arXiv:hep-th/0307089 v1 9 Jul 2003

July 9, 2003 14:1 WSPC/INSTRUCTION FILE Torrielli

Modern Physics Letters A © World Scientific Publishing Company

UNITARITY OF NONCOMMUTATIVE FIELD THEORIES FROM STRING THEORY^∗

ALESSANDRO TORRIELLI Dipartimento di Fisica “Galileo Galilei”, Università di Padova INFN Sezione di Padova via F. Marzolo 8, 35131 Padova, Italy torriell@pd.infn.it

We improve the study of the lack of perturbative unitarity of noncommutative space-time quantum field theories derived from open string theory in electric backgrounds, enforcing the universality of the mechanism by which a tachyonic branch cut appears when the Seiberg-Witten limit freezes the string in an unstable vacuum. The main example is realized in the context of the on-shell four-tachyon amplitude of the bosonic string, and the dependence of the phenomenon on the brane-worldvolume dimension is analysed. We discuss the possibility of a proof in superstring theory, and finally mention the NCOS limit in this framework.

Keywords: String theory, Quantum field theory, Noncommutative Geometry

PACS 11.25.Db, 11.10.Kk, 11.55.Bq. No DFPD 03/TH 27

1. Introduction

Since the seminal work of Seiberg and Witten1 it was realized that open strings in the presence of an antisymmetric constant background are effectively described at low energy by certain noncommutative field theories, identified by a precise set of Feynman rules2. These theories are similar to the ones appearing in previous works3, where the necessity of a space-time uncertainty principle when quantum mechanics couples with general relativity was realized, and subsequently a consistent quantum field theory in such a noncommutative setup was tentatively constructed. However, there are many important differences among these two formulations which have some drastic effects, in particular for what concerns the problem of unitarity: the former were proven to lose perturbative unitarity when time is involved in the noncommutativity4^,5, while the latter are made free from this problem6^,7. We will not discuss here the problems related to the latter, and to the extension of the quantum field theory axiomatic framework to the noncommutative case (see also 8). We will instead concentrate our attention on the former.

∗Based on the talk given at the conference: “Spacetime and Fundamental Interactions: Quantum Aspects. A conference to honour A. P. Balachandran’s 65th birthday”, Vietri, 26-31 May 2003 1

2 Authors’ Names

The derivation by Seiberg and Witten was originally made for magnetic backgrounds only, corresponding to space-space noncommutativity (for the light-like case see 9). For electric backgrounds it is well known that problems are present when the electric field approaches a critical value E_{cr}, beyond which the string develops a classical instability10^,11^,12: tachyonic masses appear in the spectrum both for neutral (which is the case we will consider here) and charged open strings, connected with the vanishing of the effective tension and an uncontrolled growth of the oscillation amplitude of the modes in the direction parallel to the field. For purely charged strings this phenomenon (which has no analog in particle field theory) coexists with the quantum instability due to pair production which is the analog of the Schwinger phenomenon in particle electrodynamics^a. When one tries to perform the Seiberg-Witten zero-slope limit to noncommutative field theories one reaches a point in which the ratio between the electric field and its critical value becomes greater than one, and the string enters the region of instability. We will show that precisely at this point a flip-mechanism produces the appearance of the tachyonic branch cut due to the closed string sector in the non-planar diagrams, which is responsible for the lack of unitarity of the limit amplitude^b. We relate the breaking of perturbative unitarity of these space-time noncommutative theories with the fact that they coincide with those obtained by freezing string theory in an unstable vacuum. This vacuum is likely to decay in the full string theory to a suitable configuration of branes.

Results will be presented as follows: in section 2 we will describe the generic bosonic string amplitude for tachyons on external legs, and then specify it for the two-point case, for which we show the appearance of the flip mechanism15. This will be a very primitive setup, which in its elementary form already reveals the phenomenon. We will then perform some improvements through a more complicated example: in section 3 we will analyse the four-tachyon amplitude, in order to overcome the problem of the off-shell continuation. We will then stress the universality of the phenomenon with respect to the dimension of the brane-worldvolume^c. In section 4 we will mention the NCOS limit. Finally we will conclude and comment on future improvements, especially the perspective to reproduce this mechanism starting from a fully consistent superstring theory.

