual construction of [18] which is known to be the massive analogous to the selfdual scalar proposed by Floreanini and Jackiw [19] in D=2. The SO(2) invariant model in (24) resembles the model proposed by Schwarz and Sen in their study of duality for massless electromagnetic-like actions. As far as we know the massive action analogous of the Schwarz-Sen action has not been proposed before. Although, because of the signature η we have two possibilities for the action in (24) (in (23) η has no consequences) this should not be confused with the two chiral-like projections obtained from (25) leading to the two actions in (23). Indeed, while for D = 3 + 4k the symplectic sector breaks into two disconnected pieces, each carrying half the number of degrees of freedom, the theory living in D = 5 + 4k is just reorganized into an SO(2) like structure but there is no reduction of the “covariant phase space”.

In summary, we have studied the soldering of a massless p-form A^{(0)}_p with an also massless q-form B^{(0)}_q satisfying the massive duality condition p + q = d. We have shown that as a consequence of soldering, a massive anti-symmetric tensor appears. Comparison of this mass generation mechanism with both Higgs and Julia-Toulouse condensation approaches shows that it interpolates between them if the Quevedo-

Trugenberger condition is satisfied. This gives an alternative point of view in the Higgs/Confinement duality and sheds light in the meaning of the soldering mass generation.

With regard to the duality group classification, we have studied the structure of the duality groups for massive p-forms and disclosed its dimensional dependence. We found that it is the dimensional dependence of the parity property of a generalized curl-operator, used in the reduction of the action to first-order, the responsible for the selection of the proper sector of the covariant symplectic part of the action. This is the sector presenting dimensional dependence since the potential, being quadratically dependent on the curl-operator is not sensible to this property. A similar situation also happens for the massless case. There however it was the parity’s dependence on dimensionality of the non-covariant generalized curl, coming from the resolution of the Gauss constraint, the property selecting the group commanding sector of the action.

We found that for D = 5 mod(4) the theory is SO(2) invariant while for D = 3 mod(4) it is symmetric under the interchange of its self and anti-self-dual components but it has no generators. This characterization of the massive modes in odd dimensions completes the table of duality transformations for electromagnetic-like p-forms. It displays an intriguing sequence of doublets of Z_2 and SO(2) for massless and massive theories in alternating even and odd dimensions starting with the former, i.e., Z_2 for D = 2, 3 and SO(2) for D = 4, 5 and so on. These features are illustrate in the following table,

Dimensions massive massless rank degrees of freedom 13 SO(2) 6 924 12 SO(2) 5 252 11 Z_2 5 252 10 Z_2 4 70 9 SO(2) 4 70 8 SO(2) 3 20 7 Z_2 3 20 6 Z_2 2 6 5 SO(2) 2 6 4 SO(2) 1 2 3 Z_2 1 2 2 Z_2 0 1 The connection, by dimensional reduction, preserving the symmetry group, between the SD model in D = 3 and the Schwinger model in D = 2 is well known [20]. We have also found a non-preserving symmetry connection, by dimensional reduction, from D = 6 to D = 4 and from D = 4 to D = 2 in the massless case and from D = 5 to D = 3 in the massive case very much in the line of [21] and hope to extend this connection to all the dimensions and symmetry groups in a future work through dimensional reduction technique [22].

Finally, as the result of the analysis developed in the present report, we found new actions for massive p-forms carrying explicitly the Z_2 and SO(2) symmetries. For the first case we found all the dimensional extensions of the D = 3 action proposed by Townsend, Pilch and van Nieuwenhuizen [18] while the actions found here to carry

SO(2) symmetry, in any dimension, are new results.

Acknowledgments This work is partially supported by CNPq, FUJB, CAPES, PROCAD and FAPERJ, Brazilian scientific agencies.

References

[1] F. Quevedo and C.A. Trugenberger, Nucl. Phys. B501 (1997) 143.

[2] S. Deser and C. Teitelboim, Phys. Rev. D13 (1976) 1592; J. Schwarz and A.

