arXiv:hep-th/0305121 v2 15 Aug 2004

hep-th/0305121

Events in a Non-Commutative Space-Time.

M. Toller^∗ via Malfatti n. 8, I-38100 Trento, Italy (Dated: August 15, 2004)

We treat the events determined by a quantum physical state in a non-commutative space-time, generalizing the analogous treatment in the usual Minkowski space-time based on positive-operator-valued measures (POVMs). We consider in detail the model proposed by Snyder in 1947 and calculate the POVMs defined on the real line that describe the measurement of a single coordinate. The approximate joint measurement of all the four space-time coordinates is described in terms of a generalized Wigner function (GWF). We derive lower bounds for the dispersion of the coordinate observables and discuss the covariance of the model under the Poincaré group. The unusual transformation law of the coordinates under space-time translations is interpreted as a failure of the absolute character of the concept of space-time coincidence. The model shows that a minimal length is compatible with Lorentz covariance.

PACS numbers: 04.60.Pp, 02.40.Gh, 03.65.Ta.

I. INTRODUCTION.

It was recognized a long time ago [1] that there is no reason to believe that the usual space-time concepts maintain their validity at arbitrarily small scales of length and time. It has also been suggested that the interplay of quantum theory and general relativity does not permit the measurement of distances smaller than the Planck length and time intervals smaller than the Planck time [2, 3, 4, 5, 6, 7, 8]. However, in the absence of a complete theory of quantum gravity, there is no agreement about the exact form of the limits to the validity of the classical space-time description.

A natural way to describe a space-time indeterminacy is to consider the space-time coordinates as elements of a non-commutative algebra [9, 10, 11, 12, 13, 14, 15, 16, 17]. This idea is suggested by the usual quantization procedure, which replaces the commutative algebra of the functions defined on the phase space by a noncommutative algebra of operators in Hilbert space. It has also been shown that a non-commutative space-time can be derived from a quantum deformation which replaces the enveloping algebra of the Poincaré Lie algebra by a non-cocommutative Hopf algebra (quantum group) [18, 19, 20, 21].

There are two different approaches to the quantization of space-time.

• One can build a mathematical structure, for instance a non-commutative algebra, which replaces the space-time manifold and the space-time coordinates. It is connected in some way with the algebra of the quantum observables, but it is not contained in it, in the same way as the classical space-time coordinates act as parameters, and not as observables, in a field theory.

∗Electronic address: toller@iol.it; URL: http://www.science.unitn.it/~toller/

• One can study the quantum observables X^α interpreted as the space-time coordinates of an event defined by a physical object.

Both points of view are important and deserve attention, but one should carefully avoid any confusion between them. Note that in a theory based on the first point of view, one should still be able to define the coordinates of an event according to the second point of view. In many treatments one justifies the properties assumed for the coordinates interpreted in the first way by means of physical arguments which concern the coordinates interpreted in the second way.

In the present paper we adopt the second approach, namely our aim is to locate physical events in spacetime. By an event we mean a physical phenomenon which indicates, with some approximation, a time and three space coordinates. A typical example is the collision of two particles. In the center-of-mass system (disregarding for simplicity the quantum effects), one can identify the space coordinates of the event with the coordinates of the center-of mass and the time coordinate with the time at which the distance between the two particles takes its minimum value. In this way, the event is defined even in the absence of a close collision.

The definition of an event requires a well-defined physical system in a state described by a vector ψ belonging to a Hilbert space H. It admits a rigorous mathematical treatment and a clear physical interpretation.

A specific form for the space-time coordinate operators X^α in a theory symmetric with respect to the conformal group has been given in refs. [22, 23]. The mathematical nature of the coordinate operators concerning an event in a commutative Minkowski space-time, within a quantum theory symmetric with respect to an undeformed Poincaré group, has been discussed in refs. [24, 25]. A problem arises because the coordinate operators X^α, as a consequence of the support properties of the energymomentum, cannot be self-adjoint [26, 27]. We shall find the same problem in the non-commutative case.

A completely satisfactory solution of this problem is obtained by replacing the spectral measure corresponding to a self-adjoint operator by a positive-operator-valued measure (POVM) [28, 29, 30, 31]. The same idea permits a correct treatment of the time observable and of the “time of arrival” relevant for time of flight measurements (see for instance [32, 33, 34]).

It has been shown in ref. [25] that the non-self-adjointness of the coordinate operators gives rise to uncertainty relations stronger than the ones which follow in the usual way from the commutation relations [35]. These effects have to be taken into account in a discussion of the properties of a non-commutative space-time.

It is important to remark that the ideas outlined above and developed in the following sections have a provisional character, because the coordinates are measured with respect to a classical frame of reference, which is an idealized concept. One should consider quantum reference frames [36, 37, 38, 39], described by physical quantum objects. Then, the velocity and the angles which determine the orientation of these objects come into play, together with the space-time coordinates of the origin, and have to be quantized.

This program, which lies outside the scope of the present paper, has two steps: first one has to quantize the parameters which determine the relation between a quantum frame and a classical frame, then one has to consider the relation between two quantum frames. One may say that the problem is to quantize the Poincaré group, but it seems [38] that the solution is not a quantum group in the usual sense, namely a Hopf algebra.

In the next section, in order to present the necessary mathematical tools, we summarize the treatment of quantum events in commutative Minkowski space-time. In section III we introduce the Snyder model of noncommutative space-time and we define the coordinate observables in terms of POVMs on the real line and of a generalized Wigner function in the classical space-time. In section IV and V we develop the formalism obtaining more explicit formulas.

In section VI we discuss the symmetry under spacetime translations, which, in the model we are considering, presents rather unusual features. In section VII we calculate some lower bounds to the variance of the coordinate observables, justifying the initial motivations of the model. In section VIII we show how the approximate joint measurement of the four coordinates can be treated by generalizing the Wigner function formalism used to treat the approximate joint measurement of the noncommuting coordinates of the phase space [40, 41, 42]. In section IX we summarize the main results.

II. EVENTS IN A COMMUTATIVE MINKOWSKI SPACE-TIME.

In this section we summarize the treatment of quantum events in the ordinary Minkowski space-time, omitting unnecessary details and emphasizing the steps to be modified when a non-commutative space-time is considered. Instead of the treatment of ref. [24], we follow the more elegant approach given in ref. [39], based on the ideas of ref. [30].

The event is determined by a physical object described by a vector ψ belonging to the Hilbert space H in which a unitary representation

U (a, Λ) = T (a)V (Λ), a ∈ T , Λ ∈ L (1)

of the proper orthochronous Poincaré group P operates [43]. T is the space-time translation group, L is the proper orthochronous Lorentz group, a is a four-vector and Λ is a Lorentz 4 × 4 matrix. We consider only states with integral angular momentum, but all our arguments can easily be extended to states with half-integral angular momentum by introducing the universal covering SL(2, C) of L.

The translation unitary operators have the spectral representation

T (a) = ∫ Q exp(ip · a) dμ(p), (2) where Q = T^∗ is the four-momentum space, p ∈ Q and p · a = p^0a^0 − p · a is the relativistic scalar product of two four-vectors. μ is a spectral measure, which assigns to a Borel set J ⊂ Q a projection operator μ(J) in a numerably additive way. One can show that

V (Λ)μ(J)V^{−1}(Λ) = μ(ΛJ), (3)

where ΛJ is the set J transformed by the Lorentz matrix Λ. According to Mackey [44, 45, 46], the unitary representation V (Λ) and the spectral measure μ(J) satisfying the relation (3) form an imprimitivity system, which we indicate by (V, μ).

