arXiv:hep-th/0307145 v3 28 Oct 2004

Gravity from Spinors

C. Wetterich Institut für Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany

We investigate a possible unified theory of all interactions which is based only on fundamental spinor fields. The vielbein and metric arise as composite objects. The effective quantum gravitational theory can lead to a modification of Einstein’s equations due to the lack of local Lorentz-symmetry. We explore the generalized gravity with global instead of local Lorentz symmetry in first order of a systematic derivative expansion. At this level diffeomorphisms and global Lorentz symmetry allow for two new invariants in the gravitational effective action. The one which arises in the one loop approximation to spinor gravity is consistent with all present tests of general relativity and cosmology. This shows that local Lorentz symmetry is tested only very partially by present observations. In contrast, the second possible new coupling is severely restricted by present solar system observations.

PACS numbers: 12.10.-g; 04.20.Cv; 11.10.Kk HD-THEP-03-32

I. INTRODUCTION

Can a fundamental theory of all interactions be based only on spinors? The fermions as crucial constituents of matter are indeed described by spinor fields. In contrast, the interactions are mediated by bosons which do not have the transformation properties of spinors. Any realistic spinor theory has therefore to account for the bosons as bound states. In principle, this poses no problem since bosons may be composed of an even number of fermions. In a fundamental theory, however, we need bosons with very particular properties: the graviton is connected to the symmetry of general coordinate transformations (diffeomorphisms) and the gauge interactions are mediated by gauge bosons with spin one. Furthermore, scalar fields are needed in order to achieve the spontaneous breaking of the electroweak symmetry and possibly also extended symmetries like grand unified gauge symmetries. This raises^1 a first challenge: can gravity arise from a spinor field theory?

Several proposals in this direction have discussed “pregeometry” [1] or “metric from matter” [2], inspired by the observation that the matter fluctuations in a gravitational background field can generate a kinetic term for the graviton [3]. While the introduction of a diffeomorphism invariant action for the spinors is rather straightforward [1], the arguments presented in favor of local Lorentz symmetry are less convincing. The main obstacle is the absence of an object transforming as a spin connection that could be constructed as a polynomial of the spinor fields^2. Concentrating on a well defined

1The old question of a fundamental spinor theory has been discussed in different contexts by De Broglie, Heisenberg and many others. Here we address more specifically the problem if gravity can arise from spinors.

2Elements of the Grassmann algebra are polynomials in the spinor fields and can be classified according to their rank. Local Lorentz transformations do not change the rank of an spinor action as a polynomial in the fermionic Grassmann variables the models that have been proposed so far exhibit only global instead of local Lorentz invariance [6]. Only very recently^3 a locally Lorentz invariant polynomial spinor action has been found [7].

In this paper we explore the alternative of a spinor action that only respects the global and not the local Lorentz transformations. Then also the gravitational theory for the vielbein which emerges in this setting will only exhibit a global Lorentz symmetry. The quantum fluctuations will lead to a theory with a massless graviton bound state as well as further massless bosonic excitations which are responsible for a particular form of torsion. We will see that local Lorentz symmetry is actually not required by observation. A new invariant, generated by one loop spinor gravity and violating local Lorentz symmetry, is compatible with all present tests of general relativity.

Once the graviton can be associated to a bound state of fermions, the explanation of the other bosonic degrees of freedom could follow a well established road. A higher dimensional gravity theory can induce four dimensional gauge interactions by “spontaneous compactification” [8], [9]. The gauge symmetries are then related to

object. A covariant derivative needs a spin connection which must have rank 0. However, no object of rank 0 with the requested inhomogeneous transformation properties can be constructed from spinor polynomials. Neither the limiting process proposed in [1] nor the covariant derivative suggested in [2] have a well defined meaning as polynomials in the spinor fields. In particular, we note that the inverse of the “Grassmann matrix” Mαβ = ψαψ̄β does not exist for Grassmann variables with “spinor index” α, β. We note, however, the construction of a supersymmetric action with local Lorentz symmetry in a setting with nonlinear fields, including additional bosonic fields [4]. Other approaches integrate out a bosonic connection [5].

3The present work was performed before this finding.

the isometries of “internal space”. The number of generations of massless or light fermions is connected to the “chirality index” [10] which depends on the topology and symmetries of internal space. A non-vanishing index requires a vanishing higher dimensional mass term for the fermions [11] and we therefore need an effective higher dimensional theory with massless fermions and gravitons. Both the “constituents” and “bound states” need to be massless! Finally, the higher dimensional metric also contains four dimensional scalar fields with the properties required for spontaneous symmetry breaking. Rather realistic models with the gauge interactions of the standard model, three chiral generations of quarks and leptons, spontaneous symmetry breaking and an interesting hierarchical pattern of fermion masses and mixings have been proposed [12] based on 18 dimensional gravity coupled to a Majorana-Weyl spinor.

The requirement of a local polynomial spinor action which is invariant under general coordinate transformations leads to the proposal [13] of “spinor gravity” as a possible fundamental theory of all interactions. In the present accompanying paper we elaborate on this proposal and put it into a somewhat more general context. In particular, we discuss here the role of the additional “gravitational” degrees of freedom which are due to the lack of local Lorentz symmetry. These massless excitations, which have not been discussed previously, lead to possible modifications of Einstein’s gravity on macroscopic scales. Comparison with the present status of observations will reveal that the usual assumption of local Lorentz symmetry is actually very poorly tested. It is possibly to add to Einstein’s action a new invariant which preserves global but not local Lorentz symmetry and which is nevertheless consistent with all present observations. In this case, the new massless gravitational degrees of freedom couple only to macroscopic spin. A second paper^4 [14] will discuss the nonlinear geometrical structures of our setting.

Fermion bilinears transforming as vector fields under general coordinate transformations can be obtained from derivatives, Ẽ^m_μ = iψ̄γ^m∂_μψ/2 + h.c. Here ψ(x) denotes Grassmann variables in the spinor representation of the d-dimensional Lorentz group and we have introduced the associated Dirac matrices γ^m such that Ẽ^m_μ is a vector with respect to global Lorentz rotations.^5 From Ẽ^m_μ we can construct a composite operator with the transformation properties of the metric, Ẽ^m_μ Ẽ_{νm}. However, the action has to be a polynomial in the spinors and no object transforming as the inverse metric can be used in order to contract the “lower world indices” connected to

4The content of this second paper was contained in the first version of the present paper.

5In three dimensions, a similar object can be used to characterize the order parameter of liquid He^3 [15].

the derivatives. The only possible choice for a diffeomorphism invariant action therefore contracts d derivatives with the totally antisymmetric tensor ϵ^{μ1...μd} . Invariance under global Lorentz rotations can be achieved similarly by contraction with ϵ_{m1...md} . In consequence, it is indeed possible to construct an invariant action as a local polynomial in the spinor fields and their derivatives

S_E = α ∫ d^dx det (~ E^m_μ (x) ) , Ẽ^m_μ = i 2 ψ̄γ^m∂_μψ + h.c. . (1) We emphasize that we have no spin connection at our disposal. Therefore the bilinear Ẽ^m_μ does not transform as a tensor under local Lorentz transformations. Instead, its transformation property is characterized by an additional inhomogeneous piece involving the derivative of the Lorentz transformation parameter.

In consequence, the action S_E is invariant under global but not local Lorentz transformations. This is an important difference as compared to the standard formulation of gravity (“Einstein gravity”). We will explore both the phenomenological and conceptual aspects of this difference. Actually, the action (1) is not the only invariant with diffeomorphism and global Lorentz symmetry - other invariants are discussed in [14]. We will see that the lack of local Lorentz symmetry leads to a generalized version of gravity.

Within “spinor gravity” the “global vielbein” E^m_μ (x) can be associated to the expectation value of the fermion bilinear Ẽ^m_μ (x). As usual the metric obtains then by contraction with the invariant tensor η_{mn} which lowers the Lorentz indices

E^m_μ (x) = ⟨Ẽ^m_μ (x)⟩ , g_{μν} (x) = E^m_μ (x)E_{νm}(x). (2)

On the level of the composite bosonic fields E^m_μ and g_{μν} the inverse vielbein and metric E^μ_m(x) , g^{μν} (x) are well defined provided E = det(E^m_μ ) ≠ 0. The field equations for the vielbein and metric can, at least in principle, be computed from eq. (1) plus an appropriate regularization of the functional measure. This approach realizes the general idea that both geometry and topology can be associated to the properties of appropriate correlation functions [16] - in the present case the two point functions for spinors.

Due to the lack of local Lorentz symmetry the global vielbein contains additional degrees of freedom that are not described by the metric. Correspondingly, the effective theory of gravity will also exhibit new invariants not present in Einstein gravity. These invariants are consistent with global but not local Lorentz symmetry. Indeed, we may use a nonlinear field decomposition E^m_μ (x) = e^m_μ (x)H^n_m (x) where e^m_μ describes the usual “local vielbein” and H^n_m the additional degrees of freedom. These additional degrees of freedom are massless Goldstone-boson-like excitations due to the spontaneous breaking of a global symmetry. In Einstein gravity, H^n_m would be the gauge degrees of freedom of the local Lorentz transformations and therefore drop out of any invariant action. In contrast, the generalized gravity discussed here will lead to new propagating massless gravitational degrees of freedom.

Indeed, the kinetic terms for H^n_m can be inferred from the most general effective action for the vielbein which contains two derivatives and is invariant under diffeomorphisms and global Lorentz transformations

Γ_{(2)} = μ 2 ∫ d^dxE { − R + τ_A[D^μE^ν_mD_μE^m_ν −2D^μE^ν_mD_ν E^m_μ ] + β_AD_μE^μ_mD^ν E^m_ν } . (3)

Here the curvature scalar R is constructed from the metric g_{μν} which is also used to lower and raise world indices in the usual way. The covariant derivative D_μ contains the connection Γ^λ_{μν} constructed from g_{μν} but no spin connection. Due to the missing spin connection the last two terms ∼ τ_A, β_A are invariant under global but not local Lorentz transformations. They induce the kinetic term for H^n_m . The effective action (3), together with a “cosmological constant” term ∼ ∫ d^dxE, constitutes the first order in a systematic derivative expansion. In the one loop approximation to spinor gravity one finds β_A = 0.

In this paper we discuss the viability of generalized gravity [17] in a setting with only global Lorentz symmetry. For this purpose we analyze the consequences of the effective action (3) in four dimensions. In complete analogy to Einstein gravity we discuss the solutions of the field equations derived from the effective action (3) in presence of suitable sources associated to an energy momentum tensor. In principle, the energy momentum tensor contains an antisymmetric part T^{μν}_A which reflects the presence of anomalous spin interactions for the fermions. These effects are, however, much too small to be observable. Then T^{μν}_A can be neglected and test particles couple to the metric in the usual way. We find that for β_A = 0 neither Newtonian gravity nor the isotropic Schwarzschild or the cosmological Friedman solutions are modified. This also holds for the emission, propagation and detection of gravitational waves and for all tests of general relativity in post-Newtonian gravity. For vanishing β_A our generalized gravity is therefore consistent with all present observations of general relativity! We conclude that a violation of local Lorentz symmetry by the invariant ∼ τ_A in eq. (3) remains unconstrained experimentally. On the other hand, for β_A ≠ 0 we find a modification of the Schwarzschild solution similar to a Jordan- Brans-Dicke theory [18]: whereas g_{00} = −B(r) behaves as usual as B(r) = 1 − r_s/r (with r_s the Schwarzschild radius), one obtains g_{rr} = A(r) = (1 − γr_s/r)^{−1} where γ ≈ 1 + β_A. This imposes a severe bound |β_A|^<∼ 5 · 10^{−5} [19]. In view of this bound the modifications of cosmology are too small to be presently observable^6.

This paper is organized as follows. In sect. II we recapitulate the transformation properties of spinor fields and bilinears and the construction of the polynomial action (1). The effective bosonic action for fermion bilinears is formulated in sect. III. This setting describes our version of quantum gravity. In sect. IV we start a general discussion of gravity theories with only global instead of local Lorentz symmetry. There we classify the possible invariants with up to two derivatives and formulate the effective action in first order in a systematic derivative expansion. In addition to the terms present in Einstein gravity it contains the two invariants (3) with dimensionless coefficients τ_A and β_A. The corresponding generalized gravitational field equations are derived in sect. V. In sects. VI and VII we discuss the linear approximation to the field equations. Beyond the graviton of Einstein gravity the spectrum of excitations contains a new set of massless fields described by an antisymmetric tensor field c_{μν} . However, this field does not couple to the symmetric part of the energy momentum tensor but rather to the antisymmetric part which reflects the internal degrees of freedom of the spinors. We show in sect. VIII that the new interactions mediated by the exchange of c_{μν} play no macroscopic role and do not affect the observational effects of linear gravity. We also establish that the invariant ∼ τ_A is compatible with all tests of general relativity in first nonleading order in post-Newtonian gravity.