Sen, Nucl. Phys. B411 (1994) 35; S. Deser, A. Gomberoff, M. Henneaux and C. Teitelboim, Phys. Lett. B400 (1997) 80.

[3] C. Wotzasek, Phys. Rev. D58 (1998) 125026; R. Banerjee and B. Chakraborty, J. Phys. A32 (1999) 4441; R. Banerjee and C. Wotzasek, Phys. Rev. D63 (2001) 045005.

[4] M.C. Diamantini, Phys. Lett. B512 (2001) 174.

[5] C. Gomez and R. Hernandez, Electric-magnetic duality and effective field theories, Lectures given at Advanced School on Effective Theories, Almunecar, Spain, 1995, hep-th/9510023; L. Alvarez-Gaume and S.F. Hassan, Fortsch. Phys. 45 (1997) 159; L. Alvarez-Gaume and F. Zamora, Duality in Quantum Field Theory and String Theory, Lectures given at CERN-La Plata-Santiago de Compostela School of Physics, 1997, hep-th/9709180; D. I. Olive, Nucl. Phys. B58 (Proc. Suppl.) (1997) 43.

[6] Elias Kiritsis, Lectures given at NATO Advanced Study Institute: TMR Summer School on Progress in String Theory and M-Theory , Cargese, hep-ph/9911525.

[7] V.I. Ogievetsky and I.V. Polubarinov, Sov. J. Nucl. Phys. 4 (1967) 156; M. Kalb and P. Ramond, Phys. Rev. D9 (1974) 2273; Y. Nambu, Phys. Rep. 23 (1976) 250; E. Cremmer and J. Scherk, Nucl. Phys. B72 (1974) 117; D.Z. Freedman and P.K. Townsend, Nucl. Phys. B177 (1981) 282; R.I. Nepomechie, Phys. Rev. D31 (1984) 1921; C. Teitelboim, Phys. Lett. B167 (1986) 63; Rafael I. Nepomechie, Phys. Rev. D31(1985) 1921.

[8] P. Orland, Nucl. Phys. B205[FS5] (1982) 107.

[9] J. Polchinski, Rev. Mod. Phys. 68 (1996) 1.

[10] For a review see: R. Savit, Rev. Mod. Phys. 52 (1980) 453; Fernando Quevedo, Lectures given at European Winter School on The Quantum Structure of Space- Time and the Geometric Nature of Fundamental Interactions, Utrecht, The Netherlands, 17-22 Jan 2002, Class. Quant. Grav.19:5721-5779,2002; Dmitri P. Sorokin, Talk given at 6th International Symposium on Particles, Strings and Cosmology (PASCOS 98), Boston, MA, 22-27 Mar 1998, hep-th/9806175.

[11] D. Zwanziger, Phys. Rev. D3 (1971) 880.

[12] A. Polyakov, Gauge fields and strings, Harvood Academic Publishers, Chur, 1987.

[13] R. Banerjee and C. Wotzasek, Nucl. Phys. B527 (1998) 402.

[14] E.M.C. Abreu, R. Banerjee and C. Wotzasek, Nucl. Phys. B509 (1997) 519.

[15] A. Maznytsia, C. Preitschopf and D. Sorokin, Nucl. Phys. B539 (1999) 438. [16] L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60 (1988) 1692. [17] R. Menezes, J.R.S. Nascimento, R.F. Ribeiro and C. Wotzasek, On the dual equivalence of the self-dual and topologically massive p-form models, submitted to Phys. Lett. B.

[18] P.K. Townsend , K. Pilch, P. van Nieuwenhuizen, Phys. Lett. B136 (1984) 38. [19] R. Floreanini and R. Jackiw, Phys. Rev. Lett. 59 (1987) 1873. [20] T. R. Govindarajan, S. D. Rindani and M. Sivakumar, Phys. Rev. D32 (1985) 454.

[21] D. Berman, Phys. Lett. B403 (1997) 250; Erik Verlinde, Nucl. Phys. B455 (1995) 211.

[22] J.L. Noronha, D. Rocha, M. Santos, and C. Wotzasek, work in progress.