2. General Setup and Two-point Tachyon Amplitude

We take as action for a bosonic open string attached to a D-brane lying in the first p + 1 dimensions with an antisymmetric constant background on its worldvolume

aAs a note, we recall that for neutral strings (+q-charge on one end, −q on the other), one has E_{cr} = 1/(2πα^′|q|). For charges q_1 ≠ q_2 on the two boundaries, one finds that the pair production rate diverges at the same critical value of the classical instability E_{cr} = 1/(2πα^′|maxq_i|) bSpace-time noncommutative field theories present besides a series of exotic behaviours13^,14 cAn analysis for vector amplitudes is contained in 16

Instructions for Typing Manuscripts (Paper’s Title) 3

the following S = 1 4πα^′ ∫ C_2 d^2z (g_{ij} ∂_aX^i∂^aX^j − 2iπα^′B_{ij} ϵ^{ab}∂_aX^i∂_bX^j ). (1) At one loop the string world-sheet is the cylinder C_2 = {0 ≤ ℜw ≤ 1, w ≡ w + 2iτ }; τ is the modulus. We are taking the indices i and j to live on the brane.

The one loop propagator we adopt in this situation^d, with the new boundary conditions imposed by the B-term, can be found in 22. If one sets w = x + iy, the relevant propagator on the boundary of the cilinder (x = 0, 1) can be written as G(y, y^′) = 1 2 α^′g^{−1} log q − 2α^′G^{−1} log

[ q^1_4 D(τ ) ϑ_4( |y − y^′| 2τ , i τ ) ] , x ≠ x^′, (2)

G(y, y^′) = ±iθ 2 ϵ_⊥(y − y^′) − 2α^′G^{−1} log [ 1 D(τ ) ϑ_1( |y − y^′| 2τ , i τ ) ] , x = x^′, (3)

where q = e^{− πτ} , ± correspond to x = 1 and x = 0 respectively, and ϵ_⊥(y) = sign(y) −^y_τ . The open string parameters are:

G = (g − 2πα^′B)g^{−1}(g + 2πα^′B) (4)

which is the open string metric, and

θ = −(2πα^′)^2(g + 2πα^′B)^{−1}B(g − 2πα^′B)^{−1} (5)

which is the noncommutativity parameter. ϑ_{1,4}(ν, τ ) are Jacobi theta functions, while D(τ ) = τ^{−1}[η(^i_τ )]^3, where η is the Dedekind eta function23. With this propagator and the suitable modular measure, the amplitude for the insertion of N tachyonic vertex operators at x = 1 and M − N at x = 0 turns out to be22:

A_{N.M} = N (2π)^d(α^′)^ΔG_s^M ∫_∞ 0 dτ τ τ^{− d2} [η(iτ )]^{2−d}q^{12 α′Kg−1 K}

× (^M∏ a=1 ∫_{ya−1} 0 dy_a )^N∏ i=1 M∏ j=N+1 [ q^{14} ϑ_4( |y_i − y_j | 2τ , i τ )/D(τ ) ]_{2α}′_{kiG}−1_{kj}

× N∏ i<j=1 e^{− 12 iϵ⊥(yi−yj )kiθkj} [ ϑ_1( |y_i − y_j | 2τ , i τ )/D(τ ) ]_{2α}′_{kiG}−1_{kj}

× M∏ i<j=N+1 e^{12 iϵ⊥(yi−yj )kiθkj} [ ϑ_1( |y_i − y_j | 2τ , i τ )/D(τ ) ]_{2α}′_{kiG}−1_{kj} . (6)

Here N is the normalization constant, d = p + 1, Δ = M^{d−2}_4 −^d_2 , G_s is the open string coupling constant, K = ∑_N i=1 k_i is the sum of all momenta associated with the vertex operators inserted on the x = 1 boundary, and y_0 = 2τ . We will consider

dThe reader is referred to the literature17^,18^,19^,20^,21

4 Authors’ Names

here always a fixed cyclic order of the vertex insertions. Whenever N ≠ 0 and M > N , this amplitude corresponds to non-planar graphs, which in the field theory limit will become the non-planar contribution to the noncommutative amplitude. We have also omitted a global delta function due to momentum conservation, and the traces of the Chan-Paton matrices.

