arXiv:hep-th/0307270 v2 5 Nov 2003

Chiba Univ. Preprint CHIBA-EP-141 hep-th/0307270 July 2003

Vacuum condensates, effective gluon mass and color confinement in a new reformulation of QCD

Kei-Ichi Kondo^{†,1}

†Department of Physics, Faculty of Science, Chiba University, Chiba 263-8522, Japan

Abstract

We propose a new reformulation of Yang-Mills theory in which three- and four-gluon self-interactions are eliminated at the price of introducing a sufficient number of auxiliary fields. We discuss the validity of this reformulation in the possible applications such as dynamical gluon mass generation, color confinement and glueball mass calculation. Moreover, we set up a new 1/N_c color expansion in the SU(N_c) Yang-Mills theory based on this reformulation. In fact, we give the Feynman rules of the 1/N_c expansion in the manifestly Lorentz covariant gauge. The Yang-Mills theory is defined on a non-trivial vacuum where color–singlet transverse gluon pair condensations take place by the attractive gluonic self-interactions. This vacuum condensation provides a common non-vanishing mass for all the gluons with color symmetry being preserved. It is shown that the auxiliary fields become dynamical by acquiring the kinetic term due to quantum corrections. Then the static potential between a pair of color charges is derived as a combination of the Yukawa-type potential and the linear potential with non-vanishing string tension. The mass of the lightest scalar glueball is calculated as the ratio to the gluon mass. The explicit calculations are performed as a partial resummation of the leading order diagrams for the small ’t Hooft coupling.

Key words: vacuum condensation, large N expansion, mass gap, confinement, Yang–Mills theory, auxiliary field method,

PACS: 12.38.Aw, 12.38.Lg 1 E-mail: kondok@faculty.chiba-u.jp

Contents

1 Introduction 1 2 Reformulation based on the auxiliary field method 3 2.1 Yang-Mills action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Lorentz gauge fixing and FP ghost . . . . . . . . . . . . . . . . . . . 5 2.3 Total Yang-Mills action . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Another reformulation . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3 Setting up the 1/N_c expansion 11 4 Estimate of gluon mass and vacuum condensate 19 5 Static potential 22 6 String representation 25 7 Conclusion and discussion 27 A Cancellation of divergence and renormalization 28 B Calculation of loop integrals 30

i

1 Introduction

The mechanism for providing the gauge boson with the mass in strong interactions is still under the debate, although fifty years are going to pass since the discovery of the non-Abelian gauge theory by Yang and Mills [1]. In this paper we argue that the normal massless vacuum of Yang–Mills theory is unstable, since a group singlet pair of transverse Yang–Mills gauge boson forms a bound state with a negative energy eigenvalue (Cooper pair) due to attractive force. Consequently, the stable vacuum is realized after the condensation of these pairs. The excitation spectrum has a gap without breaking the global gauge (color) symmetry for any coupling strength and the gauge bosons acquire a common mass.

In the classical level, Yang-Mills theory is a scale-invariant (actually, conformal invariant) field theory describing massless gauge bosons. By the gauge principle, the existence of the mass term is prohibited in the classical Yang-Mills theory. In the quantum level, on the other hand, one has the possibility of the dynamical mass generation for the gauge boson as investigated long ago [6, 7, 8, 2, 3, 4, 5].

In the above context, among others, it is important to recall a pioneering work by Fukuda and Kugo [2] in which they discussed the transverse gluon pair condensation by using the variational technique for SU(N) Yang–Mills theory already in the late 1970s. They adopted the Coulomb gauge in the Hamiltonian formalism and dealt with only the transverse modes with no ghost. The basic tools were the Cooper equation, Bogoliubov transformation and the gap equation. However, the resulting energy spectrum Δ(p) did not have the relativistically invariant form √ p^2 + m^2, since their analyses are based on the non-covariant formalism. In the second paper [3], Fukuda attacked the same problem in covariant form by making use of the effective action or potential and the resulting Schwinger-Dyson (SD) equation. He obtained qualitatively the same result as the first paper. These works demonstrated that the vacuum of the massive phase can have the lower energy than the normal vacuum.

Figure 1: Gluon pair condensation in color singlet and spin singlet channel (center of mass frame).

If two gauge particles form a bound state, the bound state should be a tachyon pole, since two gauge particles are massless. The existence of the tachyon bound state was also discussed by solving the Bethe-Salpeter (BS) equation in the ladder approximation [4, 5] where the Landau gauge λ = 0 is a preferred choice. From the viewpoint of the dynamical symmetry breaking, the existence of Goldstone pole as a consequence of the condensation phenomena was discussed by several works [6, 7, 8] in the framework of SD and BS equations.

However, it should be remarked that the solutions of the SD and BS equations strongly depend on the choice of gauge fixing parameter λ. In fact, the result is strongly gauge dependent; for λ > −1 the tachyon pole which is group singlet and spin singlet exists, whereas such a pole does not exist for λ < −1. It is notorious that the systematic improvement is rather difficult in the SD and BS approach.

In this paper, we discuss the problem based on a manifestly Lorentz covariant formulation. Therefore, we can obtain the manifestly relativistic result. Quite recently, it was shown [12] that the transverse gluon pair condensation can be replaced by the on-shell BRST invariant vacuum condensate of mass dimension 2 which was proposed by the author [10, 11]. In this paper, we show that the 1/N_c expansion can be set up to yield the condensation phenomena in the systematic way. The 1/N_c expansion is a non-perturbative method which is systematically improvable, in contrast to solving the approximate gap equation by adopting the ad hoc approximation. In our approach, the existence of the pair condensation is also a gauge independent phenomena in the sense; if it occurs at a certain gauge at all, it should occur in all the other gauges.

The 1/N expansion was extensively used in the past works. The well-known examples are among others the O(N) symmetric four-fermion model (e.g., two-dimensional Gross-Neveu model) and the non-linear σ model [13]. It is also remarkable that the three-dimensional four-fermion model become renormalizable in the 1/N_f expansion [14], although it is non-renormalizable in weak-coupling perturbation expansion. The four-dimensional Yang-Mills theory in the 1/N_c expansion might be related to the string theory [15]. See e.g., [16] for reviews of large N expansion.

It should be noted that the 1/N_c expansion given in this paper is quite different from the conventional one for the Yang-Mills theory [15, 16]. In this paper we adopt the Lorentz covariant gauge. The Maximal Abelian (MA) gauge will be treated in a separate paper [17].

This paper is organized as follows. In section 2, we rewrite the original Yang-Mills action which includes the cubic and quartic gluon self-interactions to an equivalent theory without gluon self-interaction by introducing sufficient number of auxiliary fields. Consequently, the gluon field can be integrated out exactly. In section 3, we set up a new 1/N_c expansion of the SU(N_c) Yang-Mills theory on a non-trivial vacuum where the vacuum condensation of mass dimension two takes place. We give Feynman rules of the relevant 1/N_c expansion. The low-energy and high-energy behavior of the auxiliary field propagators are studied. As a by-product, the mass of the lightest glueball is given. In section 4, we obtain the effective potential of the theory and estimate the effective gluon mass by making use of the lattice data. In section 5, we calculate the static potential between a pair of color charges to the leading order of the 1/N_c expansion. We show that the static potential is composed of the Yukawatype potential and the linear potential with the non-vanishing string tension which is proportional to the vacuum condensate of mass dimension 2. In section 6, we discuss the string representation of the Yang-Mills theory within the scheme of the 1/N_c expansion. The final section is devoted to conclusion and discussion. Some of the technical materials are given in the Appendices A and B.

2 Reformulation based on the auxiliary field method

2.1 Yang-Mills action

The Euclidean version of the Yang-Mills Lagrangian is given by

L_{YM} = 1 4 (F_{μν} )^2 = 1 4 (∂_μA_ν − ∂_ν A_μ + gA_μ × A_ν )^2, = + 1 4 (∂_μA_ν − ∂_ν A_μ)^2 + 1 2 g(∂_μA_ν − ∂_ν A_μ) · (A^μ × A^ν ) + 1 4 g^2(A_μ × A_ν ) · (A^μ × A^ν ), (2.1)

where F^A_{μν} is the non-Abelian field strength defined by F^A_{μν} = ∂_μA^A_ν − ∂_ν A^A_μ + gf^{ABC} A^B_μ A^C_ν with A, B, C = 1, · · · , dim(G) for the gauge group G. In what follows, we use a notation F^2 := F · F , (F · G) := F^AG^A = 2tr(F G), (F × G)^A := f^{ABC} F^BG^C = −2itr(T^A[F, G]) with the normalization for the generators T^A of the Lie algebra G of the gauge group G: tr(T^AT^B) =^1_2 δ^{AB}. Then the generating functional is given by the functional integral:

Z[J] := ∫ DA^A_μ DB^A DC^ADC̄^A exp { − ∫ d^4x[L^{tot}_{YM} + L^J ] } , (2.2)

where we have included the source term L^J = A_μ · J^μ + B · J_B + J_c · C + J_{c̄} · C̄ . Here the total Lagrangian of the Yang-Mills theory L^{tot}_{YM} = L_{YM} + L_{GF+FP}, is given by adding the gauge fixing (GF) and Faddeev-Popov (FP) ghost term L_{GF+FP} to the pure Yang-Mills term L_{YM} where B^A is the Nakanishi-Lautrup field, and C^A and C̄ A are the FP ghost and antighost fields.

First, we introduce the second-rank antisymmetric tensor field B_{μν} as the Hodge dual of the distorted field strength according to [18, 19, 20]

B_{μν} ↔^∗[ρ(∂_μA_ν − ∂_ν A_μ) + σg(A_μ × A_ν )], (2.3)

where ρ and σ are two parameters to be determined later and the Hodge star (duality) operation^∗ for the second-rank tensor is defined by^∗H_{μν} :=^1_2 ϵ_{μνρσ} H^{ρσ} . For this purpose, we insert an identity into the functional integral (2.2): 1 = ∫ DB^A_{μν} exp [ − ∫ d^4x 1 4 { B^A_{μν} − i^∗[ρ(∂_μA_ν − ∂_ν A_μ)^A + σg(A_μ × A_ν )^A]

}_2]

. (2.4)

Then the Lagrangian is modified as

L_{YM} = 1 4 B_{μν} · B^{μν} − i 2 B^{μν} ·^∗[ρ(∂_μA_ν − ∂_ν A_μ) + σg(A_μ × A_ν )] + 1 − ρ^2 4 (∂_μA_ν − ∂_ν A_μ)^2 + 1 − ρσ 2 g(∂_μA_ν − ∂_ν A_μ) · (A^μ × A^ν ) + 1 − σ^2 4 g^2(A_μ × A_ν ) · (A^μ × A^ν ). (2.5)

For any values of the two parameters ρ and σ, the Lagrangian (2.5) is equivalent to the original Lagrangian (2.1). Note that B_{μν} is the auxiliary field without its kinetic term.

Next, we rewrite the last term in (2.5) which is quartic in the gluon field A_μ. For SU(N_c), the quartic term has another expression^1

(A_μ × A_ν ) · (A^μ × A^ν ) = 2 N_c [(A_μ · A^μ)(A_ν · A^ν ) − (A_μ · A_ν )(A^μ · A^ν )]

+ (A_μ ⋆ A^μ) · (A_ν ⋆ A^ν ) − (A_μ ⋆ A_ν ) · (A^μ ⋆ A^ν ), (2.7) where we have defined a new product (F ⋆ G)^A := d^{ABC} F^BG^C = 2tr(T^A{F, G}) with completely symmetric tensor d^{ABC} for N_c ≥ 3. For SU(2), we do not need to consider the last two terms in (2.7), since d^{ABC} = 0 for SU(2), and hence the quartic term is greatly simplified [21]:

(A_μ × A_ν ) · (A^μ × A^ν ) =(A_μ · A^μ)(A_ν · A^ν ) − (A_μ · A_ν )(A^μ · A^ν ). (2.8) For later convenience, the identity (2.7) is rewritten into

(A_μ × A_ν ) · (A^μ × A^ν ) = 3 2N_c (A_μ · A^μ)(A_ν · A^ν ) − 2 N_c S_{μν} S^{μν} + 3 4 (A_μ ⋆ A^μ)^2 − T_{μν} · T^{μν} , (2.9)

by introducing the traceless symmetric tensors S_{μν} = S_{νμ} and T^A_{μν} = T^A_{νμ} defined by

S_{μν} :=(A_μ · A_ν ) − 1 4 δ_{μν} (A_ρ · A^ρ), S_μ^μ = 0, (2.10)

T^A_{μν} :=(A_μ ⋆ A_ν )^A − 1 4 δ_{μν} (A_ρ ⋆ A^ρ)^A, T^A_μ^μ = 0. (2.11)

Moreover, we introduce the auxiliary scalar field ϕ and the auxiliary symmetric tensor fields G_{μν} for SU(2) and also φ^A and V^A_{μν} for SU(N_c) (N_c ≥ 3). For example, the auxiliary field ϕ is introduced by inserting one more identity into (2.2) 1 = ∫ Dϕ exp { − ∫ d^4x σ_ϕ 2 ( ϕ + 1 2 A_μ · A^μ )_2}

, (2.12a)

where σ_ϕ is an arbitrary parameter at this stage. Other auxiliary fields G_{μν} , φ^A and V^A_{μν} are introduced in the similar way. 1 = ∫ DG_{μν} exp { − ∫ d^4x σ_G 2 ( G_{μν} + 1 2 S_{μν} )_2}

, (2.12b) 1 = ∫ Dφ^A exp { − ∫ d^4x σ_φ 2 ( φ^A + 1 2 (A_μ ⋆ A^μ)^A

)_2}

, (2.12c) 1 = ∫ DV^A_{μν} exp { − ∫ d^4x σ_V 2 ( V^A_{μν} + 1 2 T^A_{μν} )_2}

. (2.12d)

1We have used an identity for the structure constant (see [22] for a derivation): f^{ABE} f^{CDE} = 2 N_c (δ^{AC} δ^{BD} − δ^{AD}δ^{BC} ) + d^{ACE}d^{BDE} − d^{BCE} d^{ADE} . (2.6) For the generator T^A of the Lie algebra G of the gauge group G, [T^A, T^B] = if^{ABC} T^C and {T^A, T^B} =^1_N δ^{AB} + d^{ABC} T^C .

