arXiv:hep-th/0306230 v1 24 Jun 2003

Supergravity in (2 + 1) dimensions from (3 + 1)-dimensional Supergravity

P. Salgado,^∗ F. Izaurieta,^† and E. Rodríguez^‡ Departamento de Física, Universidad de Concepción, Casilla 160-C, Concepción, Chile.

(Dated: June 24, 2003)

In the context of the formalism proposed by Stelle-West and Grignani-Nardelli, it is shown that Chern-Simons supergravity can be consistently obtained as a dimensional reduction of (3 + 1)- dimensional supergravity, when written as a gauge theory of the Poincarè group. The dimensional reductions are consistent with the gauge symmetries, mapping (3 + 1)-dimensional Poincarè supergroup gauge transformations onto (2 + 1)-dimensional Poincarè supergroup ones.

PACS number(s): 04.65. +e

I. INTRODUCTION

Supergravity in (2 + 1) [1, 2] and in (3 + 1) [3, 4] dimensions can be formulated as a gauge theory of the Poincarè superalgebra. The first-order formalism permits one to write the three dimensional supergravity as a Chern-Simons theory [5], for which (2 + 1)-dimensional supergravity is a good theoretical laboratory for the construction of a quantum theory [6]. Then it is interesting to find a link between supergravities in (2 + 1) and in (3 + 1) dimensions.

The action for supergravity in (2 + 1)-dimensions S = ∫ ( ε_{abc}R^{ab}e^c + 4ψDψ ) , with ψ a two component Majorana spinor, is invariant under Lorentz rotations, Poincarè translations and supersymmetry transformations. The dreibein e^a_μ, the spin connection ω^{ab}_μ and the gravitino ψ^a_μ transform as components of a connection for the super Poincarè group. This means that the supersymmetry algebra implied by the corresponding supersymmetry transformations is the super Poincarè algebra.

(3 + 1)-dimensional supergravity invariant under the Poincarè supergroup is based on the supersymmetric extension of the Stelle-West-Grignani-Nardelli formalism (SW GN ) [3, 7, 10]. The fundamental idea of the formalism is founded on the definition [3, 7, 9] of the vierbein V^A and the gravitino Ψ, which involves the Goldstone fields ξ^A, χ. In the supersymmetric extension of the (SW GN )-formalism: (i) the vierbein V^A is not identified with the component e^A of the gauge potential along the translation generators, but is given by

V^A = Dζ^A + e^A + i ( 2ψ + Dχ ) γ^Aχ, (1) (ii) the gravitino field is not identified with the component ψ of the gauge potential along the supersymmetry generator, but is given by

Ψ = ψ + Dχ

∗Electronic address: pasalgad@udec.cl †Electronic address: fizaurie@udec.cl ‡Electronic address: edurodriguez@udec.cl

where Dζ^A = dζ^A + ω^{AB} ζ_B , Dχ = dχ −^1_2 ω^{AB} γ_{AB} χ and where ω^{AB} is the spin connection.

The purpose of the present work is to find the supersymmetric extension of the successful formalism of refs. [10, 11]. This means that, in the context of the procedure of refs. [10, 11], (3+1)-dimensional supergravity can be dimensionally reduced to Chern-Simons supergravity. This procedure can be used because both supergravity in (2 + 1) [5] and supergravity in (3 + 1)-dimensions [3, 4] can be formulated as theories genuinely invariant under the Poincarè supergroup.

The paper is organized as follows: In sec.II, we shall review some aspects of the Supersymmetric extension of the Stelle-West formalism and of supergravity as a gauge theory of the Poincarè supergroup. The dimensional reduction is carried out in sec.III where the principal features of the dimensional reduction process are presented. Section IV concludes the work with brief comment.

II. SUPERGRAVITY INVARIANT UNDER THE POINCARÈ GROUP

In this section we shall review some aspects of the Supersymmetric extension of the Stelle-West formalism and of supergravity as a gauge theory of the Poincarè group. The main point of this section is to display the differences in the invariances of the supergravity action when different definitions of vierbein are used.

A. Non-Linear realizations

The non-linear realizations can be studied by the general method developed in ref. [12, 13]. Following these references, we consider a Lie (super)group G and a subgroup H.

