arXiv:hep-th/0306095 v1 11 Jun 2003

MIT–CTP–3381

hep-th/0306095

June, 2003

A Note on Supersymmetry in Noncommutative Field Theories

Madoka Nishimura^∗

Center for Theoretical Physics Massachusetts Institute of Technology Cambridge MA 02139-4307, USA

Abstract

We show that a solution of the type IIB supergravity representing D3-branes in the presence of a 2-form background has 16 supersymmetries by explicitly constructing the transformation parameter of unbroken supersymmetry. This solution is dual to a noncommutative Yang-Mills theory in a certain limit.

∗e-mail: madoka@mit.edu

1. Introduction

The local supersymmetry in supergravities is directly connected to other local symmetries, such as the gauge symmetry and the general covariance as well as the local Lorentz symmetry, as can be seen in the commutator algebra of the transformations. On the other hand, noncommutative theories can have supersymmetry while the Lorentz symmetry is broken by the presence of a constant 2-form background B_{μν} . It is conjectured that a noncommutative super Yang-Mills theory with constant B_{23} has 16 supersymmetries [1, 2]. Thus, it is interesting to see the relation between the supersymmetry and the local Lorentz symmetry in the supergravity, which is dual to the noncommutative field theory with the Lorentz symmetry intuitively broken.

In this paper we show that a solution of the type IIB supergravity representing D3-branes in the presence of non-vanishing B_{01}, B_{23} backgrounds has 16 supersymmetries, although the Lorentz symmetry is broken on the world volume. This solution was obtained in ref. [3] by a Wick rotation from the Euclidean solution representing smeared bound states of D(−1), F1, D1 and D3 branes. It originally appeared in the context of the T-duality map [4], and was discussed as D-brane bound states [5, 6]. In order to study supersymmetry we use the Lorentzian solution rather than the Euclidean one since it is not clear how to define supersymmetry in the Euclidean space.

We substitute this solution into the supertransformations of the fermionic fields in the type IIB supergravity and obtain the conditions on the transformation parameter of unbroken supersymmetry. The general form of the parameter satisfying these conditions contains an arbitrary constant spinor which has 16 independent components. Therefore, we find that 16 supersymmetries exist in four dimensions. This remains true even when we turn off B_{01} or when we take the decoupling limit [3]. We will see that the parameter of unbroken supersymmetries explicitly depends on the scalar field τ , the angles of the D-branes tilted in the 01 and 23 directions and the harmonic functions appearing in the metric.

The number of supersymmetries may be partly explained by the isometry SO(6) = SU(4) of S^5 contained in the solution. The solution with vanishing 2-form background has N = 4 Poincaré supersymmetry in four dimensions [7], whose fourcomponent spinor transformation parameters are independent of the four-dimensional coordinates x^μ. It also has the conformal supersymmetry with x^μ-dependent transformation parameters. We will see that the solution with non-vanishing 2-form background has the same number of supersymmetries with x^μ-independent parameters, but the spinor transformation parameters satisfy a certain condition and have only two independent components. There is no conformal supersymmetry in this case.

In refs. [8, 9] the D-brane effective action was obtained as a solution to the Hamilton-Jacobi equation for the type IIB supergravity compactified on S^5. The ADM formalism for the 5-dimensional space-time was used by treating the radial coordinate r as time. Although only the bosonic part of the effective action has been studied, it brought about remarkable results to find new supergravity solutions. The effective action obtained there includes a broad family of super Yang-Mills theories by only assuming that 2-form fields are constant at the surface of constant radius r. The geometries dual to the field theories described by this effective action are not known in general. However, there are some known geometries which are dual to the field theories brought by the Hamilton-Jacobi formalism. The noncommutative Yang-Mills theory and the ordinary super Yang-Mills theory are solutions to the Hamilton-Jacobi equation. The dual geometry of the noncommutative Yang-Mills theory is a near horizon limit of a supergravity solution of N D3-branes in a nonvanishing B_{23} background. The dual geometry of the ordinary super Yang-Mills theory is obtained in the limit of vanishing B_{23} [10].

To know more about the general super Yang-Mills theories which is derived as a solution to the Hamilton-Jacobi equation, and to look for the corresponding dual geometries, it is useful to consider the solution with a non-vanishing 2-form extended in the 01 and 23 directions and non-vanishing 0-forms, and to see how supersymmetries survive. It is also important to look at the correspondence between the symmetries of the supergravity and those of the field theory in the light of the AdS/CFT correspondence, as the maximal supersymmetric case shows that the local symmetries in the supergravity become the global symmetries of the field theory on the boundary [11].

