arXiv:hep-th/0306004 v2 10 Jun 2003

hep-th/0306004

Asymptotic Quasinormal Frequencies of d-dimensional Schwarzschild Black Holes

Danny Birmingham^1 Department of Physics, University of California, Santa Barbara, Santa Barbara, CA 93106 USA

Abstract

We determine the quasinormal frequencies for all gravitational perturbations of the ddimensional Schwarzschild black hole, in the infinite damping limit. Using the potentials for gravitational perturbations derived recently by Ishibashi and Kodama, we show that in all cases the asymptotic real part of the frequency is proportional to the Hawking temperature with a coefficient of log 3. Via the correspondence principle, this leads directly to an equally spaced entropy spectrum. We comment on the possible implications for the spacing of eigenvalues of the Virasoro generator in the associated near-horizon conformal algebra.

June 2003

1Email: dannybir@strings.physics.ucsb.edu; On leave from: Department of Mathematical Physics, University College Dublin, Ireland

1 Introduction

The idea that the horizon area of black holes is quantized in equally spaced units has attracted considerable attention [1]-[6]. Moreover, the possibility of a connection between the classical ringing tones (the quasinormal frequencies) of black holes and the quantum properties of the entropy spectrum was first observed by Bekenstein [7], and further developed by Hod [8]. In particular, Hod proposed that the real part of the quasinormal frequencies, in the infinite damping limit, might be related via the correspondence principle to the fundamental quanta of mass and angular momentum. For the Schwarzschild black hole in four dimensions, the asymptotic real part of the gravitational quasinormal frequencies is of the form ω = T_H log 3, where T_H is the Hawking temperature [9]. The suggestion of Hod was to identify h̄ω with the fundamental quantum of mass ΔM. This identification immediately leads to an area spacing of the form ΔA = 4h̄G log 3. In a separate development, Dreyer [10] showed that the correspondence principle, when applied to loop quantum gravity [11], fixes the Immirzi parameter [12] in such a way that the Bekenstein-Hawking entropy is obtained naturally.

The proposed correspondence between quasinormal frequencies and the fundamental quantum of mass automatically leads to an equally spaced area spectrum. It is therefore clearly of interest to determine the universality of this approach to black hole quantization. Although extensions to other black hole spacetimes have been discussed [13]-[20], the generic situation is still far from clear. One encouraging piece of evidence comes from an analysis of the BTZ black hole in (2 + 1) dimensions [21]. In this case, it was shown that the correspondence principle leads directly to the correct quantum behaviour of the asymptotic Virasoro algebra [22].

Our aim here is to discuss the situation for the Schwarzschild black hole in d dimensions. Before considering the correspondence principle, it is first necessary to determine the quasinormal frequencies precisely, in the limit of infinite damping. An elegant approach, based on analytic continuation and computation of the monodromy of the perturbation, was proposed by Motl and Neitzke [23]. For perturbations of the d-dimensional Schwarzschild black hole by a scalar field, it was found the real part of the asymptotic frequencies is again of the form T_H log 3. However, for the case of gravitational perturbations in d > 4, progress was impeded by the lack of knowledge of the corresponding potentials. Building on earlier work [24, 25], this situation has now been rectified by the formalism of Ishibashi and Kodama [26]. It has been shown that the gravitational perturbations fall into three classes, namely scalar, vector, and tensor perturbations, and the exact form of the potential is determined in each case. In one application, for example, these potentials have been used to establish the stability of the higher-dimensional Schwarzschild black hole [27]. Using the method of Motl and Neitzke, we show that the asymptotic quasinormal frequencies of all gravitational perturbations share the log 3 behaviour, in all dimensions. This verifies the conjecture made in [23], see also [13]. By applying the correspondence principle, one is then led immediately to an entropy spectrum with a universal log 3 spacing. We also comment on the implications of this result for the near-horizon conformal symmetry proposed in [28, 29, 30].

