arXiv:hep-th/0307220 v2 16 Sep 2003

CENTRE DE PHYSIQUE THÉORIQUE^1 CNRS–Luminy, Case 907 13288 Marseille Cedex 9 FRANCE

The action functional for Moyal planes

Victor. GAYRAL^2

Abstract

Modulo some natural generalizations to noncompact spaces, we show in this letter that Moyal planes are nonunital spectral triples in the sense of Connes. The action functional of these triples is computed, and we obtain the expected result, ie the noncommutative Yang-Mills action associated with the Moyal product. In particular, we show that Moyal gauge theory naturally fit into the rigorous framework of noncommutative geometry.

PACS numbers: 11.10.Nx, 02.30.Sa, 11.15.Kc MSC–2000 classes: 46H35, 46L52, 58B34, 81S30 CPT–03/P.4558 hep-th/0307220

1 Unité Propre de Recherche 7061 2 Also at Université de Provence, gayral@cpt.univ-mrs.fr.

1 Introduction

In the noncommutative field theory picture, prior to quantization, fields are elements of some function algebra on some manifold endowed with a noncommutative product, such as the Moyal product. Playing this game (exchanging the pointwise product for a noncommutative one) is equivalent to consider field theory on some objects which are no longer smooth manifolds (noncommutativity destroys the concept of point). The spectral triple formalism [9, 10, 17] is exactly the mathematical and conseptual framework in which one can rigorously deal with these noncommutative spaces.

More precisely, a noncommutative Riemannian spin geometry is defined by a triplet (A, H,D), where A is an algebra faithfully represented on some Hilbert space H and D is an unbounded selfadjoint operator. The commutative case of a compact Riemannian spin manifold, can be recovered with A = C^∞(M), H the space of L^2-sections of the spinor bundle and D the Dirac operator [17]. We may quote [24] for an approach to the semi-Riemannian case and [18, 21] for early approaches to noncompact (i.e., nonunital) noncommutative geometry.

Moyal geometry, based on spaces of functions or distributions endowed with the Moyal product, is thoroughly investigated in [15]. It has been proved that one can construct nonunital spectral triples with this product. Here we focus on the construction of the action functional [8, 11], associated with the (below defined) Moyal spectral triple. Such action is closely related to the spectral triples formalism, and allows to extract physically relevant (noncommutative) geometrical information. We will find that the action functional of the Moyal plane turns out to be the noncommutative Yang-Mills action of Moyal gauge theory, with Lagrangean L(x) = (F^{μν} ⋆_θ F_{μν} )(x), where F^{μν} = ∂^μA^ν − ∂^ν A^μ + [A^μ, A^ν ]_{⋆θ} .

In the first part of this letter, a definition of nonunital spectral triple will be given and discussed, then we will give basic tools and results on Moyal analysis to construct the nonunital Moyal triple. The last part will be devoted to the construction and the computation of the action functional.

2 Nonunital spectral triples

We write down axioms describing non necessarily compact non commutative spin geometries. In [15], it is described how one can arrive to them by learning from examples. In the operatorial setting, such noncommutative spaces (nonunital spectral triples) are given by the data (A, ~A, H, D, J, χ), where χ = 1 in the odd case. A is an a priori nonunital noncommutative algebra, ~A is one (appropriately chosen) of its unitizations, and both are faithfully represented by bounded operators on an Hilbert space H (via a representation π ). D is an unbounded sefladjoint operator such that each [D, a], for a ∈ ~A extends to a bounded operator. The triple is said even if there is on H a Z_2-grading operator χ which commutes with ~A and anticommutes with D. J is an antiunitary operator having definite commuting properties with respect to χ and D, depending on the dimension. Those data (A, ~A, H, D, J, χ) must moreover satisfy the following axioms:

0. Compactness:

For all a ∈ A and λ /∈ spectrum(D), the operator π(a)(D − λ)^{−1} ∈ K(H), where K(H) is the set of compact operators on the Hilbert space H.