We write down the supertransformations of the type IIB supergravity in the string frame in Section 2, and give the explicit form of the solution with nonvanishing 2-form fields in Section 3. In Section 4 we substitute the solution into the supertransformations and find the parameter of unbroken supersymmetry.

2. Type IIB supergravity in ten dimensions

The field content of the type IIB supergravity in ten dimensions [12, 13] is a vielbein e_M^A, a complex Rarita-Schwinger field ψ_M , a real fourth-rank antisymmetric tensor field D_{M N P Q} with a self-dual field strength, two real second-rank antisymmetric tensor fields B_{M N} , C_{M N} , a complex spinor field λ and a complex scalar field τ = χ + ie^{−ϕ}. We use the string frame rather than the Einstein frame. In the string terminology χ, C_{M N} and D_{M N P Q} are 0, 2, 4-form fields in the R-R sector, while B_{M N} and ϕ are a 2-form field and a dilaton in the NS-NS sector. We denote ten-dimensional world indices as M, N, · · · = 0, 1, · · · , 9 and local Lorentz indices as A, B, · · · = 0, 1, · · · , 9. The fermionic fields satisfy chirality conditions Γ̄_{10D}ψ_M = −ψ_M , Γ̄_{10D}λ = λ, where Γ̄_{10D} = Γ^0Γ^1 · · · Γ^9 is the ten-dimensional chirality matrix. We choose the ten-dimensional gamma matrices Γ^A to have real components. The gamma matrices with the world indices are denoted as Γ̂^M = Γ^Ae_A^M .

The local supersymmetry transformations of the fermionic fields in the string frame can be obtained from those in the Einstein frame [12, 13] and are given by κδλ = −e^{14 ϕ} ( Γ̂^M ϵ^∗P_M + 1 24 e^ϕΓ̂^{M N P} ϵG_{M N P} ) , κδψ_M = [ ∂_M + 1 4 ( ω_M^{AB} Γ_{AB} + 1 2 ∂_N ϕΓ̂^N_M ) − 1 2 iQ_M ] ϵ + 1 16 · 5! ie^ϕF̃_{P1···P5}Γ̂^{P1 ···P5}Γ̂_M ϵ − 1 96 e^ϕ ( Γ̂_M^{N P Q}G_{N P Q} − 9Γ̂^{P Q}G_{M P Q} ) ϵ^∗, (1)

where κ is the gravitational coupling constant and

P_M = 1 2 ie^ϕ 1 + iτ^∗ 1 − iτ ∂_M τ, Q_M = − 1 4 e^ϕ ( 1 − iτ^∗ 1 − iτ ∂_M τ + 1 + iτ 1 + iτ^∗ ∂_M τ^∗ ) , G_{M N P} = i ( 1 + iτ^∗ 1 − iτ )^1_2 (F_{M N P} + τ H_{M N P} ) , F̃_{M N P QR} = F_{M N P QR} + 10C_{[M N} H_{P QR]}. (2) The field strengths are defined as

F_{M N P QR} = 5∂_{[M} D_{N P QR]}, F_{M N P} = 3∂_{[M} C_{N P ]}, H_{M N P} = 3∂_{[M} B_{N P ]}. (3)

The 5-form field strength F̃_{M N P QR} must satisfy the self-duality condition ∗F̃_{M1···M5} = F̃_{M1···M5} . The transformation parameter ϵ is a complex spinor satisfying the chirality condition Γ̄_{10D}ϵ = −ϵ. The unusual term proportional to ∂_N ϕ in δψ_M is due to the use of the string frame.