Let us call {V_i}^{n−d}_{i=1} the generators of H. We assume that the remaining generators {A_l}^d_{l=1} are chosen so that they form a representation of H. In other words, the commutator [V_i, A_l] should be a linear combination of A_l alone. A group element g ∈ G can be represented

(uniquely) in the form

g = e^{ξl Al} h (2)

where h is an element of H. The ξ^l parametrize the coset space G/H. We do not specify here the parametrization of h. One can define the effect of a group element g_0 on the coset space by

g_0g = g_0(e^{ξl Al} h) = e^{ξ′lAl} h^′ (3) or g_0e^{ξlAl} = e^{ξ′lAl} h_1 (4)

where

ξ^′ = ξ^′(g_0, ξ) (5)

h_1 = h^′h^{−1} (6)

h_1 = h_1(g_0, ξ). (7)

If g_0 − 1 is infinitesimal, (4) implies e^{−ξlAl} (g_0 − 1) e^{ξlAl} − e^{−ξlAl} δe^{ξlAl} = h_1 − 1. (8) The right-hand side of (8) is a generator of H.

Let us first consider the case in which g_0 = h_0 ∈ H. Then (4) gives

e^{ξ′l Al} = h_0e^{ξlAl} h^{−1}_0 (9)

Since the A^l form a representation of H, this implies

h_1 = h_0; h^′ = h_0h. (10)

The transformation from ξ to ξ^′ given by (9) is linear. On the other hand, consider now

g_0 = e^{ξl0 Al} . (11)

. In this case (4) becomes e^{ξl0 Al} e^{ξl Al} = e^{ξ′l Al} h. (12) This is a non-linear inhomogeneous transformation on ξ. The infinitesimal form (8) becomes

e^{−ξlAl} ξ^i_0A_ie^{ξj Aj} − e^{−ξl Al} δe^{ξi Ai} = h_1 − 1. (13)

The left-hand side of this equation can be evaluated, using the algebra of the group. Since the results must be a generator of H, one must set equal to zero the coefficient of A_l. In this way one finds an equation from which δξ^i can be calculated.

The construction of a Lagrangian invariant under coordinate-dependent group transformations requires the introduction of a set of gauge fields a = a^i_μA_idx^μ, ρ = ρ^i_μV_idx^μ, p = p^l_μA_ldx^μ, v = v^i_μV_idx^μ, associated respectively with the generators V_i and A_l. Hence ρ + a is the usual linear connection for the gauge group G, and the corresponding covariant derivative is given by:

D = d + f(ρ + a) (14)

and its transformation law under g ∈ G is

g : (ρ+a) → (ρ^′ +a^′) = [ g(ρ + a)g^{−1} − 1 f (dg)g^{−1} ] (15)

where f is a constant which, as it turns out, gives the strength of the universal coupling of the gauge fields to all other fields.

We now consider the Lie algebra valued differential form [12]

e^{−ξlAl} [d + f(ρ + a)] e^{ξlAl} = p + v. (16)

The transformation laws for the forms p(ξ, dξ) and v(ξ, dξ) are easily obtained. In fact, using (11),(12) one finds [14]

p^′ = h_1p(h_1)^{−1} (17)

v^′ = h_1v(h_1)^{−1} + h_1d(h_1)^{−1}. (18)

The equation (17) shows that the differential forms p(ξ, dξ) are transformed linearly by a group element of the form (11). The transformation law is the same as by an element of H, except that now this group element h_1(ξ_0, ξ) is a function of the variable ξ. Therefore any expression constructed with p(ξ, dξ) which is invariant under the subgroup H will be automatically invariant under the entire group G, the elements of H operating linearly on ξ, the remaining elements non-linearly.

B. Supersymmetric Stelle-West Formalism

The basic idea of the Stelle-West formalism is founded on the non-linear realizations in anti de Sitter space [7]. The supersymmetric extension of this formalism [4] is based in the non-linear realizations of supersymmetry in anti de Sitter space [14]. The formalism consider as G the graded Lie algebra

[P_A, P_B] = −im^2J_{AB}

[J_{AB} , P_C] = i (η_{AC}P_B − η_{BC} P_A)

[J_{AB}, J_{CD}] = i (η_{AC}J_{BD} − η_{BC} J_{AD} + η_{BD} J_{AC} − η_{AD}J_{BC} ) [J_{AB}, Q_α] = i (γ_{AB} )_{αβ} Q_β