2 Gravitational Perturbations

To begin, let us recall the essential features of the computation for the case of a perturbation by a scalar field Φ satisfying ∇^2Φ = 0. The basic equation takes the form [23] − ( f ∂ ∂r )_2

+ V (r) − ω^2 ψ(r) = 0, (1)

where

f = 1 − ω_dM r^{d−3} , (2)

and ψ = r^{(d−2)/2}Φ. We have defined ω_d =^{16πG}_{(d−2)Ad−2} in (2), where A_{d−2} =^{2π(d−1)/2}_{Γ( d−12 )} is the volume of the unit (d − 2)-dimensional sphere, and we note that M has dimensions of inverse length. The Hawking temperature of the black hole is T_H = f^′(r_+)/4π = (d − 3)/4πr_+, where the horizon radius is defined by r^{d−3}_+ = ω_dM.

The potential for the scalar field perturbation is given by [23] V = f r^2 [ l(l + d − 3) +

(d − 2)(d − 4) 4 + (d − 2)^2(ω_dM) 4r^{d−3} ] . (3)

The physical region of interest is r_+ < r < ∞, and the quasinormal modes are defined in terms of appropriate boundary conditions at r = r_+ and r = ∞. However, the proposal of [23], see also [31], is to consider an analytic continuation to the complex r-plane. It is then convenient to introduce the tortoise coordinate z defined by dz = f^{−1}dr, which can be integrated to give [23, 25]

z = r + d−4∑ n=0 e^{2πin/(d−3)} r_+ (d − 3) log ( 1 − r r_+ e^{−2πin/(d−3)} ) , (4)

where the additive constant is chosen so that z = 0 for r = 0. Thus, z is a multi-valued function for complex r. The determination of the asymptotic quasinormal frequencies involves a computation of the monodromy of ψ(r) as one travels along a closed contour in the complex r-plane. This computation requires the ability to match solutions in the asymptotic region and the region near the singularity; this matching is possible precisely for the asymptotic frequencies of interest. The result of this local computation of the monodromy can then be compared to the global result which follows by direct application of the quasinormal mode boundary condition at the horizon.

For our purposes here, it is sufficient to highlight the behaviour of V in the neighbourhood of the singularity r = 0, namely V ∼ − (d − 2)^2(ω_dM)^2 4r^{2d−4} . (5)

It is straightforward to check that near r = 0, we have z ∼ − r^{d−2} (d − 2)r^{d−3}_+

. (6)

Hence, the leading term in the potential near z = 0 is V (z) ∼ − 1 4z^2

, (7)

and Eqn. (1) reduces to Bessel’s equation. By matching the solution in this region to the solution in the asymptotic region, the monodromy can be calculated. Comparison with the global computation of the monodromy then yields the asymptotic quasinormal frequencies [23]

e^{βω} = −3, (8)

where β is the inverse Hawking temperature.

As emphasized in [23], the details of the above calculation proceed without hindrance for the case of a potential whose behaviour near z = 0 is of the form V ∼ j^2 − 1 4z^2

. (9)

The asymptotic quasinormal frequencies in this case are given by

e^{βω} = −(1 + 2 cos πj). (10)

With this calculation in hand, we can now proceed to discuss the case of gravitational perturbations. To begin, let us consider the vector perturbation, which is the generalization of the Regge-Wheeler equation in four dimensions [32]. The potential takes the form [26]

V_V = f r^2 [ l(l + d − 3) +

(d − 2)(d − 4) 4 − 3(d − 2)^2(ω_dM) 4r^{d−3} ] , (11)

where l ≥ 2. We immediately notice that the leading order behaviour in the neighbourhood of r = 0 is given by

V_V ∼

3(d − 2)^2(ω_dM)^2 4r^{2d−4} . (12)

Using (6), we see that the potential for the vector perturbation is of the form (9) with j = 2. The asymptotic frequencies can then be simply read off from (10), giving e^{βω} = −3.