If the spectral measure μ is concentrated in an orbit O ⊂ Q, we say that the imprimitivity system is transitive. In this case, according to Mackey’s imprimitivity theorem, the representation V can be described explicitly as an induced representation, which is exactly the one obtained in Wigner’s fundamental paper [43]. In this way one obtains all the irreducible unitary representation of the Poincaré group and some of them describe the “elementary” particles.

We assume asymptotic completeness [47], namely that all the physical states can be described in terms of in or out particle states. We consider the direct sum decomposition H = H_S ⊕ H_C , where H_S contains states with a discrete mass spectrum, namely the vacuum and the oneparticle states, while H_C contains the states with a continuous mass spectrum, namely the many-particle states. It is physically evident, and it follows from the formalism [24], that the vacuum and the one-particle states cannot define an event. They are too simple to be treated as a “clock” which determines the time coordinate. Thus, in our treatment of the events, we consider only states belonging to H_C and we write H instead of H_C .

In order to describe many-particle states, we have to consider non-transitive imprimitivity systems. The support V of the measure μ is composed of many orbits and is contained in the closed future cone. It is given by

s = p · p ≥ s_0 = (2m_0)^2, p^0 ≥ 0, (4)

where m_0 is the smallest of the particle masses (possibly vanishing).

The Hilbert space H is decomposed into a direct integral of spaces in which irreducible unitary representations (IURs) of P operate. Of course, only positive-energy representations appear in this decomposition. Since we are not considering one-particle states, we can disregard zero-mass representations and we consider only positivemass IURs, which are labeled by the mass s^{1/2} and the center-of-mass angular momentum j.

A vector ψ ∈ H is described by a wave function of the kind ψ_{σjm}(p), where m = −j, −j + 1, · · · , j describes the third component of the center-of-mass angular momentum and the index σ stands for all the other quantum numbers. For instance, in a two-particle state σ describes the center-of-mass helicities [48]. It is not necessary to specify the mass s^{1/2}, since it is a function of p. The range of the indices j, σ may depend on s. For fixed σ, s and j, the group P acts according to the induced representation described by Wigner [43].

The norm and the action of the translation group are given by

‖ψ‖^2 = ∫ V ∑ σjm |ψ_{σjm}(p)|^2 d^4p, (5)

[T (a)ψ]_{σjm}(p) = exp(ip · a)ψ_{σjm}(p). (6) We choose in each orbit a representative element p̂(s) and for each four-momentum p ∈ V an element Λ_p ∈ L with the property

p = Λ_pp̂(s), p̂(s) = (s^{1/2}, 0, 0, 0)^T , s = p · p. (7)

The operator V (Λ) is defined by

[V (Λ)ψ]_{σjm}(p) = R^j_{mm}′ (Θ)ψ_{σjm}′ (p^′), (8)

where

p^′ = Λ^{−1}p, Θ = Λ^{−1}_p ΛΛ_p′ ∈ SO(3) (9)

and R^j_{mm}′ (Θ) is the (2j + 1)-dimensional IUR of SO(3).

According to a naive application of the rules of quantum mechanics, the commuting operators X^α, which represent the coordinates of an event, should have a joint spectral representation

X^α = ∫ M x^α dτ (x), (10)

where τ is a spectral measure on the Minkowski spacetime M, and x^α are the (numerical) coordinates of this space. If ψ ∈ H with ‖ψ‖ = 1 defines a state of the system, the quantity (ψ, τ (I)ψ) is the probability that the results of a joint measurement of the four coordinates define a point belonging to the Borel set I ⊂ M.

A physical requirement is the Poincaré covariance, given by the condition

U (a, Λ)τ (I)U^{−1}(a, Λ) = τ (ΛI + a). (11)

This equation means that the representation U (a, Λ) of P and the spectral measure τ on M form a transitive imprimitivity system, which we indicate by (U, τ ).

However, it is known that the equations given above lead to a contradiction with the properties of the energymomentum spectrum [24, 27]. In fact, the unitary operators exp(−ib · X) describe translations in the space Q, which lead to states with unphysical energy-momentum. This problem is avoided by assuming that the operators τ (I) are not projection operators, but just positive bounded operators. In other words, τ is a positiveoperator valued measure (POVM). The physical meaning of (ψ, τ (I)ψ) is unchanged and the description of quantum observables in terms of POVMs is perfectly compatible with the standard interpretation of quantum mechanics [28, 29, 30, 31].

It was shown in ref. [49] that, the operator τ (I) cannot represent a quasi-local observable [50]. In particular, this observable cannot be measured by means of operations performed exclusively in the space-time region I.

The coordinate operators (10) are Hermitian, but not self-adjoint. The covariance equation (11) is still valid, but, instead of an imprimitivity system, we have a covariance system, still indicated by (U, τ ), and the imprimitivity theorem cannot be applied.

Great help comes from a theorem [30, 51, 52, 53] which asserts that a covariance system can always be obtained from an imprimitivity system, which, under some conditions, is unique up to isomorphisms. In our case, we can find an imprimitivity system, indicated by (Ũ , τ̃), formed by the representation (a, Λ) → Ũ (a, Λ) = T̃ (a)Ṽ (Λ) of P and a spectral measure τ̃ , on the space-time M, both acting in the auxiliary Hilbert space H̃ and satisfying the covariance condition

Ũ (a, Λ)τ̃(I)Ũ^{−1}(a, Λ) = τ̃ (ΛI + a). (12)

The connection with the covariance system is given by τ (I) = A^†τ̃ (I)A, AU (a, Λ) = Ũ (a, Λ)A, (13) where A is a bounded linear mapping from H to H̃. The last equation means that it is an intertwining operator between the representations U and Ũ . If we assume that the event necessarily takes place somewhere in spacetime, we have τ (M) = 1, and it follows

A^†A = 1, (14)

namely H is mapped isometrically onto a subspace of H̃. The transitive imprimitivity system (Ũ , τ̃) can be treated by means of the imprimitivity theorem and one finds the explicit form of the representation Ũ and of the auxiliary space H̃. The complete treatment of the intertwining operator A and of the POVM τ can be found in refs. [24, 25, 39].

If we introduce the self-adjoint operators

X̃^α = ∫ M x^α dτ̃(x), (15)

the Hermitian coordinate operators are given by

X^α = A^†X̃^αA. (16)

The commuting operators T̃ (a) have the spectral representation

T̃ (a) = ∫ Q exp(ip · a) dμ̃(p) (17)

where the spectral measure μ̃ is Lorentz covariant, namely, in analogy with eq. (3), we have

Ṽ (Λ)μ̃(J)Ṽ^{−1}(Λ) = μ̃(ΛJ). (18)

By comparing eq. (17) with eqs. (2) and (13) we obtain Aμ(J) = μ̃(J)A, J ⊂ Q. (19) We can also consider the unphysical energy-momentum operators

P̃^α = ∫ Q p^α dμ̃(p) (20)

defined in the auxiliary space H̃.