1. Spectral dimension:

The spectral dimension k is the unique positive integer such that π(a)(|D| + ε)^{−1} ∈ L^{(k,∞)}(H) and Tr_ω(π(a)(|D| + ε)^{−k} ) < ∞, and not identically zero, for all a belonging to a dense ideal of A; k must have the same parity as the triple.

Here L^{(p,∞)}(H) is the p-th weak-Schatten class and Tr_ω is any Dixmier trace. Recall that L^{(1,∞)}(H) is the natural domain of those traces.

2. Regularity:

For all a ∈ ~A, the bounded operators π(a) and [D, π(a)] lie in the smooth domain of the derivation δ(.) = [|D|, .].

3. Finiteness:

The algebras A and ~A are pre-C^∗-algebras. The space H^∞ := ⋂ n∈N Dom(D^n) is the Apullback [21] of a finite projective ~A-module. Moreover, an A-valued hermitian structure (· | ·) is implicitly defined on H^∞ with the noncommutative integral as follows:

Tr_ω ( (π(a)ξ | η)(|D| + ε)^{−k} ) = ⟨η | π(a)ξ⟩, where a ∈ ~A and ⟨· | ·⟩ denotes the standard inner product on H.

4. Reality:

The antiunitary operator J must define a commuting representation on H:

[π(a), Jπ(b^∗)J^{−1}] = 0

for all a, b ∈ ~A. Moreover, J^2 = ±1 and JD = ±DJ, and also Jχ = ±χJ in the even case, where the signs depend only on k mod 8 (see [10] or [17] for the table of signs).

5. First order:

For all a, b ∈ ~A, we also have: [[D, π(a)], Jπ(b^∗)J^{−1}] = 0.

6. Orientation:

There is a Hochschild k-cycle c, on ~A with values in ~A ⊗ ~A^{op}, given by c = ∑ i∈I (a^i_0 ⊗ b^i_0) ⊗ a^i_1 ⊗ · · · ⊗ a^i_k, where I is a finite set and such that ∑ i∈I π(a^i_0)Jπ(b^i_0)^∗J^{−1}[D, π(a^i_1)] · · ·[D, π(a^i_k)] = χ.

These axioms generalize those of the unital (compact) case [10, 17]. Postulates 2, 4, 5 have not been modified from the compact case, except than in them ~A has been substituted for A everywhere. The modifications of the axioms 0 and 1 are quite natural; they allows us to recover compact operators (recall that in the noncompact manifold case, pseudodifferential operators of strictly negative order are no longer compact). We refer to [15] on the question why in Axioms 3 and 6 we need an unitization of the algebra (a compactification of the underlying ”noncommutative space”).

3 The Moyal spectral triple

3.1 Basic Moyal analysis In this part, a few basic facts on Moyal analysis are given; a complete review can be found in [15]. The starting point is the Moyal product in its integral form. In the general framework, Moyal products can be defined on R^k for a given k × k skew symmetric matrix Θ:

(f ×_Θ g)(x) := (2π)^{−k} ∫ e^{iξ(x−y)}f(x −^1_2 Θξ)g(y) d^ky d^kξ. (1) For technical reasons, only the nondegenerate “Darboux” case will be considerated: k = 2N, Θ = θS := θ ( 0 1_N −1_N 0 ) . In this case the Moyal product can be rewritten in a more symmetric way:

(f ⋆_θ g)(x) := (πθ)^{−2N} ∫ f(y)g(z) e^{2iθ (x−y) · S(x−z)} d^{2N} y d^{2N} z. (2) For f, g lying in the Schwartz space (with its usual topology) this product is well defined, and with the complex conjugation as involution (S(R^{2N}), ⋆_θ ) closes to an ∗-algebra:

Theorem 3.1. [16,26] B_θ := (S(R^{2N}), ⋆_θ ) is a nonunital, associative, involutive Fréchet algebra with a jointly continuous product.