For later convenience, we redefine the transformation parameter as

ϵ̃ = (1 + iτ^∗ 1 − iτ )_−^1_4 ϵ, ϵ̃^∗ = ( 1 + iτ^∗ 1 − iτ )^1_4

ϵ^∗. (4) It is easy to show that in terms of ϵ̃ the derivative term in δψ_M looks simpler ( ∂_M − 1 2 iQ_M ) ϵ = ( 1 + iτ^∗ 1 − iτ )^1_4 (

∂_M + 1 4 ie^ϕ∂_M χ ) ϵ̃. (5)

3. The solution with non-vanishing 2-form fields

The noncommutative super Yang-Mills theory is described by a solution of the type IIB supergravity with non-vanishing B_{M N} field [3] in the Seiberg-Witten limit [1]. Before taking the limit the solution has the metric

ds^2_{string} = G_{M N} dx^M dx^N

= f^{−1/2}h^′ [ −(dx^0)^2 + (dx^1)^2 ] + f^{−1/2}h [ (dx^2)^2 + (dx^3)^2 ] +f^{1/2}δ_{ij} dx^idx^j , (6) where f = 1 + α^{′4}R^4 r^4

, r^2 = δ_{ij} x^ix^j , h^{−1} = sin^2 θf^{−1} + cos^2 θ, h^{′−1} = − sinh^2 θ^′f^{−1} + cosh^2 θ^′. (7) The radius R is given by R^4 = 4πgN(cos θ cosh θ^′)^{−1}. We have decomposed the world indices as M = (μ, i) (μ = 0, 1, 2, 3; i = 4, 5, · · · , 9). Other non-vanishing fields are e^{2ϕ} = g^2hh^′, χ = −g^{−1} sin θ sinh θ^′f^{−1}, B_{01} = tanh θ^′f^{−1}h^′, B_{23} = tan θf^{−1}h, C_{01} = g^{−1} sin θ cosh θ^′h^′f^{−1}, C_{23} = −g^{−1} cos θ sinh θ^′hf^{−1}, D_{0123} = g^{−1} cos θ cosh θ^′hh^′f^{−1} (8) and D_{ijkl} determined from the above D_{0123} by the self-duality condition of F̃_{M N P QR}. The constants θ and θ^′ parametrize the asymptotic values of B_{23} and B_{01} for r → ∞. The existence of non-vanishing χ, B_{01} and C_{01} means that D(−1), F1 and D1 branes enter into the bound state.

We also need the spin connection ω_M^{AB} for the metric (6). From the torsionless condition ∂_{[M} e_{N ]}^A + ω_{[M}^{AB} e_{N ]B} = 0 the non-vanishing components are obtained as ω_μ^{aI} = − 1 4 ( 1 + 2 sinh^2 θ^′f^{−1}h^′ ) h^{′ 12} f^{− 32} ∂_ifδ^{iI} δ^a_μ (for μ = 0, 1), ω_μ^{aI} = − 1 4 ( 1 − 2 sin^2 θf^{−1}h ) h^{12} f^{− 32} ∂_ifδ^{iI} δ^a_μ (for μ = 2, 3), ω_i^{IJ} = − 1 2 f^{−1}∂_j fδ^{j[I} δ^{J]}_i , (9)

where we have decomposed the local Lorentz indices as A = (a, I) (a = 0, 1, 2, 3; I = 4, 5, · · · , 9). For later convenience, we define Γ̂^r =^{xi}_r Γ̂^i as the gamma matrix for the radial (r) direction.

4. Supersymmetry with non-vanishing 2-form fields

The final task is to substitute the solution (6), (8) into the supersymmetry transformations (1) and obtain the conditions on the transformation parameter ϵ for unbroken supersymmetry. Since the fields in eqs. (6), (8) depend only on the radial coordinate r, some expressions in the supertransformations become simpler. For example, we obtain G_{μνr} = i (1 + iτ^∗ 1 − iτ )^1_2

(∂_rC_{μν} + τ ∂_rB_{μν} ) (10)

and other components of G_{M N P} vanish. Only the M = r components of P_M , Q_M are non-vanishing. The vanishing of the supertransformation of λ in eq. (1) then requires ϵ^∗ = − 1 8 e^ϕG_{μνr}Γ̂^{μν} ϵ (P_r)^{−1} . (11)

Substituting (8) we obtain more explicit condition

ϵ̃^∗ = −f^{12} ( sin θh^{12} + i sinh θ^′h^{′ 12} )_{−1} ( h^{12} cos θΓ^{0123} − ih^{′ 12} cosh θ^′ ) Γ^{01}ϵ̃. (12)