[P_A, Q_α] = − i 2 m(γ_A)_{αβ} Q_β

[ Q_α, Q_β ] = −2 ( γ^A ) αβ P_A − 2m(γ^{AB} )_{αβ}J_{AB} (19) having as generators Q_α, P_A and M_{AB} . It has as a subalgebra H that of the de Sitter group SO(3, 2) with generators P_A and M_{AB} . This, in turn, has as subalgebra L that of the Lorentz group SO(3, 1) with generators M_{ab}. An element of G can be uniquely represented in the form g = e^{χQ}h = e^{χQ}e^{−iξAPA} l (20) where h ∈ H and l ∈ L. On can define the effect of a group element g_0 on the coset space G/H by g_0g = e^{χ′ Q}h^′ = e^{χ′Q}e^{−iξ′APA} l^′ (21) or g_0e^{χQ} = e^{χ′Q}h_1 (22)

h_1e^{−iξAPA} = e^{−iξ′APA} l_1 (23)

l_1l = l^′. (24)

Clearly h_1 = h_1(g_0, χ) and l_1 = l_1(g_0, χ, ξ).

If g_0 − 1 and h_1 − 1 are infinitesimal, (22),(23) imply

e^{−χQ} (g_0 − 1) e^{χQ} − e^{−χQ}δe^{χQ} = h_1 − 1 (25)

e^{iξAPA} (h_1 − 1) e^{−iξAPA} −e^{iξAPA} δe^{−iξAPA} = l_1−1. (26) We consider now the following cases: If g_0 = l_0 ∈ L; (22),(23) give

e^{χ′Q} = l_0e^{χQ}l^{−1}_0 (27)

h_1 = l_1 = l_0 (28)

e^{−iξ′APA} = l_0e^{−iξAPA} l^{−1}_0 . (29) Both χ and ξ transform linearly. If, on the other hand, we know only that g_0 = h_0 ∈ H, in particular, if

g_0 = e^{−iρAPA} (30) is a pseudo-translation, (22) gives

e^{χ′ Q} = h_0e^{χQ}h^{−1}_0 (31)

h_1 = h_0 (32)

while (23) gives h_0e^{iξAPa} = e^{−iξ′APA} l_1(h_0, ξ). (33) In this case χ transforms linearly, but the transformation law (33) of ξ under pseudo-translations is inhomogeneous and non-linear. Infinitesimally e^{iξAPA} ( −iρ^B P_B ) e^{−iξAPA} − e^{iξAPA} δe^{−iξAPA} = l_1 − 1. (34) Finally, if

g_0 = e^{εQ} (35)

is a supersymmetry transformation, one must use (22) and (23) as they stand. Observe, however, that (23) has the same form as (33) except for the fact that h_1 is a function of χ while h_0 is not. Therefore, the transformation law for ξ under a supersymmetry transformation has the same form as that under a de Sitter transformation but, with parameters which depend in a well defined way on χ. An explicit form for the transformation law of ξ^a under an infinitesimal AdS boost can be obtained from (34). The result is

δξ^A = −ρ^A + ( z cosh z sinh z − 1 ) ( ρ^A − ρ^B ξ_B ξ^A ξ^2 ) (36)

where z = m √ (ξ^aξ_a) = mξ. The transformation of ξ^A under an infinitesimal Lorentz transformation l_0 = e^{i2 κAB JAB} is

δξ^A = κ^{AB}ξ_B (37)

and, under local supersymmetry transformation (35), ξ^A transforms as δξ^A = −i ( 1 + i 6 mχχ ) εγ^Aχ

+i ( z cosh z sinh z − 1 ) ( δ^A_B − ξ_Bξ^A ξ^2 ) ( 1 + i 6 mχχ ) εγ^B χ

−2im ( 1 + i 6 mχχ ) εγ^{AB} χξ_B . (38) Using (25) with g_0 − 1 = εQ, one finds that δχ = ε − i 6 m ( 5χχ + χΓ_AχΓ^A ) ε + 1 9 m^2 (χχ) ε (39) h_1−1 = ( 1 + i 6 mχχ ) ( εγ^AχP_A + mεγ^{AB} χJ_{AB} ) . (40)

Working in first order formalism, the gauge fields vierbein e^A, spin connection ω^{AB} and gravitino ψ are treated as independent. The key observation is that (e^A, ω^{AB}, ψ), considered as a single entity, constitute a multiplet in the adjoint representation of the AdS supergroup. That is, we can write:

