arXiv:hep-th/0305239 v3 26 Jul 2004

BA-03-06

SNUTP 03-011

Brane gravity, massless bulk scalar and self-tuning of the cosmological constant

(a)Jihn E. Kim^1,^{(b)}Bumseok Kyae^2, and^{(b)}Qaisar Shafi^3

(a)School of Physics, Seoul National University, Seoul 151-747, Korea

(b)Bartol Research Institute, University of Delaware, Newark, DE 19716, USA

Abstract

We show that a self-tuning mechanism of the cosmological constant could work in 5D non-compact space-time with a Z_2 symmetry in the presence of a massless scalar field. The standard model matter fields live only on the 4D brane. The change of vacuum energy on the brane (brane cosmological constant) by, for instance, electroweak and QCD phase transitions, just gives rise to dynamical shifts of the profiles of the background metric and the scalar field in the extra dimension, keeping 4D space-time flat without any fine-tuning. To avoid naked singularities in the bulk, the brane cosmological constant should be negative. We introduce an additional brane-localized 4D Einstein-Hilbert term so as to provide the observed 4D gravity with the non-compact extra dimension. With a general form of brane-localized gravity term allowed by the symmetries, the low energy Einstein gravity is successfully reproduced on the brane at long distances. We show this phenomenon explicitly for the case of vanishing bulk cosmological constant.

PACS numbers: 04.50.+h, 11.25.Mj, 98.80.Cq

1jekim@phyp.snu.ac.kr 2bkyae@bartol.udel.edu 3shafi@bartol.udel.edu

1 Introduction

The problem of the cosmological constant or the absolute scale of the potential energy has been considered as one of the most important and difficult problems in modern particle physics [1]. In recent years, however, there has been a hope to understand the vanishing cosmological constant in extra dimensional field theories [2, 3, 4]. In four dimensional (4D) space-time, the vacuum energy V_0 (= 3M^2_P R) determines the curvature of our space-time. The flat 4D space-time is possible only for V_0 = 0. Thus, in 4D one must fine-tune the vacuum energy to zero to obtain a flat spacetime. However, it is more involved in higher dimensional field theories.

In the Randall-Sundrum-II (RS-II) type five dimensional (5D) theories with a 3-brane embedded in a non-compact 5D space, the 5D gravity sector contains a 5D cosmological constant Λ_b and a brane vacuum energy Λ_1 [5]. For a flat 4D subspace, a fine-tuning relation between Λ_b and Λ_1 is inevitable in the simple RS-II model [5]. However, by introducing a massless scalar field in the bulk, it was shown that a selftuning solution of the cosmological constant is possible in the RS-II type setup [4]. To guarantee a massless scalar field in 5D, the four-form field strength H_{M N P Q} has been very useful [4, 6].

In the initial attempts of RS-II type models, one restricted to a finite value for the integration of the warp factor through the extra dimension, so that a finite effective 4D Planck mass is obtained even in non-compact space. Since in the model with the conventional scalar kinetic term in the RS-II setup, the integral of the warp factor turned out to be divergent (or unwanted naked singularities at some points in the bulk arise) [7, 8, 9], an exotic kinetic term +1/(H_{M N P Q})^2 was employed [4]. However, as shown in Refs. [10, 11, 12], if one restricts matter fields only on the brane, the 4D Newtonian potential could be obtained on the brane even with an infinite volume extra dimension by introducing an additional brane-localized gravity kinetic term.

The above observation of Ref. [10, 12] that the introduction of a brane-localized gravity term δ(y)M^2_4 √ |ĝ_4|R̂_4 can give a −^1_r potential (for a certain range of a parameter) triggered our reconsideration on the model with the conventional kinetic energy term of the three-form anti-symmetric tensor field A_{M N P} under the RS-II setup. While Ref. [11] tried to explain the vacuum energy (0.003 eV)^4 with a very small bulk gravity mass parameter, in this paper we try to search for the possibility that the self-tuning idea works in the model with the standard kinetic term −(H_{M N P Q})^2 and the brane gravity term δ(y)M^2_4 √ |ĝ_4|R̂_4. Especially, we are interested in a relatively large bulk gravity mass parameter case. In order to reproduce the low energy Einstein gravity in our setup, we consider a more general form of brane gravity term. The explicit verification of the self-tuning solution in this paper is composed of several ingredients. They will be summarized in the conclusion.