We then consider the condition from δψ_M = 0. By using the self-duality of F̃_{M1···M5} and the chirality condition of ϵ we find that the 5-form field strength term in δψ_M becomes 1 5! F̃_{N P QRS}Γ̂^{N P QRS}Γ̂_M ϵ̃ = 2F̃_{0123r}Γ̂^{0123}Γ̂^rΓ̂_M ϵ̃, (13)

where F̃_{0123r} = ∂_rD_{0123} + C_{01}∂_rB_{23} + C_{23}∂_rB_{01}. The G terms are simplified as − e^ϕ 96 ( 3Γ̂_μ^{νρi}G_{νρi} − 18Γ̂^{νi} G_{μνi} ) = − e^ϕ 16 f^{12} ( h^{−1}G_{23r}Γ^{0123} + 3h^{′−1}G_{01r} ) Γ^{01}Γ̂_μ^r (14)

for μ = 0, 1, − e^ϕ 96 ( 3Γ̂_μ^{νρi}G_{νρi} − 18Γ̂^{νi} G_{μνi} ) = − e^ϕ 16 f^{12} ( h^{′−1}G_{01r} + 3h^{−1}G_{23r}Γ^{0123} ) Γ^{01}Γ̂_μ^r (15)

for μ = 2, 3, and − e^ϕ 96 ( 3Γ̂_i^{νρj} G_{νρj} − 9Γ̂^{μν} G_{μνi} ) = − e^ϕ 16 x^j r f^{12} ( h^{′−1}G_{01r} + h^{−1}G_{23r}Γ^{0123} ) Γ^{01} ( Γ̂_i^j − 3δ^j_i ) (16) for i = 4, · · · , 9. Note that the summations of ν, ρ on the left-hand sides run 0 to 3.

We use these formulae and substitute eq. (11) into ϵ^∗ in δψ_M . For μ = 0, · · · , 3 the spin connection term and the ∂_j ϕ term cancel with the real part of the 3-form terms in eqs. (14), (15), whereas the 5-form term cancels with the imaginary part of the 3-form terms. Thus, we find a simple result κδψ_μ = ∂_μϵ. (17) Therefore, δψ_μ = 0 requires that the transformation parameter ϵ is independent of x^μ.

Substituting eqs. (11), (13), (16) into eq. (1) the supertransformation of the Rarita-Schwinger field for i = 4, · · · , 9 becomes ( 1 + iτ^∗ 1 − iτ )_−^1_4 κδψ_i = ( ∂_i + 1 4 ie^ϕ∂_iχ ) ϵ̃ + ( 1 4 ω_i^{IJ} Γ_{IJ} + 1 8 ∂_j ϕΓ̂^j_i ) ϵ̃ − i 8 x^j r e^ϕF̃_{0123r}(hh^′)^{−1}fΓ^{0123}Γ̂^jΓ̂_iϵ̃ − 1 64 e^{2ϕ}f (P_r)^{−1} x^j r ( Γ̂_i^j − 3δ^j_i ) × [ 2(hh^′)^{−1}Γ^{0123}G_{01r}G_{23r} + h^{′−2}G^2_{01r} − h^{−2}G^2_{23r} ] ϵ̃. (18)

There are four kinds of gamma matrix structures on the right-hand side: Γ_i^j , Γ_i^j Γ^{0123}, δ^j_i and δ^j_i Γ^{0123}. The terms with the first two structures are shown to vanish. The remaining terms are ( 1 + iτ^∗ 1 − iτ )_−^1_4 κδψ_i = ∂_iϵ̃ + i 4 sin θ sinh θ^′(hh^′)^{1/2}f^{−2}∂_ifϵ̃ + 3 16 (h cos^2 θ + h^′ cosh^2 θ^′)f^{−1}∂_ifϵ̃ + i 4 cos θ cosh θ^′(hh^′)^{1/2}f^{−1}∂_ifΓ^{0123}ϵ̃. (19)

The functions on the right-hand side can be written as total derivatives i 4 sin θ sinh θ^′(hh^′)^{1/2}f^{−2}∂_if = − 1 4 ∂_i log h^{′1/2} sinh θ^′ − ih^{1/2} sin θ h^{′1/2} sinh θ^′ + ih^{1/2} sin θ , 3 16 (h cos^2 θ + h^′ cosh^2 θ^′)f^{−1}∂_if = − 3 16 ∂_i log(hh^′f^{−2}), i 4 cos θ cosh θ^′(hh^′)^{1/2}f^{−1}∂_if = i 4 ∂_i log h^{′1/2} cosh θ^′ + h^{1/2} cos θ h^{′1/2} cosh θ^′ − h^{1/2} cos θ

