arXiv:hep-th/0307276 v2 23 Sep 2003

hep-th/0307276

Solvable Models of Domain Walls in N = 1 Supergravity

Minoru Eto^∗ and Norisuke Sakai^† Department of Physics, Tokyo Institute of Technology, Oh-okayama, Meguro, Tokyo 152-8551, Japan (Dated: September 23, 2003)

A class of exactly solvable models of domain walls are worked out in D = 4 N = 1 supergravity. We develop a method to embed globally supersymmetric theories with exact BPS domain wall solutions into supergravity, by introducing a gravitationally deformed superpotential. The gravitational deformation is natural in the spirit of maintaining the Kähler invariance. The solutions of the warp factor and the Killing spinor are also obtained. We find that three distinct behaviors of warp factors arise depending on the value of a constant term in the superpotential : exponentially decreasing in both sides of the wall, flat in one side and decreasing in the other, and increasing in one side and decreasing in the other. Only the first possibility gives the localized massless graviton zero mode. Models with multi-walls and models with runaway vacua are also discussed.

PACS numbers: 04.65.+e,11.25.-w,11.27.+d,11.30.Pb TIT/HEP-505

I. INTRODUCTION

The domain wall has been an interesting subject in many areas of physics, such as particle physics, cosmology and the condensed matter physics. In particle physics, the recently developed brane-world models [1]– [3] give a new motivation to study domain walls. On the other hand, supersymmetry (SUSY) has been most useful to build unified models beyond the standard model [4] and helps to construct domain walls. Configurations preserving part of SUSY are called Bogomolo’nyi-Prasad- Sommerfield (BPS) configurations [5, 6], which automatically give solutions of equations of motion with minimum energy for the given boundary conditions.

Exact solutions are useful to understand solitons such as domain walls. There have been a number of works to obtain exact solutions in models with global SUSY. In N = 1 SUSY models, exact solutions for a single wall are abundantly available [7], and also for two-wall solutions with a moduli parameter in a model with two chiral scalar fields [8, 9]. Interesting dynamics of multi-walls in this model are also discussed [10, 11]. Even in N = 2 SUSY models (with eight SUSY), exact single wall solution [12, 13] as well as exact multi-wall solutions have been constructed [12]. Exact solutions of domain-wall junctions have also been found for N = 1 models [14, 15] and for N = 2 models [16].

On the other hand, it has been difficult to obtain exact solutions in supergravity (SUGRA), because of highly non-linear nature of gravity. Many attempts revealed useful qualitative features of domain walls in SUGRA theories in four- and five-dimensions [17]–[30]. Recently, exact domain wall solutions in SUGRA with a smooth limit of weak gravity have been found in several models : a periodic model in N = 1 SUGRA in four-dimensions

∗Electronic address: meto@th.phys.titech.ac.jp †Electronic address: nsakai@th.phys.titech.ac.jp

[27], and T^∗CP^n models in N = 2 SUGRA in fivedimensions [29, 30]. Interestingly, the scalar field configurations in all these SUGRA solutions are found to be exactly the same as the known solution in global SUSY models (the limit of the vanishing gravitational coupling).

The purpose of this paper is to propose a general method to find exact solutions of domain wall in SUGRA models. Inspired by the exact solutions in the above models [27, 29, 30], we find conditions to preserve the scalar field configurations of the exact solutions in global SUSY models when they are embedded into SUGRA. Namely, we require that the scalar field configurations be unchanged when we find the distortion of the spacetime together with the backreaction by solving the nonlinear field equations of SUGRA with matter. Thus we obtain the necessary gravitational deformations to the superpotential.

In general the SUSY vacua in global SUSY theories change when the theory is coupled to SUGRA due to gravitational effects. This is one of the reasons which prevent us from obtaining the exact domain wall solutions. Therefore our main strategy is that we require gravitational deformations of the superpotential when it is embedded into SUGRA so that the SUSY vacua remain unchanged. As a result, we find that the modified superpotential gives us precisely the same equation for the scalar field as the one in the global SUSY theory. Therefore we obtain the solution for the scalar field configuration which is identical to the global SUSY theory. Once we obtain the exact domain wall solutions, we can also find the distortion of the spacetime by solving the equations for the spacetime metric. We can also obtain the Killing spinor corresponding to the conserved SUSY.

In Sec.II we briefly review domain walls in SUGRA and discuss the deformation of the superpotential which maintains the wall configuration identical to the global SUSY case. A number of interesting models with exact BPS solutions are described in Sec.III. The zero modes and the warp factor are discussed in Sec.IV. Sec.V is devoted to concluding remarks.