Then the quartic interaction in (2.5) is replaced as follows.

1 − σ^2 4 g^2(A_μ × A_ν ) · (A^μ × A^ν ) → σ_ϕ 2 ϕ^2 + σ_ϕ 2 ϕ(A_μ · A^μ) + σ_ϕ + 3(1 − σ^2)g^2/N_c 8 (A_μ · A^μ)^2 + σ_G 2 G_{μν} G^{μν} + σ_G 2 G_{μν} S^{μν} + σ_G − 4(1 − σ^2)g^2/N_c 8 S_{μν} S^{μν} + σ_φ 2 φ · φ + σ_φ 2 φ · (A_μ ⋆ A^μ) + σ_φ + (3/2)(1 − σ^2)g^2 8 (A_μ ⋆ A^μ)^2 + σ_V 2 V_{μν} · V^{μν} + σ_V 2 V_{μν} · T^{μν} + σ_V − 2(1 − σ^2)g^2 8 T_{μν} · T^{μν} . (2.13)

2.2 Lorentz gauge fixing and FP ghost

We adopt the generalized Lorentz gauge or Curci-Ferrari (CF) gauge [29, 30, 31, 32]. The gauge fixing (GF) and the Faddeev-Popov (FP) ghost term is given by

L_{GF+FP} = δ_Bδ̄_B ( 1 2 A_μ · A_μ + α^′ 2 C · C̄ ) − α 2 B · B (2.14)

= δ_B ( ∂_μC̄ · A_μ + α^′ 2 C̄ · B − 1 4 α^′gC̄ · (C̄ × C ) ) − α 2 B · B. (2.15)

The conventional Lorentz covariant gauge corresponds to α^′ = 0. Performing the BRST transformation (Euclidean version), δ_BA_μ(x) = D_μ[A ]C (x) := ∂_μC (x) + g(A_μ(x) × C (x)), (2.16a)

δ_BC (x) = − 1 2 g(C (x) × C (x)), (2.16b)

δ_BC̄ (x) = −B(x), (2.16c) δ_BB(x) = 0, (2.16d) and anti-BRST transformation (Euclidean version), δ̄_BA_μ(x) = D_μ[A ]C̄ (x) := ∂_μC̄ (x) + g(A_μ(x) × C̄ (x)), (2.17a)

δ̄_BC̄ (x) = −1 2 g(C̄ (x) × C̄ (x)), (2.17b) δ̄_BC (x) = −B̄(x), (2.17c) δ̄_BB̄(x) = 0, (2.17d)

where B̄(x) = −B(x) + g(C (x) × C̄ (x)), we obtain

L_{GF+FP} = − α + α^′ 2 B · B + B · ∂_μA_μ + α^′ 2 g(C × C̄ ) · B + C̄ · ∂_μD_μ[A ]C + α^′ 8 g^2(C̄ × C̄ ) · (C × C ) (2.18) = − α + α^′ 2 B · B + B · ∂_μA_μ + α^′ 2 g(C × C̄ ) · B + C̄ · ∂_μD_μ[A ]C − α^′ 4 g^2(C × C̄ ) · (C × C̄ ). (2.19)

The GF+FP term is further rewritten as

S_{GF+FP} = ∫ d^4x { 1 2λ (∂_μA_μ)^2 + (1 − ξ)C̄ · ∂_μD_μ[A ]C + ξC̄ · D_μ[A ]∂_μC − 1 2 λξ(1 − ξ)g^2(C × C̄ ) · (C × C̄ ) − λ 2 ( B − λ^{−1}∂_μA_μ − ξg(C × C̄ ) )_2 }

, (2.20a) or S_{GF+FP} = ∫ d^4x { 1 2λ (∂_μA_μ)^2 + C̄ · ∂_μ∂_μC + (1 − ξ)gA_μ · (∂_μC̄ × C ) − ξgA_μ · (C̄ × ∂_μC ) − 1 2 λξ(1 − ξ)g^2(C × C̄ ) · (C × C̄ ) − λ 2 ( B − λ^{−1}∂_μA_μ − ξg(C × C̄ ) )_2 }

, (2.20b)

where we have defined the two parameters

λ := α + α^′, ξ := α^′/2 α + α^′ = α^′ 2λ . (2.20c)

In this form, it is easy to eliminate the Nakanishi-Lautrup field B.

For the Landau gauge λ = 0, the ghost self-interaction disappears. In the gauges other than the Landau λ ≠ 0, we treat the four ghost interaction in the similar way to the four gluon interaction:

(C̄ × C ) · (C̄ × C ) = 2 N_c (C̄ · C )^2 + (C̄ ⋆ C ) · (C̄ ⋆ C ), (2.21)

where we have used a fact that C · C = 0 = C̄ · C̄ and C ⋆ C = 0 = C̄ ⋆ C̄ due to Grassmannian property. By introducing the auxiliary fields ϕ_{F P} and φ^A_{F P} through the identities: 1 = ∫ Dϕ_{F P} exp { − ∫ d^4x σ_{F P} 2 ( ϕ_{F P} + C̄ · C )_2}

, (2.22a) 1 = ∫ Dφ^A_{F P} exp { − ∫ d^4x σ^′_{F P} 2 ( φ_{F P} + C̄ ⋆ C )_2 } , (2.22b)

the four ghost interaction term is cast into the form: − 1 2 λξ(1 − ξ)g^2(C̄ × C ) · (C̄ × C ) + σ_{F P} 2 ( ϕ_{F P} + C̄ · C )_2 + σ^′_{F P} 2 ( φ_{F P} + C̄ ⋆ C )_2

= σ_{F P} 2 ϕ^2_{F P} + σ^′_{F P} 2 φ_{F P} · φ_{F P} + σ_{F P} ϕ_{F P} C̄ · C + σ^′_{F P} φ_{F P} · (C̄ ⋆ C ) + 1 2 [ σ_{F P} − λξ(1 − ξ)g^2 2 N_c ] (C̄ · C )^2 + 1 2 [ σ^′_{F P} − λξ(1 − ξ)g^2 ] (C̄ ⋆ C ) · (C̄ ⋆ C ). (2.23)

The auxiliary fields must be introduced such that the BRST symmetry is maintained. For this purpose, the simplest choice of the BRST transformation for the auxiliary fields is given as

δ_Bϕ = − δ_B ( 1 2 A_μ · A^μ ) (2.24a)

δ_BB_{μν} = − δ_B (^∗[ρ(∂_μA_ν − ∂_ν A_μ) + σg(A_μ × A_ν )]) , (2.24b)

δ_BG_{μν} = − δ_B ( 1 2 S_{μν} ) , (2.24c)

δ_Bφ = − δ_B ( 1 2 A_μ ⋆ A^μ ) , (2.24d)

δ_BV_{μν} = − δ_B ( 1 2 T_{μν} ) , (2.24e)

δ_Bϕ_{F P} = − δ_B ( C̄ · C ) , (2.24f) δ_Bφ_{F P} = − δ_B ( C̄ ⋆ C ) . (2.24g)

The original measure dμ(Φ) := DA_μDC DC̄ DB is known to be BRST invariant [33]. Therefore the additional measure dμ(Ψ) := DB_{μν} DϕDG_{μν} DφDV_{μν} Dϕ_{F P} Dφ_{F P} of the auxiliary fields is also BRST invariant, since it is easy to show that the Jacobian of the BRST transformation associated to the total measure dμ(Φ)dμ(Ψ) is equal to one. In particular, we find

δ_Bϕ(x) = −A_μ(x) · ∂^μC (x) = ∂^μA_μ(x) · C (x) − ∂^μ[A_μ(x) · C (x)]. (2.25)

In the Landau gauge ∂^μA_μ(x) = 0, therefore, the BRST transformation of ϕ(x) is reduced to the total derivative and the spacetime average of ϕ(x) is BRST invariant, i.e., δ_B ∫ d^4xϕ(x) = 0.

2.3 Total Yang-Mills action

A purpose of this paper is to obtain an equivalent theory which does not involve the gluon fields A_μ by integrating them out. The GF+FP term in the Lorentz gauge L_{GF+FP} (2.20b) includes the linear and quadratic terms in the gluon field.

The pure Yang-Mills Lagrangian is further rewritten as follows. For this purpose, we adjust the parameters to eliminate the cubic and quartic interaction terms in the field A_μ. The cubic interaction term in (2.5) is eliminated by choosing

ρ = σ^{−1}. (2.26)

Moreover, by choosing the parameters as

σ_ϕ =

3(σ^2 − 1)g^2 N_c , σ_G =

4(1 − σ^2)g^2 N_c , σ_φ = (3/2)(σ^2 − 1)g^2, σ_V = 2(1 − σ^2)g^2, (2.27)

the quartic gluon interaction terms in (2.13) are also eliminated. Then σ is only one undetermined parameter at this stage and it must be larger than one, i.e., σ^2 > 1, to realize the condensation as shown later.

Due to the analysis [2, 3, 39], the triple gluon interaction provides the attractive force, whereas the quartic gluon interaction can give the repulsive force among the gluons. Therefore, for the gluon pair condensation to occur, the attractive force coming from three-point vertex dominates the repulsive force from four-point vertex to yield the net attractive interaction between a pair of gluons.

In our treatment, the original triple gluon vertex is completely eliminated by introducing the antisymmetric tensor B_{μν} and choosing ρ = σ^{−1}. Therefore, the net attractive interaction is reflected in the relation σ^2 > 1. In fact, if this is not the case, i.e., repulsive interaction 1 − σ^2 > 0, the gluon pair condensation does not occur as will be shown later.

Therefore, the pure Yang-Mills Lagrangian L_{YM} (2.5) becomes at most quadratic in the gluon field and reduces to^2

L_{YM} =

1 − ρ^2 4 (∂_μA_ν − ∂_ν A_μ)^2 + 1 4 B_{μν} · B^{μν} − i 2 B^{μν} ·^∗[ρ(∂_μA_ν − ∂_ν A_μ) + σg(A_μ × A_ν )] + σ_ϕ 2 ϕ^2 + σ_ϕ 2 ϕ(A_μ · A^μ) + σ_G 2 G_{μν} G^{μν} + σ_G 2 G_{μν} S^{μν} + σ_φ 2 φ · φ + σ_φ 2 φ · (A_μ ⋆ A^μ) + σ_V 2 V_{μν} · V^{μν} + σ_V 2 V_{μν} · T^{μν} . (2.29)

Moreover, the GF+FP term is reduced to

L_{GF+FP} = 1 2λ (∂_μA_μ)^2 + C̄ · ∂_μ∂_μC + (1 − ξ)gA_μ · (∂_μC̄ × C ) − ξgA_μ · (C̄ × ∂_μC ) − 1 2 λξ(1 − ξ)g^2(C × C̄ ) · (C × C̄ ) + σ_{F P} 2 ϕ^2_{F P} + σ^′_{F P} 2 φ_{F P} · φ_{F P} + σ_{F P} ϕ_{F P} C̄ · C + σ^′_{F P} φ_{F P} · (C̄ ⋆ C ). (2.30) Here the four-ghost interaction terms in the GF+FP term are eliminated by choosing σ_{F P} = λξ(1 − ξ)g^2, σ^′_{F P} = λξ(1 − ξ)g^2. (2.31) Finally, we obtain the total Lagrangin which is at most quadratic in the gluon field A_μ:

L^{tot}_{YM} = 1 4 B_{μν} · B^{μν} + σ_ϕ 2 ϕ^2 + σ_G 2 G_{μν} G^{μν} + σ_φ 2 φ · φ + σ_V 2 V_{μν} · V^{μν} + σ_{F P} 2 ϕ^2_{F P} + σ^′_{F P} 2 φ_{F P} · φ_{F P} + C̄ · ∂_μ∂^μC + σ_{F P} ϕ_{F P} C̄ · C + σ^′_{F P} φ_{F P} · (C̄ ⋆ C ) + 1 2 A^A_μ K^{AB μν} A^B_ν + A_μ · J^μ, (2.32a)

2If we want to leave two independent parameters ρ and σ, we have only to add + 1 − ρσ 2 g(∂_μA_ν − ∂_ν A_μ) · (A^μ × A^ν). (2.28)

Therefore, we can choose an interesting option ρ = σ, i.e., B_{μν} is the Hodge dual of F_{μν} , although the cubic gluon interaction term remains in this case.

where we have defined K^{AB}_{μν} and J^A_μ by K^{AB}_{μν} :=δ^{AB} [ −(1 − ρ^2)(∂^2δ_{μν} − ∂_μ∂_ν ) − λ^{−1}∂_μ∂_ν ] − igσf^{ABC ∗}B^C_{μν} + σ_ϕδ^{AB}δ_{μν} ϕ + σ_φd^{ABC} δ_{μν} φ^C + σ_Gδ^{AB} ( G_{μν} − 1 4 δ_{μν} G_ρ^ρ ) + σ_V d^{ABC} ( V^C_{μν} − 1 4 δ_{μν} V^C_ρ^ρ ) , (2.32b)

J^A_μ :=J^A_μ − iρ∂_ν^∗B^A_{μν} + (1 − ξ)g(∂_μC̄ × C )^A − ξg(C̄ × ∂_μC )^A. (2.32c) Here J^A_μ is the source for the gluon field A^A_μ . Note that K^{AB}_{μν} is at most linear in the auxiliary field and J^A_μ contains the bilinear term in the ghost and antighost fields. The source term for the auxiliary field will be introduced later to avoid the complication.

Thus, we can integrate out the gluon field A_μ exactly:

S_{EYM} = ∫ d^4x { + 1 4 B_{μν} · B^{μν} + σ_ϕ 2 ϕ^2 + σ_G 2 G_{μν} G^{μν} + σ_φ 2 φ · φ + σ_V 2 V_{μν} · V^{μν} + σ_{F P} 2 ϕ^2_{F P} + σ^′_{F P} 2 φ_{F P} · φ_{F P} + C̄ · ∂_μ∂^μC + σ_{F P} ϕ_{F P} C̄ · C + σ^′_{F P} φ_{F P} · (C̄ ⋆ C ) − 1 2 J^A_μ [K^{AB μν} ]^{−1}J^B_ν } + 1 2 ln Det[K^{AB μν} ]. (2.33)

When λ = 0, σ_F = 0 = σ^′_{F P} and the ghost self-interaction term disappears. Therefore, we do not need to introduce ϕ_{F P} and φ^A_{F P} in (2.33) which decouple from the theory. Integrating out the gluon field A^A_μ and FP ghost fields C^A, C̄^A, we can obtain the effective theory written in terms of five kinds of auxiliary fields B^A_{μν} , ϕ, φ^A, G_{μν} , V^A_{μν} . The λ ≠ 0 case will be considered later.