This algebra has some (well known) nice algebraic properties, which will be of practical use to compute the action functional. In particular, the Leibniz rule is satisfied:

∂^μ(f ⋆_θ g) = ∂^μf ⋆_θ g + f ⋆_θ ∂^μg, (3)

the pointwise product by coordinate functions obeys:

x^μ(f ⋆_θ g) = f ⋆_θ (x^μg) +^{i θ}_2 ∂f ∂(Sx)^μ ⋆_θ g = (x^μf) ⋆_θ g −^{i θ}_2 f ⋆_θ ∂g ∂(Sx)^μ , (4)

the ordinary integral is a faithful trace: ∫ (f ⋆_θ g)(x) d^{2N} x = ∫ f(x)g(x) d^{2N} x = ∫ (g ⋆_θ f)(x) d^{2N} x. (5)

(S(R^{2N}), ⋆_θ ) has an interesting countable dense subalgebra consisting of the finite linear combinations of the Wigner eigentransitions. These particular elements {f_{mn}}_{m,n∈N}N of S(R^{2N}) are constructed from the N-dimensional harmonic oscillator theory. For m, n ∈ N^N , we use the usual multiindex notation: |m| = ∑_N j=1 m_j , m! = ∏_N j=1 m_j !, δ_{mn} = ∏_N j=1 δ_{mj nj} . The {f_{mn}} are defined by: f_{mn} := 1 √ θ^{|m|+|n|} m!n! (ā)^m ⋆_θ f_0 ⋆_θ a^n, (6)

where the creation and annihilation functions are respectively

ā_l :=^1√_2 (x_l − ix_{l+N} ) and a_l :=^1√_2 (x_l + ix_{l+N} ), (7)

f_0 is the Gaussian function f_0(x) := 2^N e^{−2H/θ} associated with the N-dimensional oscillator Hamiltonian function H(x) :=^1_2 ∑_N j=1(x^2_j + x^2_{j+N} ). The main properties of these functions are summarized in the following Lemma.

Lemma 3.2. [16,26] Let m, n, k, l ∈ N^N , then the Wigner eigentransitions satisfy: f_{mn} ⋆_θ f_{kl} = δ_{nk} f_{ml}, f^∗_{mn} = f_{nm}, ⟨f_{mn}, f_{kl}⟩ = (2πθ)^N δ_{mk}δ_{nl}. Here ⟨., .⟩ is the standard inner product of L^2(R^{2N}), in particular {f_{mn}} ⊂ S(R^{2N}) ⊂ L^2(R^{2N}) is an orthogonal basis.

With these properties, the {f_{mn}} basis allows us to define the Moyal product on larger spaces than S(R^{2N}). For instance, f ⋆_θ g ∈ L^2(R^{2N}) if f, g ∈ L^2(R^{2N}) and (L^2(R^{2N}), ⋆_θ ) is an involutive Banach algebra. This can be shown expanding f and g with respect to the {f_{mn}} basis and applying the Cauchy-Schwarz inequality. As a consequence, if we denote by L^θ_f the operator of left Moyal multiplication by f, acting on L^2(R^{2N}), we have:

Lemma 3.3. Let f ∈ L^2(R^{2N}) then ‖L^θ_f ‖ ≤ (2πθ)^{−N/2}‖f‖_2.

3.2 The triple

Next, a triple is given satisfying all the axioms spelled out in Section 2. Such choice can’t be absolutely unique; however the analytical content of the data (A, ~A, H, D, J, χ), is severely constrained by the axioms. The choice of the algebra is almost exclusively guided by the finiteness condition; in other words the Dirac operator tells us what the “good” algebra must be. For its unitization, there is an upper bound given by the boundness of its representation; and the orientation condition gives a lower bound because we have to be able to construct a good Hochschild cycle with it. The constraints on the algebras given by the regularity condition are relatively weak.