By rescaling t = 2πα^′τ and ν_{1,2} = y_{1,2}/2τ , and setting ν_2 = 0 to fix the residual invariance, the non-planar two-point function can be written as follows:

A_{1.2} = N G_s^2 2^{3d2} π^{3d2 −2}α^{′ d2 −3} ∫_∞ 0 dt t^{1− d2} [ η( it 2πα^′ ) ]2−d ×

e^{− π2 α′2t kg−1k} ∫_1 0 dν [ e^{− π2α′2t} ϑ_4(ν,^{2πiα′}_t ) 2πα^′ t [η(^{2πiα′}_t )]^3 ]−2α^′kG^{−1}k . (7)

This is a form suitable for the field theory limit. We perform the zero-slope limit of Seiberg and Witten, which consists in sending α^′ → 0 keeping θ and G fixed (in this case we will keep t and ν fixed as well). This can be done setting α^′ ∼ ϵ^{12} and the closed string metric g ∼ ϵ, and then sending ϵ → 0 1. One obtains 22

A^{lim}_{1.2} = N 2^{3d2} π^{3d2 −2}g_f^2 ∫_∞ 0 dtt^{1− d2} e^{−m2 t + kθGθk/4t} ∫_1 0 dνe^{−t ν(1−ν) kG−1k}. (8) This reproduces the expression for the two-point function in the noncommutative ϕ^3 theory24^,25^,26 with coupling constant g_f = G_s α^{′ d−64} . We choose now d = 2. This case is peculiar, since the tachyon mass m^2 =^{2−d}_{24α′} goes to zero. In two dimensions the background is an electric one and noncommutativity is necessarily space-time.

In order to interpret the field theory analysis, one continues the expression (7) in the complex variable k^2 = kG^{−1}k. It has a branch cut driven by the small-t (closed-channel) behavior exp ( − k^2 π^2α^{′2} [1 − (E/E_{cr})^2] t ) . (9)

The field-theory limit retains in turn another branch cut Re[S] = Re[−k^2] > 0 from the large-t behaviour exp ( − k^2 t ν(1 − ν) ) . (10)

E_{cr} =^g_{2πα′} is the critical value of the electric field^e. The small-t cut is on the physical side Re[S] = Re[−k^2] > 0. But we see that it is driven by a quantity which changes sign if the electric field overcomes its critical value, that is when the string enters the classical instability region. This is exactly what the Seiberg- Witten limit produces, since it scales (E/E_{cr})^2 ∼ (α^′/g)^2 ∼ 1/ϵ. In the field theory limit the branch cut flips to the unphysical side15, and in fact the amplitude (8) for m^2 = 0 has two branch cuts, one of which is physical, the other one tachyonic,

eWe have taken unitary charges (see (1)) and a closed string metric g_{μν} = g η_{μν}

Instructions for Typing Manuscripts (Paper’s Title) 5

coalescing at the origin. By treating m^2 as a free parameter independent of d and by taking it positive^f , one can see the shift of (9) to a cut starting from S > 4m^2 which gives the physical pair-production cut, and a closed branch cut starting at S > 4m^2/[1 − (E/E_{cr})^2], which flips in the limit.

3. The four-point Tachyon Amplitude

In this section we analyse the non-planar amplitude (6) with four external tachyons A_{2.4}. As anticipated, this allows us to set k_n^2 = −m^2 on mass-shell. We define the Mandelstam variables^g as S = −(k_1 + k_2)^2, T = −(k_1 + k_4)^2, U = −(k_1 + k_3)^2, and study the behaviour of the amplitude with respect to the variable S, setting the other ones at suitable physical values16. We choose the gauge ν_4 = 0.