A = 1 2 iω^{AB} J_{AB} − ie^AP_A + +ψQ (41) where A is the gauge field of the AdS supergroup, P_A, J_{AB}, Q^α being the generators of the AdS boosts. Then, based on these, we can define the corresponding non-linear connections (V^a, W^{ab}, Ψ) from (16): 1 2 iW^{AB} J_{AB} − iV^AP_A + ΨQ

= e^{iξAPA} e^{−χQ} [ d + 1 2 iω^{AB} J_{AB} − ie^AP_A + ψQ ] e^{χQ}e^{−iξBPB} . (42) If G = OSp(1, 4) and H = SO(3, 2), the gauge fields V^A form a square 4 × 4 matrix which is invertible and can be identified with the vierbein fields. In the same way we have that W^{AB} is a connection and that Ψ can be identified with the Rarita-Schwinger field. From (42) one can obtain the fieldsV^A, W^{AB}, Ψ in terms of the fields e^A, ω^{AB} , ψ. The results are given in equations (81), (83) and (84) of ref. [4].

The corresponding transformation laws for V^a, W^{ab}, Ψ can be obtained from (17),(18). In fact, one can verify that, under the AdS supergroup, the non-linear connections transform as:

Ψ^′Q = h_1 ( ΨQ ) (h_1)^{−1} (43)

−iV^{′a}P_a = h_1 (−iV^aP_a) (h_1)^{−1} (44)

1 2 iW^{′ab}J_{ab} = h_1 ( 1 2 iW^{ab}J_{ab} ) (h_1)^{−1} +h_1d(h_1)^{−1}. (45)

The nonlinearity of the transformation with respect to the elements of G/H means that the labels associated with the parts of the algebra of G which generate G/H are no longer available as symmetry indices. In other words, the symmetry has been spontaneously broken from G to H. An irreducible representation of G will, in general, have several irreducible pieces with respect to H. Since, in constructing invariant actions, one only needs index saturation with respect to the subgroup H, as far as the invariance is concerned it is possible to select a subset of nonlinear fields with respect to G, which form irreducible multiplets with respect to H.

C. Supergravity invariant under the AdS group

Within the supersymmetric extension of the Stelle- West- formalism, the action for supergravity with cosmological [15] constant can be rewritten as

S = ∫ ε_{abcd}R^{ab}V^cV^d + 4Ψγ_5γ_aDΨV^a

+2α^2ε_{abcd}V^aV^bV^cV^d + 3αε_{abcd}Ψγ^{ab}ΨV^cV^d (46)

which is invariant under the supersymmetric extension of the AdS group. From such equations we can see that the vierbein V^a and the gravitino field transform homogeneously according to the representation of the AdS superalgebra but, with the nonlinear group element h_1 ∈ H.

The corresponding equations of motion are obtained by varying the action with respect to ξ^a, χ, e^a, ω^{ab}, ψ. The field equations corresponding to the variation of the action with respect to ξ^a and χ are not independent equations. Following the same procedure of Ref. [16], we find that equations of motion for supergravity genuinely invariant under Super AdS are:

2ε_{abcd}R^{ab}V^c + 4Ψγ_5γ_dρ (47)

∧ T a = 0 (48)

8γ_5γ_aρV^a − 4γ_5γ_aΨ^∧T a = 0 (49)

where ∧ T a = T^a − i 2 Ψγ^aΨ (50)

R^{ab} = R^{ab} + 4α^2V^aV^b + αΨγ^{ab}Ψ = 0 (51)

ρ = DΨ − iαγ^aΨV^a. (52)

D. Supergravity and the Poincarè group

Taking the limit m → 0 in equations (24), (73), (75), (76), (81), (83) and (84) one can see that: (i) the superalgebra (19) take the form of the superalgebra of Poincarè

[P_A, P_B] = 0

[J_{AB} , P_C] = i (η_{AC}P_B − η_{BC} P_A)

[J_{AB}, J_{CD}] = i (η_{AC}J_{BD} − η_{BC} J_{AD} + η_{BD} J_{AC} − η_{AD}J_{BC} )