The Moyal spectral triple consists of the algebra A_θ := (D_L2 , ⋆_θ ), where D_L2 (see [22]) is the space of smooth functions in L^2(R^{2N}) together with all of their derivatives. Using the Leibniz rule (3) and estimates similar as in Lemma 3.3, one can show that (D_L2 , ⋆_θ ) is an algebra with continuous product. Its unitization is chosen to be ~A_θ := (O_0, ⋆_θ ), where O_0 is the space of smooth functions with all their derivatives bounded. There is a natural Fréchet topology on O_0 given by the seminorms q_m(f) = Sup{|∂^αf|, |α| ≤ m} —this topology actually comes from the regularity axiom (see [21]), but is not the only one to be considered [22]. It was shown some time ago [14] that (O_0, ⋆_θ ) is a unital algebra with a jointly continuous product. For both A_θ and ~A_θ , B_θ := (S(R^{2N}), ⋆_θ ) is an essential two sided ideal.

Those algebras are faithfully represented on H := L^2(R^{2N}) ⊗ C^{2N} by π^θ(f) := L^θ_f ⊗ 1_2N . By Lemma 3.3, π^θ(f) is bounded for f ∈ A_θ and for f ∈ ~A_θ , L^θ_f is by formula (1) a zero order pseudodifferential operator (ΨDO) and hence bounded. The unbounded operator D is chosen to be the usual Dirac D/ operator of the 2N-dimensional Euclidean flat space, D/ = −i∂_μ ⊗ γ^μ. Here the γ^μ are the Clifford matrices associated to (R^{2N}, η) in their irreducible 2^N -dimensional representation and η is the standard Euclidean metric on R^{2N}. For f ∈ A_θ or f ∈ ~A_θ , the Leibniz rule (3) immediately shows that, [D/ , π^θ(f)] = −iL^θ_{∂μf} ⊗ γ^μ, which is bounded, too. As the triple is even, the grading χ is the chirality operator χ := γ_{2N +1} := 1_{Hr} ⊗ (−i)^N γ^1γ^2 . . .γ^{2N} , and the real structure is the charge conjugation for spinors J := ( 1_{Hr} ⊗ (−iχ)^N ∏_{N −1} ν=0 γ^{2ν+1} ) ∘ cc, where cc means complex conjugation, for a representation of the γ’s as in [29].

In [15] it is shown in full detail that Moyal planes are nonunital spectral triples. In particular, the compactness condition is obtained by complex interpolation between Hilbert-Schmidt and uniform norm of L^θ_f g(−i∇) for f ∈ A_θ , g ∈ L^p(R^{2N}) and a suitable p. Indeed, the computation of the kernel of L^θ_f g(−i∇) and Lemma 3.3 yield ‖L^θ_f g(−i∇)‖_2 = (2π)^{−N} ‖f‖_2‖g‖_2 and ‖L^θ_f g(−i∇)‖ ≤ (2πθ)^{−N/2}‖f‖_2‖g‖_∞. Because the construction of the action functional is closely related to the axiom of spectral dimension, only the latter will be tackled here. Let us then begin by the main theorem.

Theorem 3.4. For f ∈ S(R^{2N}), the compact operator π^θ(f) (|D/| + ε)^{−2N} lies in L^{(1,∞)}(H) and any of its Dixmier trace T r_ω is independent of ε. More precisely we have,

Tr_ω ( π^θ(f) (|D/ | + ε)^{−2N} ) = 2^N Ω_{2N} 2N (2π)^{2N} ∫ f(x) d^{2N} x = 1 N! (2π)^N ∫ f(x) d^{2N} x, (8)

where Ω_{2N} is the hyper-area of the unit sphere in R^{2N}.

This result is exactly the same as in the commutative (compact or not) case (see [5, 8, 15, 17]); this is the analogue of Connes’ trace Theorem [8,17] for the Moyal flat space. In particular, the Dixmier trace is independant of the deformation parameter θ. (However, as we see in the next section, the action functional will depend on θ). Because 2N is the biggest exponent giving a nonvanishing Dixmier trace, Theorem 3.4 yields that the spectral dimension of the Moyal plane is 2N. Moreover, this result confirm that T r_ω ( . (|D/ | + ε)^{−2N} ) is a good abstractly defined integral (see [9]).