2 Self-tuning of the cosmological constant

We consider the following action in 5D space-time (x^μ, y), S = ∫ d^4xdy [√ |g_5| (M^3_5 2 R_5 − 1 2 ∂_M ϕ∂^M ϕ + L^b_m − Λ_b )

+ δ(y) √ |ḡ_4| (M^2_4 2 R̄_4 + L^1_m − Λ_1 )] , (1)

where g_5 ≡ Detg_{M N} , M, N = 0, 1, 2, 3, 5, and ḡ_4 = Detḡ_{μν} , μ, ν = 0, 1, 2, 3. Λ_b (Λ_1) indicates the bulk (brane) cosmological constant. R̄_4 is the 4D Ricci scalar ḡ^{μν}R̄^ρ_{μρν} (4D Einstein-Hilbert term). ϕ is a 5D massless scalar field. To protect the massless scalar from radiative large mass generation, it is desirable to regard ϕ as the dual field of a 5D 3 form tensor field A_{M N P} . The ordinary standard model (SM) matter fields are regarded as brane fields living only in the brane, and L^1_m (L^b_m) denotes the Lagrangian describing SM (bulk) matter dynamics. We introduce a Z_2 symmetry in the extra space, and assign even (odd) parities to g_{μν} , g_{55} (g_{μ5}, ϕ) under y ↔ −y. The presence of brane terms proportional to δ(y) in Eq. (1) explicitly breaks the 5D general covariance into the 4D one. The introduction of such a 4D Einstein-Hilbert term does not spoil any given symmetry [10, 11, 12, 13]. We suppose that M_4 is comparable to M_5.

In general, the brane-localized Einstein-Hilbert term δ(y)M^2_4 √ |ḡ_4|R̄_4 can be constructed with a metric tensor relatively different from the bulk metric by a scale factor [12], ḡ_{μν} (x, y) = g_{μν} (x, y) × Ω^{−2}(x, y) , (2) because it preserves the 4D general covariance on the brane. Ω(x, z) can not be removed from the action by redefining the metric. Actually, the brane metric ḡ_{μν} could be further generalized to ḡ_{μν} −→ ĝ_{μν} ≡ ḡ_{μν} + α M^2_4

∂^2_yḡ_{μν} , (3)

replacing δ(y)M^2_4 √ |ḡ_4|R̄_4[ḡ_{μν} ] in Eq. (1) by a more extended form, δ(y)M^2_4 √ |ĝ_4|R̂_4[ĝ_{μν} ].

Here α is a dimensionless coupling. A 4D general coordinate transformation still can be defined as ĝ^′_{μν} =^{∂xρ}_{∂x}′_μ^{∂xσ}_{∂x}′_ν ĝ_{ρσ} with ∂^2_y (^{∂xρ}_{∂x}′_μ )|_{y=0} = 0, and the Z_2 symmetry is preserved. Such corrections need to be considered in order to more precisely reproduce the 4D low energy Einstein gravity on the brane. At linearized level, as will be shown in section 3, Ω(x, y) in Eq. (2) plays an essential role to obtain the desirable graviton tensor structure, and the α correction is also necessary for the Newtonian potential at low energies [12]. But they do not affect the background 5D Einstein equation.

We take the ansatze for the metric tensor and scalar fields as ds^2 = β^2(y) η_{μν} dx^μdx^ν + dy^2 , Ω(y) = β(y) , (4) ∂_y ϕ = √ 2A β^4

, ∂_μϕ = 0 , (5) where η_{μν} = diag.(−1, 1, 1, 1), and A is a constant. Thus, ḡ_{μν} and ĝ_{μν} in Eqs. (2) and (3) are just η_{μν} . Eq. (5) trivially satisfies the scalar field equation with Eq. (4), ∂_M (√ −g_5 ∂^M ϕ ) = 0 . (6) With the metric ansatz (4), the 5D Einstein equation leads to [7] 3 (β̈ β ) + 3 (β̇ β )_2 = − Λ_b M^3_5 − δ(y) Λ_1 M^3_5 − A M^3_5 1 β^8

, (7) 6 (β̇ β )_2 = − Λ_b M^3_5 + A M^3_5 1 β^8

, (8) where the dots denote differentiations with respect to y, and λ_b ≡ |Λ_b| 6M^3_5

, λ_1 ≡

Λ_1 6M^3_5 , and a ≡ √ A 6M^3_5

. (9)

Note that the brane-localized Einstein-Hilbert term does not contribute to the 5D Einstein equation Eq. (7) with the metric ansatz Eq. (4).

Depending on the sign of Λ_b, we have three classes of bulk solutions [7]

Λ_b > 0 : β(y) = ( a λ_b )_{1/4}[ sin(4λ_b|y| + c_+) ]_{1/4} (10)

Λ_b < 0 : β(y) = ( a λ_b )_{1/4}[ sinh(4λ_b|y| + c_−) ]_{1/4} (11)

Λ_b = 0 : β(y) = [ 4a|y| + c ]_{1/4} (12)

where the integration constants c_+, c_−. and c should be determined by the boundary conditions: [β^′/β]_0+ = −λ_1. To avoid naked singularities at some points in the bulk, we should take only the solutions for Λ_b < 0 and Λ_b = 0 with positive values of c and c_−,

c_− = −coth^{−1} ( λ_1 λ_b ) > 0 for Λ_b < 0 , (13) c = − ( a λ_1 ) > 0 for Λ_b = 0 , (14)

Hence, the brane vacuum energy is required to be negative for Λ_b = 0 and Λ_b < 0. In the boundary conditions Eqs. (13) and (14), we note that λ_1 is never fixed by any Lagrangian parameter. Any arbitrary negative value of λ_1 allows a 4D flat spacetime solution, by adjusting c_− in Eq. (13), and c and a in Eq. (14) such that the boundary conditions at the brane are fulfilled. Even if the electroweak and QCD phase transitions change the brane vacuum energy λ_1 → λ^′_1, the flat 4D space-time could be maintained by proper shifts c_{(−)} → c^′_{(−)} and a → a^′. It means that the profiles of the metric tensor and the scalar fields in the extra dimension are changed. Since they are dynamical fields, it is always possible. We note that our self-tuning mechanism is not associated with any parameter sensitive to low energy physics [14].