We introduce the unitary operators

W̃ (b) = ∫ M exp(−ib · x) dτ̃(x) (21) and from eq. (12) it follows that

T̃ (a)W̃ (b)T̃ (−a) = exp(ia · b)W̃ (b). (22)

This equation shows that the operators T̃ (a) = exp(ia·P̃ ) and W̃ (b) = exp(−ib·X̃) form a unitary representation of the four-dimensional Weyl-Heisenberg group [54], which is a precise formulation of the canonical commutation relations

[P̃^α, X̃^β ] = ig^{αβ}. (23)

These operators, however, do not operate in the physical Hilbert space H, but in the auxiliary space H̃.

It follows from eq. (22) that

W̃ (b)μ̃(J)W̃ (−b) = μ̃(J + b). (24)

This covariance equation shows that the unitary operators W̃ (b) describe translations in the energy-momentum space. It follows that the support of μ̃ is the whole energy-momentum space Q, but there is no problem, because the spectrum of μ̃ is not the physical energymomentum spectrum. The generators of these translations are the self-adjoint operators X̃^α.

In conclusion, we have studied a large group acting unitarily on the auxiliary space H̃. It is the semi-direct product of the Lorentz group L and the four-dimensional Weyl-Heisenberg group, which, in turn, contains the space-time translation group T and the translation group T^′ of the energy-momentum space. Of course, T^′ cannot act on the physical Hilbert space H. We indicate by P^′ the subgroup generated by L and T^′. It is isomorphic to the usual Poincaré group P, but its meaning is different.

The operators S(b, Λ) = W̃ (b)Ṽ (Λ), defined in H̃ form a unitary representation of the group P^′. From eqs. (18) and (24), we see that this representation, together with the spectral measure μ̃ defined on Q, forms an imprimitivity system (S, μ̃), which is the starting point of the next section.

III. THE SNYDER MODEL.

Now we are ready to discuss the model of noncommutative space-time proposed a long time ago by Snyder [9, 10, 11, 12, 13, 14]. Actually, as we shall see, there are several options and it is more correct to speak of a class of Snyder’s models. Recently it has been shown that some of them are related to models obtained from quantum Poincaré groups [20, 21]. Note that, while the formalism summarized in the preceding section is derived in a univocal way from sound physical principles, the modifications considered in the following are just a provisional attempt, based on Snyder’s ideas and on the analogy with the commutative case.

The idea, reformulated in our language, is to replace the imprimitivity system (S, μ̃) introduced at the end of the preceding Section, by another imprimitivity system, denoted in the same way, where the group P^′ is replaced by another group G, containing the Lorentz group L, and S is a unitary representation of G acting on the auxiliary Hilbert space H̃. The action of the Poincaré group P on the space H of the physical states is still described by the unitary representation U and by the imprimitivity system (V, μ) introduced in the preceding section.

The manifold Q, on which the spectral measure μ̃ is defined is a homogeneous space of G and it has to be modified with respect to the one introduced in section II. It must contain a Lorentz invariant set V, identified with the support of the physical spectral measure μ, in such a way that eq. (19) is still meaningful. We call Q the extended energy-momentum space.

As in the preceding Section, we indicate by X̃^α the selfadjoint generators of four suitably chosen one-parameter subgroups of G. Now, however, these operators do not necessarily commute. The operators which represent the coordinate observables are defined by eq. (16). As in the commutative case, and for the same reasons, it is not possible to use directly the operators X̃^α, which do not operate in the physical Hilbert space.

The natural choices for the group G are the connected components of the identity of the de Sitter group SO(1, 4) or the anti-de Sitter group SO(2, 3), or their universal coverings. We shall treat the first choice in detail, but the other cases can be treated in a similar way. By considering the universal covering, one can also treat events defined by systems with half-integral angular momentum.

We consider G as a group of real matrices operating on a five-dimensional vector space with coordinates ξ^μ and a diagonal metric tensor g_{μν} defined by g_{00} = 1, g_{11} = g_{22} = g_{33} = g_{55} = −1. Here and in the following, the indices μ, ν, ρ, σ take the values 0, 1, 2, 3, 5, while the indices α, β, γ take the values 0, 1, 2, 3. The matrices Γ ∈ G satisfy the condition

Γ^T gΓ = g. (25)

The matrices that do not affect the coordinate ξ^5 form the Lorentz subgroup L. In the following, we indicate by the same symbol a 4 × 4 Lorentz matrix and the corresponding 5 × 5 matrix belonging to G.

The infinitesimal transformations are represented by the matrices Ξ_{ρσ} = −Ξ_{σρ} defined by

Γ^μ_ν = δ^μ_ν + ϵ^μ_ν + O(ϵ^2) = δ^μ_ν + 1 2 ϵ^{ρσ}Ξ_{ρσ}^μ_ν + O(ϵ^2), (26)

Ξ_{ρσ}^μ_ν = δ^μ_ρ g_{νσ} − δ^μ_σ g_{νρ}. (27)

They satisfy the commutation relations

[Ξ_{μν} , Ξ_{ρσ}] = g_{νρ}Ξ_{μσ} − g_{μρ}Ξ_{νσ} − g_{νσ}Ξ_{μρ} + g_{μσ}Ξ_{νρ} (28)

of the Lie algebra o(1, 4).

It follows that the self-adjoint generators M̃_{ρσ} of the unitary representation S(Γ) defined by S ( exp(2^{−1}ϵ^{ρσ}Ξ_{ρσ} ) ) = exp ( −2^{−1}iϵ^{ρσ}M̃_{ρσ} ) (29)

satisfy the commutation relations [M̃_{μν} , M̃_{ρσ}] = i(g_{νρ}M̃_{μσ} − g_{μρ}M̃_{νσ} − g_{νσ}M̃_{μρ} + g_{μσ}M̃_{νρ}). (30) We put

X̃^α = lM̃^{α5}, (31)

where l is a fundamental length, and we obtain

[X̃_α, X̃_β ] = il^2M̃_{αβ}, (32)

[M̃_{αβ}, X̃_γ ] = i(g_{βγ} X̃_α − g_{αγ}X̃_β ). (33)

The last formula shows that the operators X̃^α transform as the components of a four-vector under the action of the Lorentz group. If, in agreement with the preceding Section, we put

Ṽ (Λ) = S(Λ), Λ ∈ L, (34)

we obtain the following transformation property of X̃^α under finite Lorentz transformations

Ṽ (Λ^{−1})X̃^αṼ (Λ) = Λ^α_βX̃^β . (35)

Note that, since the operators X̃^α do not commute, one cannot write for them a joint spectral representation of the kind (15).

If we abandon the Lorentz covariance, still maintaining the rotational covariance, we have more freedom and, for instance, as suggested in refs. [20, 21], we can replace the space components of eq. (31) by the expressions

X̃^r = l(M̃^{r5} + M̃^{r0}), r = 1, 2, 3, (36)

and we have the commutation relations

[X̃^r , X̃^s] = 0, [X̃^0, X̃^r ] = −ilX̃^r , (37)

which were derived in [18] from the quantum group formalism. In the following we shall adopt the definition (31), but a model based on eq. (36) can be treated in a similar way.

As we anticipated above, the physical coordinates of the event are described by the operators X^α defined in the physical Hilbert space H by eq. (16), where the intertwining operator A : H → H̃ has the properties (14), (19) and

AV (Λ) = Ṽ (Λ)A, Λ ∈ L. (38)

The condition (19) is related to the translational symmetry of the operator A. This delicate problem will be discussed in section V and VI.