Let first explain how the result (8) can be conjectured. In view of the first axiom, we only need to work with a dense ideal of A_θ , and B_θ seems to be the most suitable (actually, we need integrable and square integrable functions). By formula (1), π^θ(f) with f ∈ S(R^{2N}) is a regularizing pseudodifferential operator with symbol σ[π^θ(f)](x, ξ) = f(x −^θ_2 Sξ). Now the symbol formula for a product of two ΨDOs yields σ [ π^θ(f)(|D/ | + ε)^{−2N} ] (x, ξ) = f(x −^θ_2 Sξ)(|ξ| + ε)^{−2N} ⊗ 1_2N .

Let us define the regularized trace for a ΨDO:

Tr_Λ(A) := (2π)^{−2N} ∫∫ |ξ|≤Λ tr (σ[A](x, ξ)) d^{2N} ξ d^{2N} x, where tr is the matricial part of the trace. The Dixmier trace is heuristically linked (see [20]) with lim_{Λ→∞} Tr_Λ(·)/ log(Λ^{2N} ). Doing this computation for A = π^θ(f) (|D/ | + ε)^{−2N} , we exactly find the right hand side of (8):

lim_{Λ→∞} 1 2N log Λ

Tr_Λ ( π^θ(f)(|D/ | + ε)^{−2N} ) = 2^N Ω_{2N} 2N (2π)^{2N} ∫ f(x) d^{2N} x. However, this is far from a rigorous proof; nor do we know how to mutate it directly into one. The reader is invited to look up [15] for a way to establish it correctly, with regard to the Carey-Phillips-Sukochev work [1].

4 The action functional

Most of the interplays between the mathematical framework of noncommutative differential geometry and physics come from computation of gauge actions. These actions (functional and/or spectral) are intimately linked to the spectral triples formalism. The Connes–Lott action functional, historically the first, allows to deal with pure gauge systems (i.e., without gravity), while the spectral action unifies gravitation with other interactions. In the field of particle physics, one can recover with the action functional, in a very natural way, the full Yang–Mills–Higgs sector of the standard model (see [11, 3]). Here we compute the action functional associated with the Moyal spectral triple, and reobtain the nowadays very used noncommutative Yang–Mills action of the Moyal gauge theory [4, 12, 23, 25, 28]. So these theories naturally fit into the rigorous framework of spectral triples. For simplicity, we will only concentrate on the U(1) case, the general Moyal-U(n) being recovered with obvious modifications. We will first introduce the last tools we need.

4.1 The differential algebra Because of the close relation between the action functional and the spectral dimension axiom, only B_θ, the dense essential ideal of A_θ will be considered here. Let Ω^•B_θ := ⨁ p∈N Ω^pB_θ be the universal differential graded algebra associated to B_θ . Recall that these graded algebra is generated by symbols:

Ω^nB_θ := Span{ f_0 δf_1 . . . δf_n }, f_i ∈ B_θ , for i = 1, · · · , n and f_0 ∈ B_θ ⊕ C ,

and relations that can be deduced from properties of the universal derivation:

δ(f ⋆_θ g) = δ(f)g + fδ(g) and (δf)^∗ = δf^∗.

With π^θ, one can represent Ω^•B_θ on H by:

π̃^θ : Ω^nB_θ → L(H) : f_0 δf_1 . . .δf_n → i^n π^θ(f_0) [D/ , π^θ(f_1)] . . .[D/ , π^θ(f_n)],

here we have implicitly extended π^θ from B_θ to B_θ ⊕C . Some unpleasant accidents may happened with such construction, in particular represented forms can be the ”image of zero”, i.e., π̃^θ(ω) = 0 while π̃^θ(δω) ≠ 0. To clear out such forms, Connes has introduced a two sided ideal of Ω^•B_θ: Junk := ⨁ n∈N J^n, J^n := J^n_0 + δJ^{n−1}_0 where J^n_0 := Ker ( π̃^θ |_Ωn_{Bθ} ) , and finally we define,

Ω_{D/} := π̃^θ(Ω^•B_θ)/π̃^θ(Junk).