As will be turn out, the 4D Newtonian constant is given by M_4 rather than M_5 in our model.

According to Refs. [15], the flat universe is quantum mechanically most (infinitely) probable in 4D space-time, even though a 4D dS or AdS universe is also classically allowed [In fact, the 4D dS and AdS solutions exist in our model]. Hence, the flat universe can always be dynamically chosen through the self-tuning mechanism [7, 16].

From Eq. (5), and with the solutions Eqs. (11) and (12), one can easily find the background solution of ϕ_0(y),

Λ_b < 0 : ϕ_0(y) = √ 12M^3_5 4 ln [ tanh (_{4λ} b|y|+c_− 2 ) tanh^{c−}_2 ] × sgn(y) (15)

Λ_b = 0 : ϕ_0(y) = √ 12M^3_5 4 ln [ 4a c |y| + 1 ] × sgn(y) , (16)

where sgn(y) is defined as +1 (−1) for y > 0 (y < 0). Note that ϕ has the odd parity under y ↔ −y. Since it is a continuous function at y = 0, ∂_yϕ_0 does not induce the delta function at y = 0, which is consistent with Eq. (5).

With the 5D gravity action, the gravity potential −^1_{r2} is naively expected in noncompact 5D space-time. In Refs. [7, 8, 17, 3], two branes are employed to make the extra dimension compact. However, the introduction of two branes turns out to accompany a fine-tuning relation between two brane cosmological constants if the interval length between two branes must be somehow stabilized [14]. In this paper, instead of employing two branes, we introduce just one brane to avoid the fine-tuning, and an additional brane-localized Einstein-Hilbert term to get a realistic −^1_r gravity potential. Although there is no normalizable zero mode of the 5D graviton in general in this setup [9], the introduction of a brane-localized Einstein-Hilbert term provides a desirable 4D gravity interaction on the brane embedded in noncompact extra dimension [10, 12, 18]. To see it explicitly, we need to consider metric perturbations near the background solutions Eqs. (12) and (11), and examine how the graviton propagator is given in this setup.

3 Metric perturbation

The relevant perturbed metric near the above background solutions is

ds^2 = [ β^2 + δβ^2(x, y) ]( η_{μν} + δg_{μν} (x, y) ) dx^μdx^ν + ( 1 + δg_{55}(x, y) ) dy^2 (17) ≡ [ 1 K^2(z) ( 1 + F (x, z) )][( η_{μν} + h_{μν} (x, z) ) dx^μdx^ν + ( 1 + h_{55}(x, z) ) dz^2 ] , where |z| = ∫_z 0 dy/β(y), K(z) = 1/β(y(z)). For convenience of the analysis, we change the (x, y) coordinate into (x, z). F (<< 1) denotes perturbation of the warp factor, while h_{μν} is interpreted as the 4D graviton. Small energy-momentum tensors by brane and bulk matter cause such small metric perturbations. Since the brane metric ḡ_{μν} can be relatively different from the bulk metric g_{μν} by Ω^2 (≈ [1+ω(x, z)]/K^2), we can always redefine h_{μν} [or η^{μν} h_{μν} (≡ h)] and F such that on the brane ḡ_{μν} ≈ η_{μν} + h̄_{μν} , while in the bulk g_{μν} ≈ (η_{μν} + F̄ η_{μν} + h̄_{μν} )/K^2 with h̄_{μν} = h_{μν} + (F − ω)η_{μν} (or h̄ = h + 4(F − ω)) and F̄ = ω [12]. From now on we will drop the “bar”s. We define G such that g_{55} ≈ (1 + G)/K^2 (i.e. G = F + h_{55}). We will consider the α correction of Eq. (3) later, because it just affects the boundary condition at z = 0.