Some remarks are in order.

1. The resulting theory has one undetermined parameter σ. In the classical level, any value of σ reproduces the original Yang-Mills theory, as is trivial from the above construction. However, in the quantum level, this is not the case. The renormalization urges the parameter σ to run according to the renormalization scale, as will be discussed in Appendix A.

2. For a special choice σ^2 = 1, we have ρ^2 = σ^2 = 1 and hence the coefficients vanish σ_Φ = 0, which implies that all the auxiliary fields ϕ, G_{μν} , φ, V_{μν} except for B_{μν} decouple from the theory. Therefore, this case reproduces the field strength formulation [34] of the Yang-Mills theory, which was also called the deformation of the topological BF theory [35, 36] with the Lagrangian:

L_{BF} = 1 4 B_{μν} · B^{μν} − i 2 B^{μν} ·^∗F_{μν} . (2.34)

(The signature of ρ and σ can be absorbed by the redefinition of the fields A_μ and B_{μν} .) When σ^2 ≠ 1, therefore, we have the scalar field ϕ, φ and the symmetric tensor fields G_{μν} , V_{μν} in addition to the antisymmetric tensor field B_{μν} .

3. It is in principle possible to introduce the auxiliary field ϕ_T corresponding to the square^1_2 (A^i_{phys})^2 of the transverse gluon modes A^i_{phys} (i.e., ∂_iA^i_{phys}(x) = 0) as 1 = ∫ Dϕ_T exp { − ∫ d^4x σ_ϕ 2 ( ϕ_T + 1 2 (A^i_{phys})^2

)_2}

, (2.35) where A^i_{phys} is both BRST invariant, δ_BA^i_{phys}(x) = 0, and gauge invariant, δ_ωA^i_{phys}(x) = 0. Then the auxiliary field ϕ_T introduced in this way becomes BRST invariant, δ_Bϕ_T (x) = 0, and gauge invariant, δ_ωϕ_T (x) = 0. For example, such a transverse mode is written as

A^i_{phys}(x) = ( δ^{ij} − ∂^i 1 Δ ∂^j ) Φ^j (x), Φ^j = Φ^j_{(0)} + gΦ^j_{(1)} + g^2Φ^j_{(2)} + · · · , (2.36)

where Φ^j_{(n)} can be determined order by order of the coupling constant g. The first two terms are Φ^j_{(0)} = A^j and Φ^j_{(1)} = [v_{(1)}, A^j ] +^1_2 [∂^j v_{(1)}, v_{(1)}] where v_{(1)} :=^1_Δ ∂_j A^j , see section 5 and Appendix A of [37] for more details. Needless to say, the transverse mode (2.36) reduces in the Abelian limit to the well-known expression:

A^T (x) = ( 1 − ∇ 1 Δ ∇· ) A(x) = A(x^0, x) + ∂^x_i ∫ d^3y 1 4π|x − y| ∂^y_j A^j (x^0, y). (2.37)

However, in this case, the gluon self-interaction can not be eliminated, since A^i_{phys} is a non-local and furthermore non-linear quantity written in terms of A_μ in the non- Abelian gauge theory. (Even the all order expression of (2.36) is not yet known.) Therefore, the strategy adopted in this paper is difficult to be applied to this case which is more transparent from the physical point of view.

2.4 Another reformulation

We can introduce another antisymmetric tensor field B^A_{μν}^′ by

B^A_{μν} → B^A_{μν}^′ := B^A_{μν} − iρ^∗(∂_μA_ν − ∂_ν A_μ)^A, (2.38)

which is equivalent to the identification as an auxiliary field:

B_{μν}^′ ↔ σg^∗(A_μ × A_ν ). (2.39)

Then the Lagrangian is modified as

L_{YM} = 1 4 B_{μν}^′ · B^{μν ′} − i 2 B^{μν ′} ·^∗[σg(A_μ × A_ν )] + 1 4 (∂_μA_ν − ∂_ν A_μ)^2 + 1 2 g(∂_μA_ν − ∂_ν A_μ) · (A^μ × A^ν ) + 1 − σ^2 4 g^2(A_μ × A_ν ) · (A^μ × A^ν ). (2.40)

By this redefinition of the antisymmetric tensor field, the original cross term −^i_2 B^{μν} · ρ^∗(∂_μA_ν − ∂_ν A_μ) has disappeared. The price is that the three-gluon interactions remain in this case. The four-gluon interactions can be eliminated by applying the same procedure as that given above. Thus we obtain the modified Yang-Mills Lagrangian^3

L_{YM} = 1 4 (∂_μA_ν − ∂_ν A_μ)^2 + 1 4 B_{μν}^′ · B^{μν ′} − i 2 B^{μν ′} ·^∗[σg(A_μ × A_ν )] + 1 2 g(∂_μA_ν − ∂_ν A_μ) · (A^μ × A^ν ) + σ_ϕ 2 ϕ^2 + σ_ϕ 2 ϕ(A_μ · A^μ) + σ_G 2 G_{μν} G^{μν} + σ_G 2 G_{μν} S^{μν} + σ_φ 2 φ · φ + σ_φ 2 φ · (A_μ ⋆ A^μ) + σ_V 2 V_{μν} · V^{μν} + σ_V 2 V_{μν} · T^{μν} . (2.41)

In order to treat the ρ = σ case, anyway, the three-gluon interaction can not be eliminated. The absence of the four-gluon interactions eliminates the two-loop diagrams in the Schwinger-Dyson equation for the full gluon propagator. Although we must deal simultaneously with a number of auxiliary field propagators and the cross propagator between the gluon and the antisymmetric tensor field, all the diagrams are of the oneloop type and there is no ambiguity encountered in treating the two-loop diagrams. If we set σ = 0, furthermore, the antisymmetric tensor field B_{μν}^′ decouples from the theory. Thus this reformulation helps to simplify the Schwinger-Dyson equation for the full gluon propagator, since the absence of cross propagator reduces the number of propagators to be investigated. The details will be given elsewhere [38].

3 Setting up the 1/N_c expansion

In the previous section, we have rewritten the Yang-Mills theory into an equivalent form given by (2.32). We set up the 1/N_c expansion for this theory as follows. For this theory, the graphical representation of the Feynman rules are given in Fig. 2. Here the propagators and the vertices are easily read off from the total Lagrangian (2.32). Note that there is a cross-propagator between A_μ and B_{αβ} for ρ ≠ 0, i.e., except for the another formulation.

From the viewpoint of the 1/N_c expansion, the field G_{μν} behave as ϕ̃ from the identity δ^{AB}δ^{AB} = N^2_c − 1. (3.1) Other fields φ^A, V^A_{μν} behave as B^A_{μν} in the large N_c, since the identity holds

d^{ACD} d^{BCD} = δ^{AB}(N^2_c − 4)/N_c , (3.2)

which is similar for large N_c to the relationship f^{ACD} f^{BCD} = δ^{AB}N_c. (3.3) This is also the case for ϕ_{F P} and φ^A_{F P} and for C^A and C̄^A. Therefore, the leading contributions in the condensed vacuum ϕ_0 ≠ 0 come from the interaction of A^A_μ with B^A_{μν} , φ^A, V^A_{μν} , C^A, C̄^A in the Landau gauge λ = 0 and also from ϕ_{F P} and φ^A_{F P} in the non-Landau gauge λ ≠ 0.

3This Lagrangian is obtained from (2.29) by setting ρ = 0 and adding the three-gluon interaction term. Therefore, the modified total Lagrangian is also obtained from (2.32) by the same procedure. Note that setting ρ = 0 is equivalent to eliminating the cross propagator between A_μ and B_{αβ} in the diagrams.

Figure 2: Feynman rules of the 1/N_c expansion with the ’t Hooft coupling ĝ^2. (a) Propagators for the gluon A^A_μ (wavy line), two set of auxiliary fields B^A_{μν} , φ^A, V^A_{μν} (zigzag line) and and ϕ̃, G_{μν} (broken line), and FP ghost, antighost C^A, C̄^A, the auxiliary fields ϕ_{F P} , φ_{F P} (solid line) (b) Vertices for two gluons A^A_μ and one auxiliary fields from a set B^A_{μν} , φ^A, V^A_{μν} or a set ϕ̃, G_{μν} , and vertices for ghost-antighost and one gluon field or auxiliary fields ϕ_{F P} , φ_{F P} . There are no four-point interaction vertices.

In the following, we attempt to sum the leading order diagrams in the 1/N_c expansion. We have rewritten the original Yang-Mills theory into an equivalent theory with the generating functional:

Z[J] := ∫ DϕDB^A_{μν} DG_{μν} Dφ^ADV^A_{μν} DC^ADC̄^A[Dϕ_{F P} Dφ^A_{F P} ] exp {−S_E} , (3.4) where the source terms are included for the original fields and those for the auxiliary fields are omitted here (but they will be introduced later).

First, for simplicity, we consider only a sector containing ϕ and A^A_μ . The generating functional is given by

Z[J] := ∫ Dϕ exp {−S_E [ϕ; J]} , (3.5)

S_E [ϕ; J] := ∫ x N^2_c 6(σ^2 − 1)ĝ^2 ϕ(x)^2 +

N^2_c − 1 2 tr ln[K^{μν} ] + ∫ x −1 2 J^A_μ [K^{μν} ]^{−1}J^A_ν , (3.6)

where the gluon field A^A_μ has been integrated out and its contribution is replaced by the source term J^A_μ , and we have introduced the notation ∫ x := ∫ d^4x and K_{μν} [ϕ](x) := −(1 − ρ^2)(∂^2δ_{μν} − ∂_μ∂_ν ) − λ^{−1}∂_μ∂_ν + δ_{μν} ϕ. (3.7) Here we have made the replacement g^2 → ĝ^2/N_c (3.8) with the ’t Hooft coupling ĝ^2 being fixed, and we have redefined the auxiliary field ϕ → ϕ/σ_ϕ, which corresponds to the identification: ϕ(x) ↔ −σ_ϕ 1 2 A^A_μ (x)A^A_μ (x) = −3(σ^2 − 1) ĝ^2 N^2_c tr[A_μ(x)A_μ(x)]. (3.9)

The field ϕ is a single component color singlet field, whereas each gluon field A_μ := A^A_μ T^A is an adjoint field with N^2_c − 1 components. The normalization factor in (3.9) provides the natural normalization, since the field ϕ(x) produces a color singlet state tr[A_μ(x)A_μ(x)] with unit amplitude. Note that the first two terms in S_E [ϕ; J] are proportional to N^2_c for large N_c. The effective action S_E[ϕ; J] has no hidden factors of N_c in this sector. Thus the overall factor of N_c does imply that the large N_c limit is the same as the semiclassical limit of an effective theory of color singlet field ϕ (glueball) at least in this sector.

For the current theory to be meaningful in the limit N_c → ∞, therefore, the expansion around N_c = ∞ in the integral of (3.5) can be performed by means of the steepest descent method (or saddle point method). The stationary point ϕ_0(x) of ϕ(x) is obtained from the saddle-point equation: 1 3(σ^2 − 1)ĝ^2 ϕ_0(x) + 1 2 tr(K^{−1}_{μμ} [ϕ_0(x)]) = 0. (3.10)

This is nothing but the gap equation. The regularized form is given in the next section under the dimensional regularization. This equation has two branches, the trivial branch ϕ = 0 and the nontrivial branch ϕ ≠ 0 for arbitrary values of parameters. The nontrivial solution of (3.10) agrees with the stationary point ϕ_0 away from the origin of the effective potential. It turns out that the nontrivial solution is preferred, since it lowers the energy of the system, as shown in the next section. If the vacuum is translation invariant, the stationary value ϕ_0(x) does not depend on x.

Note that (A^A_μ )^2 is not a gauge invariant quantity. Nevertheless, it is possible to extract the gauge-invariant part from (A^A_μ )^2 which is written as the sum of a gaugeinvariant part and a non-invariant part, which implies the decomposition ϕ(x) = ϕ_{inv}(x) + ϕ_{non}(x) is possible [17] where ϕ_{inv} is the gauge invariant part and ϕ_{non} is the gauge non-invariant, but BRST exact part. Then the vacuum expectation value (VEV) of the gauge non-invariant part vanishes ⟨ϕ_{non}(x)⟩ = 0, and consequently only the VEV of the gauge invariant part gives a non-vanishing value ⟨ϕ(x)⟩ = ⟨ϕ_{inv} (x)⟩ ≠ 0, which is identified with ϕ_0 [17].

Substituting ϕ(x) = ϕ_0 +^1_{Nc} ϕ̃(x) into the action S_E , and expanding the action around the stationary point ϕ_0 in powers of ϕ̃(x), we obtain (up to field-independent constants) S^′_E =N_c ∫ x { 1 3(σ^2 − 1)ĝ^2 ϕ_0 + 1 2 tr(K^{−1}_{μμ} [ϕ_0]) } ϕ̃(x) + ∫ x 1 2 { 1 3(σ^2 − 1)ĝ^2 − 1 2 tr(K^{−1}_{μρ} [ϕ_0]K^{−1}_{ρμ} [ϕ_0]) } ϕ̃^2(x) + ∫ x −1 2 J^A_μ [K^{μν} [ϕ_0]]^{−1}J^A_ν + O(1/N_c ). (3.11)

The first term of (3.11) shows that the saddle-point equation (3.10) is equivalent to requiring cancellation of the tadpole term. See Fig. 3 for the graphical representation.