In order to get a detailed physical interpretation, it is not sufficient to know the Hermitian operators X^α, because they do not determine uniquely the corresponding POVMs defined on the real line R. It is also interesting to consider more general observables of the kind k · X = k_αX^α = A^†k · X̃A. (39) Since the operator k · X̃ is the generator of a oneparameter subgroup of G, it is self-adjoint and it has the spectral representation k · X̃ = ∫ R λ dτ̃_k(λ), (40)

which defines the spectral measure τ̃_k implicitly. The statistics of the results of a measurement of k · X is completely described by the POVM

τ_k(I) = A^†τ̃_k(I)A, I ⊂ R. (41)

We have, as usual, ⟨k · x⟩ = ( ψ, A^† ∫ R λ dτ̃_k(λ)Aψ ) = (ψ, k · Xψ). (42) However, for the square and higher powers of the coordinates, we obtain a more complicated expression, namely

⟨(k · x)^2⟩ = ( ψ, A^† ∫ R λ^2 dτ̃_k(λ)Aψ ) = ( ψ, A^†(k · X̃)^2Aψ ) ≥ ( ψ, (k · X)^2ψ ) . (43)

From these formulas we obtain the variances

Δx^α = ( ⟨(x^α)^2⟩ − ⟨x^α⟩^2 )_{1/2} . (44)

The corresponding uncertainty relations are discussed in section VII.

More generally, we may consider the average value ⟨f(k · x)⟩ = (ψ, ∫ f(λ) dτ_k(λ) ψ) = ∫~ f(θ)⟨exp(−iθk · x)⟩ dθ, (45) where f̃ (θ) = (2π)−1 ∫ f(λ) exp(iθλ) dλ, f(λ) = ∫~ f (θ) exp(−iθλ) dθ, (46)

⟨exp(−iθk · x)⟩ = ( ψ, A^† ∫ exp(−iθλ) dτ̃_k (λ) Aψ ) = ( Ψ, exp(−iθk · X̃)Ψ ) = (Ψ, S(exp(−θlk^αΞ_{α5}))Ψ) ,

Ψ = Aψ. (47)

If we introduce the real function

ρ(x) = (2π)^{−4} ∫ exp(ik · x) (Ψ, S(exp(−lk^αΞ_{α5}))Ψ) d^4k,

(48) we obtain ⟨f(k · x)⟩ = ∫ f(k · x)ρ(x) d^4x. (49) Note, however, that ρ(x) cannot be interpreted as a probability density in the Minkowski space-time M, because it may take negative values. It plays the same role as the Wigner function in the phase space [40] and we call it the generalized Wigner function (GWF). It is the Fourier transform of a continuous bounded function and since, at the present stage, we do not know if this function decreases sufficiently fast at infinity, ρ may be a generalized function in the sense of ref. [55], namely a distribution.

The GWF ρ(x) is completely determined by the average values ⟨f(k · x)⟩, namely it can be measured with any required accuracy by performing many coordinate measurements on many states prepared in the same way. It describes the statistical properties of the observables X^α completely and provides a useful tool independently of the model considered.

We can also write ρ(x) = (ψ, τ (x)ψ), (50) where

τ (x) = (2π)^{−4} ∫ exp(ik · x)A^†S(exp(−lk^αΞ_{α5}))A d^4k

= (2π)^{−4} ∫ exp(ik · x)A^† exp(−ik · X̃)A d^4k (51)

is an Hermitian operator-valued distribution on the Minkowski space-time, that replaces the POVM τ in the non-commutative case. The Hermiticity follows from the unitarity of S. It is the Fourier transform of a bounded continuous operator-valued function.

From eqs. (35) and (38) we obtain the Lorentz covariance property

V (Λ)τ (x)V^{−1}(Λ) = τ (Λx). (52)

IV. THE INDUCED REPRESENTATION S.

Now we have to enter into the details of the formalism proposed in the preceding section. The extended energymomentum space Q is an orbit in R^5 defined by the condition

g_{μν} ξ^μξ^ν = (ξ^0)^2 − ‖ξ‖^2 − (ξ^5)^2 = −1, (53)

where ξ is a vector with components ξ^1, ξ^2, ξ^3. We indicate by p a generic element of Q. The quantities ξ^μ form a redundant system of coordinates in the manifold Q, which have no particular physical meaning. An invariant measure on this manifold is given by

dν(p) = 2l^{−4}δ(ξ_μξ^μ + 1)d^5ξ = l^{−4}|ξ^5|^{−1}dξ^0d^3ξ = l^{−4}|ξ^0|^{−1}dξ^5d^3ξ. (54)

In order to write the induced representation corresponding to the transitive imprimitivity system (S, μ̃), we choose the element p̂ ∈ Q with coordinates ξ = 0, ξ^0 = 0, ξ^5 = 1. The corresponding stability group is the Lorentz group L, considered as a subgroup of G. The inducing representation Λ → D(Λ) is a unitary representation of L and we indicate by Ĥ the Hilbert space in which it operates. We choose the elements Γ_p ∈ G with the property

p = Γ_pp̂, p ∈ Q. (55)

The Hilbert space H̃ is composed of functions Ψ(p) defined on Q with values in the Hilbert space Ĥ and with norm given by

‖Ψ‖^2 = ∫ Q ‖Ψ(p)‖^2 dν(p). (56)

The induced representation S(Γ) is defined by

[S(Γ)Ψ](p) = D(Λ)Ψ(p^′), (57) where

p^′ = Γ^{−1}p, Λ = Γ^{−1}_p ΓΓ_p′ ∈ L. (58)

The inducing unitary representation D(Λ) can be represented as a direct integral of IURs, as explained in ref. [24]. The matrix elements of these IURs, indicated by D^{Mc}_{jmj}′_m′ (Λ), are described in refs. [55, 56, 57]. The possible values of the indices are M = 0, ±1, ±2, . . ., c^2 < 1, j = |M |, |M | + 1, . . . , m = −j, −j + 1, . . . , j. (59) If M ≠ 0, c must be imaginary. The representations D^{Mc} and D^{−M,−c} are unitarily equivalent. Moreover, there is the trivial one-dimensional representation, which we indicate by D^{01}. The restriction of these representations to the rotation subgroup is given by D^{Mc}_{jmj}′_m′ (Θ) = δ_{jj}′ R^j_{mm}′ (Θ), Θ ∈ SO(3). (60) In order to simplify the formalism, avoiding integrals over the parameter c, we assume that D is a direct sum of IURs of the kind described above, labeled by the index γ. This means that the elements of H̃ are described by the wave function Ψ_{γjm}(p) with the norm given by

‖Ψ‖^2 = ∫ Q ∑ γjm |Ψ_{γjm}(p)|^2 dν(p). (61)

and the induced representation (57) takes the form

[S(Γ)Ψ]_{γjm}(p) = D^{Mc}_{jmj}′_m′ (Λ)Ψ_{γj}′_m′ (p^′), (62)

where the sum over the indices j^′, m^′ is understood and the quantities M, c depend on the index γ.