For a perturbed metric g_{M N} ≈ (η_{M N} + H_{M N} )/K^2(z), the linearized 5D Einstein tensor is generally given by [8] δG^b_{M N} = − 1 2 ∇^2_5H_{M N} + ∂_{(M} ∂^P H_{N )P} − 1 2 η_{M N} ∂^P ∂^QH_{P Q} − 3K^′ 2K [ ∂_M H_{N 5} + ∂_N H_{M 5} − ∂_z H_{M N} ] (18) +3η_{M N} [ (K^{′′} K − 2 K^{′2} K^2 ) H_{55} + K^′ K ∂^P H_{P 5} ] − 3 [ K^{′′} K − 2 K^{′2} K^2 ] H_{M N} , where (M, N) is a half of the symmetric combination, ∇^2_5 indicates η^{μν} ∂_μ∂_ν + ∂^2_z and ′ denotes the derivative with respect to z. H_{M N} is defined as H_{M N} −^1_2 η_{M N} (η^{μν} H_{μν} + H_{55}). In our case, H_{μν} and H_{55} are given by

H_{μν} = F η_{μν} + h_{μν} , and H_{55} = G . (19)

On the other hand, the contribution by the localized gravity term in Eq. (1) to the linearized Einstein tensor is δG^1_{μν} = − M^2_4 M^3_5 δ(z)K [ 1 2 ∇^2_4h̄_{μν} − ∂_{(μ}∂^λh̄_{ν)λ} + 1 2 η_{μν} ∂^λ∂^δh̄_{λδ} ] , (20)

where ∇^2_4 ≡ η^{μν} ∂_μ∂_ν , and h̄_{μν} ≡ h_{μν} −^1_2 η_{μν} h. The (linearized) energy-momentum tensor turns out to be [8] δT_{μν} = −3 [ K^{′′} K − 2 K^{′2} K^2 ] H_{μν} + η_{μν} 2M^3_5 [ (ϕ^′_0)^2 +

Λ_1 K δ(z) ] G (21) − η_{μν} M^3_5 ϕ^′_0φ^′ + 1 M^3_5

T^b_{μν} + 1 M^3_5 δ(z)KT^1_{μν} , δT_{μ5} = −3 [ K^{′′} K − 2 K^{′2} K^2 ] h_{μ5} + 1 M^3_5 ϕ^′_0∂_μφ + 1 M^3_5

T^b_{μ5} , (22)

δT_{55} = [ 6 K^{′2} K^2 − 1 2 (ϕ^′_0)^2 ] G + 1 M^3_5 ϕ^′_0φ^′ + 1 M^3_5

T^b_{55} , (23)

where we utilized δ(z)h_{μ5} = 0 and the background Einstein equations Eqs. (7) and (8), which are translated in the (x^μ, z) coordinate into^4

K^2 [ K^{′′} K − 2 K^{′ 2} K^2 ] = 1 3M^3_5 [ Λ_b + δ(z)KΛ_1 + AK^8 ] , (24)

K^2 ( K^′ K )_2 = − 1 6M^3_5 [ Λ_b − AK^8 ] . (25)

In Eqs. (21)–(23), φ(x, z) denotes the linearly perturbed bulk scalar near the background solution ϕ_0(z) given in Eq. (15) or (16). Thus, the odd parity should be assigned to it. T^b_{M N} and T^1_{μν} in Eqs. (21)–(23) denote the energy-momentum tensors by bulk and brane matter. For simplicity we will neglect T^b_{M N} in this paper. The standard model matter fields are assumed to contribute to T^1_{μν} . Note that the resultant linearized Einstein equation δG^b_{M N} + δG^1_{μν} δ^μ_M δ^ν_N = δT_{M N} is invariant under the 4D gauge transformation, h^′_{μν} = h_{μν} + ∂_μξ_ν + ∂_ν ξ_μ and h^′_{μ5} = h_{μ5} + ∂_zξ_μ. Thus, we can freely choose a proper gauge condition for h_{μν} . With the gauge ∂^μh̄_{μν} = 0, which fixes the gauge parameter ξ_μ(x, z), the linearized Einstein equation reads

4In Eq. (22) we have corrected an error found in the corresponding expression of Ref. [8].

(μν) : − ( ∂_μ∂_ν − η_{μν} ∇^2_4 )[ F + 1 2 G ] + 3 2 η_{μν} ∂^2_z F + 3η_{μν} [(K^{′′} K − 2 K^{′2} K^2 ) G − 3K^′ 2K ∂_z F + K^′ 2K ∂_z G ]

− 1 2 ( ∇^2_5 − 3 K^′ K ∂_z )[ h_{μν} − 1 2 η_{μν} h ] + 1 4 η_{μν} [ ∂^2_z h − 3 K^′ K ∂_z h ] (26) + ( ∂_z − 3 K^′ K )[ ∂_{(μ}h_{ν)5} − η_{μν} ∂^λh_{λ5} ] − M^2_4 2M^3_5 δ(z)K∇^2_4 [ h_{μν} − 1 2 η_{μν} h ]

= η_{μν} 2M^3_5 [ (ϕ^′_0)^2 +

Λ_1 K δ(z) ] G − η_{μν} M^3_5 ϕ^′_0φ^′ + 1 M^3_5 δ(z)KT^1_{μν} , (μ5) : − 3 2 ∂_μ∂_z [ F + 1 6 h ] − 3K^′ 2K ∂_μG − 1 2 [ ∇^2_4h_{μ5} − ∂_μ∂^λh_{λ5} ] = 1 M^3_5 ϕ^′_0∂_μφ , (27)

(55) : 3 2 ∇^2_4 [ F + 1 6 h ] − 6 K^′ K ∂_z [ F + 1 4 h ] + 3 K^′ K ∂^λh_{λ5} = −

Λ_b M^3_5 G K^2 + 1 M^3_5 ϕ^′_0φ^′ , (28)

where the singular terms proportional to δ(z)K(z) (= δ(y)) in the left hand side of Eq. (26) came from Eq. (20).