The connected n-point correlation function is obtained by differentiating n times the generating function W [J] := ln Z[J] with respect to the source. For example, the

Figure 3: Elimination of the tadpole contribution. The broken line denotes the auxiliary field ϕ̃ and the wavy line the gluon field A^A_μ .

gluon propagator is obtained from ⟨A^A_μ (x)A^B_ν (y)⟩_{conn} = δ δJ^A_μ (x) δ δJ^B_ν (y) ln Z[J]. (3.12)

In the 1/N_c expansion, the gluon propagator D^{AB}_{μν} (k^2) in momentum space is read off from the source term in (3.6) as

D^{AB}_{μν} (k^2) := δ^{AB} K^{−1}_{μν} [k; ϕ_0] = δ^{AB} { 1 (1 − ρ^2)k^2 + ϕ_0

P^T_{μν} (k) + λ̃ (1 − ρ^2)k^2 + λ̃ϕ_0 P^L_{μν} (k) } , (3.13)

where we have introduced the rescaled gauge parameter λ̃ := (1−ρ^2)λ, the transverse projection P^T_{μν} (p) := δ_{μν} − p_μp_ν /p^2 and the longitudinal one P^L_{μν} (p) := p_μp_ν /p^2. This result shows that the gluon acquires the dynamical mass given by

M^2 := ϕ_0 1 − ρ^2

. (3.14)

It is important to remark that in the first term in the right-hand side (RHS) of (3.11) or (3.10), there exists the logarithmic divergence coming from the second term^1_2 tr(K^{−1}_{μμ} [ϕ_0]), which can be absorbed into the renormalization of the first term 1 3(σ^2−1)ĝ^2 . The same divergence appears in the second term 1 2 tr(K^{−1}_{μρ} [ϕ_0]K^{−1}_{ρμ} [ϕ_0]) in the RHS of (3.11). Therefore, σ should be regarded as the renormalized one σ_R in what follows. See Appendix A for explicit verification of this fact based on the dimensional regularization in the modified minimal subtraction scheme (MS).^4

4The quadratic divergence Λ^2ϕ̃ appearing in the term^1_2 tr[K^{−1}_{μμ} [ϕ_0]]ϕ̃ with the ultraviolet momentum cutoff Λ can be removed by introducing the counterterm of the form, Cϕ̃ (the same form as the source term J_ϕϕ̃ for ϕ̃). In the dimensional regularization, such quadratic divergence is hidden and does not appear. For this purpose, we can introduce the auxiliary field ϕ in (2.12a) by replacing ϕ with ϕ + C for the translation invariant measure Dϕ. Then we have additional terms,^1_2 CA^2_μ + Cϕ which is equal to^1_2 CA^2_μ + Cϕ̃ apart form an irrelevant constant Cϕ_0. The redundant term^1_2 CA^2_μ here is removed by introducing the counterterm of Curci-Ferrari type, −^1_2 CA^2_μ , (in the Landau gauge λ = 0) in the bare Lagrangian. In other words, removing the quadratic divergence Λ^2ϕ̃ is equivalent to introducing the counterterm^1_2 Λ^2A^2_μ . It should be remarked that the non-zero gluon mass is generated from the term^1_2 ϕ_0A^2_μ by further removing the logarithmic divergence, irrespective of the quadratic divergence.

The connected correlation function ⟨ϕ(x); ϕ(y)⟩_{conn} shows the factorization ⟨ϕ(x); ϕ(y)⟩_{conn} := ⟨ϕ(x)ϕ(y)⟩ − ⟨ϕ(x)⟩⟨ϕ(y)⟩ = 1 N^2_c ⟨ϕ̃(x)ϕ̃(y)⟩. (3.15) The auxiliary field propagator D~_ϕ~_ϕ(k^2) is read off from the second integrand of (3.11) based on the formula (3.12) after introducing the source term J_ϕϕ̃:

D~_ϕ~_ϕ(k^2) = { 1 3(σ^2 − 1)ĝ^2 − 1 2 ∫ d^4p (2π)^4

K^{−1}_{μν} [p; ϕ_0]K^{−1}_{νμ} [p + k; ϕ_0] }_{−1} . (3.16)

Thus the auxiliary field propagator D~_ϕ~_ϕ(k^2) has the well-defined UV behavior due to the cancellation of the UV divergence between two terms. It turns out that the propagator D~_ϕ~_ϕ(k^2) corresponds to the summation of the infinite geometric series of the massive gluon-loop chain, see Fig. 4.

Figure 4: The propagator (3.16) of the auxiliary field ϕ̃ as the summation of the infinite geometric series of the massive gluon-loop chain.

In the small momentum k^2 region, the propagator for λ̃ = 0 or 1 is calculated in the form:

D~_ϕ~_ϕ(k^2) =

192π^2(3 + λ̃)^{−1}(1 − ρ^2)^2M^2 k^2 + 6M^2

, (3.17)

by using the gap equation (3.10) and the result of Appendix A. The connected correlation function ⟨ϕ(x); ϕ(y)⟩_{conn} decays exponentially for large |x − y|, since the right-hand-side of (3.15) is equal to the Fourier transform of (3.17). Here it should be understood that the contributions from the gauge non-invariant part vanish in the final expression. In this way, we can obtain the mass of the lightest scalar glueball 0^{++}. The ratio of the glueball mass 0^{++} to the gluon mass is given by

M(0^{++})/M = √ 6 ∼= 2.45, (3.18)

in the leading order. This ratio is gauge independent, i.e., independent of the gauge fixing parameter λ and it does not depend on the parameter σ. This value is similar to the prediction of the potential model of Cornwall and Soni [39, 40]: M(0^{++} )/M ∼= 2.3. If one adopts the gluon mass M = 600 ∼ 700MeV as suggested from the numerical simulation on a lattice [41], this ratio reproduces the expected value of the glueball mass [42] M(0^{++}) = 1.5 ∼ 1.7 GeV. Heavier gluon mass around 1 GeV is also suggested, see phenomenological analyses [43], lattice simulation [44] and the analytical study [45].

Next, we include the antisymmetric tensor field B^A_{μν} and consider a sector consisting of ϕ, B^A_{μν} and A^A_μ . The generating functional is given by

Z[J] := ∫ DϕDB^A_{μν} exp {−S_E} , S_E := ∫ x 1 4 B_{μν} (x) · B^{μν} (x) + ∫ x N^2_c 6(σ^2 − 1)ĝ^2 ( ϕ_0 + 1 N_c ϕ̃(x) )_2

+ ∫ x −1 2 J^A_μ [K^{AB}_{μν} ]^{−1}J^B_ν + 1 2 ln det[K^{AB}_{μν} ], (3.19)

where

K^{AB}_{μν} :=K_{μν} [ϕ_0]δ^{AB} + 1 N_c δ^{AB}δ_{μν}ϕ̃ − i ĝ √ N_c σf^{ABC ∗}B^C_{μν} , J^A_μ :=J^A_μ − iρ∂_ν^∗B^A_{μν} . (3.20)

The action has the 1/N_c expansion around ϕ_0 (up to field-independent constants): S^′_E =N_c ∫ x [ 1 3(σ^2 − 1)ĝ^2 ϕ_0 + 1 2 tr(K^{−1}_{μμ} [ϕ_0]) ] ϕ̃ + ∫ x 1 2 [ 1 3(σ^2 − 1)ĝ^2 − 1 2 tr ( K^{−1}_{μρ} [ϕ_0]K^{−1}_{ρμ} [ϕ_0] )] ϕ̃^2 + ∫ x {[ 1 4 I_{μν,αβ} − 1 4 ĝ^2σ^2tr ( I_{μν,ρ1 σ1} K^{−1}_{σ1σ2} [ϕ_0]I_{σ2ρ2 ,αβ}K^{−1}_{ρ2ρ1} [ϕ_0] ) ]_∗ B^{μν} ·^∗B^{αβ} + 1 2 ρ^2∂_λ^∗B^{μλA}K^{−1}_{μν} [ϕ_0]δ^{AB}∂_τ^∗B^{ντ B} }

+ ∫ x −1 2 J^A_μ [K^{μν} [ϕ_0]]^{−1}J^A_ν + O(1/N_c ), (3.21)

where we have defined I_{μν,αβ} :=^1_2 (δ_{μα}δ_{νβ} − δ_{μβ}δ_{να}), and we have used the identities: δ^{AB}δ^{AB} = N^2_c − 1 and f^{ACD} f^{BCD} = N_cδ^{AB}. In (3.21), a contribution coming from the term J^A_μ is simplified as 1 2 ρ^2∂_λ^∗B^{μλA}K^{−1}_{μν} [ϕ_0]δ^{AB}∂_τ^∗B^{ντ B} = 1 2 ρ^2 −(1 − ρ^2)∂^2 + ϕ_0

(∂_ν^∗B^{μν A})^2, (3.22)

where the gauge-parameter dependent part in K^{−1}_{μν} [ϕ_0] disappears due to the antisymmetric property of B_{μν} . Therefore, the kinetic term for B_{μν} is generated and the auxiliary field becomes dynamical in the leading order of 1/N_c expansion irrespective of the magnitude of the ’t Hooft coupling ĝ, as far as ϕ_0 ≠ 0.^5

In the action, the terms with more than three auxiliary fields are suppressed in 1/N_c. Hence the leading contribution is exhausted by a few terms. However, such simplicity is apprarent and is immediately lost, as soon as we proceed to obtain the propagator. In fact, the auxiliary tensor field propagator D^{AB}_{Bμν ,Bαβ} (k^2) in the leading

5This phenomenon has already been claimed to occur in [25, 26] based on the perturbation expansion in the coupling constant to a certain order. Therefore, it was unreliable to extend the result to the infrared region where the coupling constant becomes quite large.

order consists of all the planar diagrams with two external lines corresponding to B_{μν} and B_{αβ} (see Fig. 5) where the bare propagator is given by^6 D^{(0)AB}_{Bμν ,Bαβ} (k^2) := { 1 2 I_{μν,αβ}δ^{AB} + ρ^2 2(1 − ρ^2) k^2 k^2 + M^2 I_{μν,αβ}δ^{AB} }_{−1} , (3.24)

and the vertex is read off from the action (3.19) and (3.20). Such planar diagrams are obtained from the gluon one-loop diagram with a number of external fields B by contracting the external lines two by two. In each step, a factor N is increased without increasing the order of g. All the diagrams in Fig. 5 are the same order in the 1/N_c expansion as can be seen by making use of the double line representation.

The similar remark is also applied to the propagator of the auxiliary field ϕ̃. The inverse propagator of the auxiliary field ϕ̃ in the leading order is the sum of the similar diagrams to Fig. 5 where two external B lines are replaced by the ϕ̃. This is because the graphs with internal ϕ̃-lines give higher oder contributions in 1/N_c.

Figure 5: Planar diagrams in the leading order for the inverse propagator of the auxiliary tensor field B_{μν} where the zig-zag line denotes the B_{μν} field and the wavy line the gluon field.

Thus, it is still impossible to sum up all the planar diagrams in question to have the closed form for the propagator in the leading of the 1/N_c expansion. Here we obtain the auxiliary tensor field propagator, the inverse of which is truncated up to O(ĝ^2) as above D^{AB}_{Bμν ,Bαβ} (k^2) := { 1 2 I_{μν,αβ}δ^{AB} + ρ^2 2(1 − ρ^2) k^2 k^2 + M^2 I_{μν,αβ}δ^{AB} + Π^{AB}_{μν,αβ}(k) }_{−1} , (3.25)

6We have used the integration by parts ∫ x (∂_ν^∗B^{μν A})^2 = ∫ x 1 4 (ϵ^{μνρσ} ∂_νB^A_{ρσ} )^2 = ∫ x 1 2 (−B^A_{μν} ∂^2B^A_{μν} − B^A_{μν} ∂_ν ∂_λB^A_{λμ} + B^A_{νμ}∂_μ∂_λB^A_{λν}). (3.23)

For simplicity, we have imposed the gauge-fixing condition ∂_λB_{λν} = 0, although this is not an indispensable condition, see e.g., [26] for more details.

where Π^{AB}_{μν,αβ}(k) is the vacuum polarization tensor in the lowest order given by Π^{AB}_{μν,αβ}(k) :=δ^{AB} 1 2 ĝ^2σ^2 ∫ d^4p (2π)^4

I_{μν,ρ1σ1} K^{−1}_{σ1σ2} [p; ϕ_0]I_{αβ,ρ2σ2} K^{−1}_{ρ2ρ1} [p + k; ϕ_0]. (3.26)

The explicit form of the vacuum polarization tensor Π^{AB}_{μν,αβ}(k) is given based on MS in Appendix B. The obtained propagator corresponds to the summation of the infinite geometric series of the massive gluon-loop chain, see Fig. 6 for the graphical representation. This propagator obtained by the partial resummation of the leading order graphs is called the truncated propagator hearafter. It is possible to resum the diagrams based on the Schwinger-Dyson equation approach which will be given elsewhere [38].

Figure 6: The propagator (3.25) of the auxiliary tensor field B_{μν} as the summation of the infinite geometric series of the massive gluon-loop chain. Here the sum of the first two propagators denotes the propagator (3.24).

In the small momentum k^2 region, the vacuum polarization tensor for B_{μν} reads^7 Π^{AB}_{μν,αβ}(k) = − δ^{AB} ĝ^2 16π^2 σ^2 (1 − ρ^2)^2 I_{μν,αβ} − 1 + λ 2 1 ϵ̄ + f_0 + f_1 k^2 M^2

+ f_2 k^4 M^4 + O ( k^6 M^6 ) , (3.27)

where f_0 =^1_2 ln^{M 2}_{μ2} −^1_4 , f_1 =^{11}_{180} , f_2 =^4_{105} for the Landau gauge λ = 0 and f_0 = ln^{M 2}_{μ2} , f_1 =^{19}_{120} , f_2 =^{29}_{1680} for the Feynman gauge λ = 1. Thus, the truncated propagator D^{AB}_{Bμν ,Bαβ} (k^2) of the auxiliary field B_{μν} has the IR asymptotic behavior

D^{AB}_{Bμν ,Bαβ} (k^2) = δ^{AB}I_{μν,αβ} [ 1 2(σ^2 − 1) − ĝ^2 16π^2 σ^2 (1 − ρ^2)^2 f_1 ]_{−1} M^2 m^2 + k^2 + O(k^4) , (3.28)

where

m^2 := M^2 [ 1 2(σ^2 − 1) − ĝ^2 16π^2 σ^2 (1 − ρ^2)^2 f_1 ]_{−1} [ 1 2 − ĝ^2 16π^2 σ^2 (1 − ρ^2)^2 f_0 ] . (3.29)

7The divergent term is absorbed into the renormalization of the tensor field B_{μν} through the renormalization constant Z_B defined by B_{μν} = Z^{1/2}_B B^R_{μν} , just as in the case of Maximal Abelian gauge [20, 10].