[J_{AB}, Q_α] = i (γ_{AB} )_{αβ} Q_β

[P_A, Q_β] = 0

[ Q_α, Q_β ] = −2 ( γ^A ) αβ P_A. (53) (ii)the transformation laws of ξ^A under an infinitesimal Poincarè translation, under an infinitesimal Lorentz transformation, and under a local supersymmetry transformation are given respectively by

δξ^A = −ρ^A (54)

δξ^A = κ^{AB}ξ_B (55)

δξ^A = −iεγ^Aχ; (56) where ρ^A, κ^{AB} = −κ^{BA} and ε are the infinitesimal parameters corresponding to Poincarè translations, Lorentz rotations and supersymmetry respectively

(iii) the transformation laws of χ under an infinitesimal Poincarè translation, under an infinitesimal Lorentz transformation, and under a local supersymmetry transformation are given respectively by

δχ = 0 (57)

δχ = 1 2 κ^{AB} γ_{AB} χ (58)

δχ = −ε. (59) In this limit G is the Poincarè supergroup and H = SO(3, 1); and the fields vierbein V^A, the connection W^{AB} , and the Rarita-Schwinger field Ψ are given by

V^A = e^A + Dζ^A + i ( 2ψ + Dχ ) γ^Aχ (60)

W^{AB} = ω^{AB} (61)

Ψ = ψ + Dχ (62) where now

D = d + ω. (63) The corresponding components of the curvature two-form are now T^A = DV^A (64)

R^A_B = dω^A_B + ω^A_C ω^C_B . (65)

III. SUPERGRAVITY IN (2 + 1) FROM SUPERGRAVITY IN (3 + 1)

A. Supergravity in (3 + 1)

The limit m → 0 of the action 46 is obviously the action for N = 1 Supergravity in (3 + 1)-dimensions: S = ∫ ε_{ABCD}R^{AB} V^C V^D + 4Ψγ_5γ_ADΨV^A (66)

which is genuinely invariant under the Poincarè group. In fact, d = 3 + 1, N = 1 supergravity is based on the Poincarè supergroup, whose generators P_A, J_{AB}, Q^α satisfy the Lie-superalgebra (53). Using this algebra and the general form for gauge transformations on A δA = −Dλ = dλ − [A, λ] , (67) with λ = 1 2 iκ^{AB}J_{AB} − iρ^AP_A + εQ, (68) we obtain that e^A, ω^{AB} , and ψ, under local Lorentz rotations, transform as δe^A = κ^A_Be^B ; δω^{AB} = −Dκ^{AB} ; δψ = − 1 2 κ^{AB} γ_{AB} ψ; (69) under local Poincarè translations, transform as δe^A = Dρ^A; δω^{AB} = 0; δψ = 0; (70) and under local supersymmetry transformations, as δe^A = −2iεγ^Aψ; δω^{AB} = 0; δψ = Dε. (71) This means that the vierbein V^A transforms, under the Poincarè supergroup, as δV^A = κ^A_B V^B , (72)

The space-time supertorsion^∧T A is given by ∧ T A = T^A − 1 2 ψ γ^Aψ, (73) where T^A = DV^A. (74) It is direct to verify that the action (66) is invariant under (69),(70),(71), (54),(55),(56), (57),(58), (59).

B. Dimensional Reduction

The dimensional reduction process, as well as the notation, is similar to those used in refs. [10] and [11]. Latin indices a, b, c, · · · = 0, 1, 2 and capital latin indices A, B, C, · · · = 0, 1, 2, 3 denote (2 + 1) and (3 + 1) internal (gauge) indices respectively. They are raised and lowered by the Minkowski metrics

η_{ab} = −1 0 0 0 1 0 0 0 1

(75)

and

η_{AB} = −1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1

(76)

In the dimensional reduction the first three values of A, B, C, ··· will denote the corresponding (2 + 1) internal indices a, b, c, ···, i.e. A = (a, 3), B = (b, 3) , C = (c, 3) , ·· ·. We shall use the antisymmetric symbol ε^{ABCD} with ε^{0123} = 1 and in (2 + 1)-dimensions ε^{abc} = ε^{abc3}, so that ε^{012} = 1.

Following the procedure of ref. [10] we carried out a dimensional reduction of the Poincarè generators of the (3 + 1)-dimensional theory and, correspondingly, of the space-time dimensions that, from the (3 + 1)- dimensional action (66) and the algebra (53), lead to the (2 + 1)-dimensional action. With such reductions from the (3+1) gauge transformations (69),(70),(71), (54),(55),(56), (57),(58), (59), we shall obtain the corresponding gauge transformations in (2 + 1)-dimensions.