In principle, the case with Λ_b < 0 as well as with Λ_b = 0 is workable. But from now on, we will focus our discussion only on the Λ_b = 0 case, because this case gives an exact solution. We found that the solutions of φ, G, F are φ(x, z) = √ M^3_5 48 [ h(x, z) − h^0(x) ] × sgn(z) , (29) G(x, z) = 1 3 [ h(x, z) − h^0(x) ] , (30) F (x, z) = − 1 6 h(x, z) , (31) where h^0(x) ≡ h(x, z = 0). The bulk solution of h_{μ5} is given by h_{μ5}(x, z) = ∂_μΨ(x)K^3(z), where Ψ(x) fulfills ∇^2_4Ψ(x) = 0. Hence, ∂^μh_{μ5} = ∇^2_4h_{μ5} = 0. Even if there exists the bulk solution, however, it can not satisfy the boundary condition, h_{μ5}|_{z=0} = 0 unless Ψ(x) = 0. One can check that Eqs. (29), (30), (31) fulfill Eqs. (26)–(28) using the relations

ϕ^′_0 = √ 2A K^3 , (32) K^′ K sgn(z) = − √ A 6M^3_5

K^3 , (33) which came from Eqs. (5) and (25), respectively. Note that φ in Eq. (29) is continuous at z = 0, and so ∂_z φ ∝ sgn(z)∂_zh.

By Eqs. (29), (30), (31), and Eqs. (24), (32), (33), the (μν) component Eq. (26) becomes much simpler, − 1 2 ( ∇^2_5 − 3 K^′ K ∂_z )[ h_{μν} − 1 2 η_{μν} h ] − M^2_4 2M^3_5 δ(z)K∇^2_4 [ h_{μν} − 1 2 η_{μν} h ]

= − 1 6 ( ∂_μ∂_ν − η_{μν} ∇^2_4 ) h^0 + 1 M^3_5 δ(z)KT^1_{μν} , (34)

where δ(z)G(x, z) = 0 was used. Eq.(34) identically satisfies the energy-momentum conservation law ∂^μT^1_{μν} = 0.^5 The trace of Eq. (34) gives ( ∇^2_5 − 3 K^′ K ∂_z )[ h(x, z) − h^0(x) ] + M^2_4 M^3_5 δ(z)K∇^2_4h^0(x) = 2 M^3_5 δ(z)KT^1(x) , (35)

where T^1 ≡ η^{μν} T^1_{μν} . In Eq. (35) we note that in the bulk, h(x, z) − h^0(x) (≡ H(x, z)) rather than h(x, z) seems a dynamical field. At z = 0, the equation of motion for the trace mode is ∇^2_4h^0(x) =^2_{M 24} T^1(x), whereas at z ≠ 0, dynamics of H(x, z) is described with [∇^2_5 −3^{K′}_K ∂_z ]H(x, z) = 0.^6 Using Eq. (35) and sgn(z)δ(z) (=^1_4 ∂_z[(sgn(z))^2]) = 0 together with Eqs. (29), (30) and (31), one can easily check that the linearized scalar equation for φ [8], ( ∇^2_5 − 3 K^′ K ∂_z ) φ + ϕ^′_0 2 ( 4F^′ + h^′ − G^′ ) = 0 (36)

is satisfied.^7 After some algebra, Eq. (34) takes the following form, ( ∇^2_5 − 3 K^′ K ∂_z ) h_{μν} + M^2_4 M^3_5 δ(z)K∇^2_4h_{μν} (37) = − 2 M^3_5 ( S_{μν} − 1 2 η_{μν} S ) − 2 M^3_5 δ(z)K ( T^1_{μν} − 1 2 η_{μν} T^1 ) , 5Only with Eqs. (26), (27), and (32), one can show that ∂^μT^1_{μν} = 0 is generally satisfied. 6Similarly the traceless part of Eq. (34) can be recast into ( ∇^2_5 − 3 K^′ K ∂_z )[ h^T_{μν}(x, z) − ( ∂_μ∂_ν − 1 4 η_{μν}∇^2_4 ) f(x) ] + M^2_4 M^3_5 δ(z)∇^2_4h^0_{μν}(x, z) = − 2 M^3_5 δ(z)KT^{1T}_{μν} (x) , where the superscript T denotes the traceless part of the corresponding tensor field, and ∇^2_4f ≡^1_3 h^0.

7The consistency between the trace of Eqs. (26) and (36) compelled us to choose the “gauge” ∂^μh_{μ5} = 0, which is reminiscent of the gauge choice in massive U (1) gauge theory. It is because the background solution of g_{MN} breaks the 5D Lorentz symmetry into the 4D one.

where S_{μν} ≡ −^{M 35}_6 (∂_μ∂_ν − η_{μν} ∇^2_4)h^0, and S ≡ η^{μν} S_{μν} .