In the large momentum k^2 region, on the other hand, the truncated propagator reads

D^{AB}_{Bμν ,Bαβ} (k^2) = δ^{AB} I_{μν,αβ}16π^2(1 − ρ^2)^2σ^{−2} k^2 M^2 ( 1 6 ln k^2 M^2 − 5 18 ) + O(ln k^2) −1 . (3.30)

If such a high energy behavior as (3.30) is preserved after the inclusion of all the planar diagrams, our theory of gluons with non-vanishing effective mass is expected to be renormalizable order by order in the 1/N_c expansion. This is in sharp contrast to the naive massive Yang-Mills theory which is known to be nonrenormalizable in weak-coupling perturbation theory. More arguments on this point will be given in a subsequent paper.

Other fields can be treated in the similar way. In fact, after an appropriate rescaling of other auxiliary fields as ϕ, the total action reads

S_{EYM} = ∫ x { 1 4 B_{μν} · B^{μν} + σ^{−1}_ϕ 2 ϕ^2 + σ^{−1}_G 2 G_{μν} G^{μν} + 1 2 φ · φ + 1 2 V_{μν} · V^{μν} + 1 2 ϕ^2_{F P} + 1 2 φ_{F P} · φ_{F P} + C̄ · ∂_μ∂^μC + √ σ_{F P} ϕ_{F P} C̄ · C + √ σ^′_{F P} φ_{F P} · (C̄ ⋆ C ) − 1 2 J^A_μ [K^{AB}_{μν} ]^{−1}J^B_ν } + 1 2 ln Det[K^{AB}_{μν} ], (3.31)

where K^{AB}_{μν} :=K_{μν} [ϕ_0]δ^{AB} − i ĝ √ N_c σf^{ABC ∗}B^C_{μν} + N^{−1}_c δ^{AB}δ_{μν}ϕ̃ + √ σ_φd^{ABC} δ_{μν} φ^C + δ^{AB} ( G_{μν} − 1 4 δ_{μν} G_ρ^ρ ) + √ σ_V d^{ABC} ( V^C_{μν} − 1 4 δ_{μν} V^C_ρ^ρ ) , J^A_μ :=J^A_μ − iρ∂_ν^∗B_μ^{ν A} + (1 − ξ) ĝ √ N_c (∂_μC̄ × C )^A − ξ ĝ √ N_c (C̄ × ∂_μC )^A. (3.32)

4 Estimate of gluon mass and vacuum condensate

Now, we examine based on the effective potential whether the vacuum condensate of mass dimension two is realized or not. All the auxiliary fields B^A_{μν} , ϕ, φ^A, G_{μν} , V^A_{μν} have the canonical mass dimension 2. Therefore, various vacuum condensates can contribute to lower the energy of the system. However, if the color rotation invariance and Lorentz rotation invariance are required, we find ⟨B^A_{μν} ⟩ = ⟨φ^A⟩ = ⟨G_{μν} ⟩ = ⟨V^A_{μν} ⟩ = 0. Only a possibility examined in this paper is ⟨ϕ⟩ ≠ 0. This vacuum condensate corresponds to ⟨(A^A_μ )^2⟩ ≠ 0 which breaks neither color symmetry nor Lorentz symmetry. In what follows, we treat the vacuum condensate of mass dimension 2 alone.^8

8This does not exclude the dimension four condensate of the type: ⟨B^A_{μν} B^A_{μν} ⟩, ⟨φ^Aφ^A⟩, ⟨G_{μν} G_{μν}⟩, ⟨V^A_{μν} V^A_{μν} ⟩ ≠ 0.

The minimum value of the effective potential should not depend on the gauge fixing parameter. Therefore, we calculate only the λ = 0 case. In this case, the BRST-invariant composite operator reduces to A^2_μ .

The effective potential is obtained from^9 V = σ_ϕ 2 ϕ^2 + 1 2 ln det[−(1 − ρ^2)δ^{AB}(∂^2δ_{μν} − ∂_μ∂_ν ) − δ^{AB} 1 λ ∂_μ∂_ν + δ^{AB}δ_{μν} σ_ϕϕ]. (4.1)

The scalar part of the effective potential is obtained by resumming the gluon one-loop contribution as

V (ϕ) = σ_ϕ 2 ϕ^2 +

N^2_c − 1 2 ∫ d^4p (2π)^4 ln det [ (1 − ρ^2)(p^2δ^{μν} − p^μp^ν ) + 1 λ p^μp^ν + δ^{μν} σ_ϕϕ ]

= σ_ϕ 2 ϕ^2 +

N^2_c − 1 2 ∫ d^4p (2π)^4 ln {[ (1 − ρ^2)p^2 + σ_ϕϕ

]_3 [

p^2 + λσ_ϕϕ ] /λ } . (4.2)

At λ = 0 (up to ϕ-independent constant), we obtain

V (ϕ) = σ_ϕ 2 ϕ^2 +

3(N^2_c − 1) 2 ∫ d^4p (2π)^4 ln 1 + σ_ϕ 1−ρ^2 ϕ

p^2 = σ_ϕ 2 ϕ^2 +

3(N^2_c − 1) 64π^2 ( σ_ϕ 1 − ρ^2 ϕ )_2 ln σ_ϕ 1−ρ^2 ϕ 4πμ^2 , (4.3)

where V (0) = 0. The first derivative reads

V^′(ϕ) =ϕ σ_ϕ + 3(N^2_c − 1) 64π^2 ( σ_ϕ 1 − ρ^2

)_2 + 3(N^2_c − 1) 32π^2 ( σ_ϕ 1 − ρ^2

)_2 ln σ_ϕ 1−ρ^2 ϕ 4πμ^2 . (4.4)

The stationary condition V^′(ϕ) = 0 has two solutions, ϕ = 0 or ϕ = ϕ_0 ≠ 0. See Fig. 7. Thus the absolute minimum of the potential is given at ϕ = ϕ_0

ϕ_0σ_ϕ/(1 − ρ^2) =4πμ^2 exp { − 32π^2 (1 − ρ^2)^2 3(N^2_c − 1)σ_ϕ − 1 2 }

=4πμ^2 exp { − N^2_c (N^2_c − 1)

(σ^2 − 1) σ^4

32π^2 9ĝ^2 − 1 2 } . (4.5)

Note that the right-hand-side has a finite value in the limit N_c → ∞. It turns out that σ^2 must be larger than one, σ^2 > 1. This result can be compared with the perturbative calculation of the effective potential to the three-loop order [46].

Now we estimate the order of the gluon mass by combining the above results with the lattice data. Using the beta function at one-loop level in the relationship of the trace anomaly ⟨0|T_μ^μ|0⟩ = β(α_s) 4α_s ⟨0|(F^A_{μν} )^2|0⟩ = πβ(α_s) 4α^2_s ⟨0| α_s π (F^A_{μν} )^2|0⟩ ∼= − 11N^c − 2N^f 24 ⟨0| α_s π (F^A_{μν} )^2|0⟩, (4.6)

9We use the same letters to denote the field obtained after the Legendre transformation.

Figure 7: The effective potential for the auxiliary field ϕ.

and the values of the gluon condensation of mass dimension 4 calculated on a lattice [47] ⟨0| α_s π (F^A_{μν} )^2|0⟩ = 0.152(GeV)^4(N_c = 2), 0.144(GeV)^4(N_c = 3) (4.7)

we obtain

⟨0|T_μ^μ|0⟩ = −0.1392(GeV)^4(N_c = 2), −0.1980(GeV)^4(N_c = 3) (4.8)

where we have put the flavor number N_f = 0.

The effective potential just obtained has the minimum at ϕ = ϕ_0:

V (ϕ_0) = −

3(N^2_c − 1)

128π^2 ( σ_ϕϕ_0 1 − ρ^2

)_2 = − 3(N^2_c − 1) 128π^2 m^4_A < 0. (4.9)

Supposing all the contribution to the vacuum energy comes only from the condensate ϕ_0, i.e.,

V (ϕ_0) ∼= 1 4 ⟨0|T_μ^μ|0⟩ = −0.0495(GeV)^4(for N_c = 3), (4.10)

we obtain the rough estimate of the effective gluon mass

m_A = √ σ_ϕϕ_0/(1 − σ^{−2}) = 1.27 GeV. (4.11)

This value does not depend on the specific choice of the parameters ρ and σ. The estimated value of the effective gluon mass is larger than the result: m_A = 0.6 GeV of numerical simulation on a lattice [41]. The vacuum condensate of mass dimension 2 is given by

|⟨g^2A^2_μ ⟩| =2g^2ϕ_0 = 2g^2

1 − ρ^2 σ_ϕ m^2_A = N_c 2σ^2 m^2_A . (4.12)

5 Static potential

We introduce the source J_{μν} of B_{μν} by modifying the identity (2.4) into 1 = ∫ DB_{μν} exp [ − ∫ d^4x 1 4 {B_{μν} − i^∗[ρ(∂_μA_ν − ∂_ν A_μ) + σg(A_μ × A_ν )] + J_{μν} }^2 ] . (5.1)

This leads to the source term 1 2 B_{μν} J^{μν} − i 2 ∗J^{μν} ρ(∂_μA_ν − ∂_ν A_μ) + 1 4 (J_{μν} )^2, (5.2)

and the modification of K^{AB}_{μν} into K^{AB}_{μν} → K^{AB}_{μν} − iσgf^{ABC∗}J^{μν C} .

In the similar way, we can introduce the source J^ϕ, J^G_{μν} , J^{φA}, J^{V A}_{μν} for the auxiliary field ϕ, G_{μν} , φ^A, V^A_{μν} . Then the source term is further modified by adding 1 2 J^ϕϕ + 1 4 J^ϕA_μ · A^μ + 1 2σ_ϕ (J^ϕ)^2 + 1 2 J^φ · φ + 1 4 J^φ · A_μ ⋆ A^μ + 1 2σ_φ (J^φ)^2 + 1 2 J^G_{μν} G^{μν} + 1 4 J^G_{μν} S^{μν} + 1 2σ_G (J^G_{μν} )^2 + 1 2 J^V_{μν} · V^{μν} + 1 4 J^V_{μν} · T^{μν} + 1 2σ_V (J^V_{μν} )^2. (5.3)

Thus, the introduction of the source terms for the auxiliary fields is equivalent to the replacement K^{AB}_{μν} →K^{AB}_{μν} − iσgf^{ABC ∗}J^{μν C} + 1 2 δ_{μν} δ^{AB}J^ϕ + 1 2 δ_{μν} d^{ABC} J^{φC} + 1 2 δ^{AB} ( J^G_{μν} − 1 4 δ_{μν} J^{Gρ}_ρ ) + 1 2 d^{ABC} ( J^G_{C μν} − 1 4 δ_{μν} J^G_C^ρ_ρ ) , (5.4)

and the addition of the terms

(5.2) + 1 2 J^ϕϕ + 1 2 J^φ · φ + 1 2 J^G_{μν} G^{μν} + 1 2 J^V_{μν} · V^{μν} + 1 2σ_ϕ (J^ϕ)^2 + 1 2σ_φ (J^φ)^2 + 1 2σ_G (J^G_{μν} )^2 + 1 2σ_V (J^V_{μν} )^2. (5.5)

The linear term in the gluon field A_μ appears only in the source term (5.2) of B_{μν} which is recast into the form ∫ d^4x 1 2 B_{μν} · J^{μν} − ∫ d^4xA_μ · J^μ, J_μ = −iρ∂^{ν∗}J_{μν} . (5.6) which cancels the original source term ∫ d^4xA_μ · J^μ for A_μ. The current J_μ defined by (5.6) satisfies the conservation law

∂^μJ_μ = 0. (5.7) due to antisymmetry of the tensor current, J_{μν} = −J_{νμ}. With the conservation law (5.7), the J_{μν} can be solved in terms of J_μ: J_{μν} = 1 iρ 1 n · ∂ ∗(n_μJ_ν − n_ν J_μ), (5.8)

where n^μ is a constant vector corresponding to a set of integration constants. Therefore, we can calculate the generating functional for the source J^μ for the original gluon field A_μ by making instead use of the antisymmetric tensor current source J^{μν} coupled to the antisymmetric tensor field B_{μν} via the relationship between two currents (5.8).

The integration over the field B_{μν} is performed as follows. ∫ DB_{μν} exp { − ∫ d^4x [ 1 2 ∗B^{μν A}(D^{AB}_{Bμν ,Bαβ} )^{−1∗}B^{αβB} + 1 2 ∗B^A_{μν}^∗J^{μν A} ]}

= exp { − ∫ d^4x −1 8 J^{μν A}D^{AB}_{Bμν ,Bαβ} J^{αβB} }

= exp { − ∫ d^4x 1 8ρ^2 D_{B,B} 2n^2 (n · ∂)^2 J^A_μ ( δ^{μν} − n^μn^ν n^2 ) J^A_ν }

= exp { − ∫ d^4k (2π)^4 −1 4ρ^2 D_{B,B}(k) n^2 (n · k)^2

J^A_μ (k) ( δ^{μν} − n^μn^ν n^2 ) J^A_ν (−k) } , (5.9) where D^{AB}_{Bμν ,Bαβ} = D_{B,B}δ^{AB}I_{μν,αβ}.

Figure 8: Two equivalent descriptions for calculating the static potential. (a) J^μ coupled to A_μ, (b) J^{μν} coupled to B_{μν} .

We consider a pair of opposite color charges Q^A and −Q^A located at x = a and x = b, respectively. In this case, the conserved current is given by J^A_μ (x) = Q^Aδ_{μ0}[δ^3(x − a) − δ^3(x − b)]. Using the Fourier transform J^A_μ (k) = Q^Aδ_{μ0}2πδ(k^0)(e^{−ik·a} − e^{−ik·b}), (5.10) we obtain ∫ d^4x −1 8 J^{μν A}(x)D^{AB}_{Bμν ,Bαβ} J^{αβB}(x) = 1 4ρ^2 Q^AQ^A ∫ dt ∫ d^3k (2π)^3 D_{B,B}(0, k) 1 (n · k)^2 (1 − e^{ik·r})(1 − e^{−ik·r} ), (5.11) where r := a − b is the relative vector between a pair of charges, and we have chosen n^μ = (0, n) with a unit vector n: |n| = 1. Therefore the static potential is calculated from the formula:

V_L(r) = σ^2 2 Q^AQ^A ∫ d^3k (2π)^3 D_{B,B}(0, k) 1 (n · k)^2

(1 − e^{−ik·r} ), (5.12)

where we have used D_{B,B}(0, −k) = D_{B,B}(0, k).