The GWF (48) takes the more explicit form

ρ(x) = (2π)^{−4} ∫ exp(ik · x)Ψ_{γjm}(p)D^{Mc}_{jmj}′_m′ (Λ) ×Ψ_{γj}′_m′ (p^′) dν(p) d^4k, (63)

where p^′ and Λ are given by eq. (58) and

Γ = exp(−lk^αΞ_{α5}). (64)

The generators M̃_{ρσ} defined by eq. (29) can be decomposed into a part which acts on the angular momentum indices j, m and a part which acts on the dependence of the wave function on p, in particular we can write [X̃^αΨ]_{γjm}(p) = Z^{γα}_{jmj}′_m′ (p)Ψ_{γj}′_m′ (p) + Y^αΨ_{γjm}(p), (65) where the matrix Z^{γα}_{jmj}′_m′ (p) is Hermitian and Y^α = −il ( ξ^5 ∂ ∂ξ_α − ξ^α ∂ ∂ξ_5 ) . (66)

These derivatives act on an arbitrary smooth extension of a function in a neighborhood of Q in R^5.

We consider the operators f acting on the space H̃ by multiplying the wave function by a function f(p). We assume that f(p) is bounded and infinitely differentiable, but it may be useful to assume that it has different properties. The operator f satisfies the commutation relations

[M̃^{μν} , f] = i ( ξ^μ ∂ ∂ξ_ν − ξ^ν ∂ ∂ξ_μ ) f. (67)

In particular we have [X̃^α, f] = −il ( ξ^5 ∂ ∂ξ_α − ξ^α ∂ ∂ξ_5 ) f. (68)

V. THE INTERTWINING OPERATOR.

First we have to define the set V ⊂ Q, which contains the physical values of the energy-momentum p. It is a union of orbits of Q with respect to the action of L, which are isomorphic, as homogeneous spaces, to the mass-shell of a massive particle. On these orbits we must have ξ_αξ^α > 0 and ξ^5 has a constant value |ξ^5| > 1. In order to have a connected set, we also require ξ^0 > 0 and ξ^5 > 1.

On V one can use the coordinates ξ^α which have simple transformation properties under the group G, but, in order to describe the space-time translations by means of eq. (6), one has to introduce the coordinates p^α. Since both the coordinates transform as four-vectors under the Lorentz group, we must have

((ξ^5)^2 − 1)^{−1/2}ξ^α = s^{−1/2}p^α (69)

and the relation between the two coordinate systems is determined by the increasing function ξ^5(s). In the absence of massless particles, we have ξ^5(s) ≥ ξ^5(s_0) > 1. The measure ν, restricted to V, can be written in the form ν(p) = J(s) d^4p, J(s) = 2l^{−4}s^{−1}|(ξ^5)^2 − 1| | | |^{dξ5}_{ds} | | | . (70)

Note that different choices of the function ξ^5(s) define different observables X^α on the same system, described by a given Hilbert space H and a given unitary representation U of the Poincaré group.

Each of the orbits we have chosen contains a rotation invariant point p̂(s) with coordinates

ξ = 0, ξ^5 = cosh η, ξ^0 = sinh η, η > 0 (71)

and we can write

p̂(s) = exp(η Ξ_{50})p̂, (72)

where p̂ is the point introduced in the preceding section. In agreement with eq. (7), we write the other points of the orbits in the form

p = Λ_pp̂(s) = Γ_pp̂, Γ_p = Λ_p exp(η Ξ_{50}). (73)

In this way, we have partially determined, for p ∈ V, the choice of the elements Γ_p introduced in eq. (55).

The intertwining operator A is not uniquely determined, because the same system can define different events. For instance, a many particle system defines several events corresponding to the collision of different pairs of particles. Important constraints are the Lorentz and the translation symmetries given by eqs. (38) and (19). The second equation implies that A is diagonal with respect to the variable p. Since the wave function ψ(p) is not defined outside V, we have Ψ(p) = [Aψ](p) = 0, p /∈ V, Ψ(p) = J^{−1/2}(s)A(p)ψ(p), p ∈ V, (74) where the bounded linear operator A(p) is represented by a matrix which acts on the indices of the wave function ψ(p) (not written explicitly).

From eqs. (8), (38) and (57), using the convention (73) for Γ_p, we obtain

A(p)R_s(Λ^{−1}_p ΛΛ_p′ ) = D(Λ^{−1}_p ΛΛ_p′ )A(p^′),

Λ ∈ L, p^′ = Λ^{−1}p. (75)

For Λ = Λ_p, we have p^′ = p̂(s), Λ_p′ = 1 and

A(p) = A(p̂(s)) = A(s). (76)

Then we obtain the condition

A(s)R_s(Θ) = D(Θ)A(s), Θ ∈ SO(3), (77)

which implies that the matrix which represents the operator A(s) is diagonal with respect to the indices j, m and does not depend on m. In conclusion, we have

Ψ_{γjm}(p) = J^{−1/2}(s)A^j_{γσ} (s)ψ_{σjm}(p). (78)

Eq. (14) gives the condition A^j_{γσ}′ (s)A^j_{γσ} (s) = δ_{σσ}′ (79) (no sum over the index j).

Under certain conditions, namely when the wave function ψ vanishes outside a region where |ξ^α| ≪ 1, we must recover the results of ref. [24]. In fact, if we put, in the relevant region,

ξ^α = lp^α, ξ^5 = (l^2s + 1)^{1/2}, (80)

we have J(s) ≈ 1, η ≈ ls^{1/2}, p^{′α} ≈ p^α − k^α, Λ ≈ Λ^{−1}_p Λ_p′ (81)

and eq. (63) takes the form derived in ref. [24].

In this approximation, the GWF is positive and it defines a POVM on the space-time. If in eq. (63) we substitute ψ(p) → [T (a)ψ](p) = exp(ia · p)ψ(p), (82) we obtain ρ(x) → ρ(x − a), (83) namely the GWF and the corresponding POVM are covariant under the translation group in agreement with eq. (11).

VI. TRANSLATIONS.

It is known that the Snyder model has some problems with covariance under space-time translations. In the present paper we assume the existence of the unitary representation U (a, Λ) of the Poincaré group acting on the physical Hilbert space H. According to Wigner’s treatment of symmetry operations [43, 58, 59], this follows from the general rules of quantum mechanics and from the existence of equivalent classical reference frames. If we realize that only quantum reference frames exist [36, 37, 38, 39], the situation may be different, but a complete consistent treatment of quantum frames is not yet available. We have already discussed the Lorentz transformations properties of the coordinate operators X^α and of the corresponding GWF. Now we deal with the translations.

We indicate by f a function of the variables ξ^α defined on V and the correpsonding multiplication operator acting on the space H. From eq. (68) and the properties of the operator A we obtain [X^α, f] = −ilξ^5 ∂f ∂ξ_α . (84)

In particular we have [X^α, p^β] = −ilξ^5 ∂p^β ∂ξ_α (85)

and the following relation between the coordinates measured in a given frame and in another translated frame T (−a)X^αT (a) = exp(−ia · p)X^α exp(ia · p) = X^α + la^β ξ^{5 ∂pβ}_{∂ξα} . (86)

If we adopt eq. (80), we obtain the simpler formula

T (−a)X^αT (a) = X^α + (l^2s + 1)^{1/2}a^α. (87)

We see that the new coordinates depend on the old coordinates and on the energy-momentum of the object that defines the event (more precisely, one should speak of the quantum averages of these quantities). If the averages of the coordinates of two events, defined by two objects with different energy-momenta, coincide when observed by a given frame, in general they do not coincide when observed by a translated frame. In other words, the space-time coincidence of events is not an absolute concept, in the same way as time coincidence (simultaneity) is not an absolute concept in special relativity. Einstein [60] stressed that the absolute character of space-time coincidence is one of the fundamental principles of general relativity. However, it should not be considered as a dogma.