Now let us solve Eq. (37). For Λ_b = 0, z and K(z) are calculated to give |z| = ∫_y 0 dy (4a|y| + c)^{1/4} = 1 3a [ (4a|y| + c)^{3/4} − c^{3/4} ] , (38) K(z) = 1 β(y(z)) = (3a|z| + c^{3/4})^{−1/3} . (39)

Eq. (39) is consistent with Eq. (33). Note that the brane position y = 0 corresponds to z = 0. In 4D momentum space (p, z), Eq. (37) becomes [ k^2 + ∂^2_z +

3asgn(z) (3a|z| + c^{3/4}) ∂_z +

M^2_4 M^3_5 δ(z)c^{−1/4}k^2 ] h̃_{μν} (k, z) (40) = − 2 M^3_5 ( S̃_{μν} (k) − 1 2 η_{μν}S̃(k) ) − 2c^{−1/4} M^3_5 δ(z) ( T̃^1_{μν} (k) − 1 2 η_{μν}T̃^1_{μν} (k) ) , where k ≡ √ −p^μp_μ (≥ 0), and the fields with tildes indicate the 4D Fourier-transformed fields. The solution of Eq. (40) is given by Bessel functions of order zero. The traceless and trace parts of the bulk solution are given by h̃^T_{μν} (k, z) = −2 S̃^T_{μν} (k) M^3_5 k^2

+ p_{μν} (k) ( J_0[k(|z| + c^{3/4}/3a)] + u(k)Y_0[k(|z| + c^{3/4}/3a)] ) , (41) H̃(k, z) ≡ h̃(k, z) − h̃^0(k) = q(k) ( J_0[k(|z| + c^{3/4}/3a)] + v(k)Y_0[k(|z| + c^{3/4}/3a)] ) . (42)

In Eq. (41) h̃^T_{μν} , S̃^T_{μν} denote the traceless parts of h̃_{μν} , S̃_{μν} , i.e. h̃^T_{μν} ≡ h̃_{μν} −^1_4 η_{μν}h̃ and S̃T_{μν} ≡ S̃_{μν} −^1_4 η_{μν}S̃. Similarly we define T̃ 1T_{μν} ≡ T̃ 1_{μν} −^1_4 η_{μν}T̃ . p_{μν} (k), q(k) and u(k), v(k) should be determined by boundary conditions.

Eq. (20) could be supplemented by the higher derivative correctional terms, δG^1_{μν} ⊃ − α M^3_5 δ(z)K∂^2_z [ 1 2 ∇^2_4h̄_{μν} − ∂_{(μ}∂^λh̄_{ν)λ} + 1 2 η_{μν} ∂^λ∂^δh̄_{λδ} ] , (43)

which was seriously considered in Ref. [12]. Here α is a dimensionless coupling. Note that Eq. (43) is consistent with all the symmetries considered so far. Invariance of Eq. (43) under h^′_{μν} = h_{μν} +∂_μξ_ν +∂_ν ξ_μ enables us to impose the gauge condition chosen above. Thus, it reduces to^{−α}_{2M 35} δ(z)K∇^2_4∂^2_z [h_{μν} −^1_2 η_{μν} h], and so M^2_4 in Eqs. (26), (34), (35), (37), and (40) should be replaced by M^2_4 (1 +^α_{M 24} ∂^2_z ).

Eq. (43) can be effectively obtained from Eq. (20) by redefining h_{μν} → ĥ_{μν} ≡ h_{μν} +^α_{M 24} ∂^2_z h_{μν} only on the brane. Hence, Eq. (43) could appear in the linearized equation derived from the Lagrangian with a more extended brane-localized term δ(z)KM^2_4 √ |ĝ_4|R̂_4[ĝ_{μν} ], which is constructed with a “brane metric”, ĝ_{μν} ≡ ḡ_{μν} + α M^2_4 ∂ 2 z ḡ_{μν} [12]. In that case, the brane-localized energy-momentum tensor should be coupled to ĝ_{μν} , which leads to a gravity interaction term in the linearized Lagrangian, δ(z)^1_2ĥ^{μν} T^1_{μν} . Thus, the brane-localized gravity kinetic and interaction terms in the linearized Lagrangian is given by

L^1_{lin} = −δ(z)K

[M^2_4 4 ( 1 2 (∂_μĥ_{νρ})^2 − 1 2 (∂_μĥ)^2 − (∂^νĥ_{μν} )^2 + ∂_μĥ∂_νĥ^{μν} ) − 1 2 ĥ^{μν} T^1_{μν} ] .(44)

However, the bulk gravity kinetic term is still constructed with g_{M N} as discussed earlier.