Substituting for D_{B,B}(0, k) the k^0 = 0 limit of the IR propagator (3.28):

D_{B,B}(k^2) = [ 1 2(σ^2 − 1) − ĝ^2 16π^2 σ^2 (1 − σ^{−2})^2 f_1 ]_{−1} M^2 { m^2 + k^2 + O(k^4) }_{−1} , m^2 :=M^2 [ 1 2(σ^2 − 1) − ĝ^2 16π^2 σ^2 (1 − σ^{−2})^2 f_1 ]_{−1} [ 1 2 − ĝ^2 16π^2 σ^2 (1 − σ^{−2})^2 f_0 ] , M^2 :=ϕ_0/(1 − σ^{−2}), (5.13)

into the above equation (5.12), we obtain the linear static potential as a function of r := |r| for r ≫ 1^{10}

V_L(r) = σ_{st}r, (5.14)

where the string tension σ_{st} (with an enhance factor) is given by

σ_{st} =σ^2 [ 1 (σ^2 − 1) − ĝ^2 8π^2 σ^2 (1 − σ^{−2})^2 f_1 ]_{−1} Q^AQ^A 8π M^2 ln ( 1 + Λ^2 m^2 )

=σ^4 [ 1 − ĝ^2 8π^2 σ^6 (σ^2 − 1) f_1 ]_{−1} Q^AQ^A 8π ϕ_0 ln ( 1 + Λ^2 m^2 ) , (5.15)

with Λ being the ultraviolet cutoff.^{11} In the classical limit σ ↓ 1, the string tension vanishes σ_{st} ↓ 0. The string tension is essentially proportional to the vacuum condensate ϕ_0. Thus, the non-vanishing string tension is generated from quantum effects.

This string tension has the very similar form to that obtained by making use of Abelian projection assuming the Abelian dominance [48,49] up to a numerical factor, as expected from the type-II dual superconductor.^{12} The constant vector n^μ was

10The vector n is chosen to be parallel to r by the axial symmetry of the system in question and the minimum energy condition. The method of calculations in what follows is the same as those of [48, 49]. See there references for the details of calculations.

11This UV divergence originates from the fact that the VEV ϕ_0(x) = ⟨ϕ(x)⟩ is a x-independent constant. In other words, the world sheet of the effective string connecting two color charges has no width. The presence of the UV cutoff Λ means that the string has a non-zero width of the order Λ^{−1}. See the next section.

12It should be remarked that we have used the Abelian-like expression for the current J_μ for defining the Wilson loop. To incorporate the full non-Abelian structure, we must use the non- Abelian Stokes theorem which enables us to rewrite the line integral in the non-Abelian Wilson loop into the surface integral over the surface whose boundary coincides with the Wilson loop. Such a calculation was performed in the previous paper [26]. In this case, only the maximal torus subgroup is responsible for the final result, even if we start from the Lorentz gauge. Thus we reproduce the dual superconductor picture.

introduced following the Zwanziger formulation [50] which allows the simultaneous existence of electric and magnetic charge. Under the Abelian projection, only the Abelian charges corresponding to the maximal torus group contribute to the string tension. In the Lorentz gauge, however, all the components of color charges Q^A contribute to the string tension. Thus the propagation of B_{μν} (B_{0i} in this case) gives rise to the linear potential. Incidentally, in order to know the potential V_L(r) for small r, we must use the UV asymptotic propagator of the form (3.30).

On the other hand, the original source term for the gluon field A_μ ∫ d^4x −1 2 J^A_μ [K_{μν} [ϕ_0]δ^{AB}]^{−1}J^B_ν = ∫ d^4x −1 2 J^A_μ [−(1 − ρ^2)∂^2 + ϕ_0]^{−1}J^A_μ , = −Q^AQ^A ∫ dt ∫ d^3k (2π)^3 1 (1 − ρ^2)k^2 + ϕ_0 1 2 (1 − e^{ik·r} )(1 − e^{−ik·r}), (5.16) yields the Yukawa-type potential (with an enhance factor due to σ):

V_Y (r) = −(1 − σ^{−2})^{−1} Q^AQ^A 4π e^{−M r} r , (5.17)

apart from an irrelevant constant. The Yukawa-type potential does not depend on n^μ and it is gauge-parameter independent due to the conservation law (5.7).

Here we comment the electric-magnetic dual picture of the Yang-Mills vacuum. The dual transformation (or Fourier transformation) can be used to transform the massive antisymmetric tensor field theory into another equivalent theory. It is well known [51] that in D-dimensional space-time, a massless antisymmetric tensor field of rank p (p-form) is dual to the (D − p − 2)-form, while a massive antisymmetric tensor field of rank p is dual to the (D − p − 1)-form. In fact, it is shown that the effective theory retained up to the quadratic terms in the massive Kalb-Ramond [52] field B_{μν} is dual to the massive vector field U_μ theory described by the dual Ginzburg-Landau (DGL) theory in the London limit. See [25, 26, 53] for details. Therefore, the quite similar situation to the dual superconductivity is realized in the Yang-Mills vacuum in the 1/N_c expansion and the the London limit corresponds to in the leading order of the expansion. To go beyond the London limit, it it necessary [25, 26] to incorporate the quartic term in B_{μν} which appears in the next-to-leading order of the 1/N_c expansion.

6 String representation

In the derivation of static potential in the previous section, we adopted a specific configuration for the color charges and introduced a constant vector n^μ. These shortcoming are avoided and we can derive more general result by means of the string representation of Yang-Mills theory as will be shown in what follows.

The trajectory C of the charge Q^A is parameterized by a parameter τ . Hence the current J^μ is written as

J^A_μ (x) = Q^A ∫ C dy_μ(τ )δ^4(x − y(τ )) = ∫ C dτ dy_μ(τ ) dτ δ^4(x − y(τ )). (6.1)

Let the trajectory be a loop C and let Σ be the surface whose boundary is C, i.e., ∂Σ = C. The surface Σ is parameterized by two parameters τ, σ. Then it is shown that the vorticity tensor current defined by

Θ^A_{μν} (x) :=Q^A ∫ ∫ Σ d^2S_{μν} (y(τ, σ))δ^4(x − y(τ, σ)) = ∫ ∫ Σ dτ dσ ∂(y_μ, y_ν ) ∂(τ, σ) δ^4(x − y(τ, σ)), (6.2)

satisfies the relationship ∂^ν Θ^A_{μν} (x) = J^A_μ (x). (6.3) The Θ^A_{μν} (x) has its support on the two-dimensional surface Σ, while the J^A_μ (x) has the support on the loop C in the four-dimensional target space x_μ. As in the previous section, we have the correspondence J^A_{μν} (x) = iρ^{−1 ∗}Θ^A_{μν} (x). (6.4) The contribution of the vorticity current is estimated as ∫ DB_{μν} exp { − ∫ d^4x [1 2 ∗B^{μν A}(D^{AB}_{Bμν ,Bαβ} )^{−1∗}B^{αβB} + 1 2 B^A_{μν} J^{μν A} ]}

= ∫ DB_{μν} exp { − ∫ d^4x [ 1 2 B^{μν A}(D^{AB}_{Bμν ,Bαβ} )^{−1}B^{αβB} + iρ^{−1} 2 B_{μν}^∗Θ^A_{μν} ]}

= exp { − ∫ d^4x ∫ d^4x^′ 1 8ρ^2 Θ^A_{μν} (x)D^{AB}_{Bμν,Bαβ} (x, x^′)Θ^B_{αβ}(x^′) }

= exp { − Q^2 8ρ^2 ∫ Σ d^2S_{μν} (x(σ)) ∫ Σ d^2S_{αβ}(x^′(σ^′))D_{Bμν ,Bαβ} (x(σ), x^′(σ^′)) } . (6.5)

The action in (6.5) describes the interaction between two surface-elements dS_{μν} and dS_{αβ} in the surface Σ spanned by the loop C. This expression (6.5) is the same as the non-local action for the vorticity tensor current, from which the string representation of the Wilson loop average in Yang-Mills theory was derived in [25,26] by using the method [27]. We can show

(6.5) = exp(−S_{cs}[x]), S_{cs} =σ_{st} ∫ Σ d^2σ √ g + α^{−1}_0 ∫ Σ d^2σ √ gg^{ab}∂_at_{μν} ∂_bt_{μν} + κ_t ∫ Σ d^2σ √ gR + · · · , (6.6a)

where

σ_{st} =σ^4 [ 1 − ĝ^2 8π^2 σ^6 (σ^2 − 1) f_1 ]_{−1} Q^AQ^A 8π ϕ_0 ln ( 1 + Λ^2 m^2 ) , (6.6b)

α^{−1}_0 = − π 2 Q^2(1 − σ^{−2})^2 < 0, (6.6c)

κ_t = π 3 Q^2(1 − σ^{−2})^2 > 0. (6.6d)

In the action (6.6a), the first term is the Nambu-Goto action, the second term is the rigidity term, and the third term is the intrinsic curvature term. See [25, 26] for the details of the calculation. The string theory just derived is nothing but the rigid string with a negative rigidity term proposed by Polyakov [28]. Thus we have shown that the vacuum condensate of mass dimension two gives a contribution to the non-vanishing string tension σ_{st} in the linear potential already in the leading order of 1/N_c expansion.

7 Conclusion and discussion

We have proposed an equivalent formulation of the Yang-Mills theory in which all the gluon self-interactions are absent. In other words, the gluon fields are at most quadratic in the new formulation and all the gluon fields can be integrated out exactly in the SU(N_c) Yang-Mills theory to obtain an equivalent formulation at the cost of introducing various auxiliary fields, i.e., an antisymmetric tensor B^A_{μν} , two symmetric tensors G_{μν} , V^A_{μν} , four Lorentz scalars ϕ, φ^A, ϕ_{F P} , φ^A_{F P} . Hence the resulting theory is written in terms of the seven auxiliary fields and the ghost C and antighost fields C̄ . Two of the auxiliary fields ϕ_{F P} , φA_{F P} are necessary only when the four-ghost interaction exists.

Then we have set up a new 1/N_c expansion on a non-trivial vacuum in which we have shown that one of the scalar field ϕ can acquire a non-vanishing vacuum expectation value ⟨ϕ⟩ ≡ ϕ_0 ≠ 0. This corresponds to the on-shell BRST-invariant vacuum condensate of mass dimension two [10, 11, 12] which reduces in the Landau gauge λ = 0 to the gluon pair condensation ⟨A^2_μ ⟩ ≠ 0. Once such type of Bose- Einstein condensation occurs, all the gluons acquire a common effective mass M. This behavior of the gluon propagator is consistent with the recent results of the Schwinger-Dyson equation [54] and the axiomatic approach [55].

In the condensed vacuum, all the auxiliary fields acquire their kinetic term and consequently become dynamical fields. We have given the Feynman rules of the 1/N_c expansion which give the propagators of gluon fields, auxiliary fields and (anti)ghost fields, and the interaction vertices among the gluon and other fields. The resulting theory is expected to be renormalizable in the scheme of the 1/N_c expansion just obtained. However, the detailed analyses of the renormalizability will be postponed to a subsequent paper.

The effective gluon mass has been estimated in the leading order by assuming that the vacuum energy is saturated by the vacuum condensate ϕ_0 alone. The obtained value is larger than the expected value due to numerical simulations on a lattice. This might suggest that we must go beyond the leading order or take into account other vacuum condensates. However, the result does not contradict with the experimental upper bound [43]. Moreover, the renormalization of the composite operator A^2_μ in the given 1/N_c expansion is to be investigated in future works.

As a by-product, the mass of the lightest scalar glueball mass to the gluon mass is obtained by performing the partial summation of the leading order diagrams of the 1/N_c expansion: M(0^{++} )/M = √ 6 ∼= 2.45 independently of the parameter σ. This value agrees with that of the potential model by Cornwall and Soni [39, 40]. In order to reproduce the expected mass of the glueball 0^{++}, i.e., M(0^{++} ) = 1.5 ∼ 1.7GeV, the gluon must acquire the mass M = 600 ∼ 700MeV in agreement with the numerical simulation on a lattice [41]. It is desirable to calculate the complete glueball spectrum in the future work.

The static quark potential calculated in the same approximation is expressed as a combination of the Yukawa type potential and the linear potential. The nonvanishing string tension is provided by the vacuum condensate of mass dimension two proposed by [10]. It is argued that the mixed gluon-ghost condensate as the VEV of the on-shell BRST invariant composite operator of mass dimension two [10] means the transverse gluon pair condensation of mass dimension 2, which is gaugeinvariant but nonlocal [12]. In the Maximal Abelian gauge, these results are consistent with the dual superconductor picture of QCD vacuum examined through the string representation [25, 26].

The obtained string tension σ_{st} depends on the parameter σ, just as the gluon mass M does. This result should be compared with the other large N results, e.g., the N = ∞ extrapolation of the SU(2) and SU(3) simulation results on the lattice [56]: M(0^{++} )/ √ σ_{st} ∼= 3.56 ± 0.18, · · · , or the light-front Hamiltonian approach of the transverse lattice gauge theory [57]: M(0^{++})/ √ σ_{st} ∼= 3.3 ± 0.2, · · · . In the phenomenological applications, the parameter σ and Λ (in the string tension) can be adjusted to reproduce the gluon mass M = 600 ∼ 700MeV and the string tension √ σ_{st} = 450MeV. By adopting these values as inputs, one can calculate the complete glueball spectrum and other physical quantities.

It is also interesting to study the fate of the pair condensation in relation with deconfinement, if the sufficient number N_f of quark flavors are incorporated into the theory. It is interesting to confirm whether or not the pair condensation disappears above a critical number of quark flavors [5]. Some phenomenological consequences due to the vacuum condensate of mass dimension two were discussed also in the papers [58].