It is easy to see that, for any choice of the function ξ^5(s), equation (86) is experimentally wrong when applied to a macroscopic object for which l^2s is not negligible compared to 1. A related ambiguity appears if we consider a system composed of two noninteracting subsystems and only the first subsystem is used to determine the coordinates of the event. Then it is not clear if the quantities which appear on the right hand side of eq. (86) concern the first subsystem or the whole system. Clarifying this ambiguity is preliminary for a treatment of macroscopic objects.

In order to avoid these problems, while waiting for some improvement of the formalism, one can restrict one’s attention to events defined by few-particle systems. These difficulties are also present in other theories, like the “doubly special relativity” and related models [61].

It is useful to remark that, if we consider a single coordinate or a linear combination of the kind k · X = k_αX^α, we can always find an operator F , depending on k, defined by a function F (p) with the properties [F, k · X] = i, (88)

exp(−iλF )k · X exp(iλF ) = k · X + λ. (89) Since the formalism is Lorentz symmetric, we may consider in detail only the coordinates X^0 and X^1.

In the first case we choose on V the coordinates ξ and α defined by

α = ln(ξ^0 + ξ^5) > ln(1 + ‖ξ‖) = α̂ (90)

and we have

[F_0, X^0] = i, F_0 = l^{−1}α. (91)

In the other case, we choose on V the coordinates ξ^0, ξ^2, ξ^3 and β defined by

ξ^1 = v sin β, ξ^5 = v cos β, v = (1 + w^2)^{1/2},

|β| < arccos(v^{−1}) = arctan w = β̂, (92)

where

w^2 = (ξ^0)^2 − (ξ^2)^2 − (ξ^3)^2 (93)

and we obtain

[F_1, X^1] = i, F_1 = −l^{−1}β. (94)

A similar treatment can be given if we choose the expression (36) for the space coordinates. In this case, however, we also find

[F_0, X^r ] = 0, r = 1, 2, 3, (95) where F_0 is given by eq. (91), namely one can define a time translation which acts in the usual way on all the four coordinates. However, one cannot define space translations with the same property. The better behavior under time translations is paid by a worse behavior under Lorentz boosts.

Note that eq. (89) gives a transformation property of the non-self-adjoint operator k · X and of the average value of the corresponding observable. A complete description of the statistical properties of this observable, however, requires knowledge of the corresponding POVM defined by eq. (41). We may expect a covariance property of the kind

exp(−iλF )μ_k(I) exp(iλF ) = μ_k(I − λ), (96)

but this equation does not follow from eq. (89). In fact, if the four-vector k is spacelike, the self-adjoint operator k · X̃ generates a rotation and has a discrete spectrum. This means that the support of the spectral measure μ̃_k, and also of the POVM μ_k, is a discrete subset of the real line, in contradiction with eq. (96). This remark shows how delicate is the treatment of observables not described by self-adjoint operators.

VII. VARIANCE OF THE COORDINATE OBSERVABLES.

Now we derive some lower bounds for the variances given by eq. (44). These bounds must hold for any choice of the physical wave function ψ ∈ H and of the intertwining operator A and we may more simply require that they hold for any choice of the wave function Ψ ∈ H̃, provided that it vanishes outside the region V. We also assume s_0 = (2m_0)^2 = 0. It follows that our results do not depend on the choice of the intertwinig operator A and on the relation between ξ^5 and s introduced in section V.

We consider first a particular class of events defined by the head-on collision of two spinless particles, even if it is physically rather difficult to prepare an high-energy state of this kind. Then we extend the results to arbitrary events. In this simple case, the center-of-mass angular momentum is j = 0 and the index σ, which represents the center-of-mass helicities, takes only one value. We also assume that D in eq. (57) is the trivial onedimensional representation. It is shown in ref. [24] that, in a commutative space-time, this means that the event is quasi-baricentric, namely it defines a point which is as near as possible to the world line of the center-of-mass of the object, compatibly with the quantum uncertainty relations.

The wave functions have no indices and we can write eq. (63) in the simpler form

ρ(x) = (2π)^{−4} ∫ exp(ik · x)Ψ(p)Ψ(p^′) dν(p) d^4k. (97)

From eq. (65) we see that X̃^α = Y^α, where Y^α is given by eq. (66) and from the results of section III we obtain

(Δx^α)^2 = ⟨(x^α − c^α)^2⟩ = ∫ |[(Y^α − c^α)Ψ](p)|^2 dν(p), c^α = ⟨x^α⟩. (98)

First we consider Δx^0. Introducing the variables described in eq. (90), we have

Y^0 = −il ∂ ∂α , dν(p) = d^3ξ dα. (99) We use the following family of wave functions parametrized by the variable λ > 0

Ψ_λ(ξ, α) = C_λ exp(il^{−1}cα)f(ξ, λ(α − α̂)), (100)

where f is a smooth function with compact support vanishing for negative values of its second argument. We have, after the change of variable t = λα, 1 = ∫ |Ψ(p)|^2 dν(p) = |C_λ|^2λ^{−1} ∫ |f(ξ, t − λα̂)|^2 d^3ξdt, (101)

⟨(x^0 − c)^2⟩ = |C_λ|^2l^2λ ∫ |f^′(ξ, t − λα̂)|^2 d^3ξdt, (102) where f^′ is the derivative of f with respect to its second argument. It follows immediately that

lim_{λ→0}⟨(x^0 − c)^2⟩ = 0, (103)

namely that Δx^0 can take arbitrarily small values.

Then we consider Δx^1 and use the variables described in eq. (92). We have

Y^1 = il ∂ ∂β , dν(p) = dξ^0 dξ^2 dξ^3 dβ. (104)

If f(β) is a continuos piecewise differentiable function which vanishes for |β| ≥ β̂, one can prove, by means of the standard methods of variational calculus, the inequality ∫ |f^′(β)|^2 dβ ≥ π^2(2β̂)^{−2} ∫ |f(β)|^2 dβ. (105) The equality holds for

f(β) = C cos πβ 2β̂ . (106)

If we put

Ψ(p) = exp(−il^{−1}cβ)f(ξ^0, ξ^2, ξ^3, β), (107)

from this inequality we obtain

⟨(x^1 − c)^2⟩ = l^2 ∫ |f^′(ξ^0, ξ^2, ξ^3, β)|^2 dν(p) ≥ π^2l^2 ∫ |Ψ(p)|^2(2β̂)^{−2} dν(p). (108)

The quantity β̂ approaches its upper bound π/2 when w is very large and we obtain

⟨(x^1 − c)^2⟩ > l^2. (109)

One approaches this lower bound if the wave function has the form

Ψ(p) = exp(−il^{−1}cβ)f(ξ^0 , ξ^2, ξ^3) cos β (110)

and f is negligible unless w ≫ 1. Similar inequalities hold for the other space coordinates and we obtain

Δx^r > l, r = 1, 2, 3. (111)

Now we have to show that one cannot obtain smaller variances by using objects of a more general kind. We start from the formula

⟨(x^1 − c)^2⟩ = ∫ ∑ γjm |Z^{γ1}_{jmj}′_m′ (p)Ψ_{γj}′_m′ (p) +(Y^1 − c)Ψ_{γjm}(p)|^2 dν(p). (112)

We put

Ψ_{γjm}(p) = exp(−il^{−1}cβ)U^γ_{jmj}′_m′ (p)Ψ̃_{γj}′_m′ (p), (113)

where U^γ_{jmj}′_m′ (p) is a unitary matrix with the property ∂ ∂β U^γ_{jmj}′_m′ (p) = il^{−1}Z^{γ1}_{jmj}′′_m′′ (p)U^γ_j′′_m′′_j′_m′ (p). (114) We obtain

⟨(x^1 − c)^2⟩ = ∫ ∑ γjm |Y^1Ψ̃_{γjm}(p)|^2 dν(p) (115)

and we can use the inequality (105) as in the simple case to get the required result

⟨(x^1 − c)^2⟩ ≥ π^2l^2 ∫ ∑ γjm |Ψ̃_{γjm}(p)|^2(2β̂)^{−2} dν(p) > l^2.