A_{2.4} = N (2π)^dg^4_f ∫_∞ 0 dtt^{3−d/2}[η( it 2πα^′ )] 2−d e^{− π2α′2t Kg−1 K} [_3 ∏ n=1 ∫_{νn−1} 0 dν_n ]

×e^{− i2 k1θk2(1−2ν12)+ i2 k3θk4(1−2ν3)} ∏ n=1,2 ∏ m=3,4 [ e^{− π2 α′2t} ϑ_4(ν_{nm},^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]2α^′k_n·k_m

× [ ϑ_1(ν_{12},^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]_{2α}′_{k1·k2} [ ϑ_1(ν_3,^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]_{2α}′_{k3·k4} (11)

where ν_{mn} = ν_m − ν_n. With such a scattering, we should find another trick in order to avoid the tachyonic mass rather than going to brane-worldvolume dimension two. We will again treat the mass parameter as an independent positive quantity, which will reproduce the field theory result with a positive mass. By using momentum conservation, the on-shell condition and the asymptotic form of the special functions contained in the integrand, we derive the branch cut retained by the field-theory in the large-t behaviour t^{3−d/2} e^{−m2 t}e^{t ∑4n<m=1 νnm(1−νnm)kn·km} , (12) which is4^,16 S > 4m^2.

The small-t behaviour reads t^{7/3−d/6} e^{− π2α′2t [ 2−d}6α^{′ +Kg−1 K]}, (13) where we recall K = k_1 + k_2. First of all, we notice that in d = 26 this produces the usual closed-string tachyonic pole. In different dimensions it produces instead a

f This is the point of view of many works by Di Vecchia et al.27^,28 in deriving field theory amplitudes from the bosonic string, and it is also the approach usually adopted in the noncommutative case g Indices are raised and lowered with the open string metric (also denoted by a dot in the following) where not differently specified

6 Authors’ Names

branch cut29, driven again by the ratio of the electric field over its critical value^h: for a stable string the cut is for

S > 4m^2/[1 − (E/E_{cr})^2] = M^2, (14)

where M^2 is the mass of the closed tachyon. This branch cut flips in the limit, when the electric field overcomes its critical value16.

One may ask what happens in the critical dimension, and if the field theory will present a pole. This is not true, in d = 26 the field theory limit will have a tachyonic branch cut. One can realize it by looking at the field theory amplitude

A^{lim}_{2.4} = g^4_f N (2π)^de^{− i2 k1θk2} e^{i2 k3θk4} ∫_∞ 0 dt t^{3−d/2}e^{−m2 t}e^{− 14t Kθ2K} × (_3 ∏ n=1 ∫_{νn−1} 0 dν_n ) e^{i(ν12)k1θk2} e^{−iν3k3θk4} 4∏ n<m=1 e^{tνnm(1−νnm)kn·km} whose integral over t gives a Bessel function. There can be an intuitive explanation of this fact30: the tower of closed poles present in d = 26, among which the above tachyon pole is the first one, is easily seen to be separated by a spacing [α^′|1 − (E/E_{cr})^2|]^{−1} ∼ √ ϵ. This spacing goes to zero and the poles cumulate in the limit, producing a continuum cut.

4. NCOS

Consider the amplitude (11) of the previous section: if one performs a different limit on the string parameters than the Seiberg-Witten one, namely α^′ ∼ const. , E ∼ 1/ϵ , g ∼ 1/ϵ (15) in such a way that G, θ ∼ const. and E/E_{cr} ∼ 1 − ϵ, then the amplitude becomes

A_{2.4} = N (2π)^dg^4_f ∫_∞ 0 dtt^{3−d/2}[η( it 2πα^′ )] 2−d e^{− π2α′} 2 t Kg^{−1}_{(lim)} K [_3 ∏ n=1 ∫_{νn−1} 0 dν_n ]