Indeed, due to the presence of the α terms, the variation of the linearized Lagrangian with respect to h_{μν} turns out to give a constraint equation [12],

δG^1_{μν} = 1 M^3_5 δ(z)KT^1_{μν} , (45)

as well as the usual linearized Einstein equation, δG^b_{μν} +δG^1_{μν} =^1_{M 35} T^b_{μν} +^1_{M 35} δ(z)KT^1_{μν}. It implies δG^b_{μν} =^1_{M 35} T^b_{μν} (= 0). On the other hand, the variation with respect to F turns out to give δG^{b M}_M =^1_{M 35} T^{b M}_M (= 0), which is consistent with δG^b_{μν} =^1_{M 35} T^b_{μν} (= 0). It is because F contributes only to the bulk.

Eq. (43) provides a new non-trivial boundary condition at z = 0 with leaving intact the forms of the bulk solutions Eqs. (41) and (42); only smooth graviton wave functions near the brane are allowed,

∂_zh̃_{μν} |_{z=0}+ = ∂_zh̃_{μν} |_{z=0}− = 0 . (46)

Otherwise a highly singular term proportional to δ^2(z) arises from −^α_{2M 35} δ(z)k^2∂^2_z h̃_{μν} , which can not be matched to the right hand side of Eq. (40). As will be shown, the boundary condition Eq. (46) makes the effect by √ |g_5|M^3_5 R_5 suppressed on the brane without assuming small M_5 [12]. The −^1_r gravity potential on the brane is ensured by δ(z)KM^2_4 √ |ĝ_4|R̂_4. By Eq. (46), u(k) and v(k) in Eqs. (41) and (42) are determined to be u(k) = v(k) = − J_1[kc^{3/4}/3a] Y_1[kc^{3/4}/3a]

. (47)

Since ∂^2_z h̃^T_{μν} , ∂^2_z h̃ do not induce any singular term proportional to δ(z) with Eq. (47), we can fulfill δG^b_{μν} = 0 (and so Eq. (45)). The boundary condition at z = 0 can be satisfied simply by setting equal the coefficients of the delta functions appearing in Eqs. (40) and (43).

In fact, there does not exist the solution of H̃(k, z) (≡ h̃(k, z) − h̃^0(k)) at z ≠ 0, because only the vanishing q(k) is consistent with the boundary conditions. However, h^0(x) still can propagate in the longitudinal direction of the brane. At z = 0, as discussed in Eq. (35),

h̃^0(k) = 2

T̃ 1(k) M^2_4 k^2

. (48)

On the other hand, from Eqs. (40) and (43), the solution of h̃^T_{μν} at z = 0 is given by

h̃^T_{μν} (k, z = 0) = − 2 M^2_4 k^2 [ T̃^{1T}_{μν} (k) + O ( αk^2T̃^{1T}_{μν} M^2_4 , αk^2S̃^T_{μν} M^3_5 )] . (49)

The unspecified part of order α denotes the correctional terms by Eq. (43), which are negligible at low energies. With Eqs. (48) and (49), we can find the full expression of h̃_{μν} ,

h̃_{μν} (k, z = 0) = h̃^T_{μν} (k, z = 0) + 1 4 η_{μν}h̃^0(k) = − 2 M^2_4 k^2 [ T̃^1_{μν} (k) − 1 2 η_{μν}T̃^1(k) ] + O ( αT̃^{1T}_{μν} M^4_4 , αS̃^T_{μν} M^3_5 M^2_4 ) . (50)

Hence, at low energies, h̃_{μν} reproduces the graviton tensor structure that the 4D Einstein gravity theory predicts. Note that Eq. (50) is valid only when α ≠ 0 even if the effect of the α term is negligible at low energies. If α = 0, Eq. (47) is no longer valid and different classes of h̃_{μν} (k, z)|_{z=0}’s solutions inconsistent with observed low energy gravity phenomena would also be allowed. With T^1_{00}(x) = ρ(x) >> T^1_{ii}(x) (i = 1, 2, 3), the non-relativistic gravity potential on the brane is given by [10]

V (r) = ∫ dt ∫ d^4k (2π)^4 e^{−ikx} 1 2 h̃_{00}(k, z = 0) ≈ −G_N ∫ d^3⃗r^′ ρ(⃗r^′) |⃗r − ⃗r^′| (51)

where r ≡ √ (⃗x · ⃗x) and G_N ≡ 1/(8πM^2_4 ). Therefore, the Newtonian −^1_r potential is guaranteed at long distances.

4 Conclusion

In conclusion, only with the conventional 5D gravity and scalar kinetic terms, we have shown that 4D flat solution is always possible independent of the magnitude of 4D brane cosmological constant in 5D non-compact space-time with a Z_2 symmetry. Since the ordinary SM fields are regarded as being localized at the brane, 4D vacuum energy by them and its variation do not destroy the 4D flatness. To obtain the observed 4D gravity with non-compact extra space, we introduce an additional branelocalized gravity kinetic term, which successfully gives rise to −^1_r gravity potential on the brane. There are three ingredients for our solution: (i) The massless scalar is necessary toward a self-tuning solution, (ii) the extra space should be non-compact with a warp factor(the RS-II type model) so that any fine-tuning condition is not needed, and (iii) a general form of brane-localized gravity kinetic term is necessary to realize the low energy Einstein gravity on the brane. While the self-tuning mechanism guarantees the background metric of β^2η_{μν} , the −^1_r potential is explained by the metric fluctuation h_{μν} .