II. DOMAIN WALLS IN N = 1 SUGRA

A. Notations

We consider n chiral multiplets (ϕ^i, χ^i_α) coupled to the gravity multiplet (e_m^a, ψ_m^α) with the Kähler potential K(ϕ, ϕ^∗) and the superpotential P_{lc}(ϕ) in four dimensions. In order to distinguish the superpotential in the SUGRA theories from that in the global SUSY theories, we denote the superpotential in the local SUSY (SUGRA) as P_{lc} and the superpotential in the global SUSY theories as P_{gl}. The local Lorentz vector indices are denoted by letters with the underline as a, and the vector indices transforming under general coordinate transformations are denoted by Latin letters as m, n = 0, 1, 2, 3. The left(right)-handed spinor indices are denoted by undotted (dotted) Greek letters as α(α̇). We follow Ref.[31] about other notations for the spinor algebra. The bosonic part of the Lagrangian of the N = 1 SUGRA coupled with the chiral multiplets is given by [31] : e^{−1}L = − 1 2κ^2 R − K_{ij∗}g^{mn}∂_mϕ^i∂_nϕ^{j∗} − V_{lc}, (1) where the gravitational coupling κ is the inverse of the four-dimensional Planck mass M_{Pl}, g_{mn} is the metric of the spacetime, e is the determinant of the vierbein e_m^a. The scalar potential in the SUGRA theory is denoted by V_{lc} and is given in terms of the covariant derivative D_iP_{lc} in the target space of the superpotential P_{lc} in SUGRA

V_{lc} = e^{κ2 K} ( K^{ij∗}D_iP_{lc}D_{j∗}P^∗_{lc} − 3κ^2|P_{lc}|^2 ) , (2)

D_iP_{lc}(ϕ) = ∂_iP_{lc}(ϕ) + κ^2P_{lc}(ϕ)∂_iK(ϕ, ϕ^∗). (3)

The SUGRA Lagrangian is invariant under the SUGRA transformation. SUSY vacua and BPS solutions can be obtained by examining SUGRA transformations. Since we are interested in classical solutions, fermionic fields should vanish. Therefore we need to consider SUGRA transformations of fermions which read

δ_ζ ψ_m = 2κ^{−1}D_mζ + iκe^{κ22 K} P_{lc}σ_mζ̄, δ_ζ χ^i = i √ 2σ^mζ̄∂_mϕ^i − √ 2e^{κ22 K} K^{ij∗}D_{j∗}P^∗_{lc}ζ, (4) where we drop terms which include the fermionic fields and ζ is a local SUSY transformation parameter. The spacetime covariant derivative is given by

D_mζ = ∂_mζ + ζω_m + iκ^2 2 ∑ i Im [ ∂_iK∂_mϕ^i ] ζ, where ω_m denotes the spin connection.

It is well known that a stable solitonic state can be obtained, if part of SUSY (or SUGRA) is preserved and the BPS energy bound is saturated [7, 18]. The domain wall solutions interpolating two isolated SUSY vacua typically preserve two out of four SUSY (or SUGRA) and are called^1_2 BPS states. Let us parametrize the conserved directions of SUGRA transformations as

ζ(y) = e^{iθ(y)}σ^2ζ̄(y). (5)

In addition we make the warped metric Ansatz :

ds^2 = e^{2A(y)}η_{μν}dx^μdx^ν + dy^2 (μ, ν = 0, 1, 3) .

The BPS equations can be derived by demanding that the bosonic configuration should satisfy δ_ζ ψ_m = δ_ζ χ = 0 for the Killing spinors ζ(y) in Eq.(5)[18]. From the condition δ_ζ ψ_μ = 0 we obtain the BPS equation for the warp factor:

Ȧ = −iκ^2e^{−iθ}e^{κ2}2^K P_{lc}, (6)

where a dot denotes a derivative with respect to the extra coordinate y. From the condition δ_ζ ψ_2 = 0 we obtain the BPS equations for the phase θ and the modulus |ζ_α| of the Killing spinor :

θ̇ = −κ^2Im [ ∑ i ϕ̇^i∂_iK ] , (7)

|ζ̇_α| = Ȧ 2 |ζ_α|. (8) From the remaining condition δ_ζ χ^i = 0 we obtain the BPS equations for the scalar fields:

ϕ̇^i = −ie^{iθ} e^{κ2}2^K K^{ij∗}D_{j∗}P^∗_{lc}. (9)

Eqs.(6), (7), (8) and (9) are the full set of our BPS equations.

Notice that we can recover results of the global SUSY [7] if we take the gravitational coupling κ to zero and identify the superpotential P_{lc} in SUGRA with the superpotential P_{gl} in SUSY.

B. Deformation of Superpotential

Recently, we found the exact BPS solution in N = 1 SUGRA sine-Gordon model [27] by allowing a modification of the superpotential. The gravitational deformation for the superpotential is originally introduced in order to keep the periodicity of the model with the aid of the Kähler transformation. In this paper we extend the gravitational modification of the superpotential to other models in order to obtain exact BPS solutions in SUGRA theories even in models without particular symmetry, such as the periodicity in sine-Gordon model.

We first note that SUSY theories are always invariant under the following Kähler transformations { K(ϕ, ϕ^∗) → K(ϕ, ϕ^∗) + F (ϕ) + F^∗(ϕ^∗), P_{gl}(ϕ) → P_{gl}(ϕ), (10) where F (ϕ) is a holomorphic function of ϕ^i. Moreover, we also note that no physical difference arises if we add a constant a in the superpotential P_{gl} in global SUSY theories

P̃_{gl} ≡ P_{gl} + a. (11)

On the other hand, the Kähler transformations in SUGRA theories should accompany the transformations of superpotential { K(ϕ, ϕ^∗) → K(ϕ, ϕ^∗) + F (ϕ) + F^∗(ϕ^∗), P_{lc}(ϕ) → e^{−κ2 F (ϕ)}P_{lc}(ϕ),

(12)

and the Weyl transformations of fermions [31] :

χ^i → e^{iκ22 Im[F (ϕ)]}χ^i, ψ_m → e^{− iκ22 Im[F (ϕ)]} ψ_m.