Thanks to the {f_{mn}} basis, the 2-Junk (the only nontrivial component needed here) is easily computable. In the next Lemma we exhibit some particular elements of π̃^θ(J^2), with which we are able to completely characterize π̃^θ (J^2).

Lemma 4.1. For m, n, k, l ∈ N^N , let ω_{mnkl} := f_{mk} δf_{kn} − f_{ml} δf_{ln} ∈ Ω^1B_θ (no summation on k or l). Then π̃^θ(ω_{mnkl}) = 0 and π̃^θ(δω_{mnkl}) =^2_θ (|k| − |l|) L^θ_{fmn} ⊗ 1_2N . Proof. Using the creation and annihilation functions (7), and adopting the notations that, for j = 1, . . ., N, ∂_{aj} = ∂/∂a_j and ¯∂_{aj} = ∂/∂ā_j , we may rewrite the Dirac operator as follows; D/ = − i √ 2 N∑ j=1 γ^j(∂_{aj} + ¯∂_{aj} ) + iγ^{j+N} (∂_{aj} − ¯∂_{aj} ) = −i N∑ j=1 (γ^{aj} ∂_{aj} + γ^{āj} ¯∂_{aj} ),

where γ^{aj} :=^1√_2 (γ^j + iγ^{j+N} ) and γ^{āj} :=^1√_2 (γ^j − iγ^{j+N} ).

Property (4), applied to a_j and ā_j respectively, yields ∂_{aj} = − 1 θ ad^{⋆θ}_{āj} := − 1 θ [ā_j , · ]_{⋆θ} , ¯∂_{aj} = 1 θ ad^{⋆θ}_{aj} := 1 θ [a_j , · ]_{⋆θ} and hence, D/ = − i θ N∑ j=1 (ad^{⋆θ}_{aj} ⊗γ^{āj} − ad^{⋆θ}_{āj} ⊗γ^{aj} ). Let u_j := (0, 0, . . ., 1, . . ., 0) be the j-th standard basis vector of R^N. From definition (6), we directly compute:

ā_j ⋆_θ f_{mn} = √ θ(m_j + 1) f_{m+uj ,n}, f_{mn} ⋆_θ ā_j = √ θn_j f_{m,n−uj} , a_j ⋆_θ f_{mn} = √ θm_j f_{m−uj ,n}, f_{mn} ⋆_θ a_j = √ θ(n_j + 1) f_{m,n+uj} .

Consequently, [D/ , π^θ(f_{mn})] = − i θ N∑ j=1 (√ θn_j L^θ_{fm,n−uj} − √ θ(m_j + 1) L^θ_{fm+uj ,n} ) ⊗ γ^{aj}

+ (√ θm_j L^θ_{fm−uj ,n} − √ θ(n_j + 1) L^θ_{fm,n+uj} ) ⊗ γ^{āj} . Finally, using the projector or nilpotent properties of the {f_{mn}} (Lemma 3.2), the result follows by a direct (quite long) computation.

To identify π̃^θ(J^2), it suffices to remark that π̃^θ(J^2) ⊂ π^θ(B_θ). This follows because any ω ∈ π̃^θ (J^2) can be written as ω = − ∑ j∈I L^θ_{∂μfj} L^θ_{∂ν gj} ⊗ γ^μγ^ν where I is a finite set, and satisfies −i ∑ j∈I L^θ_{fj ⋆θ ∂μgj} ⊗ γ^μ = 0. By the Leibniz rule, ω = − ∑ j∈I ( L^θ_{∂μ(fj ⋆θ ∂ν gj )} − L^θ_{fj ⋆θ ∂μ∂ν gj} ) ⊗ γ^μγ^ν = ∑ j∈I L^θ_{fj ⋆θ ∂μ∂ν gj} ⊗ γ^μγ^ν = ∑ j∈I L^θ_{fj ⋆θ ∂μ∂ν gj} ⊗ η^{μν} 1_2N . Because {f_{mn}} is a basis for B_θ , the previous Lemma yields π̃^θ(J^2) ⊃ π^θ(B_θ), so in the end we obtain:

Proposition 4.2. π̃^θ(J^2) = π^θ(B_θ) = L^θ (B_θ) ⊗ 1_2N .