Note added: After having submitted this paper to e-Print archive, the author was informed that some similar results were previously obtained on the relation among the condensate of dimension 2, the gluon condensate and the mass of the dual gluon, which is related to the glueball [61] (but just inside two models, i.e., stochastic vacuum model [59] and dual long-distance QCD [60], and not with a complete theory derivation as this paper). The author would like to thank Nora Brambilla for sending this information.

A Cancellation of divergence and renormalization

First, we focus on the divergence in 1 3(σ^2 − 1)ĝ^2 ϕ_0 + 1 2 tr(K^{−1}_{μν} [ϕ_0]). (A.1)

The dimensional regularization yields ∫ d^Dk (2π)^D 1 [k^2 + Φ_0]^α = Γ(α −^D_2 ) (4π)^{D/2}Γ(α)

(Φ_0)^{−α+ D2} =

Γ(ϵ − 2 + α) (4π)^{2−α−ϵ} (Φ_0)^{2−α−ϵ}, (A.2)

where ϵ := 2 − D/2. Defining Φ_0 := ϕ_0/(1 − ρ^2) and λ̃ := (1 − ρ^2)λ, we have

(1 − ρ^2)tr(K^{−1}_{μν} [ϕ_0]) = ∫ d^Dk (2π)^D [ D − 1 k^2 + Φ_0 + λ̃ k^2 + λ̃Φ_0 ]

= Γ(ϵ − 1) (4π)^{2−ϵ} Φ_0[D − 1 + λ̃^{2−ϵ}](Φ_0)^{−ϵ} = Φ_0 (4π)^2

[−ϵ̄^{−1}(D − 1 + λ̃^2) + (D − 1 + λ̃^2)(ln Φ_0 − 1) + λ̃^2 ln λ̃ + O(ϵ)], (A.3) where we have defined ϵ̄^{−1} := ϵ^{−1} − γ + ln(4π) and used the Laurent expansion of the Gamma function Γ(ϵ − 1) = −ϵ^{−1} + γ − 1 + O(ϵ). Then we obtain 1 2 tr(K^{−1}_{μν} [ϕ_0]) =(1 − ρ^2)^{−2} ϕ_0 2(4π)^2 [ − D − 1 + λ̃^2 ϵ̄ + (D − 1 + λ̃^2) ( ln ϕ_0 1 − ρ^2 − 1 ) + λ̃^2 ln λ̃ + O(ϵ) ] . (A.4)

Therefore, the logarithmic divergence of the second term should be absorbed into the first term,

divergent part of 1 3(σ^2 − 1)ĝ^2 ϕ_0 − (1 − ρ^2)^{−2} ϕ_0 2(4π)^2

D − 1 + λ̃^2 ϵ̄ = 0. (A.5)

Next, in order to calculate the divergent part in the second term of 1 3(σ^2 − 1)ĝ^2 − 1 2 ∫ d^Dp (2π)^D

K^{−1}_{μν} [p; ϕ_0]K^{−1}_{νμ} [p + k; ϕ_0], (A.6)

we put k = 0. Then, using the integration formula (A.2), the second term reads

(1 − ρ^2)^2tr(K^{−1}_{μν} [ϕ_0]K^{−1}_{μν} [ϕ_0]) = ∫ d^Dk (2π)^D [ D − 1 (k^2 + Φ_0)^2 + λ̃ (k^2 + λ̃Φ_0)^2 ]

= Γ(ϵ) (4π)^{2−ϵ} (Φ_0)^{−ϵ}[D − 1 + λ̃^{2−ϵ}] = 1 (4π)^2

[ϵ̄^{−1}(D − 1 + λ̃^2) − (D − 1 + λ̃^2) ln Φ_0 − λ̃^2 ln λ̃ + O(ϵ)], (A.7)

where we have used Γ(ϵ) = ϵ^{−1} − γ + O(ϵ). Therefore, the logarithmic divergence of the second term is cancelled with that of the first term^1_{3(σ2−1)} ,

divergent part of 1 3(σ^2 − 1)ĝ^2

− (1 − σ^{−2})^{−2} 1 2(4π)^2

D − 1 + λ̃^2 ϵ̄ = 0, (A.8)

provided that the relation (A.5) is satisfied. Therefore, the auxiliary field propagator D~_ϕ~_ϕ(k^2) has the well-defined finite UV expression.

In order to absorb the divergent part in the relation (A.5), we perform the renormalization. We introduce the renormalization factor Z_σ by σ = Z_σ σ_R to absorb the divergence in such a way that

divergent part of 1 3(Z^2_σ σ^2_R − 1) = Z^4_σ σ^4_R (Z^2_σ σ^2_R − 1)^2 ĝ^2 2(4π)^2

D − 1 + λ̃^2 ϵ̄ . (A.9)

Taking into account Z_σ = 1 + Z^{(1)}_σ + · · · and 1 3(Z^2_σ σ^2_R − 1) = 1 3(σ^2_R − 1)

− Z^{(1)}_σ

2σ^2_R 3(σ^2_R − 1)^2

+ · · · , (A.10) the renormalization factor is determined as

Z^{(1)}_σ = − 3 4 μ^{−2ϵ}ĝ^2 (4π)^2 σ^2_R

D − 1 + λ̃^2 ϵ̄ , (A.11)

where we have introduced the renormalization scale μ to render the coupling constant dimensionless for arbitrary D. The RG function is calculated as

γ_σ := 1 2 μ ∂σ_R ∂μ = − 1 2 σ_R ∂ ln Z_σ ∂ ln μ ∼= −1 2 σ_R ∂Z^{(1)}_σ ∂ ln μ = − 3 4 ĝ^2 (4π)^2 σ^3_R(D − 1 + λ̃^2) < 0.

(A.12)

This implies that σ_R increases as μ decreases. This tendency is favorable to our choice σ^2_R > 1. The explicit solution σ_R of this equation for D = 4 and λ̃ = 0 is given as

σ_R(μ) = σ_R(μ_0) [ 1 + σ_R(μ_0) 27 22 ĝ^2 ln ln μ/Λ ln μ_0/Λ ]_{−1} ∼= 22 27 ĝ^{−2} [ ln ln μ/Λ ln μ_0/Λ ]_{−1} , (A.13)

by making use of the one-loop expression of the running coupling constant [11]. This equation is valid when Λ ≪ μ < μ_0, i.e., for small ’t Hooft coupling ĝ^2. Note that the N_c dependence enters in this expression through the ’t Hooft coupling ĝ^2.

At a certain value of μ, say, μ_0, we can choose an arbitrary value of σ_R, say, σ_0 := σ_R(μ_0). Then the value of σ_R(μ) at another point μ is calculated according to the RG equation. Here the initial value ρ_R(μ_0) of ρ_R(μ) at μ = μ_0 must be tuned so that ρ_R(μ) = σ^{−1}_R (μ) at the desired value of μ, since the gluon self-interactions are eliminated only when this relation is satisfied. In the 1/N_c expansion, the magnitude of ’t Hooft coupling ĝ^2 can not be specified, although it is expected to be small in our treatment.

B Calculation of loop integrals

The dimensional regularization in the modified minimal subtraction scheme (MS) (ϵ̄^{−1} := 2/(4 − D) − γ_E + ln 4π) leads to the following results in the Euclidean formulation. In following equations, k^2 denotes the Euclidean momentum squared. The corresponding expression in the Minkowski region is obtained by k^2 → −k^2 below the threshold k^2 < 4M^2. It is possible to obtain the full expression for arbitrary λ. But it is quite complicated and long. Hence we write down two special but important cases explicitly.

(1) In the Landau gauge λ = 0: Π^{AB}_{μν,αβ} (k) =δ^{AB} g^2N_c 16π^2 σ^2 (1 − ρ^2)^2 I_{μν,αβ} ϵ^{−1} 1 2 − 17 18 + 1 2 ln M^2 μ^2 − 5 18 k^2 M^2 + 1 2 M^2 k^2 + 1 6 (k^2 − 2M^2) k^2 √ 1 + 4M^2 k^2 ln √ 1 +^{4M 2}_{k2} + 1 √ 1 +^{4M 2}_{k2} − 1 + 1 6 (k^2 + M^2)^3 k^4M^2 ln ( 1 + k^2 M^2 ) + 1 2 (I − P )_{μν,αβ} [...] , (B.1) where M^2 := ϕ_0/(1 − ρ^2) and we have introduced P_{μν,αβ} := 1 2 (P^T_{μα}P^T_{νβ} − P^T_{μβ} P^T_{να}), P^T_{μν} := δ_{μν} − k_μk_ν k^2

. (B.2)

In the large momentum k^2 region, on the other hand, the propagator reads Π^{AB}_{μν,αβ}(k) = δ^{AB} g^2N_c 16π^2 σ^2 (1 − ρ^2)^2 I_{μν,αβ} [ ϵ^{−1} 1 2 + k^2 M^2 ( 1 6 ln k^2 M^2 − 5 18 )

− 7 9 + 1 2 ln M^2 μ^2 + 2 3 ln k^2 M^2

+ O(1/k^2) ] . (B.3)

Here we have used the following properties of the projection operator I_{μν,αβ} : I_{μν,αβ} = − I_{νμ,αβ} = I_{αβ,μν} = −I_{μν,βα}, (B.4a) I_{μν,ρσ} I_{ρσ,αβ} =I_{μν,αβ}, (B.4b) k^{ρ1} I_{μν,ρ1 σ}k^{ρ2} I_{αβ,ρ2σ} = 1 4 (k_μk_αδ_{νβ} − k_μk_β δ_{να} − k_ν k_αδ_{μβ} + k_ν k_β δ_{μα}) = 1 2 k^2(I − P )_{μν,αβ} , (B.4c) I_{μν,αβ}B^{αβ} =B_{μν} , B^{μν} I_{μν,αβ} = B_{αβ} , (B.4d) for an arbitrary antisymmetric tensor B_{μν} .

(2) In the Feynman gauge λ = 1: Π^{AB}_{μν,αβ}(k) =δ^{AB} g^2N_c 16π^2 σ^2 (1 − ρ^2)^2 I_{μν,αβ} ϵ^{−1} − 10 9 + ln

M^2 μ^2 − 5 18 k^2 M^2 + 2 3 M^2 k^2 + 1 12 (2k^2 − M^2)

M^2 ( 1 + 4M^2 k^2 )_{3/2} ln √ 1 +^{4M 2}_{k2} + 1 √ 1 +^{4M 2}_{k2} − 1 + 1 2 (I − P )_{μν,αβ} [...] , (B.5)

In the large momentum k^2 region, on the other hand, the propagator reads Π^{AB}_{μν,αβ}(k) = δ^{AB} g^2N_c 16π^2 σ^2 (1 − ρ^2)^2 I_{μν,αβ} [ ϵ^{−1} + k^2 M^2 ( 1 6 ln k^2 M^2 − 5 18 )

− 7 9 + ln

M^2 μ^2 + 11 12 ln k^2 M^2

+ O(1/k^2) ] . (B.6)

For more details of the calculations, see [25].

Acknowledgments

The author would like to thank Nora Brambilla and John Field for sending valuable comments, Hideo Suganuma for giving valuable comments on this paper and Toru Shinohara for pointing out careless errors in the original version. This work is supported by Sumitomo Foundations, Grant-in-Aid for Scientific Research (C)14540243 from Japan Society for the Promotion of Science (JSPS), and in part by Grant-in-Aid for Scientific Research on Priority Areas (B)13135203 from The Ministry of Education, Culture, Sports, Science and Technology (MEXT).

References

[1] C.N. Yang and R.L. Mills, Conservation of isotopic spin and isotopic gauge invariance, Phys. Rev. 96, 191–195 (1954).

[2] R. Fukuda and T. Kugo, Dynamical theory of the Yang-Mills fields. I — Instability of the vacuum and singlet pair condensation—, Prog. Theor. Phys. 60, 565–583 (1978).

[3] R. Fukuda, Dynamical theory of the Yang-Mills fields. II — Massive phase in covariant formalism —, YITP Preprint, RIFP-300, 1977, unpublished.

[4] R. Fukuda, Tachyon bound state in Yang-Mills theory and instability of the vacuum, Phys. Lett. B 73, 33–38 (1978).

[5] V.P. Gusynin and V.A. Miransky, On the vacuum rearrangement in massless chromodynamics, Phys. Lett. B 76, 585–588 (1978).

[6] J. Smit, Possibility that massless Yang-Mills fields generate massive vector particles, Phys. Rev. D 10, 2473–2490 (1974).

[7] E.J. Eichten and F.L. Feinberg, Dynamical symmetry breaking of non-Abelian gauge symmetries, Phys. Rev. D 10, 3254–3279 (1974).

[8] S.-H. Tye, E. Tomboulis and Poggio, Dynamical symmetry breaking in no- Abelian gauge field theories, Phys. Rev. D 11, 2839–2855 (1975).

[9] J.M. Cornwall, Dynamical mass generation in continuum quantum chromodynamics, Phys. Rev. D26, 1453–1478 (1982).

J.M. Cornwall and J. Papavassiliou, Gauge-invariant three-gluon vertex in QCD, Phys. Rev. D40, 3474–3485 (1989).

J.M. Cornwall and J. Papavassiliou, Coupled fermion gap and vertex equations for chiral symmetry breakdown in QCD, Phys. Rev. D 44, 1285–1297 (1991).

[10] K.-I. Kondo, Vacuum condensate of mass dimension 2 as the origin of mass gap and quark confinement, [hep-th/0105299], Phys. Lett. B 514, 335–345 (2001).

[11] K.-I. Kondo, T. Murakami, T. Shinohara and T. Imai, Renormalizing a Becchi–Rouet–Stora–Tyutin-invariant composite operator of mass dimension 2 in Yang–Mills theory, [hep-th/0111256], Phys. Rev. D 65, 085034 (2002).

[12] K.-I. Kondo, A physical meaning of the mixed gluon–ghost condensate of mass dimension two, [hep-th/0306195], Phys. Lett. B (2003), to appear.

[13] A. D’adda, M. Lüscher and P. Di Vecchia, A 1/n expandable series of non-linear σ models with instantons, Nucl. Phys. B 146, 63–76 (1978).

[14] B. Rosenstein, B.J. Warr and S.H. Park, Four-fermion theory is renormalizable in 2+1 dimensions, Phys. Rev. Lett. 62, 1433–1436 (1989).