In four dimensions, the gravitational scalar perturbation is described by the Zerilli equation [33, 34]. While the form of the Zerilli potential is considerably more complicated that the Regge- Wheeler potential, the quasinormal modes are identical [35]. In higher dimensions however, we must treat this case separately [26]. The potential is given by

V_S = f r^2 Q 16[c + (d − 2)(d − 1)x/2]^2

, (13) where

Q = (d − 2)^4(d − 1)^2x^3 + (d − 2)(d − 1){4[2(d − 2)^2 − 3(d − 2) + 4]c + (d − 2)(d − 4)(d − 6)(d − 1)}x^2 − 12(d − 2){(d − 6)c + (d − 2)(d − 1)(d − 4)}cx + {16c^3 + 4(d − 2)dc^2}, (14)

and we have defined c = [l(l + d − 3) − (d − 2)] and x = ω_dM/r^{d−3} , and again l ≥ 2. As in the previous case, it is only necessary to record the behaviour of the potential near z = 0, which takes the form

V_S ∼ −

(d − 2)^2(ω_dM)^2 4r^{2d−4} . (15)

Thus, the gravitational scalar potential is of the form (9) with j = 0. Hence, the asymptotic frequencies again satisfy (8). Finally, the gravitational tensor perturbations were already considered in [23, 25], where it was noticed that they behave like a scalar field perturbation. In fact, the potential for the tensor perturbation is identical to (3).

In conclusion, we have shown that the asymptotic quasinormal frequencies for gravitational perturbations of the Schwarzschild black hole have a universal form in all dimensions, namely

ω = ±T_H log 3 + 2πiT_H (n + 1 2 ), (16)

as n → ∞. It would be worthwhile investigating this problem numerically, in order to verify the results of the monodromy computation in this higher-dimensional setting. It would also be interesting to calculate the first order correction terms along the lines discussed in [31, 36]. Incidentally, the low lying modes for perturbations by a scalar field have been studied recently in [37, 38].

3 Discussion

According to the correspondence principle [8], we should identify the elementary quantum of mass ΔM with the energy of a quantum with frequency ω = T_H log 3. From the first law of thermodynamics, this leads directly to a quantization of entropy, via the relation

ΔS = ΔM T_H = log 3. (17)

In [28, 29, 30], a conformal field theory approach to black hole entropy in arbitrary dimensions has been suggested. By treating the horizon as a boundary, one finds that with a suitable choice of boundary conditions the algebra of diffeomorphisms in the (r − t)-plane near the horizon is a Virasoro algebra. For example, in [29, 39], the central charge and Virasoro generator are given by

L_0 = S 2π , c 6 = S π , (18) where S = A/4G is the black hole entropy. It is then a simple matter to check that the Cardy formula for the entropy of the conformal field theory yields precisely the Bekenstein-Hawking entropy S. This result suggests that conformal symmetry plays a key role in understanding the microscopic properties of black holes. Clearly, the quantization of entropy results in a corresponding spacing of the operator L_0, with spacing

ΔL_0 = 1 2π log 3. (19)

In [30], the Virasoro generator and central charge are given by

L_0 = 1 4π^2q^2 ( d − 2 d − 3 ) S, c 6 = q^2 ( d − 3 d − 2 ) S, (20)

where q is an arbitrary parameter. The correspondence principle in this case gives a spacing of L_0 of the form

ΔL_0 = 1 4π^2q^2 ( d − 2 d − 3 ) log 3. (21)

The arbitrary parameter q could be fixed if one demands integer spacing of L_0. Acknowledgements D.B. is grateful to G. Horowitz for a critical reading of the manuscript, and to the Department of Physics at UC Santa Barbara for hospitality during the completion of this work. This work was partially supported by Enterprise Ireland grant IC/2002/021.

References

[1] J.D. Bekenstein, Lett. Nuovo Cim. 11 (1974) 467.

[2] V.F. Mukhanov, JETP Lett. 44 (1986) 63.

[3] I.I. Kogan, JETP Lett. 44 (1986) 267.

[4] J.D. Bekenstein and V.F. Mukhanov, Phys. Lett. B360 (1995) 7, gr-qc/9505012.

[5] H.A. Kastrup, Phys. Lett. B413 (1997) 267, gr-qc/9707009.

[6] A. Alekseev, A.P. Polychronakos, and M. Smedbäck, On Area and Entropy of a Black Hole, hep-th/0004036.

[7] J.D. Bekenstein, in Proceedings of the Eight Marcel Grossmann Meeting on General Relativity, eds. T. Piran and R. Ruffini (World Scientific, Singapore 1999), gr-qc/9710076.