In the linear approximation one finds for β_A ≠ 0 also an additional massless vector field w_μ. Again, it couples only to the antisymmetric part of the energy momentum tensor. More important, a nonvanishing coupling β_A modifies also the linearized equation for the degrees of freedom contained in the metric - more precisely the coupling of the “conformal factor” σ. In the Newtonian approximation this effect only renormalizes Newton’s constant. Beyond Newtonian gravity β_A ≠ 0 affects the tests of general relativity.

Going beyond the linear and post-Newtonian approximations, we discuss the modifications of the general isotropic static solution and the homogeneous isotropic cosmological solution for the full field equations. In sect. IX we present the generalization of the isotropic static metric for a gravity theory with only global Lorentz symmetry. The corresponding modification of the Schwarzschild solution for β_A ≠ 0 is discussed in sect. X. In sect. XI we turn to the most general homogeneous and isotropic cosmological solution within our setting of generalized gravity. We find that the solutions of Einstein gravity remain also solutions of generalized gravity as long as β_A = 0. For β_A ≠ 0 one finds a difference

6Spinor gravity may lead to other long range degrees of freedom not contained in E^m_μ . These could lead to interesting modifications of gravity like quintessence [20,21].

in the value of the Planck mass appearing in the cosmological equations as compared to the one inferred from the Newtonian approximation. In view of the solar system bounds on |β_A| this effect is too small in order to be presently observable. For small enough nonvanishing |β_A| the generalized gravity with only global Lorentz symmetry obeys all present tests of general relativity. Similar to the Brans-Dicke theory the model with small nonzero β_A can be used to quantify the experimental precision of general relativity. It is therefore interesting in its own right and merits further quantitative studies in the future - even though spinor gravity may finally result in β_A = 0.

In sects. XII and XIII we make a first attempt to compute the bosonic effective action for spinor gravity. For this purpose we express the fermionic functional integral in terms of a “partially bosonized” functional integral. We briefly explore the classical approximation to the field equations. In sect. XIII we discuss the generalized Dirac operator in an arbitrary “background geometry” E^m_μ . This defines the one loop approximation to spinor gravity. One loop spinor gravity only involves the new invariant ∼ τ_A that is not restricted by observation. In our conclusions in sect. XIV we finally discuss the prospects for spinor gravity as a candidate for a unified theory of all interactions.

II. INVARIANT SPINOR ACTION

Our basic entities are spinor fields ψ(x) which are represented by anticommuting Grassmann variables and transform as irreducible spinor representations under the d-dimensional Lorentz group SO(1, d − 1) δ_Lψ = − 1 2 ϵ_{mn}Σ^{mn}ψ , Σ^{mn} = − 1 4 [γ^m, γ^n]. (4)

Here the Dirac matrices obey {γ^m, γ^n} = 2η^{mn}, and Lorentz indices are raised and lowered by η^{mn} = η_{mn} = diag (−1, +1, . . . , +1). Under d-dimensional general coordinate transformations the spinor fields transform as scalars

δ_ξψ = −ξ^ν ∂_ν ψ (5)

such that ∂_μψ is a vector. Similarly, the spinor fields ψ̄(x) transforms as

δ_Lψ̄ = 1 2 ψ̄ϵ_{mn}Σ^{mn} , δ_ξψ̄ = −ξ^ν ∂_νψ̄. (6) For Majorana spinors in d = 0, 1, 2, 3, 4 mod 8 one has ψ̄ = ψT C where C obeys 7 (ΣT )mn = −CΣmnC−1. Otherwise ψ̄ may be considered as an independent spinor, with an involutive mapping between ψ and ψ̄ associated

7For details see [11] to complex conjugation in spinor space. In even dimensions the irreducible spinors are Weyl spinors obeying γ̄ψ = ψ with γ̄ = ηγ^0 . . . γ^{d−1}, η^2 = (−1)^{d/2−1}, γ̄^2 = 1, γ̄^† = γ̄. Majorana-Weyl spinors exist for d = 2 mod 8.

We want to construct an action that is a polynomial in ψ, ψ̄ and invariant under global Lorentz-transformations and general coordinate tansformations. Our basic building block is a spinor bilinear^8

Ẽ^m_μ = i 2 (ψ̄γ^m∂_μψ − ∂_μψ̄γ^mψ). (7) It transforms as a vector under general coordinate transformations

δ_ξẼ^m_μ = −∂_μξ^νẼ^m_ν − ξ^ν∂_νẼ^m_μ , (8)

and as a vector under global Lorentz rotations

δ_LẼ^m_μ = ϵ^m_nẼ^n_μ . (9)

For irreducible spinors in d = 2, 3, 9 mod 8 one has ψ̄γm ψ = 0 such that Ẽm_μ = iψ̄γm∂_μψ. From Ẽm_μ we can easily construct a composite field transforming like the metric

g̃_{μν} = Ẽ^m_μ Ẽ^n_ν η_{mn}. (10)

However, no object transforming as the inverse metric can be constructed as a polynomial in the spinor fields. The spinor polynomials contain only “lower world indices” μ, ν which are induced by derivatives. The only possible coordinate invariant polynomial must therefore involve precisely d derivatives, contracted with the totally antisymmetric ϵ-tensor. In particular, the scalar density Ẽ = det(Ẽm_μ ) can be written as a spinor polynomial

Ẽ = 1 d! ϵ^{μ1 ...μd} ϵ_{m1...md} Ẽ^{m1}_{μ1} . . . Ẽ^{md}_{μd} = det(Ẽ^m_μ ). (11) Therefore a possible invariant action reads

S_E = α ∫ d^dxẼ. (12) It involves d derivatives and 2d powers of ψ. We note that the ways to construct invariants are restricted by the absence of objects transforming as the inverse metric or the inverse vielbein. All invariants contain ϵ^{μ1...μd} where the indices μ_1 . . . μ_d have to be contracted with derivatives. On the other hand, the construction of invariants with respect to the global Lorentz symmetry is not unique [14] since we have the invariant tensor η_{mn} and spinor bilinears not involving derivatives at our disposal.

8In [14] we generalize this construction to an bilinear Ẽ^m_μ = iψ̄γ^m ∂μψ that is not necessarily hermitean.

With respect to local Lorentz transformations δ_LẼ^m_μ acquires additional inhomogeneous pieces. In fact, if ϵ_{mn}(x) depends on the spacetime coordinate one has

δ_LẼ^m_μ = ϵ^m_nẼ^n_μ + ( i 8 ψ̄γ^{[mnp]} ψ∂_μϵ_{np} + i 4 ψ̄γ^nψ∂^μϵ^m_n + h.c. ) (13)

with γ^{[mnp]} the totally antisymmetrized product of three γ^m-matrices, γ^{[mnp]} =^1_6 (γ^mγ^nγ^p − γ^mγ^pγ^n + . . .). The piece ∼ ψ̄γ^nψ drops out - recall that for Majorana spinors in d = 2, 3, 9 mod 8 the antisymmetry under the exchange of Grassmann variables implies ψ̄γ^nψ = 0 [11]. The piece ∼ ψ̄γ^{[mnp]} ψ remains, however. In consequence, the action S_E is only invariant under global Lorentz rotations, but not local Lorentz rotations. Two spinor configurations related to each other by a local Lorentz transformation are not equivalent to each other^9.

III. BOSONIC EFFECTIVE ACTION

In order to construct the quantum effective action for our model with classical action (12) we introduce fermionic sources η̄ and bosonic sources J^μ_m. The fermionic sources are Grassmann variables transforming as δ_Lη̄ = 1 2 η̄ϵ_{mn}Σ^{mn} , δ_ξη̄ = −ξ^ν ∂_νη̄ − (∂_νξ^ν )η̄ (14)

such that S_η = − ∫ d^dxη̄ψ is invariant. The bosonic sources multiply the fermion bilinear Ẽ^m_μ . With the vector density J^μ_m transforming as

δ_LJ^μ_n = −J^μ_mϵ^m_n δ_ξ J^μ_m = −∂_ν (ξ^ν J^μ_m) + ∂_ν ξ^μJ^ν_m (15)

the source term

S_J = − ∫ d^dxJ^μ_mẼ^m_μ (16)

is again invariant. The generating functional^{10}

9On the level of Ẽ^m_μ one may formualte a “new” local Lorentz transformation by using the transformation rule (9) instead of (13) such that SE is invariant. However, this transformation cannot be formulated on the level of ψ. Since the transformtion of the functional measure is not defined the effective gravitational action will not obey such a symmetry. 10For d = 5, 6, 7 mod 8 we have to use a spinor ψ̄ not related to ψ by ψ̄ = ψ^T C. One should therefore use sources η̄ and η multiplying ψ and ψ̄ and a functional measure involving ψ and ψ̄.

W [η̄, J] = ln Z[η̄, J] = ln ∫ Dψ exp { − (S + S_η + S_J ) }

(17)

is therefore an invariant functional of η̄ and J provided that the functional measure ∫ Dψ is free of anomalies.

The “vielbein” is now defined as the expectation value of Ẽm_μ δW δJ^μ_m = E^m_μ = ⟨Ẽ^m_μ ⟩ = i 2 ⟨ψ̄γ^m∂_μψ − ∂_μψ̄γ^m ψ⟩. (18) We use the symbol E^m_μ instead of the usual e^m_μ in order to recall that E^m_μ does not transform as a vector under local Lorentz transformations. We omit here^{11} the fermionic sources η̄ such that W is only a functional of J. Also E^m_μ depends on J. The effective action^{12} for the vielbein is constructed by the usual Legendre transform

Γ[E^m_μ ] = −W [J^μ_m] + ∫ d^dxJ^μ_mE^m_μ (19)

where J^μ_m[E^n_ν ] obtains by inverting eq. (18). It obeys the identity δΓ δE^m_μ = J^μ_m. (20)

If W is an invariant functional of J we conclude that Γ is an invariant functional of the vielbein E^m_μ .

Eq. (20) is the exact gravitational field equation for the quantum field theory defined by S_E and an appropriate functional measure Dψ. In presence of non-gravitational degrees of freedom the “physical” source J^μ_m should be associated to the energy momentum tensor defined by

T^{μν} = E^{−1}E^{mμ}J^ν_m. (21)

For example, the energy momentum tensor receives contributions from the spinor fields as well as other possible bosonic composite fields beyond the vielbein. If the four dimensional effective action is obtained by dimensional reduction from a higher dimensional theory, the source J^μ_m also accounts for the gauge bosons and scalars which arise from the higher dimensional bosonic fields. If we collect all contributions to the effective action involving fields other than the vielbein in Γ^′ we can formally write J^μ_m = −⟨δΓ^′/δE^m_μ ⟩, where the bracket indicates that J^μ_m

11The fermionic part of the effective action is discussed in [14]._{12}

The sources J can be generalized to multiply arbitrary fermion bilinears. The “bosonic effective action” Γ [22] contains then all information about the correlation functions of the system. It can formally be obtained as the sum over two particle irreducible graphs [23].

has to be evaluated for the given physical state^{13}. For example, J^μ_m may account for the presence of a macroscopic massive object or for a relativistic plasma in cosmology. This setting is completely analogous to the treatment of standard gravity. As usual in gravity we define^{14} the metric by

g_{μν} = E^m_μ E_{νm}. (22)

We next show that for most practical purposes T^{μν} can be identified with the usual energy momentum tensor. Consider first the effective action Γ^′_0 for fields with trivial Lorentz-transformation properties as scalars or gauge bosons (i.e. fields carrying only “world indices” μ, ν and no spinor or Lorentz index). Then the dependence of Γ^′ on the gravitational degrees of freedom arises only via the metric

Γ^′_0[E^m_μ ] = Γ^′_0 [ g_{νρ}[E^m_μ ] ] . (23)

In particular, this holds for structureless point particles. In standard gravity the energy momentum tensor T^{μν}_{(g)} is defined as

T^{μν}_{(g)} = − 2 √ g δΓ^′_0 δg_{μν} . (24)

Using the definition (21) we find T^{μν} = −E^{−1}E^{mμ} δΓ^′_0 δg_{ρσ} δg_{ρσ} δE^m_ν = T^{μν}_{(g)} (25)

and conclude that T^{μν} is symmetric and coincides indeed with the standard energy momentum tensor.

One may object that the situation is different for fields with non-trivial Lorentz-transformation properties as, for example, spinors. Then the gravitational couplings can typically not be written only in terms of the metric but involve explicitely the vielbein. We will discuss in sect. VIII that the fermion contribution to the energy momentum tensor involves an antisymmetric part [13,14] proportional to the spin. Nevertheless, for standard macroscopic gravitational sources the spin averages out and only the symmetric part of T^{μν} needs to be retained^{15}. For stars, dust and radiation we can write the gravitational field equation in terms of the usual energy momentum tensor

13For the formal construction one introduces the sources J^μ_m only as technical devices and puts them to zero at the end of the computation. However, one has to compute Γ + Γ^′ with field equation δΓ/δE^μ_m + δΓ^′/δE^μ_m = 0. The piece from the variation of Γ^′ can then be reinterpreted as a nonvanishing “physical source”.

