arXiv:hep-th/0306018 v3 30 Sep 2003

HU-EP-03-27 SHEP-03-10

Chiral Symmetry Breaking and Pions in Non-Supersymmetric Gauge/Gravity Duals

J. Babington^a, J. Erdmenger^a, N. Evans^b, Z. Guralnik^a and I. Kirsch^{a∗}

a Institut für Physik Humboldt-Universität zu Berlin Newtonstraße 15 D-12489 Berlin, Germany

b Department of Physics Southampton University Southampton, S017 1BJ United Kingdom

Abstract We study gravity duals of large N non-supersymmetric gauge theories with matter in the fundamental representation by introducing a D7-brane probe into deformed AdS backgrounds. In particular, we consider a D7-brane probe in both the AdS Schwarzschild black hole solution and in the background found by Constable and Myers, which involves a non-constant dilaton and S^5 radius. Both these backgrounds exhibit confinement of fundamental matter and a discrete glueball and meson spectrum. We numerically compute the Ψ̄Ψ condensate and meson spectrum associated with these backgrounds. In the AdS-black hole background, a quark-bilinear condensate develops only at non-zero quark mass. We speculate on the existence of a third order phase transition at a critical quark mass where the D7 embedding undergoes a geometric transition. In the Constable-Myers background, we find a chiral symmetry breaking condensate as well as the associated Goldstone boson in the limit of small quark mass. The existence of the condensate ensures that the D7-brane never reaches the naked singularity at the origin of the deformed AdS space.

  ∗james@physik.hu-berlin.de, jke@physik.hu-berlin.de, evans@phys.soton.ac.uk,
zack@physik.hu-berlin.de, ik@physik.hu-berlin.de

1 Introduction

The discovery of the AdS/CFT correspondence [1, 2, 3] has led to promising new ideas for studying strong coupling phenomena in large N gauge theories. Generalizations of the correspondence in which conformal symmetry and supersymmetry are broken are potentially useful for describing realistic quantum field theories. In particular, it is hoped that methods based on gaugegravity duality will eventually be applicable to QCD. The simplest generalizations involve deforming AdS by the inclusion of relevant operators [4]. These geometries are asymptotically AdS, with the deformations interpreted as renormalization group (RG) flow from a super-conformal gauge theory in the ultraviolet to a QCD-like theory in the infrared. Moreover a number of nonsupersymmetric ten-dimensional geometries of this or related form have been found [5, 6, 7, 8, 9] and have been shown to describe confining gauge dynamics. There have been interesting calculations of the glueball spectrum in three and four-dimensional QCD by solving classical supergravity equations in various deformed AdS geometries [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20].

A difficulty with describing QCD in this way arises due to the asymptotic freedom of QCD. The vanishing of the ’t Hooft coupling in the UV requires the dual geometry to be infinitely curved in the region corresponding to the UV. In this case classical supergravity is insufficient and one needs to use full string theory. Formulating string theory in the relevant backgrounds has thus far proven difficult. The existing glueball calculations involve geometries with small curvature that return asymptotically to AdS (the field theory returns to the strongly coupled N = 4 theory in the UV), and are in the same coupling regime as strong coupling lattice calculations far from the continuum limit. There is nevertheless optimism that the glueball calculations are fairly accurate, based on comparisons with lattice data [21, 22, 23].

In this paper we shall discuss progress on a further problem which must be solved to study QCD using gravity, namely the inclusion of particles in the fundamental representation of the gauge group, i.e. quarks. Since AdS geometries arise as near-horizon limits for coincident branes, the dual field theories have only adjoint matter. The same is true for deformations of AdS. It turns out that fundamental representations can be introduced by including appropriately embedded probe branes. Examples of this [24, 25, 26, 27] were found by embedding a probe brane on an AdS_d subspace of the full AdS_D geometry, where d < D and the boundary of AdS_d is part of the boundary of the AdS_D. Such embeddings give rise to a dual field theory with “quarks” that are not free to move in all spatial directions. These “defect” conformal field theories are interesting for a variety of reasons, for instance for localizing gravity [24] or for their mathematical properties [28], but are somewhat far from QCD.

In order to obtain fundamental fields in four space-time dimensions, Karch and Katz [29, 30] consider a configuration in which a D7-brane in AdS_5 × S^5 fill the AdS_5 and wrap an S^3 inside S^5. This configuration is dual to a four-dimensional N = 2 Yang-Mills theory describing open strings in the presence of one D7 and N D3-branes sharing three spatial directions. The degrees of freedom are those of the N = 4 super Yang-Mills theory, coupled to an N = 2 hypermultiplet with fields in the fundamental representation of SU(N). The latter arise from strings stretched between the D7 and D3-branes. When the D7 and D3’s are separated, the fundamental matter becomes massive and the dual description involves a probe D7 on which the induced metric is only asymptotically AdS_5 × S^3. In this case there is a discrete spectrum of mesons. This spectrum has been computed (exactly!) at large ’t Hooft coupling [31] using an approach analogous to the glueball calculations in deformed AdS backgrounds. The novel feature here is that the “quark” bound states are described by the scalar fields in the Dirac-Born-Infeld action of the D7 brane probe.

In view of a gravity description of Yang-Mills theory with confined quarks, it is natural to attempt to generalize these calculations to probes of deformed AdS spaces. For instance in [32], a way to embed D7-branes in the Klebanov-Strassler background [33] was found, following the suggestion of [29]. Moreover in [32], the spectrum of mesons dual to fluctuations of the D7-brane probe in the KS-geometry was calculated. The underlying theory is an N = 1 gauge theory with massive chiral superfields in the fundamental representation. - Related work may also be found in [34].

One of the most important features of QCD dynamics though is chiral symmetry breaking by a quark condensate, but since this is forbidden by unbroken supersymmetry^1, these constructions do not let us address this issue. In the present paper we attempt to come somewhat closer to QCD by considering the embedding of D7-branes in two non-supersymmetric backgrounds which exhibit confinement. Although neither of these backgrounds corresponds exactly to QCD since they contain more degrees of freedom than just gluons and quarks, we might nevertheless expect chiral symmetry breaking behaviour. The quark mass m and the quark condensate expectation value c are given by the UV asymptotic behaviour of the solutions to the supergravity equations of motion in the standard holographic way (see [35] for an example of this methodology). In the N = 2 supersymmetric scenario of [29] with a D7 probe in standard AdS space, we show that there cannot be any regular solution which has c ≠ 0; the supersymmetric theory does not allow a quark condensate. We then find that, for the deformed AdS backgrounds we consider, there are regular solutions with c ≠ 0. The case c ≠ 0 with m = 0 corresponds to spontaneous chiral symmetry breaking.

The first supergravity background we consider is the Schwarzschild black hole in AdS_5 × S^5. In the absence of 7-branes, this background is dual to strongly coupled N = 4 super Yang- Mills at finite temperature and is in the same universality class as three-dimensional pure QCD

1A quark bilinear ΨΨ̃, where Ψ and Ψ̃ are fermionic components of chiral superfields Q = q + θΨ · · · , Q̃ = q̃ + θΨ̃ + · · · , can be written as a SUSY variation of another operator (it is an F-term of the composite operator Q̃Q).