B. Rosenstein, B.J. Warr and S.H. Park, Dynamical symmetry breaking in fourfermion models, Phys.Rept. 205, 59–108 (1991).

W. Chen, Y. Makeenko and G.W. Semenoff, Four-fermion theory and the conformal bootstrap, [hep-th/9301069], Ann. Phys. 228, 341–364 (1993).

[15] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B 72, 461–473 (1974).

[16] Y. Makeenko, Large-N gauge theories, hep-th/0001047.

Y. Makeenko, Methods of Contemporary Gauge Theory (Cambridge Univ. Press, Cambridge, 2003).

A.V. Manohar, LARGE N QCD, [hep-ph/9802419], in Probing the standard model of particle interactions, pp.1091-1169, Les Houches Summer School in Theoretical Physics, Session 68, France, 28 Jul - 5 Sep 1997 (North-Holland, Amsterdam, 2000).

S. Coleman, Aspects of symmetry, Selected Erice lectures, (Cambridge Univ. Press, 1985).

G. ’t Hooft, Large N, hep-th/0204069.

[17] K.-I. Kondo, in preparation.

[18] M. Quandt and H. Reinhardt, Field strength formulation of SU(2) Yang-Mills theory in the maximal abelian gauge: perturbation theory, [hep-th/9707185], Int.J.Mod.Phys. A13, 4049–4076 (1998).

[19] K.-I. Kondo, Abelian-projected effective gauge theory of QCD with asymptotic freedom and quark confinement, [hep-th/9709109], Phys. Rev. D 57, 7467–7487 (1998).

K.-I. Kondo, [hep-th/9803063], Prog. Theor. Phys. Supplement, No. 131, 243– 255.

[20] K.-I. Kondo and T. Shinohara, Renormalizable Abelian-projected effective gauge theory derived from quantum chromodynamics, [hep-th/0005125], Prog. Theor. Phys. 105, 649–665 (2001).

T. Shinohara, Renormalizable Abelian-projected effective gauge theory derived from quantum chromodynamics. II, [hep-th/0105262], Mod. Phys. Lett. A 18, 1398–1412 (2003).

[21] S. Deguchi and Y. Kokubo, Abelian Projection of Massive SU(2) Yang-Mills Theory, hep-th/0302141, Mod. Phys. Lett. A, to appear.

[22] A.J. Macfarlane, A. Sudbery and P.H. Weisz, On Gell-Mann’s λ-matrices, dand f-tensors, octets, and parametrizations of SU(3), Commun. Math. Phys. 11, 77-90 (1968).

[23] Ph. Boucaud, A. Le Yaouanc, J.P. Leroy, J. Micheli, O. Pene and J. Rodriguez- Quintero, Consistent OPE description of gluon two- and three-point Green functions?, [hep-ph/0008043], Phys. Lett. B 493, 315–324 (2000). Ph. Boucaud, A. Le Yaouanc, J.P. Leroy, J. Micheli, O. Pene and J. Rodriguez- Quintero, Testing the Landau gauge operator product expansion on the lattice with a ⟨A^2⟩ condensate, [hep-ph/0101302], Phys. Rev. D 63, 114003 (2001).

[24] F.V. Gubarev, L. Stodolsky and V.I. Zakharov, On the significance of the vector potential squared, [hep-th/0010057], Phys. Rev. Lett. 86, 2220–2222 (2001). F.V. Gubarev and V.I. Zakharov, Emerging phenomenology of ⟨A^2_{min}⟩, [hep-ph/0010096], Phys. Lett. B 501, 28–36 (2001).

[25] K.-I. Kondo, Dual superconductivity, monopole condensation and confining string in low-energy Yang-Mills theory, Part I, hep-th/0009152.

[26] K.-I. Kondo and T. Imai, A Confining String Theory Derivable from Yang-Mills Theory due to a Novel Vacuum Condensate, hep-th/0206173.

[27] D. Antonov, String nature of confinement in (non-) Abelian gauge theories, [hep-th/9909209], Surveys High Energ. Phys. 14, 265–355 (2000).

[28] A.M. Polyakov, Confining strings, [hep-th/9607049], Nucl. Phys. B 486, 23-33 (1997).

[29] G. Curci and R. Ferrari, On a class of lagrangian models for massive and massless Yang–Mills fields, Nuovo Cimento 32A, 151–168 (1976). G. Curci and R. Ferrari, The unitarity problem and the zero-mass limit for a model of massive Yang–Mills theory, Nuovo Cimento 35A, 1–14 (1976), Erratum: ibid. A47, 555 (1978).

[30] L. Baulieu and J. Thierry-Mieg, The principle of BRS symmetry: An alternative approach to Yang–Mills theories, Nucl. Phys. B 197, 477–508 (1982).

[31] L. Baulieu, Perturbative gauge theories, Phys. Reports 129, 1–74 (1985).

[32] R. Delbourgo and P.D. Jarvis, Extended BRS invariance and OSP(4/2) supersymmetry, J. Phys. A: Math. Gen. 15, 611–625 (1982).

R. Delbourgo, S. Twisk and G. Thompson, Massive Yang–Mills theory: renormalizability versus unitarity, Intern. J. Mod. Phys. A3, 435 (1988). T. Hurth, Higgs-free massive nonAbelian gauge theories, [hep-th/9511176], Helv. Phys. Acta 70, 406 (1997).

[33] L.D. Faddeev and A.A. Slavnov, Gauge Fields: Introduction to Quantum Theory (Benjamin/Cummings Publishing Co., Reading, 1980).

[34] M.B. Halpern, Field-strength formulation of quantum chromodynamics, Phys.

Rev. D 16, 1798–1801 (1977).

[35] F. Fucito, M. Martellini and M. Zeni, The BF formalism for QCD and quark confinement, [hep-th/9605018], Nucl. Phys. B496, 259–284 (1997). M. Martellini and M. Zeni, Feynman rules and β-function for the BF Yang-Mills theory, [hep-th/9702035], Phys. Lett. B401, 62–68 (1997).

A.S. Cattaneo, P. Cotta-Ramusino, F. Fucito, M. Martellini, M. Rinaldi, A. Tanzini and M. Zeni, Four-dimensional Yang-Mills theory as a deformation of topological BF theory, [hep-th/9705123], Commun. Math. Phys. 197, 571-621 (1988).

[36] K.-I. Kondo, Yang-Mills theory as a deformation of topological field theory, dimensional reduction and quark confinement, [hep-th/9801024], Phys. Rev. D 58, 105019 (1998).

[37] M. Lavelle and D. McMullan, Perturbative and non-perturbative quarks and gluons, [hep-th/9403147], Phys. Lett. B 329, 68–74 (1994).

M. Lavelle and D. McMullan, Constituent quarks from QCD, [hep-ph/9509344], Phys. Rept. 279, 1–65 (1997).

[38] K.-I. Kondo, T. Murakami and T. Shinohara, in preparation.

[39] J.M. Cornwall and A. Soni, Glueballs as bound states of massive gluons, Phys.

Lett. B 120, 431–435 (1983).

W.S. Hou and A. Soni, Low lying bound states of three gluons: their spectrum, production and decay properties, Phys. Rev. D 29, 101–109 (1984).

[40] W.S. Hou, C.S. Luo and G.G. Wong, Glueball states in a constituent gluon model, [hep-ph/0101146], Phys. Rev. D 64, 014028 (2001).

W.S. Hou and G.G. Wong, The glueball spectrum from a potential model, [hep-ph/0207292], Phys. Rev. D 67, 034003 (2003).

[41] D.B. Leinweber, J.I. Skullerud, A. Williams and C. Parrinello, Asymptotic scaling and infrared behavior of the gluon propagator, [hep-lat/9811027], Phys. Rev. D 60, 094507 (1999).

K. Langfeld, H. Reinhardt and J. Gattnar, Gluon propagators and quark confinement, [hep-lat/0107141] Nucl. Phys. B621, 131–156 (2002). C. Alexandrou, Ph. de Forcrand and E. Follana, Gluon propagator without lattice Gribov copies on a finer lattice, [hep-lat/0112043], Phys. Rev. D 65, 114508 (2002).

[42] C.J. Morningstar and M. Peardon, Glueball spectrum from an anisotropic lattice study, [hep-lat/9901004], Phys. Rev. D 60, 034509 (1999). C.J. Morningstar and M. Peardon, Efficient glueball simulations on anisotropic lattices, [hep-lat/9910007], Phys. Rev. D56, 4043–4061 (1997).

[43] J.H. Field, Phenomenological analysis of gluon mass effects in inclusive radiative decays of the J/ψ and Υ, [hep-ph/0101158], Phys. Rev. D 66, 013013 (2002). M. Consoli and J.H. Field, Effective gluon mass and the determination of α_s from J/ψ and Υ branching ratios, Phys. Rev. D 49, 1293-1301 (1994).

[44] D.B. Leinweber, J.I. Skullerud, A.G. Williams and C. Parrinello, Asymptotic scaling and infrared behavior of the gluon propagator, [hep-lat/9811027], Phys. Rev. D 60, 094507 (1999).

[45] I.I. Kogan and A. Kovner, Variational approach to the QCD wave functional:

dynamical mass generation and confinement, [hep-th/9408081], Phys. Rev. D 52, 3719-3734 (1995).

[46] H. Verschelde, K. Knecht, K. Van Acoleyen and M. Vanderkelen, The nonperturbative groundstate of QCD and the local composite operator A^2_μ, [hep-th/0105018], Phys. Lett. B 516, 307–313 (2001).

D. Dudal, H. Verschelde, V.E.R. Lemes, M.S. Sarandy, S.P. Sorella and M. Picariello, Gluon–ghost condensate of mass dimension 2 in the Curci–Ferrari gauge, hep-th/0302168.

R.E. Browne and J.A. Gracey, Two loop effective potential for ⟨A^2⟩ in the Landau gauge in quantum chromodynamics, hep-th/0306200.

[47] E.M. Ilgenfritz, Field strength correlators in the instanton liquid, pp.193-202, in the proceedings of International Symposium on Quantum Chromodynamics and Color Confinement (Confinement 2000), Osaka, Japan, 7-10 Mar 2000, ed. by H. Suganuma, M. Fukushima and H. Toki (World Scientific, Singapore, 2001).

[48] T. Suzuki, A Ginzburg-Landau type theory of quark confinement, Prog. Theor.

Phys. 80, 929–934 (1988).

S. Maedan and T. Suzuki, An infrared effective theory of quark confinement based on monopole condensation, Prog. Theor. Phys. 81, 229–240 (1989). T. Suzuki, Abelian confinement mechanism in QCD, Prog. Theor. Phys. 81, 752–757 (1989).

[49] H. Suganuma, S. Sasaki and H. Toki, Color confinement, quark pair creation and dynamical chiral-symmetry breaking in the dual Ginzburg-Landau theory, [hep-ph/9312350], Nucl. Phys. B 435, 207–240 (1995).

[50] D. Zwanziger, Local Lagrangian quantum field theory of electric and magnetic charges, Phys. Rev. D3, 880–891 (1971)

[51] H. Kawai, A dual transformation of the Nielsen-Olesen model, Prog. Theor.

Phys. 65, 351–364 (1981).

P. Orland, Instantons and disorder in antisymmetric tensor gauge fields, Nucl. Phys. B 205 [FS5], 107–118 (1982).

[52] M. Kalb and P. Ramond, Classical direct interstring action, Phys. Rev. D 9, 2273-2284 (1974).

[53] S. Deguchi and Y. Kokubo, Quantization of massive Abelian antisymmetric tensor field and linear potential, [hep-th/0204087], Mod. Phys. Lett. A 17, 503– 516 (2002).

[54] J.C.R. Bloch, Two-loop improved truncation of the ghost-gluon Dyson- Schwinger equations: multiplicative renormalizable propagators and nonperturbative running coupling, hep-ph/0303125.

R. Alkofer, C.S. Fischer, H. Reinhardt and L. von Smekal, On the infrared behavior of gluons and ghosts in ghost–antighost symmetric gauges, [hep-th/0304134], Phys. Rev. D, to appear.

[55] K.-I. Kondo, Implications of analyticity to mass gap, color confinement and infrared fixed point in Yang-Mills theory, hep-th/0303251.

[56] M.J. Teper, Glueball masses and other physical properties of SU(N) gauge theories in D=3+1: a review of lattice results for theorists, hep-th/9812187. M.J. Teper, Physics from the lattice: glueballs in QCD; topology; SU(N) for all N, hep-lat/9711011.

[57] S. Dalley and B. van de Sande, Glueball calculations in large-N_c gauge theory, [hep-th/9810236], Phys.Rev.Lett. 82, 1088–1091 (1999) S. Dalley and B. van de Sande, Transverse lattice approach to light front Hamiltonian QCD, hep-th/9806231 Phys.Rev. D59, 065008 (1999).

[58] J.J. Yang, H.Q. Shen, G.L. Li, T. Huang and P.N. Shen, Nonperturbative corrections of quark and gluon condensates to QCD inspired quark potentials, Eur. Phys. J. C 7, 279–288 (1999).

I. Schmidt and J.J. Yang, QCD condensate contributions to the effective quark potential in a covariant gauge, [hep-ph/9903281], Phys. Rev. D 60, 114005 (1999).

L.S. Celenza and C.M. Shakin, Description of the gluon condensate, Phys. Rev. D 34, 1591–1600 (1986).

L.S. Celenza, C.-R. Ji and C.M. Shakin, Coherent-state representation for the QCD ground state, Phys. Rev. D 36, 895–901 (1987).

[59] H.G. Dosch, Gluon condensate and effective linear potential, Phys. Lett. B 190, 177–181 (1987).

H.G. Dosch and Yu.A. Simonov, The area law of the Wilson loop and vacuum field correlators, 205, 339–344 (1988).

[60] M. Baker, J.S. Ball and F. Zachariasen, Dual long distance QCD, Phys. Rev.

D 37, 1036–1063 (1988). Erratum-ibid. D37, 3785 (1988).

M. Baker, J.S. Ball and F. Zachariasen, Dual QCD: A review, Phys. Rept. 209, 73–127 (1991).

[61] M. Baker, N. Brambilla, H.G. Dosch and A. Vairo, Field strength correlators and dual effective dynamics in QCD, [hep-ph/9802273], Phys. Rev. D 58, 034010 (1998).