14In principle, gμν differs from the fermionic four point function ⟨g̃μν ⟩ (cf. eq. (10)).

15Note that orbital angular momentum does not contribute to the antisymmetric part of T^{μν} .

δΓ δE^m_μ = EE_{ρm}T^{ρμ}_{(g)}. (26)

Similar considerations hold for test particles used to probe the gravitational fields generated by other bodies. The action for photons depends only on the metric - their trajectory can therefore be computed as usual once g_{μν} is known. Similarly, macroscopic test particles follow the geodesics defined by g_{μν} . Throughout this paper we will assume that gravity is tested by point particles or light. Testable differences between our setting and Einstein’s gravity can therefore only result from possible differences of the solutions of the field equation (26) as compared to the Einstein equations.

At this point we would like to stress that a successful computation of Γ[E^m_μ ] (together with T^{μν} or Γ^′) is equivalent to a well defined theory of quantum gravity. The gravitational field equation (20) includes all quantum fluctuations. Also the motion of test particles can directly be inferred from Γ^′. The difficult part is, of course, the computation of Γ. In particular, this requires a well defined functional measure Dψ which preserves diffeomorphisms and global Lorentz symmetry.

IV. SYMMETRIES AND INVARIANTS

We will make a first attempt to a very approximate computation of Γ[E^m_μ ] in sects. XII, XIII. Before, we want to exploit the general structure of the effective action, in particular the symmetries. This will allow us a first judgment if a theory with only global Lorentz symmetry is viable at all. Perhaps surprisingly, we find a new diffeomorphism invariant involving second derivatives of the vielbein which seems compatible with all present tests of gravity. This invariant respects global but not local Lorentz symmetry. We conclude that the local character of the Lorentz symmetry is only very partially tested - an invariant violating the local symmetry seems to be allowed and remains essentially unconstrained. On the other hand, we also discuss a second global invariant which modifies post-Newtonian gravity. Its coefficient is severely constrained.

In sects. IV-XI we discuss the properties of a generalized version of gravity which features only global instead of local Lorentz invariance. We discuss the most general setting consistent with these symmetries. Within spinor gravity this generalizes the action (12) to an arbitrary polynomial action for spinors with invariance under general coordinate and global Lorentz transformations. (See [14] for a discussion of possible invariants.) Our discussion will be based purely on symmetry and a derivative expansion of the effective action. It is therefore more general than the specific one loop approximation discussed in [13]. The only assumption entering implicitely the following discussion is that the functional measure preserves diffeomorphism and global Lorentz symmetry, being free of anomalies [24].

In the following we will mainly concentrate on four dimensions, d = 4. This permits a direct comparison of the solution of our generalized gravitational field equation (26) with observation. Embedding the four dimensional effective theory in a more fundamental higher dimensional theory we only assume that the “ground state” properties of “internal space” are consistent with the four dimensional diffeomorphisms and global Lorentz rotations. Other details are not important for our discussion of the purely gravitational part. Of course, there could be additional light degrees of freedom influencing cosmology or the macroscopic laws, like the cosmon of quintessence [20].

Let us therefore discuss the most general structure of a “gravitational” effective action which involves the vielbein E^m_μ and is invariant under diffeomorphisms and the global Lorentz symmetry. The characteristic mass scale will be the Planck mass. For macroscopic phenomena on length and time scales much larger than the Planck length we can expand Γ[E^m_μ ] in the number of derivatives. For a given number of derivatives Γ can be composed of terms that are each invariant under general coordinate transformations and global Lorentz rotations. As compared to Einstein’s gravity we will find new invariants which involve the new “physical” degrees of freedom in E^m_μ not described by the metric.

In lowest order in the derivative expansion the unique invariant is (E = det E^m_μ , g = | det g_{μν}| = E^2)

Γ_1 = ∫ d^dxE = ± ∫ d^dx √ g. (27)

In four dimensions this is a cosmological constant. In the following we will assume that some mechanism makes the effective cosmologocal constant very small - for example the dynamical mechanism proposed for quintessence [20], [21]. We mainly will discard this term for the following phenomenological discussion. This is, of course, a highly nontrivial assumption, meaning that spinor gravity admits an (almost) static solution with large threedimensional characteristic length scale (at least the size of the horizon).

For the construction of invariants involving derivatives of E^m_μ we can employ the antisymmetric tensor

Ω^m_{μν} = − 1 2 (∂_μE^m_ν − ∂_ν E^m_μ ). (28)

Let us first look for possible polynomials in E^m_μ and Ω^m_{μν} . We will concentrate on even dimensions where we need an even power of Ω^m_{μν} because of global Lorentz invariance. Any polynomial invariant with two derivatives must be of the form

Γ_{2,p}= ∫ d^dxΩ^{n1}

μ_1μ_2 Ω n_2 μ_3μ_4 E^{m5}_{μ5} . . . E^{md}_{μd} ϵ^{μ1...μd} A_{n1n2m5 ...md} (29) where A should be constructed from η and ϵ-tensors and has to be symmetric in (n_1, n_2) and totally antisymmetric in (m_5 . . . m_d). Only for d = 4 we can take A_{n1n2} = η_{n1n2} whereas no polynomial two-derivative invariant exists for d > 4. (The polynomial invariant generalizing (29) in ddimensions involves d/2 factors of Ω and therefore d/2 derivatives of E^m_μ .) We observe that Γ_{2,p} contains only one ϵ-tensor and therefore violates parity. We will assume that the gravitational effective action preserves parity, at least to a very good approximation, and discard the polynomial invariant (29).

There is, however, no strong reason why the effective action should be a polynomial in E^m_μ . Whenever E ≠ 0 we can construct the inverse vielbein

E^{μ1}_{m1} = 1 (d − 1)!E ϵ^{μ1...μd} ϵ_{m1...md} E^{m2}_{μ2} . . . E^{md}_{μd} = 1 E ∂E ∂E^{m1}_{μ1} (30)

which obeys E^m_μ E^ν_m = δ^ν_μ , E^μ_mE^n_μ = δ^n_m. This allows us to define the inverse metric

g^{μν} = E^μ_mE^{mν} , g^{μν} g_{νρ} = δ^μ_ρ (31)

which can be used to raise world indices, e.g.

Ω^{μν}_m = η_{mn}g^{μρ}g^{νσ}Ω^n_{ρσ} . (32)

We conclude that non-polynomial invariants exist in arbitrary dimensions. They are well defined as long as E ≠ 0 and may become singular in the limit E → 0. Within spinor gravity the nonpolynomial invariants are induced by the fluctuation (or loop) effects [13].

On the level of two derivatives three linearly independent non-polynomial invariants are given by

Γ_{2,1} = ∫ d^dxEΩ^{μν}_mΩ^m_{μν} (33)

Γ_{2,2} = 1 2 ∫ d^dxE(D_μE^μ_m)(D^ν E^m_ν )

Γ_{2,3} = 1 4 ∫ d^dxE(D^μE^ν_m + D^ν E^μ_m)(D_μE^m_ν + D_ν E^m_μ ).

For the latter two invariants we introduce the covariant derivative

D_μE^m_ν = ∂_μE^m_ν − Γ^λ_{μν} E^m_λ ,

D_μE^ν_m = ∂_μE^ν_m + Γ^ν_{μλ} E^λ_m (34)

where the affine connection involves the inverse metric

Γ^λ_{μν} = 1 2 g^{λρ}(∂_μg_{νρ} + ∂_νg_{μρ} − ∂_ρg_{μν}). (35) We emphasize that the covariant derivative acting on E^m_μ does not contain a spin connection since m is only a global Lorentz index. Using the relations (22), (30) the connection can be expressed in terms of E^m_μ in a non-polynomial way. For d ≠ 4, or requesting parity invariance, there are no more independent invariants in this order of the derivative expansion.

The most general invariant bosonic effective action involving up to two derivatives of the vielbein can therefore be written as a linear combination of Γ_0 and Γ_{2,1}, Γ_{2,2}, Γ_{2,3}. As a convenient parameterization we use

Γ = ϵΓ_0 + μ(I_1 + τ_AI_2 + β_AI_3) (36)

with

I_1 = 1 2 ∫ d^dxE{D^μE^ν_mD_ν E^m_μ − D_μE^μ_mD^ν E^m_ν } (37) I_2 = 1 2 ∫ d^dxE{D^μE^ν_mD_μE^m_ν − 2D^μE^ν_mD_ν E^m_μ } (38) I_3 = 1 2 ∫ d^dxED_μE^μ_mD^ν E^m_ν . (39)

We will see that μ determines the effective Planck mass. This is most apparent if we rescale E^m_μ by an arbitrary unit of mass m in order to make the vielbein and the metric dimensionless, E^m_μ = mĒ^m_μ . This replaces ϵ → ϵ̄ = ϵm^d , μ → μ̄ = μm^{d−2}. The precise relation between μ and Newton’s constant will be given in sect. VII. In the following we will assume that this rescaling has been done and omit the bars on E^m_μ , μ, and ϵ such that μ and ϵ have dimension mass^{d−2} and mass^d, respectively. The remaining two dimensionless parameters τ_A and β_A account for possible deviations from Einstein’s gravity. We will find that tight observational bounds exist only for the parameter β_A. It is therefore very interesting that the one loop contribution to β_A vanishes [13].

We close this section by noting that the three invariants can also be interpreted in terms of torsion. Indeed, we may define a different connection Γ̃^λ_{μν} and a new covariant derivative D̃_μ such that the vielbein is covariantly conserved

D̃_μE^m_ν = ∂_μE^m_ν − Γ̃^λ_{μν} E^m_λ = 0. (40)

This fixes the connection as^{16}

Γ̃^λ_{μν} = (∂_μE^m_ν )E^λ_m (41)

and comparison with eq. (34) identifies^{17} the contorsion

E^λ_mD_μE^m_ν = Γ̃^λ_{μν} − Γ^λ_{μν} = L^λ_{μν} . (42)

16This connection is often called Weizenböck connection and dsicussed in the context of teleparallel theories [25]. We stress, however, that the usual teleparallel theories are equivalent reformulations of Einstein’s gravity, in contrast to the present work._{17}

Since the l.h.s. of eq. (42) is a tensor this shows that Γ̃μν^λ indeed transforms as a connection under general coordinate transformations. Of course, this can also be checked by direct computation from the analogue of eq. (8).

We note that the antisymmetric part of Γ̃^λ_{μν} is the torsion tensor^{18}

Γ̃^λ_{μν} − Γ̃^λ_{νμ} = −2Ω^m_{μν} E^λ_m = T^λ_{μν} . (43)

For the invariant I_3 we observe the identity

D^μE^m_μ = (Γ̃^{μλ}_μ − Γ^{μλ}_μ )E^m_λ . (44)

Since eq. (40) implies the existence of d covariantly conserved vector fields the connection Γ̃ (41) is curvature free.

V. CURVATURE SCALAR AND FIELD EQUATIONS

Of course, the usual curvature scalar R can be constructed from the metric g_{μν} and the connection Γ such that R[g_{μν}] is invariant. With g_{μν} [E^m_ρ ] given by eq. (22) this yields another invariant involving two derivatives of the vielbein, namely

Γ_{2,R} = ∫ d^dxE R [ g_{μν} [E^m_ρ ] ] . (45)

The invariants (33)(45) are not linearly independent, however:

Γ_{2,1} − Γ_{2,3} = −2Γ_{2,2} + Γ_{2,R} , Γ_{2,R} = −2I_1. (46)

This follows by partial integration and use of the commutator identity for two covariant derivatives

[D_ρ, D_σ]E^m_μ = R^ν_{ρσμ} E^m_ν . (47)

For practical computational purposes it is sometimes convenient to use an alternative parameterization of Γ with Γ_{2,R}, Γ_{2,1} and Γ_{2,2} as independent invariants. We may rewrite the effective action in the form

Γ = ϵΓ_0 − δΓ_{2,R} + ζΓ_{2,1} + ξΓ_{2,2} (48)

where ζ = τ_Aμ , ξ = (β_A − τ_A)μ , δ = 1 2 (1 − τ_A)μ. (49)

In analogy to the Einstein-equation we can then write the field equation in absence of sources in the form 2δ ( R_{μν} − 1 2 Rg_{μν} ) = T̂_{μν} − ϵg_{μν} . (50) Here the contribution from the invariants Γ_{2,1} and Γ_{2,2} is formally written as a part of the energy momentum tensor

18In ref. [17] the torsion tensor Tμνρ is denoted by Rμνρ

T̂_{μν} = ζ{4Ω_{μρm}Ω^{ρm}_ν − 2(D_ρΩ^ρ_{νm})E^m_μ − Ω^m_{σρ} Ω^{σρ}_mg_{μν} } +ξ{E^σ_m∂_σ(D^ρE^m_ρ )g_{μν} − ∂_μ(D^ρE^m_ρ )E_{νm} + 1 2 D^σ E^m_σ D^ρE_{ρm}g_{μν} }. (51) Details of the derivation of T̂_{μν} can be found in the appendix A. The tensor T̂_{μν} can be decomposed into a symmetric and antisymmetric part T̂_{μν} = T̂^{(s)}_{μν} + T̂^{(a)}_{μν} (52)

and the field equation (50) implies that the antisymmetric part must vanish in the absence of sources

T̂^{(a)}_{μν} = 1 2 (T̂_{μν} − T̂_{νμ}) = 0. (53)

Due to the Bianchi identity the symmetric part is convariantly conserved

D_νT̂^{(s)μν} = 0. (54)

We note that T̂_{μν} can contain a piece proportional to the Einstein tensor R_{μν} −^1_2 Rg_{μν}. The definition of the “gravitational energy momentum tensor” T̂_{μν} is therefore not unique and eq. (51) should be considered as a formal tool. In particular, for τ_A ≠ 0 the coefficient 2δ should not be associated with the Planck mass which is rather related to μ. If one chooses to collect the gravitational effects beyond Einstein gravity in a gravitational energy momentum tensor a better definition would collect the pieces from I_2, I_3 instead of Γ_{2,1}, Γ_{2,2}. This subtracts from T̂_{μν} (51) a piece (2δ − μ)(R_{μν} −^1_2 Rg_{μν} ). In presence of matter fluctuations (i.e. from the spinor fields) or expectation values of composite fields beyond the vielbein the energy momentum tensor will receive additional contributions, T̂_{μν} → T̂_{μν} + T_{μν} .