[5]. Glueball spectra in this case were computed in [10, 12]. We introduce D7-branes into this background and compute the quark condensate as a function of the bare quark mass, as well as the meson spectrum. This background is dual to the finite temperature version of the N = 2 Super Yang-Mills theory considered in [29, 31]. The finite temperature N = 2 theory is not in the same universality class as three-dimensional QCD with light quarks since the antiperiodic boundary conditions for fermions in the Euclidean time direction give a non-zero mass to the quarks upon reduction to three-dimensions, even if the hypermultiplet mass of the underlying N = 2 theory vanishes. In fact these quarks decouple if one takes the temperature to infinity in order to obtain a truly three-dimensional theory. Nevertheless at finite temperature the geometry describes an interesting four-dimensional strongly coupled gauge configuration with quarks. The meson spectrum we obtain has a mass gap of order of the glueball mass. Furthermore we find that the Ψ̄Ψ condensate vanishes for zero hypermultiplet mass, such that there is no spontaneous violation of parity in three dimensions or chiral symmetry in four dimensions. However for m ≠ 0 we find a condensate c which at first grows linearly with m, and then shrinks back towards zero. Increasing m further, the D7 embedding undergoes a geometric transition at a critical mass m_c. At sufficiently large m ≫ m_c the condenstate is negligible and the spectrum matches smoothly with the one found in [31] for the N = 2 theory. We speculate that the geometric transition corresponds to a third order phase transition in the dual gauge theory, at which^{dc}_{dm} is discontinuous.

The second non-supersymmetric background which we consider was found by Constable and Myers [9]. This background is asymptotically AdS_5 × S^5 but has a non-constant dilaton and S^5 radius. In the field theory an operator of dimension 4 with zero R-charge has been introduced. This deformation does not give mass to the adjoint fermions and scalars of the underlying N = 4 theory but does leave a non-supersymmetric gauge background. Furthermore, unlike the AdS black-hole background, the geometry has a naked singularity. Nevertheless, in a certain parameter range, this background gives an area law for the Wilson loop and a discrete spectrum of glueballs with a mass gap.

We obtain numerical solutions for the D7-brane equations of motion in the Constable-Myers background with asymptotic behaviour determined by a quark mass m and chiral condensate c. We compute the condensate c as a function of the quark mass m subject to a regularity constraint. Remarkably, our results are not sensitive to the singular behaviour of the metric in the IR. For a given mass there are two regular solutions of which the physical, lowest action solution corresponds to the D7 brane “ending” before reaching the curvature singularity. Of course the D7-brane does not really end, however the S^3 about which it is wrapped contracts to zero size, similarly to the scenario discussed in [29]. In our case the screening of the singularity is related to the existence of the condensate. Furthermore we find numerical evidence for a non-zero condensate in the limit m → 0. This corresponds to spontaneous breaking of the U(1) chiral symmetry which is non-anomalous in the large N limit [36] (for a review see [37]).

We also compute the meson spectrum by studying classical fluctuations about the D7- embedding. For zero quark mass, the meson spectrum contains a massless mode, as it must due to the spontaneous chiral symmetry breaking. Note that since the spontaneously broken axial symmetry is U(1) for a single D7-brane, the associated Goldstone mode is a close cousin to the η^′ of QCD, which is a Goldstone boson in the large N limit. In principle, stringy corrections to supergravity should give the η^′ a mass. We briefly comment on generalizations to the case of more than one flavour or, equivalently, more than one D7-brane. Moreover we give a holographic version of the Goldstone theorem.

The main message of this paper is that non-supersymmetric gravity duals of gauge theories dynamically generate quark condensates and can break chiral symmetries. We stress that the physical interpretation of naked singularities is a delicate issue, for instance in the light of the analysis of [38]. This applies in particular to the discussion of light quarks and mesons. It is therefore an important part of our analysis that in the presence of a condensate the physical solutions to the supergravity and DBI equations of motion never reach the singularity in the IR. Of course it would be interesting to understand this mechanism further and to see if it occurs in other supergravity backgrounds as well.

The organisation of this paper is follows. In section 2 we review some of the previous results from the study of D7 probes in the AdS/CFT Correspondence. In section 3 we consider D7-branes in the AdS Schwarzschild black hole background. In section 4 we study D7-brane probes in the Constable-Myers background [9]. In section 5 we conclude and present some open problems.

2 AdS/CFT duality for an N = 2 gauge theory with fundamental matter

It was first observed in [29] that one can obtain a holographic dual of a four-dimensional Yang- Mills theory with fundamental matter by taking a near-horizon limit of a system of intersecting D3 and D7 branes. We first review some of the features of this duality, and then test numerical techniques which we will use later to study deformations of this duality.

Consider a stack of N D3-branes spanning the directions 1, 2, 3 and another stack of N_f D7-branes spanning the directions 1, 2, 3, 4, 5, 6, 7. The low-energy dynamics of open strings in this setting is described by a N = 2 super Yang-Mills theory. This theory contains the degrees of freedom of the N = 4 theory, namely an N = 2 vector multiplet and an N = 2 adjoint hypermultiplet, as well as N_f N = 2 hypermultiplets in the fundamental representation of SU(N). The theory is conformal in the limit N → ∞ with N_f fixed. There is an SU(2) × U(1) R-symmetry. The U(1) R-symmetry acts as a chiral rotation on the “quarks”, which are the fermionic components of the N = 2 hypermultiplet composed of fundamental and anti-fundamental chiral superfields Q and Q̃. This symmetry also acts as a phase rotation on the scalar component of one of the adjoint chiral superfields. When the D7-branes are separated from the D3-branes in the two mutually transverse directions X^8 and X^9, the fields Q, Q̃ become massive, explicitly breaking the U(1) R-symmetry and conformal invariance. As shown in [29], the N = 2 theory as well as its renormalization group flow have an elegant holographic description.

This holographic description is obtained as follows. In the limit of large N at fixed but large ’t Hooft coupling λ = g^2N >> 1, the D3-branes may be replaced with their near-horizon AdS_5 × S^5 geometry. Since the number N_f of D7-branes is finite, their back-reaction on the geometry can be effectively ignored. For determining the D7 probe brane embedding in AdS_5 × S^5, let us consider the D3-brane metric in the form

ds^2 = f(r)^{−1/2}(−dt^2 + d⃗x^2) + f(r)^{1/2}d⃗y^2 , (1)

where ⃗x = (X^1, X^2, X^3), ⃗y = (X^4, · · · , X^9), r^2 ≡ ⃗y^2 and

f(r) = 1 +

R^4 r^4

. (2)

As usual, the AdS_5 × S^5 geometry is obtained by dropping the 1 in f(r) which is suitable in the near-horizon region r/R << 1.

For massless flavours, the D7 brane embedding in the D3-metric (1) is given by y^5 = y^6 = 0 (corresponding to X^8 = X^9 = 0.). In the AdS_5 × S^5 geometry, the induced metric on the D7-brane is AdS_5 × S^3. The D7-brane fills AdS_5, while wrapping a great three-sphere of the S^5. The isometries of the AdS_5 × S^5 metric which preserve the embedding correspond to the conformal group and R-symmetries of the N = 2 gauge theory. The conformal group SO(2, 4) is the isometry group of AdS_5, while the SU(2)×U(1) R-symmetry corresponds to the rotations of the S^3 inside S^5 and rotations of the y^5, y^6 coordinates.