(116) If we take into account the Lorentz symmetry of the formalism, we can write the result in the form Δ(k · x) > l|k · k|^{1/2}θ(−k · k), (117) where θ is the step function. Note that the right hand side is continuous when the four-vector k crosses the light cone. This formula describes completely the possible values of the variance of a single coordinate.

One may ask how an observable which has a discrete spectrum, for instance k · X with k spacelike, has a lower bound for the dispersion. This happens because the probability (ψ, τ_k({λ})ψ), where λ is a point of the spectrum, cannot approach the value 1. In fact, the vectors in the range of the projection operator τ̃ ({λ}) have an unphysical energy-momentum spectrum. In other words, we have ‖τ ({λ})‖ < 1 and the POVM τ corresponding to the observable k · X does not possess the “norm-1-property” discussed in ref. [62].

There are also inequalities that involve the dispersions of two or more coordinates, measured separately on systems in the same state, namely prepared in the same way. We give only two simple examples concerning headon collisions and we assume that c^α = ⟨x^α⟩ = 0. We consider first a wave function of the kind (110), which permits ⟨(x^1)^2⟩ to approach its lower bound l^2, and we compute the quantity

⟨(x^0)^2⟩ = ∫ |Y^0f(ξ^0, ξ^2, ξ^3) cos β|^2 dν(p)

= l^2 ∫ | |^{∂f}_{∂ξ}0 v(cos β)^2 + fv^{−1}ξ^0(sin β)^2 | | |^2 dξ^0 dξ^2 dξ^3 dβ

= l^22^{−3}π ∫ ( 3 | | |^{∂f}_{∂ξ}0 | | |^2 v^2 + |f|^2(3v^{−2}(ξ^0)^2 − 1) )

×dξ^0 dξ^2 dξ^3 > 2^{−1}l^2. (118)

We have performed a partial integration with respect to ξ^0 and the integration with respect to β. We see that ⟨(x^0)^2⟩ and ⟨(x^1)^2⟩ cannot both approach their lower bounds in the same state.

We also consider the wave function

Ψ(p) = f(ξ^0)ξ^5, (119)

where f is negligible unless ξ^0 ≫ 1. With some calculations, we obtain

⟨(x^r)^2⟩ ≈ l^2, r = 1, 2, 3, ⟨(x^0)^2⟩ ≈ 2l^2. (120)

We see that all three quantities ⟨(x^r)^2⟩ can approach their lower bounds in the same state, but in this case ⟨(x^0)^2⟩ cannot be too small.

VIII. JOINT MEASUREMENT OF THE COORDINATES.

In the preceding sections we always treat measurements of a single coordinate or of a linear combination of them k · X. When we consider the uncertainty relations involving two coordinates, it is understood that they refer to measurements performed on two different systems, prepared in the same way. However, for a complete physical interpretation, it is necessary to consider approximate joint measurements of different coordinates on the same system.

The same problem appears when we consider the joint measurement of the canonical coordinates p and q in the phase space. This problem was treated in ref. [41] by using essentially the Wigner function [40], which unfortunately was not called by name there. A related treatment, with a deeper discussion of the physical motivations, is given in ref. [42].

The approach of ref. [41] starts from a formulation of the correspondence principle in terms of observables with two possible outputs, called effects [63] or tests [64]. They can be considered as POVMs defined on a set composed of only two points, say {1, 0}, the corresponding positive operators being F and 1−F . In a classical (nonquantum) theory a test is described by a continuous function 0 ≤ f(p, q) ≤ 1 defined on the phase space, which gives the probability of obtaining the result 1 if the state is represented by the point (p, q) of the phase space. We are considering for simplicity a system with one degree of freedom.

The problem is to find the positive operator F which corresponds to the positive function f and a natural solution is provided by the Weyl rule [54]

F = (2π)^{−1} ∫ f̃(σ, τ ) exp(−iσP + iτ Q) dσ dτ, (121)

f̃ (σ, τ ) = (2π)^{−1} ∫ f(p, q) exp(iσp − iτ q) dp dq, (122) where P and Q are the quantum operators corresponding to the canonical coordinates p and q. The operator F obtained in this way is not necessarily positive and, in fact, the classical tests which determine a point of the phase space with too high a precision have no corresponding quantum test.

The quantum probability of obtaining the result 1 if the state is defined by the vector ψ is given by (ψ, F ψ) = ∫ f(p, q)ρ(p, q) dp dq, (123) where ρ(p, q) = (2π)^{−2} ∫ exp(iσp − iτ q) ×(ψ, exp(−iσP + iτ Q)ψ) dσ dτ (124) is the Wigner function.

The analogy with eq. (48) is evident: the representation S of G is replaced by the representation exp(−iσP + iτ Q) of the Weyl-Heisenberg group, which can also be considered as a projective (ray) representation of the translation group of the phase space [54]. The analogy can be carried further. A classical test which describes an approximate measurements of the four spacetime coordinates is represented by a continuous function 0 ≤ f(x) ≤ 1 defined in the classical Minkowski spacetime. The corresponding quantum test, if it exists, is described by a positive operator F defined by (ψ, F ψ) = ∫ f(x)ρ(x) d^4x, (125)

where the GWF ρ is given by eq. (48). It is positive only if the function f has suitable properties.

If we consider a test describing an approximate measurement of the single coordinate k · x, in the classical theory it is described by the positive function f(k · x) and in the quantum theory by the positive operator F = ∫ f(λ) dτ_k (λ), (126) in agreement with the statistical meaning of the POVM τ_k introduced in section IV. In this case, eq. (125) follows from the treatment of section IV and the operator F is automatically positive. The complete characterization of the functions f(x) which correspond to positive operators F is a difficult problem.

IX. CONCLUSIONS.

We have examined Snyder’s model of non-commutative space-time from a particular point of view, namely by considering the space-time coordinates as ordinary quantum observables describing measurements on the physical object which determines an event. The final aim is an approximate description of some of the effects of quantum gravity, when the average value of the gravitational field is negligible.

There are several alternative models and we do not claim to have chosen the best one. However, we think that some of the following ideas, developed in the preceding sections, can be applied to a large class of models.

• The model does not directly require any deformation of the Poincaré group and of its Lie algebra, although it is not excluded. The only deformed objects are the operators X^α which describe the space-time coordinates.

• As in the commutative theory, the spectral condition requires that the operators X^α cannot be self-adjoint and their statistical properties must be described by means of a POVM acting on the physical Hilbert space H. It is obtained, by means of an intertwining operator, from a spectral measure acting on an auxiliary Hilbert space H̃. In the class of models we are considering, it is the spectral measure of a generator of a representation S of a group G containing the Lorentz group.