VI. LINEARIZED GRAVITY

In the next sections we will study the possible phenomenological consequences of the generalized gravity (36). We start the investigation of possible observable effects with a discussion of weak gravity. This will also reveal the “particle content” of this theory. The spectrum of small fluctuations around flat space can be investigated by linearization (for vanishing cosmological constant ϵ = 0). In the linear approximation we write

E^m_μ = δ^m_μ + δE^m_μ , E^μ_m = δ^μ_m + δE^μ_m , δE_μ^m = 1 2 k_{μν}η^{νm} = 1 2 (h_{μν} + a_{μν} )η^{νm} δE^μ_m = − 1 2 (h_{ρν} + a_{ρν} )δ^ρ_mη^{νμ} (55)

with symmetric and antisymmetric parts

h_{μν} = h_{νμ} , a_{μν} = −a_{νμ} (56) and g_{μν} = η_{μν} + h_{μν}. (57)

In this and in the next two sections we raise and lower the indices of h_{μν} and a_{μν} with η^{μν} , η_{μν} such that δE^μ_m = − 1 2 η_{mρ}(h^{ρμ} + a^{ρμ}) , g^{μν} = η^{μν} − h^{μν} . (58)

We observe that the antisymmetric fluctuation a_{μν} does not contribute to the fluctuation of the metric. In linear order one finds

Ω^m_{μν} = − 1 4 η^{ρm}(∂_μh_{νρ} − ∂_ν h_{μρ} + ∂_μa_{νρ} − ∂_ν a_{μρ}) (59)

D^μE^m_μ = 1 2 η^{ρm}(∂^μa_{μρ} − ∂^μh_{μρ} + ∂_ρh^μ) (60)

and the invariants in quadratic order therefore read

Γ_{2,1} = 1 8 ∫ d^dx{∂^μa^{νρ}∂_μa_{νρ} − ∂^μa^{νρ}∂_ν a_{μρ} −2∂^μh^{νρ}∂_νa_{μρ} + ∂^μh^{νρ}∂_μh_{νρ} − ∂^μh^{νρ}∂_ν h_{μρ}} (61) and Γ_{2,2} = 1 8 ∫ d^dx(∂_μa^{μρ} − ∂_μh^{μρ} + ∂^ρh^μ) (∂^ν a_{νρ} − ∂^ν h_{νρ} + ∂_ρh^ν ). (62)

We next decompose h_{μν} and a_{μν} in orthogonal irreducible representations of the Poincare group h_{μν} = 4∑ k=1 h^{(k)}_{μν} = 4∑ k=1 (P^k)^{ρσ}_{μν} h_{ρσ} ,

a_{μν} = 2∑ l=1 a^{(l)}_{μν} = 2∑ l=1 (P̄^l)^{ρσ}_{μν} a_{ρσ} . (63)

Here (∂^2 = η^{ρσ} ∂_ρ∂_σ )

h^{(1)}_{μν} = b_{μν} , h^{(2)}_{μν} = 1 d − 1 ( η_{μν} − ∂_μ∂_ν ∂^2 ) σ , h^{(3)}_{μν} = ∂_μ∂_ν ∂^2 f , h^{(4)}_{μν} = ∂_μv_ν + ∂_νv_μ ,

a^{(1)}_{μν} = c_{μν} , a^{(2)}_{μν} = ∂_μ(v_ν + w_ν) − ∂_ν (v_μ + w_μ) (64)

obey the constraints

∂_μb^{μν} = 0 , η^{μν} b_{μν} = 0 , ∂_μv^μ = 0 , ∂_μc^{μν} = 0 , ∂_μw^μ = 0 (65)

such that

h^μ = σ + f , ∂_μh^{μν} = ∂^2v^ν + ∂^ν f, ∂_μ∂_ν h^{μν} = ∂^2f , ∂_μa^{μν} = ∂^2(v^ν + w^ν ). (66)

This yields the effective action (36) in quadratic order (ϵ = 0) Γ = μ 8 ∫ d^dx { ∂^μb^{νρ}∂_μb_{νρ} − ( d − 2 d − 1 − β_A ) ∂^μσ∂_μσ +τ_A∂^μc^{νρ}∂_μc_{νρ} + β_A∂^2w^μ∂^2w_μ } . (67)

We observe that f and v_μ are pure gauge degrees of freedom and do not appear in Γ. In addition to the usual metric degrees of freedom b_{μν} and σ spinor gravity contains the new massless fields c_{μν} and w_μ. In presence of a local Lorentz symmetry (as in the usual setting) c_{μν} and w_μ would be the gauge degrees of freedom of the local Lorentz group. Here they rather have the character of Goldstone degrees of freedom associated to the spontaneous breaking of the global Lorentz symmetry. In fact, the vielbein of a flat ground state, E^m_μ = δ^m_μ , spontaneously breaks the global rotations acting on the index m. It remains invariant, however, under a combined global Lorentz transformation and coordinate rotation, the latter acting on the index μ. We note that for β_A = 0 the only modification of standard gravity would be the additional antisymmetry field c_{μν}. This leads to the speculation that within spinor gravity the field w^μ could correspond to the gauge degree of freedom of a yet unidentified, perhaps nonlinear symmetry. We will see that the coupling τ_A is not restricted by present observation.

VII. LINEARIZED FIELD EQUATIONS

For the derivation of the field equations it is useful to write the effective action (67) in a form which uses explicitely the projectors. Defining k_{μν} = h_{μν} + a_{μν} , k^{(k)}_{μν} = h^{(k)}_{μν} for k = 1 . . . 4 , k^{(5)}_{μν} = a^{(1)}_{μν} , k^{(6)}_{μν} = a^{(2)}_{μν} and correspondingly P^5 = P̄^1 , P^6 = P̄^2 one finds

Γ = − μ 8 k^{μν}∂^2( 6∑ k=1 A_kP^k)^{ρσ}_{μν} k_{ρσ} (68)

with

A_1 = 1 , A_2 = −(d − 2) + (d − 1)β_A , A_4 = 0 , A_5 = τ_A. (69)

The projectors

P^1 = 1 2 (δ^ρ_μδ^σ_ν + δ^σ_μ δ^ρ_ν ) − 1 d − 1 η_{μν} η^{ρσ} − 1 2 ( ∂_μ∂^ρ ∂^2 δ^σ_ν + ∂_ν∂^ρ ∂^2 δ^σ_μ + ∂_μ∂^σ ∂^2 δ^ρ_ν + ∂_ν ∂^σ ∂^2 δ^ρ_μ )

+ 1 d − 1 ( ∂_μ∂_ν ∂^2 η^{ρσ} + ∂^ρ∂^σ ∂^2 η_{μν} )

+ d − 2 d − 1 ∂_μ∂_ν∂^ρ∂^σ ∂^4 ,

P^2 = 1 d − 1 ( η_{μν} − ∂_μ∂_ν ∂^2 ) ( η^{ρσ} − ∂^ρ∂^σ ∂^2 ) , P^3 = ∂_μ∂_ν ∂^ρ∂^σ ∂^4 , P^4 = 1 2 ( ∂_μ∂^ρ ∂^2 δ^σ_ν + ∂_ν ∂^ρ ∂^2 δ^σ_μ + ∂_μ∂^σ ∂^2 δ^ρ_ν + ∂_ν∂^σ ∂^2 δ^ρ_μ )

−2 ∂_μ∂_ν ∂^ρ∂^σ ∂^4 , P^5 = 1 2 ( ∂_μ∂^ρ ∂^2 δ^σ_ν − ∂_ν ∂^ρ ∂^2 δ^σ_μ − ∂_μ∂^σ ∂^2 δ^ρ_ν + ∂_ν∂^σ ∂^2 δ^ρ_μ ) , P^6 = 1 2 ( δ^ρ_μδ^σ_ν − δ^σ_μ δ^ρ_ν ) − P_5 (70)

obey (P^k)^2 = P^k and are orthogonal P^jP^k = 0 for j ≠ k.

In order to derive the linear field equations in presence of sources - e.g. matter concentrations - we add to Γ a term involving the symmetric energy-momentum tensor T_{μν} = T_{νμ} of matter and radiation

Γ_M = − 1 2 ∫ d^dxh^{μν} T_{μν} = − 1 2 ∫ d^dxh_{μν} T^{μν} (71) = − 1 2 ∫ d^dx { b_{μν} ( T^{μν} − 1 d − 1 T^ρ_ρ η^{μν} + 1 d − 1 ∂_μ∂_ν ∂^2 T^ρ_ρ ) + 1 d − 1 σT^ρ_ρ } . Here we have used the linear energy momentum conservation ∂_μT^{μν} = 0 for the last line. We will motivate in the next section the omission of the antisymmetric part of T_{μν} in more detail.

The field equations follow from the variation of Γ+Γ_M , eqs. (69), (71) −∂^2 ∑ k A_k(P^k)^{ρσ}_{μν} k_{ρσ} = 2 μ T_{μν} . (72)

It can be projected on the irreducible representations

−∂^2A_kk^{(k)}_{μν} = 2 μ (P_k)^{ρσ}_{μν} T_{ρσ} (73)

where we note (P_k)^{ρσ}_{μν} T_{ρσ} = 0 for k = 3, 4, 5, 6 due to the symmetry of T_{μν} and ∂_μT^{μν} = 0. This yields

−∂^2h^{(1)}_{μν} = 2 A_1μ ( T_{μν} − 1 d − 1 T^ρ_ρ η_{μν} + 1 d − 1 ∂_μ∂_ν ∂^2 T^ρ_ρ )

−∂^2h^{(2)}_{μν} = 2 A_2(d − 1)μ ( η_{μν} − ∂_μ∂_ν ∂^2 ) T^ρ_ρ (74)

in accordance^{19} with a variation of eqs. (67) (71) with respect to b_{μν} and σ. The remaining field equations can be written as

19In this respect it is crucial that bμν multiplies the correctly projected (P^1T )^{μν} in eq. (71).

τ_A∂^2c_{μν} = 0 , β_A∂^2w_μ = 0 (75)

since nonvanishing sources for c_{μν} and w_μ can only arise from the antisymmetric part of a generalized energy momentum tensor.

We can now compute the Newtonian limit by inserting T_{μν} = ρδ_{μ0}δ_{ν0} and considering a time independent metric with Newtonian potential ϕ = − 1 2 h_{00} = − 1 2 (h^{(1)}_{00} + h^{(2)}_{00} ). (76)

For d = 4 one has (Δ = ∂^i∂_i)

−Δh^{(1)}_{00} = 4ρ 3μ , − Δh^{(2)}_{00} = − ρ 3μ ( 1 − 3 2 β_A )_{−1} (77) or Δϕ = ρ 2μ 1 − 2β_A 1 −^3_2 β_A

= 4πG_N ρ = ρ 2M̄^2

. (78)

This fixes Newton’s constant G_N or the reduced Planck mass M̄^2 = M^2_p /8π as

M̄^2 = 1 −^{32} β^A 1 − 2β_A μ. (79)

We will see below that β_A has to be small such that M̄^2 is essentially given by μ. However, within Newtonian gravity the couplings τ_A and β_A are not constrained.

The linear approximation governs the emission, propagation and detection of gravitational waves. Those are described by h^{(1)}_{μν} = b_{μν} . For example, the emission of gravitational waves from pulsars is the same as in Einstein gravity. However, the effective reduced Planck mass extracted from the gravitational radiation of pulsars is given by M̄^2_{pulsar} = μ (since A_1 = 1). In view of the tight limit for |β_A| derived in sect. X the difference between the gravitational constant measured in Newtonian gravity (79) and the one relevant for pulsars seems to be too small in order to be observable.