The holographic description for massive flavours is found by considering the D7-brane embedding y^5 = X^8 = 0, y^6 = X^9 = m. In this case the D7-geometry is still AdS_5 × S^3 in the r → ∞ region corresponding to the ultraviolet. However as one decreases r, the S^3 of the induced geometry on the D7-brane contracts to zero size at r = m. This is possible because the S^3 is contractible within the S^5 of the full ten dimensional geometry. The D7-brane “ends” at the value of r at which the S^3 collapses, meaning that it does not fill all of AdS_5, but only a region outside a core of radius r = m. Note that although the D7-brane ends at r = m, the

D7-geometry is perfectly smooth, as is illustrated in figure 1. In the massive case, the conformal and U(1) symmetries are broken, and the D7 embedding is no longer invariant under the corresponding isometries.

Figure 1: The D7 embedding in AdS_5 × S^5.

2.1 Testing numerical methods

In the subsequent sections we will numerically compute condensates and meson spectra in deformations of the duality discussed above. Therefore we first test these numerical techniques against some exact results in the undeformed case.

It will be convenient to write the transverse d⃗y^2 part of the metric (1) in the following way

d⃗y^2 = dρ^2 + ρ^2dΩ^2_3 + dy^2_5 + dy^2_6, (3)

where dΩ^2_3 is a three-sphere metric.

To study the implications of the classical D7 probe dynamics for the dual field theory, we now evaluate the scalar contributions to the Dirac-Born-Infeld (DBI) action for the D7 brane in the AdS_5 × S^5 background. We work in static gauge where the world volume coordinates of the brane are identified with the spacetime coordinates by ξ^a ∼ t, x_1, x_2, x_3, y_1, ..., y_4. The DBI action is then

S_{D7} = −T_7 ∫ d^8ξ √ −det(P [G_{ab}])

= −T_7 ∫ d^8ξ ϵ_3 ρ^3 √ 1 + g^{ab} ρ^2 + y^2_5 + y^2_6

(∂_ay_5∂_by_5 + ∂_ay_6∂_by_6), (4)

where g_{ab} is the induced metric on the D7 brane and ϵ_3 is the determinant factor from the three sphere. The ground state configuration of the D7 brane is given by the solution of the

Euler-Lagrange equation with dependence only on the ρ variable. In this case the equations of motion become d dρ ρ^3 √ 1 + (_{dy6} dρ )_2 dy_6 dρ = 0 , (5)

where we consider solutions with y_5 = 0 only. Recall that the U(1) R-symmetry corresponds to rotations in the y^5, y^6 plane.

The equations of motion have asymptotic (ρ → ∞) solutions of the form

y_6 = m + c ρ^2

. (6)

The identification of these constants as field theory operators requires a coordinate transformation because the scalar kinetic term is not of the usual canonical AdS form. Transforming to the coordinates of [29] in which the kinetic term has canonical form, we see that m has dimension 1 and c has dimension 3. The scalars are then identified [35] with the quark mass m_q and condensate ⟨q̄q⟩, respectively, in agreement with the usual AdS/CFT dictionary.

Note that y_6(ρ) = m is an exact solution of the equations of motion, corresponding to the embedding [29] reviewed above. On the other hand there should be something ill-behaved about the solutions with non-zero c, since a quark condensate is forbidden by supersymmetry. In figure 2 we plot numerical solutions of the equations of motion (obtained by a shooting technique using Mathematica) for solutions with non-zero c, and find that they are divergent. The divergence of these solutions is not, by itself, pathological because the variable y_6 is just the location of the D7-brane. However the AdS radius r^2 = y_6(ρ)^2 + ρ^2 is not monotonically increasing as a function of ρ for the divergent solutions. This means that these solutions have no interpretation as a renormalization group flow, or as a vacuum of the dual field theory. As expected, the mass only solution is the only well-behaved solution.

The other exact result which we wish to test numerically is the meson spectrum. In order to find the states with zero spin on the S^3, one looks for normalizable solutions of the equations of motion of the form y_6 + iy_5 = m + δ(ρ)e^{ikx}, M^2 = −k^2 (7) where one linearizes in the small fluctuation δ(ρ). The linearized equation of motion is

∂^2_ρ δ(ρ) + 3 ρ ∂_ρδ(ρ) + M^2 (ρ^2 + m^2)^2 δ(ρ) = 0. (8)

This was solved exactly in [31], where it was shown that the solutions can be written as hypergeometric functions δ(ρ) = A (ρ^2 + 1)^{n+1} F (−n − 1, −n; 2, −ρ^2) (9)

Figure 2: - numerical solutions of EoM in AdS showing that in the presence of a condensate asymptotically the solutions are divergent. The regular solution is the mass only solution.

with A a constant. The exact mass spectrum is then given by M = 2m √ (n + 1)(n + 2), n = 0, 1, 2, . . . . (10)

We are interested in whether we can reproduce this result numerically, via a shooting technique. The equation of motion can be solved numerically subject to boundary conditions δ(ρ) ∼ c/ρ^2 at large ρ indicating that the meson is a quark bilinear of dimension 3 in the UV. Solutions of the equation must be regular at all ρ so the allowed M^2 solutions can be found by tuning to these regular forms. The result (10) is easily reproduced to 2 significant figures. We show an example of the method in action in figure 3.

3 The AdS-Schwarzschild Solution

3.1 The background

We now move on to study quark condensates and mesons in a non-supersymmetric deformation of the AdS/CFT correspondence and study the AdS-Schwarzschild black hole solution. This geometry is dual to the N = 4 gauge theory at finite temperature [5], which is in the same universality class as pure three-dimensional QCD.

The Euclidean AdS-Schwarzschild solution is given by

ds^2 = K(r)dτ^2 + dr^2 K(r) + r^2dx^2_‖ + dΩ^2_5 , (11)

where K(r) = r^2 − b^4 r^2

. (12)

Figure 3: - numerical solutions of the meson EoM for different values of M showing the identification of the first bound state mass - the exact regular solution is plotted between the two numerical flows.

This space-time is smooth and complete if τ is periodic with period πb. Note that the S^1 parametrized by τ collapses at r = b. The fact that the geometry “ends” at r = b is responsible for the existence of an area law for the Wilson loop and a mass gap in the dual field theory (see [5]). The period of τ is equivalent to the temperature in the dual N = 4 gauge theory. The parameter b sets the scale of the deformation and for convenience in the numerical work below we shall set it equal to 1. At finite temperature, the fermions have anti-periodic boundary conditions in the Euclidean time direction and become massive upon dimensional reduction to three dimensions. The adjoint scalars also become massive at one loop. Thus in the hightemperature limit, the adjoint fermions and scalars decouple, leaving pure three-dimensional QCD.

We now introduce a D7-brane into this background, which corresponds to the addition of matter in the fundamental representation. The dual gauge theory is the N = 2 gauge theory of Karch and Katz at finite temperature. Note that the fermions in the fundamental representation also have anti-periodic boundary conditions in the Euclidean time direction. Thus these also decouple in the high-temperature limit, as do the fundamental scalars which get masses at one loop, leaving pure QCD_3 as before. Thus in this particular case we are not interested in the high-temperature limit, but only the region accessible to supergravity and Dirac-Born-Infeld theory. Although the dual field theory cannot be viewed as a three-dimensional gauge theory with light quarks, it is nevertheless a four dimensional non-supersymmetric gauge theory with confined degrees of freedom in the fundamental representation. This provides an interesting, if exotic, setting to compute quark condensates and meson spectra using Dirac-Born-Infeld theory. The Constable-Myers background which we will consider later turns out to have more realistic properties.