• The usual covariance property of the coordinates with respect to space-time translations has to be modified. We propose to interpret this feature as a break-down of the absolute character of the concept of space-time coincidence, which is one of the foundations of classical general relativity.

• From the algebraic properties of the model and the properties of the energy-momentum spectrum, one can derive lower bounds to the variance of the coordinate observables. These inequalities are strongly model dependent.

• The model confirms that there is no contradiction between Lorentz symmetry and limitations to the accuracy of length measurements or a discrete spectrum of the coordinate observables [65].

• The model provides an example of a POVM that does not possess the “norm-1-property” discussed in ref. [62].

• Several different definitions of the coordinate observables may coexist in the same quantum theory, if we do not introduce any limitation to the positive bounded operators that can describe physical observables, in particular the tests τ_k(I). In a satisfactory formalism, the choice of the physically correct model of non-commutative space-time should follow from an accurate definition of the observables of the theory.

[1] W. Heisenberg, Ann. der Physik 32, 20 (1938). [2] C. A. Mead, Phys. Rev. 135, B849 (1964). [3] C. A. Mead, Phys. Rev. 143, 990 (1966). [4] B. Ferretti, Lett. Nuovo Cimento 40, 169 (1984). [5] M. T. Jaekel and S. Reynaud, Phys. Lett. A 185, 143 (1994).

[6] G. Amelino-Camelia, Mod. Phys. Lett. A 9, 3415 (1994). [7] L. J. Garay, Int. J. Mod. Phys. A 10, 145 (1995). [8] Ph. Gibbs, hep-th/9506171. [9] H. Snyder, Phys. Rev. 71, 38 (1947). [10] C. N. Yang, Phys. Rev. 72, 874 (1947). [11] Yu. A. Gol’fand, Sov. Phys. JETP 10, 356 (1960). [12] V. G. Kadishevskii, Sov. Phys. JETP 14, 1340 (1962). [13] Yu. A. Gol’fand, Sov. Phys. JETP 17, 842 (1963). [14] G. Cicogna, Nuovo Cimento A 42, 656 (1966). [15] S. Doplicher, K. Fredenhagen, and J. E. Roberts, Phys.

Lett. B 331, 39 (1994).

[16] S. Doplicher, K. Fredenhagen, and J. E. Roberts, Commun. Math. Phys. 172, 187 (1995).

[17] V. V. Khruschev and A. N. Leznov, Grav. Cosmol. 9, 159

(2003).

[18] S. Maji and H. Ruegg, Phys. Lett. B 334, 384 (1994). [19] J. Lukierski, H. Ruegg, and W. J. Zakrzewski, Ann. Phys.

243, 90 (1995).

[20] J. Kowalski-Glikman and S. Nowak, Int. J. Mod. Phys.

D 12, 299 (2003).

[21] J. Kowalski-Glikman, Phys. Lett. B 547, 291 (2002). [22] M.-T. Jaekel and S. Reynaud, Phys. Lett. A 220, 10 (1996).

[23] M. T. Jaekel and R. Reynaud, Found. Phys. 28, 439 (1998).

[24] M. Toller, Phys. Rev. A 59, 960 (1999). [25] M. Toller, Int. J. Theor. Phys. 38, 2015 (1999). [26] W. Pauli, Handbuch der Physik, edited by S. Flügge, vol.

V/1, (Springer Verlag, Berlin, 1958).

[27] A. S. Wightman, Rev. Mod. Phys. 34, 845 (1962). [28] E. B. Davies, Quantum Theory of Open Systems, (Academic Press, London, 1976).

[29] A. S. Holevo, Probabilistic and Statistical Aspect of Quantum Theory, (North Holland, Amsterdam, 1982).

[30] R. Werner, J. Math. Phys. 27, 793 (1986). [31] P. Busch, M. Grabowski, and P. J. Lahti, Operational Quantum Physics, (Springer Verlag, New York, 1995).

[32] P. Busch, M. Grabowski, and P. J. Lahti, Phys. Lett. A 191, 357 (1994).

[33] R. Giannitrapani, Int. Journ. Theor. Phys. 36, 1575 (1997).

[34] J. G. Muga, C. R. Leavens, and J. P. Palao, Phys. Rev.

A 58, 4336 (1998).

[35] A. Messiah, Méchanique quantique, (Dunod, Paris, 1969).

[36] Y. Aharonov and T. Kaufherr, Phys. Rev. D 30, 368 (1984).

[37] C. Rovelli, Class. Quantum Grav. 8, 317 (1991). [38] M. Toller, Nuovo Cimento B 112, 1013 (1997). [39] S. Mazzucchi, J. Math. Phys. 42, 2477 (2001). [40] E. P. Wigner, Phys. Rev. 40, 749 (1932). [41] S. Lanzinger and M. Toller, Lett. Nuovo Cimento 27, 519 (1980).

[42] P. Busch, Int. J. Theor. Phys. 24, 63 (1985). [43] E. P. Wigner, Ann. of Math. 40, 149 (1939). [44] G. Mackey, Bull. Amer. Math. Soc. 69, 628 (1963). [45] G. W. Mackey, The Theory of Unitary Group Representations, (Chicago University Press, 1976).

[46] G. W. Mackey, Induced Representations of Groups and Quantum Mechanics, (Benjamin, New York and Torino, 1968).

[47] R. F. Streater and A. S. Wightman, PCT, Spin and Statistics, and All That, (Benjamin, New York, 1964).

[48] M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

[49] R. Giannitrapani, J. Math. Phys. 39, 5180 (1998). [50] R. Haag, Local Quantum Physics. (Springer Verlag, Berlin, 1996).

[51] M. Scutaru, Lett. Math. Phys. 2, 101 (1977). [52] U. Cattaneo, Comment. Math. Helvetici 54, 629 (1979). [53] D. P. L. Castrigiano and R. W. Henrichs, Lett. Math.

Phys. 4, 169 (1980).

[54] H. Weyl, The Theory of Groups and Quantum Mechanics, (Dover, New York, 1960).

[55] I. M. Gelfand, M. I. Graev, and N. Ya. Vilenkin, Generalized Functions, Vol. 5. (Academic Press, New York, 1966).

[56] M. A. Naimark, Linear Representations of the Lorentz Group, (Pergamon Press, London 1964).

[57] W. Rühl, The Lorentz Group and Harmonic Analysis, (Benjamin, New York, 1970).

[58] E. P. Wigner, Group Theory and its Application to the Quantum Mechanics of Atomic Spectra, (Academic Press, New York, 1959).

[59] V. Bargmann, J. Math. Phys. 5, 862 (1964). [60] A. Einstein, Ann. der Phys. 49, 769 (1916). [61] G. Amelino-Camelia, Int. J. Mod. Phys. D 11, 1643 (2002).

[62] T. Heinonen, P. Lahti, J.-P. Pellonpää, S. Pulmannova, and K. Ylinen, J. Math. Phys. 44, 1998 (2003).

[63] G. Ludwig, Commun. Math. Phys. 9, 1 (1968). [64] R. Giles, Journ. Math. Phys. 11, 2139 (1970). [65] C. Rovelli and S. Speziale, Phys. Rev. D 67, 064019 (2003).