Actually, if Γ is given by the one loop approximation one finds that β_A vanishes. Indeed, we may compute Ω_{μνρ} in the linearized approximation Ω_{μνρ} = − 1 4 { ∂_μh_{νρ} + ∂_μa_{νρ} − (μ ↔ ν) }

= − 1 4 { ∂_μ(b_{νρ} + c_{νρ}) − ∂_ν (b_{μρ} + c_{μρ}) + 1 d − 1 (η_{νρ}∂_μσ − η_{μρ}∂_ν σ) −∂_ρ(∂_μw_ν − ∂_ν w_μ) } . (80)

The totally antisymmetric part therefore only involves c_{νρ} Ω_{[μνρ]} = − 1 2 ∂_{[μ}c_{νρ]}. (81)

We will see in sect. XIII that the modified Dirac operator in our generalized gravity can be written in the form D = D_E +^1_4 Ω_{[μνρ]}γ^{μνρ}_{(3)} (151). Here D_E can only depend on b_{νρ} and σ as a consequence of local Lorentz invariance. We conclude that D does not depend on w_μ. In consequence, the one loop expression T r ln D cannot lead to a term ∼ ∂^2w^μ∂^2w_μ in quadratic order. Comparison with eq. (67) implies β_A = 0.

VIII. ANOMALOUS SPIN INTERACTIONS AND POST-NEWTONIAN GRAVITY

In this section we discuss the anomalous couplings of gravitational degrees of freedom to the spin of fermions. This is related to possible anomalous spin interactions and the issue of post-Newtonian gravity beyond the linear approximation. For our purpose we need information about the coupling of the vielbein E^m_μ to spinor fields ψ. From symmetry arguments [14] one expects that the missing spin connection reflects itself in a modification of the covariant spinor kinetic term

L_ψ = iψ̄γ^μD^{(E)}_μ ψ + iσ_AΩ_{[μνρ]}ψ̄γ^{μνρ}_{(3)} ψ. (82)

Here the covariant derivative D^{(E)}μ is constructed as usual and involves the standard spin connection constructed from E^m_μ and its derivatives (see sect. XIII for details). The anomalous term proportional to the coupling σ_A reflects the violation of local Lorentz symmetry in the spinor coupling. In the classical approximation to spinor gravity one has σ_A = 1/4.

As mentioned already, the first term in eq. (82) only couples to h_{μν} . It gives the standard contribution of fermionic particles to the symmetric energy momentum tensor T^{μν}_{(g)} (24). In contrast, the anomalous second part yields in the linear approximation

L_A = − i 2 σ_A∂_{[μ}c_{νρ]}ψ̄γ^{μνρ}_{(3)} ψ. (83)

Using partial integration one finds [13] that the coupling of c_{νρ} to the spinors L_A ∼ c_{νρ}∂_μ(ψ̄γ^{[μ}γ^ν γ^{ρ]}ψ) ∼ c_{νρ}ϵ^{νρμσ}∂_μS_σ (84) involves the density of the spin vector S_σ . (We recall that there is no coupling to a^{(2)}_{νρ} .) In consequence, the exchange of c_{νρ} induces a dipole-dipole interaction between fermions with infinite range. However, its strength is only gravitational ∼ μ^{−1} ∼ M̄^{−2} and therefore suppressed as compared to the magnetic dipole interaction by a factor ∼ (m_e/M̄ )^2) ∼ 10^{−44} - many orders of magnitude too small to be observable [26].

We conclude that we can safely neglect the anomalous spinor coupling and concentrate on the symmetric energy momentum tensor T^{μν}_{(g)} . Indeed, as compared to Newtonian gravity the macroscopic spin forces are doubly suppressed. First, the lack of spin coherence of macroscopic bodies leads to suppression factors S_{tot} · m/M_{tot} for each body involved. Here S_{tot} is the total spin (in units of ℏ) and M_{tot} the total mass of the body composed of particles with (average) mass m. Second, a dipole-dipole force decays very fast ∼ r^{−3}.

We will next see that the particular form of the coupling of c_{νρ} to the spinor field also has important consequences for post-Newtonian gravity. All effects from a violation of the local Lorentz symmetry by the invariant ∼ τ_A are severely suppressed.

The expansion in weak gravitational fields can be extended beyond linear order. A general framework for the effects beyond Newtonian gravity is given by the “Parameterized Post-Newtonian Formalism” (PPN) [27]. In principle, one should perform a systematic computation of all PPN parameters for the field equations following from the effective gravitational action (3) without local Lorentz-invariance. For weak gravitational fields the higher order corrections are computed iteratively: one uses the results of the linear approximation (cf. the preceeding two sections) in order to derive the field equations for the derivations of E^m_μ from the linear approximation. The PPN-formalism needs at most the next-to-linear terms for some of the vielbein components. Deviations from Einstein’s gravity therefore involve the cubic couplings arising from the invariants ∼ τ_A and β_A.

In the remainder of this section we show that for β_A = 0 the invariant τ_A gives precisely the same PPNresults as Einstein’s gravity. The coupling τ_A is therefore not constrained by any one of the tests of general relativity for weak fields (i.e. up to the order used for the PPNformalism). This demonstrates that local Lorentz symmetry is actually very poorly tested - an additional invariant violating local Lorentz symmetry can be added and remains essentially undetectable by present means! We will not pursue a systematic PPN-discussion of the influence of the coupling β_A since we believe that the strongest constraints arise for isotropic gravitational fields which will be discussed in complete nonlinear order in the next sections.

For β_A = 0 there is no disctinction between Einstein gravity and our generalized gravity in the linear approximation provided T^{μν} = T^{μν}_{(g)} . (We have shown above that the neglection of the antisymmetric part of T^{μν} is indeed a very good approximation.) In particular, h_{μν} takes in the linear approximation the same values as for Einstein’s gravity and a_{μν} = 0. in principle, deviations on the PPN level could arise if the invariant ∼ τ_A produces cubic terms ∼ h^3 or h^2a. Then the field equations for the corrections in next-to-linear order would have additional source terms ∼ h^2_l where h_l is the metric in linear order. (Recall a_l = 0.) We will show that such cubic terms are not present at the PPN level.

By straightforward algebraic manipulations one establishes that the invariant ∼ τ_A only involves the totally antisymmetric part of Ω_{μνρ}

I_2 = 3 2 ∫ d^dxEΩ^{[μνρ]}Ω_{[μνρ]} (85)

Expanding Ω_{[μνρ]} up to terms quadratic in h and a one finds (∂_{[μ}a_{νρ]} = ∂_{[μ}c_{νρ]})

Ω_{[μνρ]} = − 1 2 ∂_{[μ}a_{νρ]} − G_{[μνρ]} + · · · (86)

with G_{μνρ} = 1 8 (∂_μh_{νσ})h_{ρτ} η^{στ} (87)

The dots denote terms ∼ ah and a^2 which are not relevant for our purpose. The crucial point is that h appears only in quadratic order in Ω_{[μνρ]} and I_2 therefore contains no term ∼ h^3. On the PPN level possible modification can therefore only arise from

I^{(3)}_2 = ∫ d^dxG^{[μνρ]}∂_{[μ}c_{νρ]} (88)

This term results in a gravitational source term for c_{νρ} which is ∼ h^2_l .

On the PPN-level the source ∼ ∂_μG^{[μνρ]} vanishes. Since the source is already ∼ h^2 we only need to take into account the Newtonian part (h_l)_{00}. In this case one infers G_{[μνρ]} = 0 since an antisymmetrization over two equal indices ν = ρ = 0 is involved. This concludes our argument. Can one conceive future experiments that could detect the field c_{νρ} as a manifestation of the violation of local Lorentz symmetry for the case β_A = 0? The answer tends to be negative: it is simply very hard to produce a macroscopic c_{νρ}-field with observable strength. And even if one would succeed the measurement would require a probe with coherent spin.

IX. GENERAL ISOTROPIC STATIC SOLUTION

The comparison with Einstein gravity should, of course, not be restricted to the linear approximation. The two prominent examples where nonlinear effects play a role are the Schwarzschild solution and cosmology. They will be discussed in sects. IX - XI. In this section we discuss the Schwarzschild solution for the generalized gravity corresponding to the effective action (36) or (48). For this purpose we describe the most general static solution of the nonlinear gravitational field equations under the assumption of isotropy. Obviously, this goes beyond Newtonian gravity and linearized gravity. In sect. X we concentrate on d = 4 and compare our general solution with the Schwarzschild solution in Einstein gravity. For β_A = 0 we find that the standard Schwarzschild solution is also a solution to the nonlinear field equation of our generalized gravity. The parameter τ_A therefore remains unconstrained. On the other hand, for β_A ≠ 0 we find a difference already in the lowest order of the post- Newtonian expansion. Recent precision observations put a severe bound on the parameter β_A.

A rotation acts on the vielbein E^m_μ as a coordinate rotation leaving r^2 = ∑_{d−1} i=1 x^2_i invariant, accompanied by a simultaneous suitable global Lorentz rotation acting on the index m. The most general rotation invariant vielbein takes the form^{20}

E^0 = f(r), E^j_0 = h(r)x_j , E^0_i = g(r)x_i, E^j_i = c(r)δ_{ij} + k(r)x_ix_j. (89)

We can rescale r = D(r^′)r^′ in order to fix c(r) = 1. Similarly, a radius dependent rescaling of the clocks dt = dt^′ + rF (r)dr leaves dξ^m = E^m_μ dx^μ = E^{′m}_μ dx^{′μ} invariant dξ^0 = f(r)dt + g(r)rdr = f(r)dt^′ + ( f(r)F (r) + g(r) ) rdr = f(r)dt^′ + g^′(r)rdr , dξ^i = h(r)x_idt + dx_i + k(r)rx_idr = h(r)x_idt^′ + dx_i + ( k(r) + h(r)F (r) ) rx_idr = h(r)x_idt^′ + dx_i + k^′(r)rx_idr. (90) With g^′ = g + fF, k^′ = k + hF we can use this freedom in order to fix k as a function of f, g and h such that^{21}

gf = h(1 + r^2k). (91)

With this coordinate choice we remain with three free functions f(r), g(r) and h(r).

From eqs. (89) with (91) and c = 1 we can compute the metric

g_{00} = −B(r) , g_{0i} = 0 ,

g_{ij} = δ_{ij} + A(r) − 1 r^2 x_ix_j (92)

which corresponds for d = 4 to the line element of the Schwarzschild metric in standard (polar) coordinates,

ds^2 = −B(r)dt^2 + A(r)dr^2 + r^2(dϑ^2 + sin^2ϑdφ^2). (93)

Here we have used eq. (91) in order to obtain g_{0i} = 0. The functions A(r), B(r) are related to f(r), g(r), h(r) by

B = f^2 − r^2h^2 , A = 1 − r^2g^2 + 2r^2k + r^4k^2 = g^2 h^2 B. (94)

20There should be no confusion between f(r) and the gauge degree of freedom f in sect. VI.

21A suitable function F exists provided r^2 h^2 ≠ f^2

We choose as the three independent functions A(r), B(r) and h(r) with f = √ B + r^2h^2, g = √ A/B · h and k(r) = r^{−2}( √ A + r^2h^2A/B − 1). We emphasize that we have here one more free function h(r) in addition to the two functions A(r), B(r) characterizing the metric. In case of local Lorentz symmetry h(r) would correspond to a gauge degree of freedom - here it is not.

Inserting the vielbein

E^0 = √ B + r^2h^2 , E^j_0 = hx_j , E^0_i = h √ A/B x_i , E_{ij} = δ_{ij} + x_ix_j r^2 ( √ A + r^2h^2A/B − 1) (95)

we compute in appendix A the invariants

Y_{2,1} = Ω^m_{μν} Ω^{μν}_m = d − 2 2r^2 ( 1 + 1 A − 2 √ B + r^2h^2 AB )

+ 1 8AB(B + r^2h^2) [ B^{′2} + 4rB^′h(h + rh^′)

− 4B(h + rh^′)^2 ] (96) and Y_{2,2} = 1 2 (D^μE^m_μ )(D^ν E_{νm}) = (d − 2)^2

2r^2 (√ B + r^2h^2 AB − 1 )_2

+ d − 2 2rAB ( 1 − √ AB B + r^2h^2 ) [ B^′ + 2rh(h + rh^′) ]

+ 1 8AB(B + r^2h^2) [ B^′ + 2rh(h + rh^′)

]_2

− 1 2AB [ (d − 1)h + rh^′ ]_2

. (97)

With E = √ AB the effective action (48) becomes Γ = ∫ d^dx √ AB{ϵ − δR[A, B] + ζY_{2,1} + ξY_{2,2}}, (98) where (cf. appendix A) R[A, B] = − B^{′′} AB + B^′ 2AB ( A^′ A + B^′ B )

+ d − 2 rA ( A^′ A − B^′ B )

+ (d − 3)(d − 2) r^2 ( 1 − 1 A ) . (99)

Since our ansatz covers the most general rotation invariant static vielbein (up to coordinate transformations) the field equations for this symmetric situation can be obtained by varying Γ with respect to A, B and h. For small h we observe that Y_{2,1} and Y_{2,2} are quadratic in h (or derivatives of h). The field equation δΓ/δh = 0 admits therefore always solutions with h = 0. In this situation the remaining field equations for A and B can be obtained by inserting h = 0 into Y_{2,1} and Y_{2,2}

Y_{2,1}(h = 0) = d − 2 2r^2 ( 1 − √ 1 A )_2 + 1 8A ( B^′ B )_2 ,

Y_{2,2}(h = 0) = 1 2 [ d − 2 r ( 1 − √ 1 A ) − 1 2 √ A B^′ B ]_2

. (100)

X. MODIFICATION OF THE SCHWARZSCHILD SOLUTION

In the following we concentrate on d = 4 where the resulting effective action reads after partial integration (ϵ = 0) Γ[A, B] = 8πδ ∫ dtdr √ AB { 1 A − 1 − rA^′ A^2 +ζ̃ [( 1 − 1 √ A )_2 + r^2 8A ( B^′ B )_2]

+2ξ̃ ( 1 − 1 √ A − r 4 √ A B^′ B )_2 } . (101)

The contributions ∼ ζ̃ = ζ/(2δ), ξ̃ = ξ/(2δ) do not vanish. For ζ̃ > 0, ξ̃ ≥ 0 they give a strictly positive contribution to Γ whenever A ≠ 1, B^′ ≠ 0, i.e. for all geometries which differ from a flat space-time. Standard gravity is recovered for^{22} ζ̃ = ξ̃ = 0 and leads to the well known Schwarzschild solution B = A^{−1} = 1 − r_s/r with Schwarzschild radius r_s = 2mG_N related to the total mass m of the object.