3.2 Embedding of a D7 brane

To embed a D7 brane in the AdS black-hole background it is useful to recast the metric (11) to a form with an explicit flat 6-plane. To this end, we change variables from r to w, such that dw w ≡ rdr (r^4 − b^4)^{1/2}

, (13)

which is solved by 2w^2 = r^2 + √ r^4 − b^4 . (14) The metric is then

ds^2 = ( w^2 + b^4 4w^2 ) d⃗x^2 +

(4w^4 − b^4)^2 4w^2(4w^4 + b^4) dt^2 + 1 w^2 ( 6∑ i=1 dw^2_i ) , (15)

where ∑ i dw^2_i = dw^2 + w^2dΩ^2_5, which for reasons of convenience will also be written as dρ^2 + ρ^2dΩ^2_3 + dw^2_5 + dw^2_6 where dΩ^2_3 is the unit three-sphere metric. The AdS black hole geometry asymptotically approaches AdS_5 ×S^5 at large w. Here the background becomes supersymmetric, and the D7 embedding should approach that discussed in [29]. The asymptotic solution has the form w_6 = m, w_5 = 0, where m should be interpreted as a bare quark mass. To take into account the deformation, we will consider a more general ansatz for the embedding of the form w_6 = w_6(ρ), w_5 = 0, with the function w_6(ρ) to be determined numerically. The DBI action for the orthogonal directions w_5, w_6 is

S_{D7} = −μ_7 ∫ d^8ξ ϵ_3 G(ρ, w_5, w_6) ( 1 + g^{ab} (ρ^2 + w^2_5 + w^2_6)

∂_aw_5∂_bw_5 + g^{ab} (ρ^2 + w^2_5 + w^2_6)

∂_aw_6∂_bw_6 )_{1/2} (16) where the determinant of the metric is given by

G(ρ, w_5, w_6) = √ g_{tt}g^3_{xx}ρ^6 (ρ^2 + w^2_5 + w^2_6)^4

= ρ^3

(4(ρ^2 + w^2_5 + w^2_6)^2 + b^4)(4(ρ^2 + w^2_5 + w^2_6)^2 − b^4) 16(ρ^2 + w^2_5 + w^2_6)^4

. (17)

With the ansatz w_5 = 0 and w_6 = w_6(ρ), the equation of motion becomes

d dρ G(ρ, w6) 1 1 + (_{dw6} dρ )_2 dw_6 dρ − √ 1 + ( dw_6 dρ )_2 b^8ρ^3w_6 2(ρ^2 + w^2_6)^5

= 0 . (18)

The solutions of this equation determine the induced metric on the D7 brane which is given by

ds^2 = ( w̃^2 + b^4 4w̃^2 ) d⃗x^2 +

(4w̃^4 − b^4)^2 4w̃^2(4w̃^4 + b^4) dt^2 +

1 + (∂_ρw_6)^2 w̃^2 dρ^2 + ρ^2 w̃^2 dΩ^2_3 , (19)

with w̃^2 = ρ^2 + w^2_6(ρ). The D7 brane metric becomes AdS_5 × S^3 for ρ ≫ b, m.

3.3 Karch-Katz solutions vs condensate solutions

Before computing the explicit D7-brane solutions, we remark that there are several possibilities for the topology of the D7-brane embedding which we illustrate in Fig 4.

Figure 4: Different possibilities for solutions of the D7-brane equations of motion. The semicircles are lines of constant r, which should be interpreted as a scale in the dual Yang-Mills theory. The curves of type A, B have an interpretations as an RG flow, while the curve C does not.

The UV asymptotic (large ρ) solution, where the geometry returns to AdS_5 × S^5, is of the form w_6(ρ) ∼ m + c ρ^2

. (20)

The parameters m and c have the interpretation as a quark mass and bilinear quark condensate respectively, as discussed below equation (6). These parameters can be taken as the boundary conditions for the second order differential equation (18), which we solve using a numerical shooting technique. Of course the physical solutions should not have arbitrary m and c. The condition which we use to identify physical solutions is that the D7-brane embedding should have an interpretation as a RG flow. This implies for instance that if one slices the D7-brane geometry at a fixed value of r^2, or equivalently at a fixed value of w^2_6 + ρ^2, one should obtain at most one copy of the geometry R^4 × S^3. In other words, r^2 = ρ^2 + w_6(ρ)^2 should be a monotonically increasing function of ρ. This is certainly not the case for divergent solutions. Such solutions are not in correspondence with a vacuum of the dual gauge theory and are discarded.

There are then two possible forms of regular solutions. The geometry in which the D7-brane is embedded has the boundary topology R^3 × S^1 × S^5, which contains the D7-brane boundary

R^3 × S^1 × S^3. Recall that the S^3 is contractible within S^5. Furthermore the S^1 is contractible within the bulk geometry and shrinks to zero as one approaches the horizon r = b. The D7- brane may either “end” at some r > b if the S^3 collapses, or it may continue all the way to the horizon where the S^1 collapses but the S^3 has finite size. In other words, the D7-topology may be either R^3 × B^4 × S^1 or R^3 × S^3 × B^2. The former is the type found in [29]. As one might expect, this topology occurs when the quark mass m is sufficiently large compared to b. In this case, the S^3 of the D7-brane contracts to zero size in the asymptotic region where the deformation of AdS_5 × S^5 is negligible. We shall find the other topology for sufficiently small m. For any chosen value of m, we find only a discrete choice of c which gives a regular solution that can be interpreted as an RG flow. In Figure 5 we show sample numerical flows used to identify a regular solution.

Figure 5: An example (for m = 0.6) of the different flow behaviours around the regular (physical) solution.

For the regular solutions the D7-brane either ends at the horizon,

w^2_6 + ρ^2 = 1 2 b^2, (21)

at which the S^1 collapses, or ends at a point outside the horizon,

ρ = 0, w^2_6 ≥ 1 2 b^2, (22)

at which the S^3 collapses (see (19)). Both types of solution are illustrated in figure 6 for several choices of m. We choose units such that b = 1. We refer to solutions with collapsing S^3 as Karch- Katz solutions, and solutions with collapsing S^1 as “condensate” solutions, for reasons that will

Figure 6: Two classes of regular solutions in the AdS black hole background.

become apparent shortly. Note that the boundary between the Karch-Katz and condensate solutions is at a critical value of the mass m = m_{crit} such that w_6(ρ = 0) = √ 1/2b. In this case both the S^1 and S^3 collapse simultaneously. Numerically, we find m_{crit} ≈ 0.92.

There is an exact solution of the equation of motion w_6 = 0 which is regular and corresponds to m = c = 0. Thus there is no condensate when the quarks are massless (from the fourdimensional point of view). This should not be disappointing, since the theory is not in the same universality class as QCD_3 with light quarks. The quarks obtain a mass of order the temperature which will tend to suppress the formation of a condensate. For non-zero m we obtain the solutions numerically. The dependence of the condensate on the mass is illustrated in figure 7. We find that as m increases, the condensate c initially increases and then decreases again. At sufficiently large m, the condensate becomes negligible, which is to be expected as the D7-brane ends in the region where the deformation of AdS is small. Recall that there is no condensate in the Yang-Mills theory with unbroken N = 2 supersymmetry described by D7-branes in un-deformed AdS.