[8] S. Hod, Phys. Rev. Lett. 81 (1998) 4293, gr-qc/9812002.

[9] L. Motl, An Analytical Computation of Asymptotic Schwarzschild Quasinormal Frequencies, gr-qc/0212096.

[10] O. Dreyer, Phys. Rev. Lett. 90 (2003) 081301, gr-qc/0211076.

[11] A. Ashtekar, J. Baez, A. Corichi, and K. Krasnov, Phys. Rev. Lett. 80 (1998) 904, gr-qc/9710007.

[12] G. Immirzi, Nucl. Phys. Proc. Suppl. 57 (1997) 65, gr-qc/9701052. [13] G. Kunstatter, Phys. Rev. Lett. 90 (2003) 161301, gr-qc/0212014. [14] A. Corichi, On Quasinormal Modes, Black Hole Entropy, and Quantum Gravity, gr-qc/0212126.

[15] V. Cardoso and J.P.S. Lemos, Phys. Rev. D67 (2003) 084020, gr-qc/0301078. [16] S. Hod, Phys. Rev. D67 (2003) 081501, gr-qc/0301122 [17] E. Abdalla, K.H.C. Castello-Branco, and A. Lima-Santos, Area Quantization in Quasi- Extreme Black Holes, gr-qc/0301130.

[18] E. Berti and K.D. Kokkotas, Asymptotic Quasinormal Modes of Reissner-Nordström and Kerr Black Holes, hep-th/0303029.

[19] A.P. Polychronakos, Area Spectrum and Quasinormal Modes of Black Holes, hep-th/0304135.

[20] V. Cardoso, R. Konoplya, and J.P.S. Lemos, Quasinormal Frequencies of Schwarzschild Black Holes in anti-de Sitter Spacetimes: A Complete Study on the Asymptotic Behaviour, gr-qc/0305037.

[21] M. Bañados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849, hep-th/9204099.

[22] D. Birmingham, S. Carlip, and Y. Chen, Quasinormal Modes and Black Hole Quantum Mechanics in 2 + 1 Dimensions, hep-th/0305113.

[23] L. Motl and A. Neitzke, Asymptotic Black Hole Quasinormal Frequencies, hep-th/0301173.

[24] H. Kodama, A. Ishibashi, and O. Seto, Phys. Rev. D62 (2000) 064022, hep-th/0004160. [25] G.W. Gibbons and S.A. Hartnoll, Phys. Rev. D66 (2002) 064024, hep-th/0206202. [26] H. Kodama and A. Ishibashi, A Master Equation for Gravitational Perturbations of Maximally Symmetric Black Holes in Higher Dimensions, hep-th/0305147.

[27] A. Ishibashi and H. Kodama, Stability of Higher-dimensional Schwarzschild Black Holes, hep-th/0305185.

[28] S. Carlip, Phys. Rev. Lett. 82 (1999) 2828, hep-th/9812013. [29] S. Carlip, Class. Quant. Grav. 16 (1999) 3327, gr-qc/9906126. [30] S.N. Solodukhin, Phys. Lett. B454 (1999) 213, hep-th/9812056. [31] A. Neitzke, Greybody Factors at Large Imaginary Frequencies, hep-th/0304080. [32] T. Regge and J.A. Wheeler, Phys. Rev. 108 (1957) 1063. [33] F. Zerilli, Phys. Rev. Lett. 24 (1970) 737. [34] F. Zerilli, Phys. Rev. D2 (1970) 2141.

[35] S. Chandrasekhar and S. Detweiler, Proc. Roc. Soc. Lond. Ser. A 344 (1975) 441. [36] A. Maassen van den Brink, WKB Analysis of the Regge-Wheeler Equation down in the Frequency Plane, gr-qc/0303095.

[37] V. Cardoso, O.J.C. Dias, and J.P.S. Lemos, Phys. Rev. D67 (2003) 064026, hep-th/0212168.

[38] R.A. Konoplya, Quasinormal Behavior of the D-dimensional Schwarzschild Black Hole and Higher Order WKB Approach, gr-qc/0303052.

[39] M.-I. Park, Nucl. Phys. B634 (2002) 339, hep-th/0111224.