4.2 The action In a canonical way, the functional or noncommutative Yang-Mills action may be defined as: Y M(α) := N!(2π)^N 8g^2 inf{ I(η) : π̃^θ(η) = α }. (9)

The infimum is over all η ∈ Ω^1B_θ with the same image in Ω^1_{D/} of I(η) := Tr_ω ( π̃^θ(F )^∗ π̃^θ(F ) (D/^2 + ε^2)^{−N} ) , where Ω^2B_θ ∋ F = δη + η^2 is the curvature of the universal connection η. If we define ~H_n as the Hilbert space obtained by completion of π̃θ(ΩnB_θ ) under the scalar product

⟨π̃^θ(ρ) | π̃^θ(ρ^′)⟩_n := Tr_ω ( π̃^θ(ρ)^∗ π̃^θ(ρ^′) (D/^2 + ε^2)^{−N} ) , for ρ, ρ^′ ∈ Ω^nB_θ, and H_n := P ~H_n where P be the orthogonal projector on ~H_p whose range is the orthogonal complement of π̃^θ(δJ^{p−1}_0 ), then one can show [11, 27]: Y M(α) = N!(2π)^N 8g^2

⟨P π̃^θ(F ) | P π̃^θ (F )⟩_2. (10)

With Theorem 3.4 and Proposition 4.2, Y M(α) in its form (10) is easily computable, and one gets the expected result:

Theorem 4.3. Let η = −η^∗ ∈ Ω^1B_θ . Then the Yang–Mills action Y M(α) of the universal connection δ + η, with α = π̃^θ(η), is equal to Y M(α) = − 1 4g^2 ∫ F^{μν} ⋆_θ F_{μν} (x) d^{2N} x, where F_{μν} :=^1_2 (∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ]_{⋆θ} ) and A_μ is defined by α = L^θ_{Aμ} ⊗ γ^μ.

We may remark that property (5) yields: Y M(α) = −^1_{4g2} ∫ F^{μν} (x) F_{μν} (x) d^{2N} x, and because F^∗_{μν} = −F_{μν} , Y M(α) is positive definite.

5 Conclusions

Apart from the mathematical questions raised in [15] (like the computation of the Hochschild cohomology of A_θ and ~A_θ ), there are several remaining physical tasks. Firstly, it would be desirable to extend our results to the generic Moyal product (1).

On the other hand, a quite important job is to compute the spectral action [7, 2] associated with this nonunital triple: S(D/ , A, a) = Tr [ π^θ(a)ϕ_Λ ( D/^2_A )] , where ϕ_Λ is a suitable functional with a cutoff Λ and D/_A = D/ +A+JAJ^{−1} , A ∈ π̃^θ ( Ω^1B_θ ) . Here, it is the definition of the spectral action in the nonunital case. The mathematical problem is to compute a heat kernel (or other asymptotic [13]) expansion for a “very nonminimal” Laplace type operator, namely the sqare of the “Moyal-covariant” Dirac operator D/_A. The treatment of quantization on Riemannian manifolds in [19] should help. Such computation will hopefully allow us to get a handle on noncommutative gravity [6].

Acknowledgments

I would like to thank J. C. Várilly, J. M. Gracia-Bondía and my Ph. D. advisor B. Iochum for helpful discussions.

References

[1] A. Carey, J. Phillips and F. Sukochev, “Spectral flow and Dixmier traces”, Adelaide, 2002, math.oa/0205076.

[2] L. Carminati, B. Iochum, D. Kastler and T. Schücher, “On Connes’ new principle of general relativity: can spinors hear the force of spacetime?”, Operator Algebras and Quantum Fields Theory, S. Dopplicher, R. Longo, J. E. Roberts and L. Zsido (Eds), International Press 1997.