Since the D7-brane topology changes as one crosses m_{crit}, one might expect a phase transition to occur at this point^2. Looking at figure 7, there does not appear to be any discontinuity in c(m) at m = m_{crit}. It is still possible that there is a third order transition at this point, corresponding to a discontinuity in the slope^{dc}_{dm} . Of course the numerical results must be refined significantly to find evidence for such a transition.

2For m > m_{crit} there is the interesting possibility of introducing an even spin structure on the S^1 of the D7-brane, since this S^1 is no longer contractible on the D7. If this is a sensible (i.e stable) background, it would correspond to a different field theory, in which the fundamental fermions are periodic on S^1 and do not have a Kaluza-Klein mass. We have not analyzed this possibility.

Figure 7: A plot of the parameter c vs m for the regular solutions in AdS Schwarzschild. The linear fit between points is just to guide the eye.

3.4 Meson spectrum

The meson spectrum can be found by solving the linearized equations of motion for small fluctuations about the D7-embeddings found above. Let us consider the fluctuations of the variable w_5 about the embedding, which has w_5 = 0. We take

w_5 = f(ρ) sin(k · ⃗x). (23)

The linearized (in w_5) equation of motion is d dρ [ G(ρ, w_6) √_1 1+(^{dw6}_{dρ} )^2 df (ρ) dρ ] + G(ρ, w_6)

√_1 1+(^{dw6}_{dρ} )^2

(_4

4(ρ^2+w^2_6 )^2+b^4 ) M^2f(ρ)

− √ 1 + (_{dw6} dρ )_{2 b8 ρ3f (ρ)} 2(ρ^2+w^2_6 )^5 = 0 .

(24)

where M^2 = ⃗k^2. The allowed values of ⃗k^2 are determined by requiring the solution to be normalizable and regular. Note that if the U(1) symmetry which rotates w_5 and w_6 were spontaneously broken by an embedding of the asymptotic form w_6 ∼ c/ρ^2 with non-zero c, there would be a massless state in the spectrum associated with w_5 fluctuations. This is not the case in the present setting, since the condensate is only non-zero for non-zero quark mass m. Instead we find a mass gap in the meson spectrum. We have computed the meson spectrum by solving (24) by a numerical shooting techique. As in the Karch-Katz geometry, we seek regular solutions for w_5 which are asymptotically of the form c/ρ^2 in the presence of the background w_6 solution. The results for the meson masses are plotted in figure 8. Of course the meson mass gap here can be largely attributed to the Kaluza-Klein masses of the constituent quarks, which are of the same order as the temperature (T ∼ π in units with b = 1).

Thus we have seen that, while the thermal gauge background allows a quark condensate when it does not spontaneously break any symmetries, there is no chiral (parity) symmetry breaking at zero quark mass. The meson spectrum reflects this by having a mass gap - the fermions have an induced mass from the presence of finite temperature. In the subsequent discussion we will consider another background which admits light constituent quarks and has properties much closer to QCD.

Figure 8: A plot of the w_5 meson mass vs m in AdS Schwarzschild. The linear fit between points is just to guide the eye.

4 The Constable-Myers Deformation

4.1 The background

We consider the non-supersymmetric deformed AdS geometry originally constructed in [9]. This geometry corresponds to the N = 4 super Yang-Mills theory deformed by the presence of a vacuum expectation value for an R-singlet operator with dimension four (such as trF^{μν} F_{μν} ). The supergravity background has a dilaton and S^5 volume factor depending on the radial direction. In a certain parameter range, this background implies an area law for the Wilson loop and a mass-gap in the glueball spectrum. Whether the geometry, which has a naked singularity, actually describes the stable non-supersymmetric vacuum of a field theory is not well understood [9]. This is not so important from our point of view though since the geometry is a well defined gravity description of a non-supersymmetric gauge configuration. We can just ask about the behaviour of quarks in that background.

The geometry in Einstein frame is given by

ds^2 = H^{−1/2} ( 1 + 2b^4 r^4 )_{δ/4} dx^2_4 + H^{1/2} ( 1 + 2b^4 r^4 )_{(2−δ)/4} r^2 ( 1 +^{b4}_{r4} )_{1/2} [ r^6 (r^4 + b^4)^2 dr^2 + dΩ^2_5 ] , (25) where

H = ( 1 + 2b^4 r^4 )_δ − 1 (26)

and with the dilaton and four-form given by

e^{2ϕ} = e^{2ϕ0} ( 1 + 2b^4 r^4

)_Δ

, C_{(4)} = − 1 4 H^{−1}dt ∧ dx ∧ dy ∧ dz . (27) The parameter b corresponds to the vev of the dimension 4 operator. The parameters Δ and δ are constrained by

Δ^2 + δ^2 = 10. (28)

Asymptotically the AdS curvature is given by L^4 = 2δb^4, so it makes sense to set (with L = 1) δ = 1 2b^4

. (29)

b is the only free parameter in the geometry and its value sets the scale of the conformal symmetry and supersymmetry breaking. We will again numerically set it equal to 1 below.

To embed a D7 brane in this background it will again be convenient to recast the metric in a form containing an explicit flat 6-plane. To this end, we change variables from r to w, such that dw w ≡ r^2d(r^2) 2(r^4 + b^4)

, (30)

which is solved by

ln(w/w_0)^4 = ln(r^4 + b^4) (31) or (w/w_0)^4 = r^4 + b^4. (32)

So for the case of b = 0 we should set the integration constant w_0 = 1. The full metric is now

ds^2 = H^{−1/2} ( w^4 + b^4 w^4 − b^4 )_{δ/4} dx^2_4 + H^{1/2} ( w^4 + b^4 w^4 − b^4 )_{(2−δ)/4} w^4 − b^4 w^4 6∑ i=1 dw^2_i , (33)

where

H = ( w^4 + b^4 w^4 − b^4 )_δ − 1 (34)

and the dilaton and four-form become

e^{2ϕ} = e^{2ϕ0} ( w^4 + b^4 w^4 − b^4

)_Δ , C_{(4)} = − 1 4 H^{−1}dt ∧ dx ∧ dy ∧ dz. (35) We now consider the D7 brane-action in the static gauge with world-volume coordinates identified with the four Minkowski coordinates - denoted by x_4 - and with w_{1,2,3,4}. The transverse fluctuations are parameterized by w_5 and w_6. It is again convenient to define a coordinate ρ such that

∑_4

i=1 dw^2_i = dρ^2 + ρ^2dΩ^2_3. The DBI action in Einstein frame

S_{D7} = −T_7 ∫ d^8ξe^ϕ √ −det(P [G_{ab}]) (36)

can then be written as

S_{D7} = −T_7 ∫ d^8ξ ϵ_3 e^ϕG(ρ, w_5, w_6) ( 1 + g^{ab}g_{55}∂_aw_5∂_bw_5 + g^{ab}g_{66}∂_aw_6∂_bw_6 )_{1/2} , (37)

where

G(ρ, w_5, w_6) = ρ^3

((ρ^2 + w^2_5 + w^2_6)^2 + b^4)((ρ^2 + w^2_5 + w^2_6)^2 − b^4) (ρ^2 + w^2_5 + w^2_6)^4

. (38)

We again look for classical solutions to the EoM of the form w_6 = w_6(ρ), w_5 = 0, that define the ground state. They satisfy d dρ [ e^ϕG(ρ, w_6) √ 1 + (∂_ρw_6)^2

(∂_ρw_6) ] − √ 1 + (∂_ρw_6)^2 d dw_6 [ e^ϕG(ρ, w_6) ] = 0 . (39)

The last term in the above is a “potential” like term that is evaluated to be d dw_6 [ e^ϕG(ρ, w_6) ] = 4b^4ρ^3w_6 (ρ^2 + w^2_6)^5 ( (ρ^2 + w^2_6)^2 + b^4 (ρ^2 + w^2_6)^2 − b^4 )_{Δ/2} (2b^4 − Δ(ρ^2 + w^2_6)^2) . (40)

We now consider numerical solutions with the asymptotic behavior w_6 ∼ m + c/ρ^2, and find the physical solutions by imposing a regularity constraint as discussed in the previous section.