The spherically symmetric static field equations obtain by variation of Γ[A, B] with respect to A and B. Equivalently, we may express^{23} Γ in terms of two new functions α(ρ), β(ρ) and a rescaled radial coordinate ρ

α = A^{−1/2} , β = ln B , ρ = ln(r/r_s) (102) as Γ[α, β] = 8πδr_s ∫ dtdρe^ρe^{β2} { α − 1 α + 2α̇

22This condition is sufficient but not necessary. 23There should be no confusion of β(ρ) and the coupling constant βA in the effective action (36) .

+ζ̃ [ (1 − α)^2 α + α 8 β̇^2 ]

+ 2ξ̃ α ( 1 − α − α 4 β̇ )_2 } . (103)

Here a dot denotes a derivative with respect to ρ. The field equation from the variation with respect to β reads

α^2 − 1 + 2α̇α = − ζ̃ { (1 − α)^2 − 1 8 α^2β̇^2 − 1 2 α^2(β̇ + β̈) − 1 2 αα̇β̇ }

+ ξ̃ { 2αα̇ + 1 2 α(α̇β̇ + αβ̈) − ( 2 + 1 2 αβ̇ ) ( 1 − α − αβ̇ 4 ) } (104)

and from the variation with respect to α we obtain 1 − 1 α^2

+ β̇ = ζ̃ ( 1 − 1 α^2 + β̇2 8 ) + 2ξ̃ ( 1 + β̇ 4 )_2 − 1 α^2

. (105)

We may first recover the usual Schwarzschild solution for ζ̃ = ξ̃ = 0 where ∂α^2 ∂ρ = 1 − α^2 , ∂β ∂ρ = 1 α^2

− 1 (106)

implies the solution^{24}

α^2 = e^β = 1 − e^{−ρ} , 1 A = B = 1 − r_s r . (107)

For general ζ̃, ξ̃ we make for large ρ the ansatz

α^2 = 1 − γe^{−σρ} , ln β = 1 − e^{−σρ}. (108)

Dropping terms ∼ e^{−2σρ} or smaller eqs. (104)(105) result in γ − γσ + 1 2 ζ̃(σ − σ^2) + ξ̃ ( γσ − γ + σ 2 − σ^2 2 ) = 0, γ − σ − ζ̃γ − ξ̃(2γ − σ) = 0 (109) with solution

σ = 1 , γ = 1 − ξ̃ 1 − ζ̃ − 2ξ̃ = ( 1 − ζ̃ + ξ̃ 1 − ξ̃ )_{−1} = 1 − β_A 1 − 2β_A . (110)

24The two integration constants of the general solution of eq. (106) are an additive constant in ρ which is absorbed in rs and a multiplicative constant in B which can be set to one by appropriate time rescaling.

One finds for r ≫ r_s a behavior similar as for a Jordan- Brans-Dicke [18] theory

B = 1 − r_s r , A^{−1} = 1 − γ r_s r . (111)

As expected, Newtonian gravity (encoded in B(r)) remains unaffected. On the other hand, post-Newtonian gravity is modified. Strong observational bounds from the solar system imply that γ must be very close to one [19]

γ − 1 ≈ β_A ≈ ζ̃ + ξ̃ = (2.1 ± 2.3)10^{−5}. (112)

This seems to be the most stringent bound on the parameter β_A.

For β_A = 0, as suggested by the one loop approximation, one has γ = 1 and there is no correction to lowest order post-Newtonian gravity. This extends to the full Schwarzschild solution. Indeed, for ξ̃ = −ζ̃ the field equations (104) (105) reduce to the standard field equations (106) for arbitrary values of τ_A. For β_A = 0 the spherically symmetric static solution does not distinguish between our version of generalized gravity and Einstein gravity!

Finally, we observe that for β_A ≠ 0 the full solution can be found numerically whereby the initial value problem has one more free integration constant since eq. (104) also involves β̈_A(ρ). It would be interesting to investigate if this has an effect on the singularity. Furthermore, the solutions with h = 0 are not the only candidates for the description of the gravitational effects of massive bodies. One may explore a behavior for r ≫ r_s where

h(r) = ηr^{1/2}_s r^{−3/2}. (113)

We postpone the analysis of such modified solutions to a future investigation.

XI. HOMOGENEOUS ISOTROPIC COSMOLOGY

In this section we investigate cosmologies with a homogeneous and isotropic metric and a flat spatial hypersurface, i.e. a situation where the Killing vectors of the (three) spatial translations commute. Again, this tests our generalized gravity beyond the linear approximation. The most general vielbein consistent with these symmetries can be brought to the form

E^0 = 1 , E^i_0 = 0 , E^0_i = 0 , E^j_i = a(t)δ^j_i . (114)

Here a(t) is the usual scale factor which is related to the Hubble parameter by H(t) = ȧ(t)/a(t). We concentrate on three space and one time dimensions, d = 4. The nonvanishing components of the metric and affine connection read

g_{00} = −1 , g_{ij} = a^2(t)δ_{ij} (115) and Γ^0_{ij} = Hg_{ij} , Γ^j_{0i} = Hδ^j_i . (116)

They result in a curvature scalar

R = 12H^2 + 6Ḣ. (117)

(In this section dots denote time derivatives.) The only independent nonvanishing components of Ω^m_{μν} are

Ω^j_{i0} = −Ω^j_{0i} = 1 2 ȧδ^j_i (118)

and therefore

Y_{2,1} = Ω^m_{μν} Ω^{μν}_m = − 3 2 H^2. (119)

With

D^μE^0_μ = −3H , D^μE^i_μ = 0 (120)

the second invariant becomes

Y_{2,2} = 1 2 D^μE^m_μ D^ν E_{νm} = − 9 2 H^2. (121)

Since we consider the most general vielbein consistent with the symmetries we can again derive the relevant field equation by variation of an effective action with respect to a

Γ[a] = 2δ ∫ d^4x a^3 { − R 2 + ζ̃Y_{2,1} + ξ̃Y_{2,2} } + ΔΓ. (122)

Here ΔΓ accounts for an energy-momentum tensor of matter T_{μν} which has the usual coupling to the metric. From δΔΓ/δa = (δΔΓ/δg^{ij})(δg^{ij} /δa) = ( √ gg_{ij}p/2)(−2a^{−3}δ_{ij} ) = −3pa^2 one finds formally

ΔΓ = − ∫ d^4x p a^3. (123)

By partial integration one has

Γ[a] = 2δ ∫ d^4x { aȧ^2 ( 3 − 3 2 ζ̃ − 9 2 ξ̃ ) − p 2δ a^3 } (124)

and we infer the field equation from δ(Γ + ΔΓ)/δa = 0, i.e.

−(3ȧ^2 + 6aä) ( 1 − 1 2 ζ̃ − 3 2 ξ̃ ) = 3 2δ pa^2 (125) or 2Ḣ + 3H^2 = − ( 1 − 1 2 ζ̃ − 3 2 ξ̃ )_{−1} p 2δ . (126)

Combining eq. (126) with energy momentum conservation, ρ̇ + 3H(ρ + p), this yields the standard Friedmann cosmology. Of course, these equations can also be derived by inserting the ansatz (114) into the field equation (50), cf. appendix A.

The only difference from Einstein gravity turns out to be the different value of the Planck mass which can be extracted from cosmological observations as compared to the one inferred from local gravity measurements. Denoting the reduced Planck mass for cosmological observations by

M̄^2_c = 2δ − 1 2 ζ − 3 2 ξ = ( 1 − 3 2 β_A ) μ (127)

and comparing with Newtonian gravity (79) we infer the ratio

M̄^2_c M̄ 2 = 1 − 2β^A. (128)

This affects quantitative cosmology like nucleosynthesis or the CMB. In view of the severe bound on β_A from post-Newtonian gravity derived in the preceeding section these effects are very small, however. For β_A = 0 we recover precisely the standard Friedmann cosmology. Of course, this could be modified by a cosmological constant or other degrees of freedom not contained in E^m_μ . In particular, we note that the classical action (12) is dilatation invariant whereas the quantum effects induce a dilatation anomaly. For a suitable form of the anomaly this could lead to quintessence [20], [21].

XII. PARTIAL BOSONIZATION

Our aim is a computation of Γ[E^m_μ ] for the action (12). An explicit solution of the functional integral (17) seems out of reach and we have to proceed to approximations. There is no obvious small parameter in the problem since the parameter α can be rescaled to an arbitrary value by a rescaling of ψ. Non-perturbative approximations will be hard to control but they should give at least an insight into the qualitative structure.

A convenient tool in our context is partial bosonization. This method reformulates the fermionic functional integral (17) into an equivalent functional integral involving both bosonic and fermionic degrees of freedom. In this formulation the dynamical role of the fluctuations in the “gravitational degrees of freedom” will become apparent. The reformulation is achieved [28–31] by use of a functional integral over fermions ψ and bosons χ̂^m_μ , i.e.

W^′[J] = ln ∫ DψDχ̂^n_ν exp {∫ d^dx [ α det(Ẽ^m_μ − χ̂^m_μ )

−α det(Ẽ^m_μ ) + J^μ_mχ̂^m_μ ]} . (129)

We show in appendix B that the free energy W is equivalent to the one of the original theory (17) up to a local polynomial in det(J^μ_m)

W^′[J] = W [J] + ∫ d^dxF ( det J^μ_m(x) ) . (130)

Performing derivatives of W with respect to J at J = 0 one obtains the connected correlation functions for composite fermion bilinears Ẽ^m_μ . We see that all connected correlation functions involving less than d powers of Ẽ^m_μ are equal for the new “partially bosonized” functional integral and the original theory. (The fermionic correlation functions are equal anyhow.) In particular, the expectation value ⟨Ẽ^m_μ ⟩ and the two point function can equally well be computed in the partially bosonized setting. The first difference appears in the connected correlation function for d powers of Ẽ^m_μ . These differences in the high order correlation functions are not relevant for our discussion and we will omit the prime on W from now on, treating the partially bosonized theory as an equivalent version of the original fermionic theory.

It is apparent from eqs. (18) (129) that the expectation value of χ̂^m_μ is given by the vielbein or fermion bilinear

⟨χ̂^m_μ ⟩ = E^m_μ = i 2 ⟨ψ̄γ^m∂_μψ − ∂_μψ̄γ^mψ⟩. (131) Using the definition of the effective action (19) and performing a variable shift χ̂^m_μ = E^m_μ + χ^m_μ one obtains a convenient implicit functional integral expression

Γ[E^m_μ ] = − ln ∫ DψDχ^n_ν exp {∫ d^dx [ α det(Ẽ^m_μ − E^m_μ − χ^m_μ )

−α det(Ẽ^m_μ ) + J^μ_mχ^m_μ ]} (132)

where J^μ_m is given by eq. (20).

The classical approximation to Γ neglects all fluctuation effects and simply reads

Γ_{cl} = α̃ ∫ d^dxE , E = det(E^m_μ ). (133)

One easily infers the classical field equation (20) α̃ (d − 1)! ϵ^{μ1...μd} ϵ_{m1 ...md} E^{m2}_{μ2} · · · E^{md}_{μd} = J^{μ1}_{m1} . (134) Whenever E ≠ 0 we may introduce the inverse vielbein E^μ_m obeying the relations (30). For nonzero E the classical field equation therefore becomes

α̃EE^μ_m = J^μ_m. (135)

We can use this form in order to show that the field equation (135) has for J^μ_m → 0 only solutions with

E = 0. (136)

Indeed, the classical field equation (135) implies that a nonzero finite value of E is in contradiction with J^μ_m = 0.