. (20)

It is easy to see that the condition δψ_i = 0 determines the transformation parameter as ϵ = (hh^′f^{−2})^{316} (1 + iτ^∗ 1 − iτ )^1_4

× [ h^{′1/2} sinh θ^′ − ih^{1/2} sin θ h^{1/2} sinh θ^′ + ih^{1/2} sin θ

] 1_4 [

h^{′1/2} cosh θ^′ − ih^{1/2} cos θΓ^{0123} h^{′1/2} cosh θ^′ + ih^{1/2} cos θΓ^{0123}

] 1_4

ϵ̃_0, (21)

where ϵ̃_0 is an arbitrary constant spinor. Substituting eq. (21) into the condition (12) we find ϵ̃^∗_0 = Γ^{01}ϵ̃_0. (22)

Eq. (21) with a constant ϵ̃_0 satisfying the condition (22) is our final result on the parameter of unbroken supersymmetry. From eq. (22) half of the 32 supersymmetries are preserved. Thus, we have 16 supersymmetries in four dimensions for the solution with two non-vanishing components of the 2-form fields. Taking θ^′ = 0 it goes back to the solution for one non-vanishing component, and further taking the decoupling limit r → 0 with some parameters kept constant, it becomes AdS_5 × S^5 in the near horizon limit [3]. These particular cases also have 16 supersymmetries in four dimensions.

This result should be compared with the one in the case of vanishing B_{M N} (θ = θ^′ = 0). In this case the δλ = 0 condition is automatically satisfied and one does not obtain eq. (11), which relates ϵ^∗ to ϵ. The unbroken supersymmetries are 16 x^μ-independent ϵ satisfying iΓ^{0123}ϵ = ϵ and 16 x^μ-dependent ϵ satisfying iΓ^{0123}ϵ = −ϵ [14]. The former 16 correspond to Poincaré supersymmetry in the four-dimensional view point, while the latter 16 correspond to conformal supersymmetry.

Acknowledgements

I would like to thank A. Tsuchiya for suggesting the topic and K. Hashimoto for fruitful comments. I also would like to thank the Center for Theoretical Physics of MIT for hospitality. This work is supported in part by the Nishina Memorial Foundation and by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement #DF-FC02-94ER40818.

References

[1] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032, hep-th/9908142.

[2] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT Correspondence, Phys. Lett. B465(1999)142-147, hep-th/9907166.

[3] J. Maldacena and J. Russo, Large N limit of non-commutative gauge theories, JHEP 09 (1999) 025, hep-th/9908134.

[4] E. Bergshoeff, M. de Roo, M.B. Green, G. Papadopoulos and P.K. Townsend, Duality of type II 7-branes and 8-branes, Nucl. Phys. B470 (1996) 113, hep-th/9601150.

[5] J.G. Russo and A.A. Tseytlin, Waves, boosted branes and BPS states in Mtheory, Nucl. Phys. B461 (1996) 131-154.

[6] J.C. Breckenridge, G. Michaud and R.C. Myers, More D-brane bound states, Phys. Rev. D55 (1997) 6438, hep-th/9611174.

[7] J. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113], hep-th/9711200.

[8] M. Sato and A. Tsuchiya, Born-Infeld action from supergravity, Prog. Theor.

Phys. 109 (2003) 687, hep-th/0211074.

[9] M. Sato and A. Tsuchiya, Hamilton-Jacobi method and effective actions of D-brane and M-brane in supergravity, hep-th/0305090.

[10] N. Itzhaki, J. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the large N limit of theories with sixteen supercharges, Phys. Rev. D58 (1998) 046004, hep-th/9802042.

[11] M. Nishimura and Y. Tanii, Supersymmetry in the AdS/CFT correspondence, Phys. Lett. B446 (1999) 37, hep-th/9810148.

[12] J.H. Schwarz, Covariant field equations of chiral N = 2 D = 10 supergravity, Nucl. Phys. B226 (1983) 269.

[13] P. Howe and P.C. West, The complete N = 2, D = 10 supergravity, Nucl.

Phys. B238 (1984) 181.

[14] M. Graña and J. Polchinski, Supersymmetric three-form flux perturbations on AdS_5, Phys. Rev. D63 (2001) 026001, hep-th/0009211.