Note that unlike the Euclidean AdS black hole, the Constable-Myers background has a naked singularity at r = 0 or ρ^2 + w^2_6 = b^2. Thus there are two possibilities for a solution with an interpretation as an RG flow, which are as follows. Either the D7-brane terminates at a value of r away from the naked singularity via a collapse of the S^3, or the D7-brane goes all the way to the singularity. In the latter case we would have little control over the physics without a better understanding of string theory in such highly curved backgrounds. Different possibilities for solutions of the D7-brane equations of motion are illustrated in figure 9.

Figure 9: Different possibilities for solutions of the D7-brane equations of motion. The semicircles are lines of constant r, which should be interpreted as a scale in the dual Yang-Mills theory. The “Bad” curve cannot be interpreted as an RG flow. The other curves have an RG flow interpretation, however the infrared (small r) region of the “Ugly” curve is outside the range of validity of DBI/supergravity.

Fortunately something remarkable happens. For positive values of m we find that there is a discreet regular solution for each value of the mass that terminates at w ≥ 1.3 before reaching the singularity at w = 1. Some of these regular solutions are plotted in figure 10. For m = 0, the solution w_6 = 0 is exact, which naively seems to indicate the absence of a chiral condensate (c = 0). However, this solution reaches the singularity, and therefore cannot be trusted. On the other hand for a very small but non-zero mass, the regular solutions require a non-vanishing c and terminate before reaching the singularity! The numerical evidence (see figure 10) suggests that there is a non-zero condensate in the limit m → 0. In other words the geometry spontaneously breaks the U(1) chiral symmetry. We plot c as a function of m in figure 11. This seems to be analogous to the situation in field theory, in which the path integral formally gives no spontaneous symmetry breaking, which is found only in the limit that a small explicit symmetry breaking parameter is taken to zero.

We can study this phenomenon further in the deep infrared, in particular in view of gaining

Figure 10: Regular solutions in the Constable-Myers background.

Figure 11: A plot of the condensate parameter c vs quark mass m for the regular solutions of the equation of motion in the Constable-Myers background.

further understanding of the behaviour of the solutions shown in figure 10. Consider (39) as ρ → 0 with w_6 ≠ 0 - the dilaton becomes ρ independent whilst G ∼ ρ^3. Thus the potential term vanishes as ρ^3 whilst the derivative piece contains a term that behaves like ρ^2∂_ρw_6 and dominates. Clearly there is a solution where w_6 is just a constant. This is the regular behaviour we are numerically tuning to. It is now easy to find the flows in reverse by setting the infrared constant value of w_6 and numerically solving out to the UV. This method ensures that the flow is always regular. We have checked that the asymptotic values of the condensate as a function of mass match our previous computation at the level of a percent, showing that the numerics are under control.

Figure 12: Regular D7 embedding solutions in the Constable-Myers geometry which lie close to the singularity in the infra-red.

Figure 13: A plot of action vs mass for the two regular D7 embedding solutions in the Constable- Myers geometry. The higher action solutions correspond to the flows that end at |w_6| < 1.3.

We now realize though that there are infrared solutions where w_6(ρ = 0) < 1.3. These flows lie close to the singularity at w_6(ρ = 0) = 1 which we had hoped to exclude. Solving these flows numerically we find that they flow to negative masses in the ultraviolet. We show these flows in figure 12. Since there is a w_6 → −w_6 symmetry of the solution though this means there is a second regular flow for each positive mass which in the infra-red flows to negative values, also shown in figure 12. The flows that begin closer to the singularity in the infrared flow out to larger masses in the ultraviolet. This strongly suggests these flows are not physical. When the quarks have a large mass, relative to the scale of the deformation, we do not expect the infra-red dynamics to have a large influence on the physics. Thus the flows shown in figure 10 that match onto the Karch-Katz type solution for large mass are the expected physical solutions. To find some analytic support for this conjecture we have calculated the action of two of the solutions for each mass value. The action is formally infinite if we let the flow cover the whole space. To see the difference in action we have calculated the contribution for 0 < ρ < 3 only which covers the infrared part of the solution (varying the upper limit does not change the conclusions). We plot the action of the two solutions versus the quark mass in figure 13, from which it can be seen that the action for the solution lying closer to the singularity is larger. Therefore the corresponding solution is not relevant for the physics.

In a certain sense, the condensate screens the probe physics from the naked singularity. In the limit of small explicit symmetry breaking parameter m, any solution (or vacuum) which did not break the U(1) symmetry would have w_6 → 0 for all ρ. If this were the case, the solution would reach the singularity (see figure 9). The screening of the singularity is reminiscent of the enhançon [39] found in N = 2 gravity duals - an important part of that analysis was understanding that the singularity of the geometry was screened from the physics of a D3 brane probe which led to an understanding of how the singularity could be removed. It’s possible we are seeing hints of something similar, if more complicated, here, although at this stage we can not see how to remove the singular behaviour.

4.2 Large N Goldstone boson (η^′)

Since there is chiral symmetry breaking via a condensate in the m → 0 limit, we also expect there to be a Goldstone boson in the meson spectrum. Such a Goldstone mode must exist as a solution to the DBI equation of motion, as the following holographic version of the Goldstone theorem shows. Assume a D7-embedding with w_5 = 0 and w_6 ∼ c/ρ^2 asymptotically. A small U(1) rotation exp(iϵ) of w_5 + iw_6 generates a solution which is a normalizable small fluctuation about this background, with w_6 unchanged (to order (ϵ^2)) and w_5 = ϵc/ρ^2. Thus a small fluctuation with w_6 unchanged and w_5 = ϵ^c_{ρ2} sin(k · x) is a normalizable solution of the linearized equations of motion provided k^2 = 0. In other words there must be a Goldstone boson associated with w_5 fluctuations. Note that if the embedding were asymptotically w_6 ∼ m + c(m)/ρ^2 for non-zero m, a U(1) rotation of w_5 + iw_6 would still generate another solution. However this solution is no longer a normalizable small fluctuation about the original embedding - asymptotically the mass will acquire a different phase moving us to a different theory. Thus if the mass is kept fixed asymptotically one does not find a massless particle in the spectrum, which reflects the explicit symmetry breaking by the quark mass m.

Note that the U(1) chiral symmetry is non-anomalous only in the limit N → ∞. The Goldstone boson discussed above is analogous to the η^′ in QCD, which becomes a Goldstone boson in the large N limit [36]. Its masslessness in this setting should not be a surprise, since the regime of validity of supergravity corresponds to large N in the dual field theory. We expect that finite N stringy effects will give the η^′ a non-zero mass.