×e^{− i2 k1θk2+ i2 k3θk4+iν12k1θk2−iν3k3θk4} ∏ n=1,2 m=3,4

[ e^{− π2 α′2t} ϑ_4(ν_{nm},^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]2α^′k_n·k_m

× [ ϑ_1(ν_{12},^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]_{2α}′_{k1·k2} [ ϑ_1(ν_3,^{2πiα′}_t ) (^{2πα′}_t )[η(^{2πiα′}_t )]^3 ]_{2α}′_{k3·k4} . (16)

We choose d = 26 in what follows. Since α^′ remains constant, this is a string amplitude which contains an infinite tower of contributions from the string spectrum, and is not a field theory amplitude. The electric field approaches indefinitely its

hWe still choose the field of electric type, turned on in the 0 − 1 directions, and for simplicity disregard the contribution of k_⊥

Instructions for Typing Manuscripts (Paper’s Title) 7

critical value from below, never passing the stability threshold. The only difference with respect to the case before the limit is in the exponential which contains the closed string metric g, whose entries in the 0 − 1 block tend to zero. The large-t behaviour is the same as in the previous section; the small-t reduces again to (13), but the result of the integration now gives 1/[^{2−d}_{6α′} + K^2_⊥], where K^2_⊥ is positive definite. We see therefore that the amplitude is protected against the flip-mechanism. The closed string pole disappears, which points towards the decoupling of the closed string sector. We roughly reproduce at this perturbative order in the bosonic string theory the Noncommutative Open String (NCOS) limit12^,31: this is an open string theory limit decoupled from closed string.

5. Conclusions

We have shown that it is generally possible to connect the lack of unitarity of stringderived noncommutative field theories with the appearance of a tachyonic branch cut due to the closed sector in non-planar diagrams, which appears when one enters the region of instability of the neutral open string in the background of an electric field, when it overcomes a critical value basically equal to the string tension over the endpoint charge. This phenomenon was seen in the calculation of the bosonic twopoint function, where an off-shell continuation is compulsory in order to compare with the field-theoretical analysis. We removed this arbitrariness by considering an on-shell four-tachyon amplitude and we realized the universality of this process. We discussed the dependence on the worldvolume of the brane and what happens for a brane which fills the space.

The next step should be to single out this phenomenon in a fully consistent superstring theory, where the presence of the tachyon contribution is ruled out from the beginning. A typical setup could be for example type IIB superstring with a stack of coincident D3-branes, with an NS-NS two-form background turned on on their worldvolume, and analyzing incoming massless states from the spectrum of the open string living on them. The effective field theory action will be in this case a space-time noncommutative supersymmetric theory. From this kind of analysis one could also try to understand some issues regarding UV/IR singularities which have obscure meaning on the field theory side even in the magnetic case32^,5^,33^,34. A more ambitious project regards the formulation of this analysis in the framework of the open string field theory. The aim should be to reproduce not only the complete analysis of singularities for off-shell amplitudes, but to clarify the fate of the unstable vacuum and indicate a path of brane-decay for this situation. Finally, we mentioned a bosonic realization of the NCOS regime, where open strings decouple from closed ones and from gravity. This theory is quite particular, since it contains open strings only, and it may help in singling out some features of pure open strings and gauge theories when slowly turning off the gravity sector35^,36.

July 9, 2003 14:1 WSPC/INSTRUCTION FILE Torrielli

8 Authors’ Names

Acknowledgments

This work has been done in collaboration with Antonio Bassetto and Roberto Valandro of the University of Padua. I wish to thank also L. Bonora for discussions and for drawing our attention to the NCOS limit, and R. Russo for useful discussions, and C.-S. Chu, J. Gomis, S. Kar and M. Tonin for suggestions.

References

1. N. Seiberg and E. Witten, JHEP 9909, 032 (1999) [hep-th/9908142]. 2. T. Filk, Phys. Lett. B 376, 53 (1996).

3. S. Doplicher, K. Fredenhagen, J. E. Roberts, Commun. Math. Phys. 172, 187 (1995). 4. J. Gomis and T. Mehen, Nucl. Phys. B 591, 265 (2000) [hep-th/0005129]. 5. A. Bassetto, L. Griguolo, G. Nardelli and F. Vian, JHEP 0107, 008 (2001) [hep-th/0105257].