The dimensional reduction leading from the (3 + 1)- dimensional supergravity theory to (2+1)-Chern-Simons supergravity theory is given in the following Table (see

[10]):

Dimensional Reduction

(3 + 1)-dimensions (2 + 1)-dimensions

e^3 dx^3 e^a e^a ω^{ab} ω^{ab} ω^{a3} 0 ζ^a ζ^a ζ^3 0 ρ^a ρ^a ρ^3 0 κ^{ab} κ^{ab} κ^{a3} 0 ψ ψ γ^{abc} γ^{abc} γ^3 0

where the γ^′s with multiple indices are antisymmetrized products of gamma matrices, which for ddimensions satisfy the relationship [20] γ^{i1 i2······ik} = αε^{i1i2······id} γ_{ik+1······id} γ^{d+1} (77) with α = 1 (d − k) (−1)^{12 k(k−1)+ 12 d(d−1)} . (78)

It is direct to verify that the (3 + 1)-gauge transformations (69),(70),(71), with the identifications of this Table of dimensional reduction are mapped onto: δξ^a = κ^a_bξ^b; δe^a = κ^a_be^b; δω^{ab} = −Dκ^{ab}; δψ = − 1 2 κ^{ab}γ_{ab}ψ; (79)

δξ^a = −ρ^a; δe^a = Dρ^a; δω^{ab} = 0; δψ = 0; (80)

δξ^a = −iεγ^aχ; δe^a = −2iεγ^aψ; δω^{ab} = 0; δψ = Dε; (81) i.e. onto the correct (2 + 1)-dimensional gauge transformations. In particular, the quantities that are set to a constant in the Table consistently have vanishing gauge transformations. In the same way we have R^{AB} = ( R^{ab} R^{a3} R^{3b} R^{33} ) = ( R^{ab} 0 0 0 ) (82)

ω^{AB} = ( ω^{ab} ω^{a3} ω^{3b} ω^{33} ) = ( ω^{ab} 0 0 0 ) (83)

V^A = ( V^a V^3 ) = ( e^a + Dξ^a + i(2ψ + Dχ)γ^aχ dx^3 ) (84)

Ψ = ψ + Dχ (85)

where Dξ^a = dξ^a + ω^a_b ξ^b; Dχ = dχ −^1_2 ω^{ab}γ_{ab}χ.

From equation (77) we see that, for d = 4 and k = 3,

γ^{ABC} = −ε^{ABCD} γ_D γ^5 (86)

which allows one to write the action for (3 + 1)- dimensional supergravity in the form

S^{4D} = ∫ ε_{ABCD} ( R^{AB} V^C V^D + 1 3! Ψγ^{ABC} V^D DΨ ) . (87) By substituting the content of the Table of dimensional reduction and (82, 83) into the action (87) one gets

S^{4D} = ∫ ( 2ε_{abc3}R^{ab}V^c + 4 3! ε_{abc3}Ψγ^{abc}DΨ ) dx^3. (88)

Using (84),(85) and the identity γ_{ab} = −iε_{abc}γ^c we find that the first term is 2ε_{abc3}R^{ab}V^cdx^3 = (2ε_{abc3}R^{ab}e^c + 2ε_{abc3}R^{ab}Dξ^c

−4R^{ab}ψγ_{ab}χ − 2R^{ab}(Dχ)γ_{ab}χ)dx^3. (89) Using (77): γ^{abc} = −ε^{abc}I and the identities DDχ = 1 2 R^{ab}γ_{ab}χ; χγ_{ab}ψ = −ψγ_{ab}χ we find that the second term is 4 3! ε_{abc3}Ψγ^{abc}DΨdx^3 = ( 4 3! ε_{abc3}ψγ^{abc}Dψ

+4D(χDψ) + 4R^{ab}ψγ_{ab}χ + 2R^{ab}(Dχ)γ_{ab}χ)dx^3. (90) By substituting (89) and (90) in (88) we obtain

S^{4D} = ∫ (2ε_{abc3}R^{ab}e^c + 4 3! ε_{abc3}ψγ^{abc}Dψ.