In the solutions discussed where w_6 has a background value, fluctuations in w_5 should contain the Goldstone mode. Let us turn to the numerical study of these fluctuations in the background of the w_6 solutions we have obtained above. The linearized equation of motion for small fluctuations of the form w_5 = f(ρ) sin(k · x), with x the four Minkowski coordinates, are d dρ [_{eϕ G(ρ,w} 6) √_{1+(∂ρw6 )2} ∂_ρf(ρ) ] + M^{2 eϕ G(ρ,w6)} √_{1+(∂ρw6)2} H

(_{(ρ2 +w26 )2+b4}

(ρ^2 +w^2_6 )^2−b^4 )_{(1−δ)/2 (ρ2+w26 )2−b4} (ρ^2+w^2_6 )^2 f(ρ) − √ 1 + (∂_ρw_6)^{2 4b4ρ3}_{(ρ2+w26 )5}

(_{(ρ2+w26 )2+b4}

(ρ^2+w^2_6 )^2−b^4 )_{Δ/2} (2b^4 − Δ(ρ^2 + w^2_6)^2)f(ρ) = 0 .

(41)

The meson mass as a function of quark mass for the regular solutions for w_5 are plotted in figure 14. The meson mass indeed falls to zero as the quark mass is taken to zero providing further evidence of chiral symmetry breaking.

At small m, the mass associated to the w_5 fluctuations scales like √ m. This is consistent with field theory expectations. A well known field theory argument for this scaling is as follows. The low-energy effective Lagrangian depends on a field η^′ where exp(iη^′/f) parameterizes the vacuum manifold and transforms by a phase under chiral U(1) rotations. A quark mass term transforms by the same phase under U(1) rotations, and thus breaks the U(1) explicitly. A chiral Lagrangian consistent with this breaking has a term μ^3Re(m exp(iη^′/f)) where μ is some parameter with dimensions of mass. For real m, expanding this term to quadratic order gives a mass term^{μ3}_{f 2} mη^{′2}. It would be very interesting to demonstrate this scaling with m analytically in the DBI/supergravity setting, along with other low-energy “theorems”.

For comparison it is interesting to study w_6 fluctuations as well, which we expect to have a mass gap. Analytically linearizing the w_6 equation of motion is straightforward but the result is unrevealingly messy. Since we must eventually solve the equation numerically, we can use a simple numerical trick to obtain the solutions. We solve equation (39) for w_6 above but write w_6 = w^0_6 +δw_6(r), where numerically we enforce δw_6 to be very small relative to the background configuration w^0_6. With this ansatz we retain the field equation in its non-linear form, but it is numerically equivalent to standard linearization. We must also add a term to the l.h.s. of (39) which takes into account the x dependence of δw_6. This dependence takes the same form as that in the linearized w_5 equation (41), i.e. δw_6 = h(ρ) sin(k · x). The extra term to be added to (39) is

ΔV = M^2 e^ϕG(ρ, w_6) √ 1 + (∂_ρw_6)^2 H ( (ρ^2 + w^2_6)^2 + b^4 (ρ^2 + w^2_6)^2 − b^4 )_{(1−δ)/2} (ρ^2 + w^2_6)^2 − b^4 (ρ^2 + w^2_6)^2 δw_6 . (42)

The numerical solutions for the w_6 fluctuations are plotted in figure 14. The w_6 fluctuations have a mass gap, as expected since they are transverse to the vacuum manifold.

Figure 14: A plot of the w_5 and w_6 meson mass vs quark mass m associated with the fluctuations about the regular solutions of the equation of motion for the Constable-Myers flow.The Goldstone mass is also plotted vs √ m with a linear fit.

4.3 Pions

Thus far we have found a particle in the spectrum which is morally equivalent to the η^′ in the large N limit of QCD where it becomes a Goldstone boson. In order to obtain true pions one must have a non-abelian flavour symmetry. Unfortunately in the background which we consider, taking N_f > 1 D7-branes does not give rise to a U(N_f )_L × U(N_f )_R chiral symmetry. Instead one gets only diagonal U(N_f ) times an axial U(1). The reason is that the theory contains a coupling ψ̃_iXψ_i, where i is a flavor index and X is an adjoint scalar without any flavour indices. The coupling to X explicitly breaks the U(N_f )_L × U(N_f )_R chiral symmetry to the diagonal subgroup, but preserves an axial U(1) which acts as ψ_i → e^{iθ}ψ_i, ψ̃_i → e^{iθ}ψ̃_i, X → e^{−2iθ}X. (43)

Thus a ψ̃_iψ_i condensate will only give rise to one Goldstone boson, even if N_f > 1. If X were massive, there would be an approximate U(N_f )_L × U(N_f )_R symmetry at low energies, but this is not the case in the Constable-Myers background.

Note that N_f > 1 coincident D7-branes may be embedded in the same way as a single D7- brane. In this case there are N_f independent solutions to the linearized equations of motion for small fluctuations about this embedding, corresponding to fluctuations of the diagonal entries in a diagonal N_f × N_f matrix. These fluctuations would naively give rise to at least N_f Goldstone bosons, rather than one. These extra states will not remain massless though since the interaction with the scalar fields which breaks the symmetry will induce a mass.

Nevertheless we can still make a rough comparison between our η^′ and QCD pions. In a twoflavour large N QCD model where the quarks are degenerate one would expect four degenerate Goldstone bosons. As N is decreased, instanton effects will enter to raise the η^′ mass. However since we are at large N, the mass formula for our Goldstone is that applicable to the pions. It is therefore amusing to compare the Goldstone mass we predict to that of the QCD pion. There is considerable uncertainty in matching the strong coupling scale of our theory to that of QCD. In QCD the bare up or down quark mass is roughly 0.01Λ and the pion mass of order 0.5Λ (it is of course hard to know precisely what value one should pick for Λ). The comparison to our theory is a little hard to make but if we assume that Λ ≃ b = 1 then for this quark mass we find m_π ≃ 0.25Λ. The gravity dual is correctly predicting the pion mass at the level of a factor of two. Of course we cannot expect a perfect match given the additional degrees of freedom in the deformed N = 4 theory relative to real QCD.

5 Conclusions and open questions

We have studied two non-supersymmetric gravity backgrounds with embedded D7-brane probes, corresponding to Yang-Mills theories with confined fundamental matter. The AdS Schwarzschild black-hole background which in the presence of the probe describes an N = 2 Yang-Mills theory at finite temperature, exhibits interesting behaviour such as a bilinear quark condensate and a geometric transition which may correspond to a third order transition in the gauge theory. The D7-brane embedding into the Constable-Myers background is more QCD-like, showing a chiral condensate at small quark mass as well as the accompanying pion (or large N η^′).

In the Constable-Myers background with a D7-brane, there is a spontaneously broken U(1) axial symmetry. A closer approximation to (large N) QCD would require a spontaneously broken U(N_f )_L × U(N_f )_R chiral symmetry with N_f = 2 or N_f = 3. Unfortunately, simply adding D7- branes does not accomplish this in the Constable-Myers background. Assuming that one were able to find a background with the full chiral symmetry, it would be very interesting to obtain a holographic interpretation of low-energy current algebra theorems and make predictions for chiral-Lagrangian parameters based on the non-abelian Dirac-Born-Infeld action. One challenge would be to obtain such terms as the Wess-Zumino-Witten term, ∫ d^5x tr(ΣdΣ^†)^5. Note that this term requires an auxiliary fifth dimension, which appears naturally in the holographic context.