Of course, E = 0 does not require E^m_μ = 0. For example, a possible solution is (D̄ < d − 1))

E^m_μ = { δ^m_μ for μ = 0 . . . D̄ , m = 0 . . . D̄ 0 otherwise (137)

For D̄ = 3 this would describe a flat four-dimensional space-time geometry which we may associate with Minkowski space later. The remaining d − 4 dimensions would not admit a metric description, however. We also observe a large degeneracy of possible classical solutions. Finally, in presence of a nonvanishing energy momentum tensor (21) the classical solution reads (for E ≠ 0)

α̃g_{μν} = T_{μν} . (138)

XIII. GENERALIZED DIRAC OPERATOR AND LOOP EXPANSION

This situation is expected to change drastically once the fluctuation effects are included. A simple approximation includes only the fermionic fluctuations in one loop order. For this purpose we put χ^m_μ = 0 in eq. (132) and expand

det(Ẽ^m_μ − E^m_μ ) = (−1)^dE ( 1 − E^μ_mẼ^m_μ + 0(Ẽ^2) ) . (139)

This yields the quadratic term in ψ,

S_{(2)} = − iα̃ 2 ∫ d^dxE(ψ̄γ^mE^μ_m∂_μψ − ∂_μψ̄E^μ_mγ^mψ) (140) and the one loop expression

Γ = α̃ ∫ d^dxE + Γ_{(1l)} ,

Γ_{(1l)} = − ln ∫ Dψ exp { −S_{(2)}[ψ, E^m_μ ] } . (141)

The Gaussian Grassmann integration for the fermionic one loop contribution can be evaluated explicitely. We concentrate here on Majorana spinors^{25} where ψ̄ and ψ are identified (up to the matrix C)

Γ_{(1l)} = − 1 2 ln det S^{(2)}_F (142)

with

S^{(2)}_F = −2iα̃C [ Eγ^μ∂_μ + 1 2 ∂_μ(Eγ^μ) ] (143)

25For Dirac spinors the relevant operator S^{(2)}_F turns out to be the same [17], but there is no factor 1/2 in (142). Also the matrix C is absent. This plays no role since det C = 1.

where

γ^μ = E^μ_mγ^m. (144)

Up to irrelevant constants we can also write

Γ_{(1l)} = − 1 2 T r ln(ED) , (145)

D = γ^μ∂_μ + 1 2E γ^m∂_μ(EE^μ_m) = γ^μD̂_μ. (146)

We call D the generalized Dirac operator and observe the appearance of a “covariant derivative”

D̂_μ = ∂_μ + 1 2E E^m_μ ∂_ν (EE^ν_m). (147)

(For Weyl spinors one should either multiply D by an appropriate projection operator (1 + γ̄)/2 or work within a reduced space of spinor indices, using Cγ^m instead of γ^m since only Cγ^m acts in the reduced space.) The contribution from the derivative acting on the vielbein can also be written in the form

D = γ^m(E^μ_m∂_μ − Ω_m) , Ω_m = − 1 2E ∂_μ(EE^μ_m). (148)

It is instructive to compare the generalized Dirac operator D with the corresponding operator D_E in Einsteingravity. The latter is constructed from the Lorentz covariant derivative D_μ which appears in the spinor kinetic term (Majorana spinors) iψ̄γ^μD_μψ = iψ̄γ^me^μ_m ( ∂_μ − 1 2 ω_{μnp}Σ^{np} ) ψ = iψ̄D_E ψ = iψ̄γ^μ∂_μψ − i 4 Ω_{[mnp]}ψ̄γ^{mnp}_{(3)} ψ. (149)

Here γ^{mnp}_{(3)} is the totally antisymmetrized product of three γ-matrices γ^{mnp}_{(3)} = γ^{[m} γ^nγ^{p]} and Ω_{[mnp]} corresponds to the total antisymmetrization of Ω_{mnp} = − 1 2 e^μ_me^ν_n(∂_μe_{νp} − ∂_ν e_{μp}). (150)

Replacing e^m_μ by E^m_μ one finds

D = D_E [E] + 1 4 Ω_{[mnp]}[E]γ^{mnp}_{(3)} . (151)

For the fermionic loop contribution the only difference between spinor gravity and standard gravity concerns the totally antisymmetric piece ∼ Ω_{[mnp]}!

Neglecting the piece ∼ Ω_{[mnp]} the first contribution D_E [E^m_μ ] is covariant with respect to both general coordinate and local Lorentz transformations. Replacing D → D_E in the integral (145) will therefore lead to a one loop effective action Γ_{1l} with these symmetries. This is a gravitational effective action of the standard type. Expanded in the number of derivatives one will find the curvature scalar plus higher derivative invariants like R^2, R_{μν}R^{μν} etc. However, the additional piece ∼ Ω_{[mnp]}[E^m_μ ] violates the local Lorentz symmetry and only preserves a global Lorentz symmetry. We therefore expect the appearance of new terms in the effective action which are invariant under global but not local Lorentzrotations. According to eq. (151) all additional terms must involve Ω_{[mnp]} or derivatives thereof. They vanish for Ω_{[mnp]} = 0. As discussed at the end of sect. VII the linear approximation to Ω_{[mnp]} only involves c_{νρ} and we can conclude that β_A = 0. This concerns precisely the “dangerous term” restricted by observation (112). We conclude that one loop spinor gravity is consistent with all tests of general relativity.

This simple argument can be confirmed by an explicit computation [13]. The overall coefficient μ in the effective action (36), as well as ϵ, depends on the precise choice of the regularization. In contrast, the relative coefficients τ_A and β_A are regularization-independent and characterized by the de Witt coefficients [9], [32] of the generalized Dirac operator. One obtains [6,13]

τ_A = 3 , β_A = 0. (152)

We finally observe that the trace in eq. (145) involves a trace over spinor indices as well as an integration over space coordinates or, equivalently, a momentum integral in Fourier space. As it stands, these integrations are highly divergent in the ultraviolet and the integral (145) needs a suitable regularization. This regularization should preserve the invariance under general coordinate transformations. If possible, it should also preserve the global Lorentz symmetry. However, there may be obstructions in the form of “gravitational anomalies” [24] for d = 6 mod 4. At present it is not known if such anomalies occur in spinor gravity. For the time being we neglect this possible complication and assume global Lorentz symmetry of the effective action.

We do not claim quantitative accuracy for our one loop evaluation of the bosonic effective action. In particular, the value of the coefficient τ_A may be affected by higher loop orders. Also dimensional reduction from a higher dimensional spinor gravity theory will affect the effective four dimensional value of τ_A. In contrast, our finding β_A = 0 may be more robust. First of all, one may perform a similar computation [14] by the solution of the Schwinger-Dyson equation (without using partial bosonisation). In lowest order, the nontrivial contribution to Γ will again be characterized by eq. (145) while the coefficient of the “classical contribution” (133) will be modified [22]. More generally, all higher orders in the evaluation of Γ using the Schwinger Dyson approach will involve powers of the exact fermionic propagator in the “background” of a vielbein E^m_μ [22]. One may expand the exact inverse fermionic propagator Γ^{(2)}_F (the generalization of S^{(2)}_F (143) up to terms linear and quadratic in ∂_μE^m_ν . If the corresponding operator D (the generalization of eq. (151)) does not contain the linear field w^μ (64) we can conclude that β_A vanishes to all orders. First investigations [14] suggest that such a property could be related to a hidden nonlinear symmetry. As an interesting alternative, β_A = 0 could be associated to an infrared stable partial fixed point in the flow of generalized couplings.

XIV. CONCLUSIONS

In [13] and this paper we have formulated a proposal for a unified theory based only on spinor fields. We insist on a well defined action which is a polynomial in the spinor Grassmann field. The action is invariant under general coordinate and global Lorentz transformations, whereas local Lorentz symmetry may be violated. Within spinor gravity the vielbein is not a fundamental field but rather arises as a composite object or bound state. It is described by the expectation value of a fermion bilinear. The metric can be formed as usual from the product of two vielbeins. As a consequence of the missing local Lorentz symmetry the vielbein contains, however, new physical degrees of freedom not described by the metric. This leads to a version of generalized gravity with global instead of local Lorentz symmetry. We discuss in detail the observational consequences of such a generalization. In particular, we find that the form suggested by the one loop approximation to spinor gravity is compatible with all present tests of general relativity. We conclude that the local character of the Lorentz symmetry is tested only very partially by observations.

Can spinor gravity serve as a candidate for a fundamental theory of all interactions? Several important steps have to be taken before this question can be answered. First of all, only a well defined and diffeomorphism invariant regularization procedure for the functional measure would make the expectation values of fermion bilinears explicitely calculable. Second, the most general form of the classical action admits many independent polynomials which are invariant with respect to diffeomorphisms and global Lorentz rotations. At this stage the corresponding dimensionless couplings remain undetermined. A predictive unified theory would have to select a particular point in the high dimensional space of possible couplings. One possibility is that this particular point is associated to an enhanced symmetry [7]. As an interesting alternative, the renormalization flow of the couplings could reveal a fixed point which would render spinor gravity renormalizable. If such a fixed point exists, the number of relevant (or marginal) parameters at the fixed point would determine the number of free parameters entering the predictions for physical quantities. If there is only one relevant direction it could be associated to the overall mass scale of the theory by dimensional transmutation. In such a case no free dimensionless coupling would remain and spinor gravity would become completely predictive. Only the number of dimensions would influence the outcome of a calculation of fermion bilinears like the vielbein. Third, it remains to be shown that spinor gravity formulated in a suitable dimension d > 4 admits an interesting ground state with a small characteristic length scale for the d − 4 internal dimensions and a large scale for the observed dimensions. The isometries of this ground state should be the gauge group SU (3) x SU (2) x U (1) of the standard model (up to tiny effects of electroweak symmetry breaking) and the chirality index should account for three generations of quarks and leptons. Obviously, the way towards such a goal is still long, but, we believe, worthwhile pursuing.

Acknowledgment

The author would like to thank to thank A. Hebecker for collaboration on the topics of several key sections, as summarized in [13]. He thanks J. Lukierski for drawing his attention to the early literature on this subject after the first version of this paper.

APPENDIX A: FIELD EQUATIONS

In this appendix we give details for the field equations of generalized gravity which are used in the main text. We use the form (48) for the effective action. In order to derive the field equations for the effective action (48) we expand the inverse vielbein in linear order

E^μ_m = Ē^μ_m + δE^μ_m . (A.1)

For the vielbein, metric and determinant this implies

E^n_ν = Ē^n_ν − Ē^m_ν Ē^n_μ δE^μ_m g^{μν} = ḡ^{μν} + Ē^{mν} δE^μ_m + Ē^{mμ}δE^ν_m , E = Ē(1 − Ē^m_μ δE^μ_m ). (A.2)

Omitting from now on the bars, the first variation of the invariants reads

δ(ϵΓ_0 − δ̄Γ_{2,R}) = − ∫ d^dxE{δ̄(2R^m_μ − RE^m_μ ) +ϵE^m_μ }δE^μ_m (A.3) and δΓ_{2,1} = ∫ d^dxE{4Ω^n_{μν} Ω^{mν}_n +2(D_ν Ω^{ρν}_n)E^m_ρ E^n_μ −Ω^n_{νρ} Ω^{νρ}_nE^m_μ }δE^μ_m , (A.4)

δΓ_{2,2} = ∫ d^dxE{E^ρ_n∂_ρ(D^ν E^n_ν )E^m_μ −∂_μ(D^ν E^m_ν ) + 1 2 D^ν E^n_ν D_ρE^ρ_nE^m_μ }δE^μ_m . (A.5)

We therefore obtain the field equation from δΓ/δE^μ_m = 0 as δ̄(2R^m_μ − RE^m_μ ) + ϵE^m_μ = (A.6) ζ{4Ω^n_{μν} Ω^{mν}_n + 2(D_νΩ^{ρν}_n)E^m_ρ E^n_μ − Ω^n_{νρ} Ω^{νρ}_nE^m_μ }

+ξ{E^ρ_n∂_ρ(D^ν E^n_ν )E^m_μ − ∂_μ(D^ν E^m_ν ) + 1 2 D^ν E^n_ν D_ρE^ρ_nE^m_μ }. By multiplication with E_{νm} we can bring this into the form of a modified Einstein equation 2δ̄ ( R_{μν} − 1 2 Rg_{μν} ) = −ϵg_{μν} (A.7)

+ζ{4Ω_{μρm}Ω^{ρm}_ν − 2(D_ρΩ^ρ_{νm})E^m_μ − Ω^m_{σρ} Ω^{σρ}_mg_{μν}} +ξ{E^σ_m∂_σ(D^ρE^m_ρ )g_{μν} − ∂_μ(D^ρE^m_ρ )E_{νm} + 1 2 D^σE^m_σ D^ρE_{ρm}g_{μν} }. This yields the field equation (50) for generalized gravity.