Acknowledgments This work is supported in part by the BK21 program of Ministry of Education(JEK), the KOSEF Sundo Grant(JEK), Korea Research Foundation Grant No. KRF-PBRG- 2002-070-C00022(JEK), and by DOE under contract number DE-FG02-91ER40626(BK,QS).

References

[1] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[2] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, Phys. Lett. B 480, 193 (2000) [arXiv:hep-th/0001197]; S. Kachru, M. B. Schulz and E. Silverstein, Phys. Rev. D 62, 045021 (2000) [arXiv:hep-th/0001206]; P. Binetruy, C. Charmousis, S. C. Davis and J. F. Dufaux, Phys. Lett. B 544, 183 (2002) [arXiv:hep-th/0206089].

[3] S. Forste, Z. Lalak, S. Lavignac and H. P. Nilles, Phys. Lett. B 481, 360 (2000) [arXiv:hep-th/0002164]; JHEP 0009, 034 (2000) [arXiv:hep-th/0006139].

[4] J. E. Kim, B. Kyae and H. M. Lee, Phys. Rev. Lett. 86, 4223 (2001) [arXiv:hep-th/0011118]; K. S. Choi, J. E. Kim and H. M. Lee, J. Korean Phys. Soc. 40, 207 (2002) [arXiv:hep-th/0201055].

[5] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[6] The 4-form field strength was used earlier by A. Aurilia, H. Nicolai and P. K. Townsend, Nucl. Phys. B 176, 509 (1980); E. Witten, Fermion quantum numbers in Kaluza-Klein theory, Proc. Shelter Island II Conference (Shelter Island, 1983), ed. R. Jackiw, N. N. Khuri, S. Weinberg, and E. Witten (MIT Press, 1985), p.369; S. W. Hawking, Phys. Lett. B 134, 403 (1984). More general functions of (H_{M N P Q})^2 with the self-tuning property without the brane gravity have been considered in J. E. Kim and H. M. Lee, JHEP 0209, 052 (2002) [arXiv:hep-th/0207260].

[7] J. E. Kim, B. Kyae and H. M. Lee, Nucl. Phys. B 613, 306 (2001) [arXiv:hep-th/0101027].

[8] J. E. Kim, B. Kyae and H. M. Lee, Phys. Rev. D 66, 106004 (2002) [arXiv:hep-th/0110103].

[9] C. Csaki, J. Erlich, C. Grojean and T. J. Hollowood, Nucl. Phys. B 584, 359 (2000) [arXiv:hep-th/0004133].

[10] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000) [arXiv:hep-th/0005016]; G. R. Dvali and G. Gabadadze, Phys. Rev. D 63, 065007 (2001) [arXiv:hep-th/0008054]; C. Deffayet, G. R. Dvali, G. Gabadadze and A. Lue, Phys. Rev. D 64, 104002 (2001) [arXiv:hep-th/0104201]. See also U. Ellwanger, JCAP 0311, 013 (2003) [arXiv:hep-th/0304057].

[11] G. Dvali, G. Gabadadze and M. Shifman, Phys. Rev. D 67, 044020 (2003) [arXiv:hep-th/0202174]; N. Arkani-Hamed, S. Dimopoulos, G. Dvali and G. Gabadadze, arXiv:hep-th/0209227; O. Corradini, A. Iglesias and Z. Kakushadze, Mod. Phys. Lett. A 18, 1343 (2003) [arXiv:hep-th/0305164].

[12] B. Kyae, JHEP 0403, 038 (2004) [arXiv:hep-th/0312161].

[13] B. Kyae and Q. Shafi, Phys. Lett. B 556, 97 (2003) [arXiv:hep-ph/0211059];

B. Kyae and Q. Shafi, Phys. Rev. D 69, 046004 (2004) [arXiv:hep-ph/0212331].

[14] See H. P. Nilles, A. Papazoglou and G. Tasinato, Nucl. Phys. B 677, 405 (2004) [arXiv:hep-th/0309042].

[15] E. Baum, Phys. Lett. B 133, 185 (1983); S. W. Hawking, Phys. Lett. B 134, 403 (1984).

[16] J. E. Kim, JHEP 0301, 042 (2003) [arXiv:hep-th/0210117]; J. E. Kim and H. M. Lee, Phys. Lett. B 590, 1 (2004) [arXiv:hep-th/0309046].

[17] I. Y. Cho, Phys. Rev. D 67, 065014 (2003) [arXiv:hep-th/0210279].

[18] See also G. Gabadadze and M. Shifman, arXiv:hep-th/0312289; M. A. Luty, M. Porrati and R. Rattazzi, JHEP 0309, 029 (2003) [arXiv:hep-th/0303116].