It is clearly important to look at more physical geometries. We chose these backgrounds because they are particularly simple; the S^5 is left invariant and hence embedding the D7 is straightforward and the RG flow depends only on the radial direction. More complicated geometries, such as the Yang-Mills^∗ geometry [8], that include mass terms for the adjoint scalars and fermions of N = 4, have extra dependence on the angles of the S^5 and the resulting equations of motion are much less tractable.

In conclusion the results presented here represent another success for the AdS/CFT Correspondence. The results suggest that gravity duals of non-supersymmetric gauge theories may induce chiral symmetry breaking if light quarks are introduced, just as is observed in QCD. This opens up the possibility of studying the light meson sector of QCD using these new techinques.

Acknowledgements We are very grateful to R. Brower, N. Constable, A. Hanany, C. Núñez, M. Petrini and N. Prezas for enlightening discussions.

The research of J.E., Z.G. and I.K. is supported by DFG (Deutsche Forschungsgemeinschaft) within the ‘Emmy Noether’ programme, grant ER301/1-2. J.B. acknowledges support through a Research Fellowship of the Alexander von Humboldt Foundation. N.E. is grateful for the support of a PPARC Advanced Research Fellowship.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “Novel local CFT and exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics,” JHEP 9812 (1998) 022 [arXiv:hep-th/9810126].

[5] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2 (1998) 505 [arXiv:hep-th/9803131].

[6] S. S. Gubser, “Dilaton-driven confinement,” arXiv:hep-th/9902155.

[7] J. Babington, D. E. Crooks and N. Evans, “A non-supersymmetric deformation of the AdS/CFT correspondence,” JHEP 0302 (2003) 024 [arXiv:hep-th/0207076].

[8] J. Babington, D. E. Crooks and N. Evans, “A stable supergravity dual of nonsupersymmetric glue,” Phys. Rev. D 67 (2003) 066007 [arXiv:hep-th/0210068].

[9] N. R. Constable and R. C. Myers, “Exotic scalar states in the AdS/CFT correspondence,” JHEP 9911 (1999) 020 [arXiv:hep-th/9905081];

[10] C. Csaki, H. Ooguri, Y. Oz and J. Terning, “Glueball mass spectrum from supergravity,” JHEP 9901, 017 (1999) [arXiv:hep-th/9806021].

[11] R. de Mello Koch, A. Jevicki, M. Mihailescu and J. P. Nunes, “Evaluation of glueball masses from supergravity,” Phys. Rev. D 58, 105009 (1998) [arXiv:hep-th/9806125].

[12] M. Zyskin, “A note on the glueball mass spectrum,” Phys. Lett. B 439, 373 (1998) [arXiv:hep-th/9806128].

[13] J. G. Russo, “New compactifications of supergravities and large N QCD,” Nucl. Phys. B 543, 183 (1999) [arXiv:hep-th/9808117].

[14] J. A. Minahan, “Glueball mass spectra and other issues for supergravity duals of QCD models,” JHEP 9901, 020 (1999) [arXiv:hep-th/9811156].

[15] H. Ooguri, H. Robins and J. Tannenhauser, “Glueballs and their Kaluza-Klein cousins,” Phys. Lett. B 437, 77 (1998) [arXiv:hep-th/9806171].

[16] C. Csaki, Y. Oz, J. Russo and J. Terning, “Large N QCD from rotating branes,” Phys.

Rev. D 59, 065012 (1999) [arXiv:hep-th/9810186].

[17] J. G. Russo and K. Sfetsos, “Rotating D3 branes and QCD in three dimensions,” Adv.

Theor. Math. Phys. 3, 131 (1999) [arXiv:hep-th/9901056].

[18] C. Csaki, J. Russo, K. Sfetsos and J. Terning, “Supergravity models for 3+1 dimensional QCD,” Phys. Rev. D 60, 044001 (1999) [arXiv:hep-th/9902067].

[19] N. R. Constable and R. C. Myers, “Spin-two glueballs, positive energy theorems and the AdS/CFT correspondence,” JHEP 9910 (1999) 037 [arXiv:hep-th/9908175].

[20] R. C. Brower, S. D. Mathur and C. I. Tan, “Glueball spectrum for QCD from AdS supergravity duality,” Nucl. Phys. B 587 (2000) 249 [arXiv:hep-th/0003115].

[21] M. Teper, “Large N(c) physics from the lattice,” arXiv:hep-ph/0203203. [22] C. J. Morningstar and M. J. Peardon, “The glueball spectrum from an anisotropic lattice study,” Phys. Rev. D 60, 034509 (1999) [arXiv:hep-lat/9901004].

[23] D. E. Crooks and N. Evans, “The Yang Mills gravity dual,” arXiv:hep-th/0302098. [24] A. Karch and L. Randall, “Open and closed string interpretation of SUSY CFT’s on branes with boundaries,” JHEP 0106 (2001) 063 [arXiv:hep-th/0105132].

[25] O. DeWolfe, D. Z. Freedman and H. Ooguri, “Holography and defect conformal field theories,” Phys. Rev. D 66 (2002) 025009 [arXiv:hep-th/0111135].

[26] J. Erdmenger, Z. Guralnik and I. Kirsch, “Four-dimensional superconformal theories with interacting boundaries or defects,” Phys. Rev. D 66 (2002) 025020 [arXiv:hep-th/0203020].

[27] N. R. Constable, J. Erdmenger, Z. Guralnik and I. Kirsch, “Intersecting D3-branes and holography,” arXiv:hep-th/0211222.

[28] N. R. Constable, J. Erdmenger, Z. Guralnik and I. Kirsch, “(De)constructing intersecting M5-branes,” Phys. Rev. D 67 (2003) 106005 [arXiv:hep-th/0212136].

[29] A. Karch and E. Katz, “Adding flavor to AdS/CFT,” JHEP 0206 (2002) 043 [arXiv:hep-th/0205236];

[30] A. Karch, E. Katz and N. Weiner, “Hadron masses and screening from AdS Wilson loops,” Phys. Rev. Lett. 90 (2003) 091601 [arXiv:hep-th/0211107].

[31] M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, “Meson spectroscopy in AdS/CFT with flavour”, arXiv:hep-th/0304032.

[32] T. Sakai and J. Sonnenschein, “Probing Flavored Mesons of Confining Gauge Theories by Supergravity”, hep-th/0305049.

[33] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and chiSB-resolution of naked singularities,” JHEP 0008 (2000) 052 [arXiv:hep-th/0007191].

[34] H. Nastase, “On Dp-Dp+4 systems, QCD dual and phenomenology,” arXiv:hep-th/0305069.

[35] J. Polchinkski and M.J. Strassler, “The String Dual of a Confining Gauge Theory,” arXiv:hep-th/0209211.

[36] E. Witten, “Current Algebra Theorems For The U(1) ’Goldstone Boson’,” Nucl. Phys. B 156 (1979) 269.

[37] J. F. Donoghue, E. Golowich and B. R. Holstein, “Dynamics Of The Standard Model,” Cambridge Monogr. Part. Phys. Nucl. Phys. Cosmol. 2 (1992) 1.

[38] S. S. Gubser, “Curvature singularities: The good, the bad, and the naked,” Adv. Theor.

Math. Phys. 4 (2002) 679 [arXiv:hep-th/0002160].

[39] C. V. Johnson, A. W. Peet and J. Polchinski, “Gauge theory and the excision of repulson singularities,” Phys. Rev. D 61 (2000) 086001 [arXiv:hep-th/9911161].