[3] L. Carminati, B. Iochum and T. Schücher, “Noncommutative Yang-Mills and noncommutative relativity: a bridge over trouble water”, Eur. Phys. J. 8 (1999), 657–709.

[4] M. Chaichian, A. Demichev and P. Prešnajder, “Quantum field theory on noncommutative spacetimes and the persistence of ultraviolet divergences”, Nucl. Phys. B 567 (2000), 360– 390.

[5] P. S. Chakraborty, D. Goswami and K. B. Sinha, “Probability and geometry on some noncommutative manifolds”, J. Oper. Theory 49 (2003), 187–203.

[6] A. H. Chamseddine, “Noncommutative gravity”, Beirut, 2003, hep-th/0301112.

[7] A. H. Chamseddine and A. Connes, “Universal formula for noncommutative geometry actions: unification of gravity and the Standard Model”, Phys. Rev. Lett. 177 (1996), 4868– 4871.

[8] A. Connes, “The action functional in noncommutative geometry”, Commun. Math. Phys.

117 (1988), 673–683.

[9] A. Connes, Noncommutative Geometry, Academic Press, London and San Diego, 1994.

[10] A. Connes, “Noncommutative geometry and reality”, J. Math. Phys. 36 (1995), 6194–6231.

[11] A. Connes and J. Lott, “Particle models and noncommutative geometry”, Nucl. Phys. B (Proc. Suppl.) 18 (1990), 29–47.

[12] M. R. Douglas and N. A. Nekrasov, “Noncommutative field theory”, Rev. Mod. Phys. 73, (2002), 977–1029.

[13] R. Estrada, J. M. Gracia-Bondía and J. C. Várilly, “On summability of distributions and spectral geometry”, Commun. Math. Phys. 191 (1998), 219–248.

[14] H. Figueroa, “Function algebras under the twisted product”, Bol. Soc. Paranaense Mat. 11 (1990), 115–129.

[15] V. Gayral, J.M. Gracia-Bondía, B. Iochum, T. Schücker and J. C. Várilly, “Moyal Planes are Spectral Triples”, to appear.

[16] J. M. Gracia-Bondía and J. C. Várilly, “Algebras of distributions suitable for phase-space quantum mechanics I”, J. Math. Phys. 29 (1988), 869–879.

[17] J. M. Gracia-Bondía, J. C. Várilly and H. Figueroa, Elements of Noncommutative Geometry, Birkhäuser Advanced Texts, Birkhäuser, Boston, 2001.

[18] J. M. Gracia-Bondía, F. Lizzi, G. Marmo and P. Vitale, “Infinitely many star products to play with”, J. High Energy Phys. 04 (2002) 026.

[19] N. P. Landsman, Mathematical topics between classical and quantum mechanics, Springer, New York, 1998.

[20] E. Langmann, “Generalized Yang-Mills actions from Dirac operator determinants”, J.

Math. Phys. 42 (2001), 5238–5256.

[21] A. Rennie, “Smoothness and locality for nonunital spectral triples”, K-Theory, 29 (2003), 1–39.

[22] L. Schwartz, Théorie des Distributions, Hermann, Paris, 1966.

[23] N. Seiberg and E. Witten, “String theory and noncommutative geometry”, J. High Energy Phys. 09 (1999) 032.

[24] A. Strohmaier, “On Noncommutative and semi-Riemannian Geometry”, math-ph/0110001. [25] R. J. Szabo “Quantum field theory on noncommutative space”, hep-th/0109162. [26] J. C. Várilly and J. M. Gracia-Bondía, “Algebras of distributions suitable for phase-space quantum mechanics II: Topologies on the Moyal algebra”, J. Math. Phys. 29 (1988), 880– 887.

[27] J. C. Várilly and J. M. Gracia-Bondía, “Connes’ noncommutative differential geometry and the Standard Model”, J. Geom. Phys. 12 (1993), 223–301.

[28] R. Wulkenhaar, “Non-renormalizability of θ-expanded noncommutative QED, Wien 2002, hep-th/0112248.

[29] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Clarendon Press, Oxford, 2002.