6. D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, Phys. Lett. B 533, 178 (2002) [hep-th/0201222].

7. Y. Liao and K. Sibold, Eur. Phys. J. C 25, 479 (2002) [hep-th/0206011]. 8. L. Alvarez-Gaume and M. A. Vazquez-Mozo, hep-th/0305093.

9. O. Aharony, J. Gomis and T. Mehen, JHEP 0009, 023 (2000) [arXiv:hep-th/0006236]. 10. C. P. Burgess, Nucl. Phys. B, 294, 427 (1987).

11. C. Bachas and M. Porrati, Phys. Lett. B 296, 77 (1992) [hep-th/9209032]. 12. N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006, 021 (2000) [hep-th/0005040]. 13. N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006, 044 (2000) [hep-th/0005015]. 14. J. L. Barbon and E. Rabinovici, Phys. Lett. B 486, 202 (2000) [arXiv:hep-th/0005073]. 15. A. Torrielli, Phys. Rev. D 67, 086010 (2003) [hep-th/0207148]. 16. R. Valandro, Laurea thesis, Padua University, 2003, Physics Dept. Library. 17. A. Bilal, C. S. Chu and R. Russo, Nucl. Phys. B 582, 65 (2000) [hep-th/0003180]. 18. J. Gomis, M. Kleban, T. Mehen, M. Rangamani and S. H. Shenker, JHEP 0008, 011 (2000) [hep-th/0003215].

19. Y. Kiem and S. M. Lee, Nucl. Phys. B 586, 303 (2000) [hep-th/0003145]. 20. H. Liu and J. Michelson, Phys. Rev. D 62, 066003 (2000) [hep-th/0004013]. 21. C. S. Chu, R. Russo and S. Sciuto, Nucl. Phys. B 585, 193 (2000) [hep-th/0004183]. 22. O. Andreev and H. Dorn, Nucl. Phys. B 583, 145 (2000) [hep-th/0003113]. 23. J. Polchinski, “String Theory” (Cambridge, 1998) Vol. 1.

24. M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001) [hep-th/0106048]. 25. R. J. Szabo, Phys. Rept. 378, 207 (2003) [hep-th/0109162]. 26. A. Torrielli, PhD thesis, Padua University, 2003 [hep-th/0301091]. 27. P. Di Vecchia, A. Lerda, L. Magnea and R. Marotta, Phys. Lett. B 351, 445 (1995) [hep-th/9502156].

28. P. Di Vecchia, L. Magnea, A. Lerda, R. Russo and R. Marotta, Nucl. Phys. B 469, 235 (1996) [hep-th/9601143].

29. M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory” (Cambridge, 1987) Vol. 2 30. L.Alvarez-Gaume, J.L.Barbon, R.Zwicky, JHEP 0105, 057 (2001) [hep-th/0103069]. 31. R. Gopakumar, J. M. Maldacena, S. Minwalla and A. Strominger, JHEP 0006, 036 (2000) [hep-th/0005048].

32. S.Minwalla, M.Van Raamsdonk, N.Seiberg, JHEP 0002, 020 (2000) [hep-th/9912072]. 33. F. R. Ruiz, Phys. Lett. B 502, 274 (2001) [hep-th/0012171].

July 9, 2003 14:1 WSPC/INSTRUCTION FILE Torrielli

Instructions for Typing Manuscripts (Paper’s Title) 9

34. C. S. Chu, J. Lukierski and W. J. Zakrzewski, Nucl. Phys. B 632, 219 (2002) [arXiv:hep-th/0201144].

35. J. Ambjorn, Y. M. Makeenko, G. W. Semenoff and R. J. Szabo, JHEP 0302, 026 (2003) [hep-th/0012092].

36. S. Kar and S. Panda, JHEP 0211, 052 (2002) [arXiv:hep-th/0205078].