+2ε_{abc3}R^{ab}Dξ^c + 4D(χDψ))dx^3.

Using the Bianchi identity DR^{ab} = 0, ε_{abc}ε^{abc} = −3! and (77) with d = 3 and k = 3, we find that the action for (2 + 1)- supergravity is given by

S^{4D} −→ S^{3D} = ∫ ε_{abc}R^{ab}e^c + 4ψDψ + surface term. (91) which proves that the dimensional reduction from (3 + 1)-dimensional supergravity to (2 + 1)- supergravity is possible.

IV. COMMENTS

We have shown that the successful formalism proposed in refs. [10] and [11] can be extended to the supersymmetric case. That is, (3 + 1)-dimensional supergravity can be dimensionally reduced to supergravity in (2 + 1)- dimensions following the method of refs.[10] and [11].

Finally we can say that supergravity genuinely invariant under the Poincarè supergroup [3], [4] is a natural context to connect, preserving the invariance under the Poincarè supergroup, such a theory with (2 + 1)- dimensional supergravity.

It is interesting to note that all the terms containing ξ^a, χ disappear from the action and that e^a, ψ can be interpreted as the space-time dreibein and gravitino, and yet the theory is invariant under the Poincarè supergroup, contrary to what happens in (3 + 1)-dimensions. The absence of the ξ^a, χ variables of (91) and the interpretation of e^a, ω^{ab} and ψ as gauge fields makes of (91) an action that can be conceived as a Chern-Simons three form.

Acknowledgments

This work was supported in part by Dirección de Investigación, Universidad de Concepción through Grant N_o. 202.011.031-1.0. and in part by grant FONDE- CYT Projects N^0 1010485. (P.S) wishes to thank Herman Nicolai for the hospitality in AEI in Golm bei Potsdam where part of this work was done, and Deutscher Akademischer Austauschdienst (DAAD) for financial support. (F.I) and (E.R) wish to thank Ricardo Troncoso and Jorge Zanelli for their warm hospitality in Valdivia and for many enlightening discussions. The authors are grateful to Universidad de Concepción for partial support of the 2^{nd} Dichato Cosmological Meeting, where this work was started.

[1] S. Deser and J. H. Kay, Phys. Lett. B 120 (1983) 97. [2] A. Achúcarro and P.K. Townsend, Phys. Lett. B 180 (1986) 89.

[3] P. Salgado, M. Cataldo and S. del Campo, Phys. Rev. D 65, 084032 (2002)

[4] P. Salgado, S. del Campo and M. Cataldo, Phys. Rev.

D 68 xxxxxx (2003). Accepted for publication. Preprint hep-th/0305004.

[5] M. Bañados, R. Troncoso, J. Zanelli, Phys. Rev. D 54 (1996) 2605.

[6] E. Witten, Nucl. Phys. B 311, 46 (1988) [7] K. Stelle and P. West, Phys. Rev. D 21 (1980) 1466. [8] G. Grignani and G. Nardelli, Phys. Rev. D 45 (1992) 2719.

[9] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Volume 1, J. Wiley 1963, Chapter III.

[10] G. Grignani and G. Nardelli, Phys. Lett. B 300 (1993) 38. [11] G. Grignani and G. Nardelli, Nucl. Phys. B 412 (1994) 320; A. Achucarro, Phys. Rev. Lett. 70, 1037 (1993).

[12] S. Coleman, J. Wess, B. Zumino, Phys. Rev. 177, (1969), 2239-2247; C. Callan, S. Coleman, J. Wess, B. Zumino, Phys. Rev. 177, (1969), 2247-2250

[13] D.V. Volkov, Sov. J. Particles and Nuclei 4 (1973) 3 (Russian) [14] B. Zumino, Nucl. Phys. B 127, 189 (1977) [15] P.K. Townsend, Phys. Rev. D 15, 2802 (1977) [16] P. Salgado, M. Cataldo and S. del Campo, Phys. Rev. D 66, 024013 (2002).

[17] D.Z. Freedman, P. Van Nieuwenhuizen and S. Ferrara, Phys. Rev. D 13 (1976) 3214 [18] S. Deser and B. Zumino, Phys. Lett. B 62 (1976) 335. [19] P. Van Nieuwenhuizen, Phys. Rep. 68 (1981) 189. [20] M.F. Sohnius, Phys. Rep. 128 (1985) 39.