We next want to specialize to the general static and isotropic ansatz (95) of sects. IX, X. We first compute the tensor Ω^m_{μν} = −^1_2 (∂_μE^m_ν − ∂_ν E^m_μ ). With Ω^m_{0i} = 1 2 ∂_iE^m_0 one finds

Ω^0_{0i} = x_i 2r f^′ , Ω^j_{0i} = h 2 δ_{ij} + h^′ x_ix_j 2r . (A.8)

Similarly, we obtain

Ω^0_{ki} = 0 , Ω^j_{ki} = − k 2 (δ_{jk}x_i − δ_{ji}x_k). (A.9)

For the invariant Γ_{2,1} we calculate Y_{2,1} which yields eq. (96):

Y_{2,1} = Ω^m_{μν} Ω^{μν}_m = g^{ij} {Ω^n_{ik} Ω^n_{jl} g^{kl}

−2Ω^0_{0i} Ω^0_{0j} g^{00} + 2Ω^k_{0i} Ω^k_{0j} g^{00}} = k^2 2 { (g^{ij}δ_{ij} )(g^{kl}x_kx_l) − g^{ij} g^{jk}x_ix_k }

+ h^2 2 g^{00}(g^{ij} δ_{ij}) + 1 2 ( h^{′2} + 2hh^′ r − f^{′2} r^2 ) g^{00}(g^{kl}x_kx_l) = d − 2 2 ( k^2r^2 A − h^2 B ) − 1 2AB [ (h + rh^′)^2 − f^{′2} ]

= d − 2 2r^2 ( 1 + 1 A − 2 √ B + r^2h^2 AB )

+ 1 8AB(B + r^2h^2) [ B^{′2} + 4rB^′h(h + rh^′)

−4B(h + rh^′)^2 ] . (A.10)

Here we use

g^{00} = − 1 B(r) , g^{ij} = δ_{ij} − A(r) − 1 A(r)r^2 x_ix_j (A.11) and g^{ij} δ_{ij} = d − 2 + 1 A , g^{kl}x_kx_l = r^2 A , g^{ij}g^{jk} = δ_{ik} − A^2 − 1 A^2r^2 x_ix_k , g^{ij} g^{jk}x_ix_k = r^2 A^2

. (A.12)

In order to evaluate the invariant Γ_{2,2} we need

D̃^μE^m_μ = g^{μν} (∂_μE^m_ν − Γ^λ_{μν} E^m_λ ) = ( δ_{ij} − A − 1 Ar^2 x_ix_j ) ∂_iE^m_j − Γ^{μi}_μ E^m_i . (A.13)

Here we have employed the explicit form of the connection in our cartesian coordinates

Γ^0_{00} = 0 , Γ^i_{00} = B^′ 2rA x_i , Γ^0_{0i} = B^′ 2rB x_i , (A.14)

Γ^0_{ij} = 0 , Γ^j_{i0} = 0 ,

Γ^k_{ij} = A − 1 Ar^2 ( δ_{ij} x_k − x_ix_j x_k r^2 ) + A^′ 2r^3A x_ix_jx_k , Γ^{μ0}_μ = 0 ,

Γ^{μi}_μ = { (d − 2) A − 1 Ar^2 + ( A^′ A − B^′ B ) 1 2rA } x_i. This yields

D^μE^0_μ = 1 √ AB [ (d − 1)h + rh^′ ] , (A.15)

D^μE^k_μ = x_k { d − 2 r^2 (√ B + r^2h^2 AB − 1 )

+ 1 2r √ AB √ B + r^2h^2 [ B^′ + 2rh(h + rh^′) ] }

and we infer the invariant Y_{2,2} in eq. (97).

We can also compute the components of the tensor T̂_{μν} in the field equation (50), (51),

T̂_{μν} = ζT̂^{(1)}_{μν} + ξT̂^{(2)}_{μν} (A.16)

One finds for h = 0 and d = 4

T̂^{(1)}_{00} = − B^′ Ar + A^′B^′ 4A^2 + B^{′2} 8AB − B^{′′} 2A + B r^2 ( 1 − 1 √ A )_2 . (A.17)

Combining this with the corresponding expressions for T̂^{(1)}_{ij} , T̂^{(2)}_{00} and T̂^{(2)}_{ij} one may compute the isotropic field equations in a formally more direct but computationally more cumbersome way as compared to sect. X. For this purpose we also need

R_{00} = d − 2 2 B^′ rA + B^{′′} 2A − A^′B^′ 4A^2 − B^{′2} 4AB , R_{ij} = δ_{ij} { A^′ 2rA^2 − B^′ 2rAB + (d − 3) A − 1 Ar^2 }

+ x_ix_j r^2 { B^{′2} 4B^2 + B^′A^′ 4AB − B^{′′} 2B + B^′ 2rAB + ( d − 2 − 1 A ) A^′ 2rA − (d − 3) A − 1 Ar^2 } , R_{0i} = 0 (A.18) and R = − B^{′′} AB + B^′ 2AB ( A^′ A + B^′ B ) + d − 2 rA ( A^′ A − B^′ B )

+(d − 3)(d − 2) A − 1 Ar^2 . (A.19)

Let us finally turn to the computation of the field equation relevant for cosmology, with the ansatz (114) for the vielbein. For a computation of T̂_{μν} we need the components of E^m_μ D_ρΩ^ρ_{νm}, i.e.

E^m_0 D_ρΩ^ρ_{0m} = 0 , D_ρΩ^ρ_{0i} = D_ρΩ^ρ_{i0} = 0 ,

E^m_j D_ρΩ^ρ_{im} = 1 2 a^2(Ḣ + 2H^2)δ_{ij} (A.20)

and Ω_{μρm}Ω^{ρm}_ν , i.e.

Ω_{0ρm}Ω^{ρm}_0 = 3 4 H^2 , Ω_{0ρm}Ω^{ρm}_i = 0,

Ω_{iρm}Ω^{ρm}_j = − 1 4 H^2a^2δ_{ij} . (A.21)

We may also use

E^σ_m∂_σ (D^ρE^m_ρ ) = −3Ḣ. (A.22)

This yields

T̂_{00} = 3 2 (ζ + 3ξ)H^2 ,

T̂_{ij} = − 1 2 (ζ + 3ξ)(2Ḣ + 3H^2)g_{ij}. (A.23)

With

R_{00} − 1 2 Rg_{00} = 3H^2 , R_{ij} − 1 2 Rg_{ij} = −(3H^2 + 2Ḣ)g_{ij} (A.24)

one finally finds

(3H^2 + 2Ḣ) ( 1 − ζ̃ 2 − 3ξ̃ 2 ) = − p 2δ ,

3H^2 ( 1 − ζ̃ 2 − 3ξ̃ 2 ) = ρ 2δ . (A.25)

The first equation coincides with eq. (126) whereas the combination of both equations ensures the energymomentum conservation of matter

ρ̇ = −3H(ρ + p). (A.26)

APPENDIX B: FUNCTIONAL IDENTITY FOR PARTIAL BOSONIZATION

In this appendix we derive the partially bosonized functional integral (129). For this purpose we use the identity (recall Ẽ^m_μ = i(ψ̄γ^m ∂_μψ − ∂_μψ̄γ^mψ)/2) ∫ Dχ̂^n_ν exp ∫ d^dx{α det(Ẽ^m_μ − χ̂^m_μ ) − J^μ_m(Ẽ^m_μ − χ̂^m_μ )}

= exp ∫ d^dxṼ ( J^μ_m(x) ) (B.1)

with

Ṽ (J^μ_m) = ln ∫ dχ̃^n_ν exp[−α̃ det(χ̃^m_μ ) + J^μ_mχ̃^m_μ ] (B.2)

an even function of J^μ_m for d even and α̃ = (−1)^{d+1}α. (We omit the irrelevant additive constant for J = 0). Furthermore, Ṽ is invariant under global Lorentztransformations of J^μ_m. More generally, Ṽ remains invariant under all special linear transformations acting on the d x d matrix J from the left or right. (This follows from the invariance of the integral (B.2) under accompanying (inverse) special linear transformations acting on the integration variable χ̃.) Therefore Ṽ can only be a function of the determinant det(J^μ_m). The definition of the integral (B.2) may be somewhat formal (even after subtraction of the value for J = 0) since det(χ̃^m_μ ) has positive and negative eigenvalues. (Note that α̃ is imaginary for a Minkowski signature.) We assume that it can be suitably regularized such that Ṽ is analytic in J. We then conclude that Ṽ is an analytic function of det(J^μ_m),

Ṽ (J^μ_m) = F ( det(J^μ_m) )

= β_1 det(J^μ_m) + β_2 ( det(J^μ_m)

)_2 + . . . (B.3)

The relation (130) is now easily obtained by performing in eq. (129) the functional integral over χ̂^m_μ using eq. (B.1).

[1] K. Akama, Prog. Theor. Phys. 60 (1978) 1900 [2] D. Amati, G. Veneziano, Phys. Lett. 105B (1981) 358 [3] J. D. Bjorken, Annals Phys. 24 (1963) 174;

H. C. Ohanian, Phys. Rev. 184, 1305 (1969); A. D. Sakharov, Dokl. Akad. Nauk. SSSR 177 (1967) 70; Y. B. Zel’dovich, Zh. Eksp. Teor. Fiz. Pis’ma Red. 6 (1967) 922 [JETP Lett. 6 (1967) 345]; O. Klein, Phys. Scr. 9 (1974) 69;

K. Akama, Y. Chikashige, T. Matsuki, H. Terazawa, Prog. Theor. Phys. 60 (1978) 868;

S. L. Adler, Phys. Rev. Lett. 44 (1980) 1567; Phys. Lett.

95B (1980) 241; Rev. Mod. Phys. 54 (1982) 729; B. Hasslacher, E. Mottola, Phys. Lett. 95B (1980) 237; A. Zee, Phys. Rev. D23 (1981) 858 [4] J. Lukierski, Phys. Lett. 121B (1983) 135 [5] H. Hamber, Phys. Lett. B126, 471 (1983);

G. W. Semenoff, R. Szabo, Int. J. Mod. Phys. A12, 2135 (1997) [6] G. Denardo, E. Spallucci, Class. Quantum Grav. 4, 89 (1987) [7] C. Wetterich, hep-th/0405223 [8] T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.) K1 (1921) 966; O. Klein, Z. Phys. 37 (1926) 985;

[9] B. S. de Witt, Dynamical theory of groups and fields, Gordon and Breach, New York, 1965 [10] C. Wetterich, Nucl. Phys. B223 (1983) 109;

E. Witten, in Proc. of the 1983 Shelter Island Conference II (MIT Press, Cambridge, Mass., 1984) [11] C. Wetterich, Nucl. Phys. B211 (1983) 177 [12] C. Wetterich, Nucl. Phys. B244 (1983) 359; B261 (1985) 461 [13] A. Hebecker, C. Wetterich, Phys. Lett. B. 574 (2003) 269 [14] C. Wetterich, gr-qc/0410132 [15] G. Volovik, Physica B162, 222, 1990 [16] C. Wetterich, Nucl. Phys. B397, 299 (1993) [17] C. Wetterich, Nucl. Phys. B242 (1984) 473 [18] P. Jordan, Naturwiss. 25 (1937) 513; Z. Phys. 113 (1939) 660;

C. Brans, R. H. Dicke, Phys. Rev. 124 (1961) 925 [19] B. Bertotti et al., Nature 425, 374 (2003) [20] C. Wetterich, Nucl. Phys. B302 (1988) 668;

B. Ratra, P. J. Peebles, Phys. Rev. D37 (1988) 3406 [21] C. Wetterich, Phys. Rev. Lett. 90, 231302 (2003) [22] C. Wetterich, cond-mat/0208361 [23] G. Baym, Phys. Rev. 127, 1391 (1962);

J. Cornwall, R. Jackiw, E. Tomboulis, Phys. Rev. D10, 2428 (1974) [24] L. Alvarez-Gaumé, E. Witten, Nucl. Phys. B234 (1984) 269 [25] V. C. De Andrade, L. C. T. Guillen, J. G. Perreira, grqc/0011087 [26] D. Wineland et al., Phys. Rev. Lett. 67, 1735 (1991) T. Chui, W.-T. Ni, Phys. Rev. Lett. 71, 3247 (1993) Hou, W.-T. Ni, Mod. Phys. Lett. A16, 763 (2001) [27] C. M. Will, “Theory and experiment in gravitational physics”, Cambridge University Press, 1981 [28] J. Hubbard, Phys. Rev. Lett. 3 (1959) 77;

R. Stratonovich, Dokl. Akad. Nauk. SSR115 (1957) 1097 [29] Y. Nambu, G. Jona-Lasinio, Phys. Rev. 122 (1961) 345;

124 (1961) 246 [30] D. J. Gross, A. Neveu, Phys. Rev. D10 (1974) 3235 [31] U. Ellwanger, C. Wetterich, Nucl. Phys. B423 (1994) 137 [32] V. Gusynin, E. Gorbar, V. Romankov, Nucl. Phys. B362 (1991) 449