We observe that an additive constant a in Eq.(11) does have a physical implication when coupled to gravity in SUGRA, in contrast to the global SUSY theories.

Since the superpotential of the global SUSY theories does not transform under the Kähler transformations, we need to make a gravitational deformation of the superpotential if we wish to make the superpotential to be invariant under the Kähler transformations in SUGRA when it is embedded into SUGRA theories. Then the embedded theories are assured to have a smooth limit of vanishing gravitational coupling, and their vacua as well as solutions are likely to be preserved.

Now let us define a new holomorphic function K̃ from Kähler potential by replacing ϕ^∗ with ϕ in K : K̃(ϕ) ≡ K(ϕ, ϕ^∗ → ϕ). This new function transforms as K̃ → K̃ + 2F under the Kähler transformation (12) of SUGRA. Then, we will choose the SUGRA superpotential P_{lc} from the global SUSY superpotential with a gravitational deformation as P_{lc}(ϕ) = e^{− κ22 K̃(ϕ)} (P_{gl}(ϕ) + a) = e^{− κ22 K̃(ϕ)}P̃_{gl}(ϕ), (13)

where we take into account of the possibility of adding a constant a in P_{gl} which is physically meaningful only when coupled to SUGRA. As for the Kähler potential K we choose the same Kähler potential as the global SUSY. With this gravitational deformation, the corrected superpotential P_{lc} automatically obeys the transformation law (12) of the SUGRA theory, as a consequence of the globally SUSY Kähler transformation (10). We shall show in Appendix that the above gravitational deformation is the unique possibility if we require that the BPS equations for matter scalars in the SUGRA theories should be identical to those in the global SUSY theories assuming three conditions : minimal kinetic term (or nonlinear sigma model that can be transformed to minimal kinetic term), only single scalar field has nontrivial configuration in BPS solutions, and is real.

One can shift the gravitational deformation of the superpotential to that of the Kähler potential by making another Kähler transformation (12) with F = −^1_2 K̃. It is interesting to recall that the SUGRA theories in five dimensions requires a gravitational deformation of target space manifolds of hypermultiplets from hyper-Kähler to quaternionic Kähler manifolds [36]. To find out the necessary gravitational deformations with a smooth limit of the vanishing gravitational coupling has been a challenge for some time [29, 30], [19, 26], [28], [37, 38]. In this respect, it is quite natural that a coupling to SUGRA in four dimensions also accompanies gravitational deformations of the Kähelr potential or/and the superpotential, since only a combination of Kähler potential and the superpotential has an invariant meaning in N = 1 SUGRA in four-dimensions [31]. Although scalar fields in SUGRA are generically a nonlinear sigma model in this sense, we choose here to give gravitational deformations to the superpotential rather than to the Kähler potential.

Notice that this deformed superpotential P_{lc} reduces to the global SUSY superpotential P_{gl} when we turn off the gravitational coupling κ. As we will see shortly, this special choice of the superpotential in Eq.(13) allows us to obtain exact BPS solutions in N = 1 SUGRA.

The covariant derivative (3) in target space acting on the gravitationally deformed superpotential (13) becomes

D_iP_{lc} = e^{− κ22 K̃} [ ∂_iP_{gl} + κ^2P̃_{gl}∂_i ( K − 1 2 K̃ )] . (14)

and the scalar potential (2) is of the form:

V_{lc} = e^{κ2 (K−Re[K̃])} [ K^{ij∗} { ∂_iP_{gl} + κ^2P̃_{gl}∂_i ( K − 1 2 K̃ )}

× { ∂_{j∗}P^∗_{gl} + κ^2P̃^∗_{gl}∂_{j∗} ( K − 1 2 K̃^∗ )} − 3κ^2|P̃_{gl}|^2 ] .(15)

Notice that the covariant derivative (14) is covariant and the scalar potential (15) is invariant under the SUGRA Kähler transformation (12), as a consequence of covariance (invariance) under the globally SUSY Kähler transformation (10).

For simplicity, we concentrate on the model with the minimal Kähler potential K = ∑ i |ϕ^i|^2 in what follows.

Then, the covariant derivative (14) and the scalar potential (15) become :

D_iP_{lc} = e^{− κ22 ∑i ϕi2} [ ∂_iP_{gl} − 2iκ^2Im[ϕ^i]P̃_{gl} ] , (16)

V_{lc} = e^{−2κ2 ∑i Im[ϕi ]2} × [ ∑ i | |∂_iP_{gl} − 2iκ_2Im[ϕ_i]P̃_{gl} | |^2 − 3κ_2|P̃_{gl}|_2 ] . (17)

The gravitationally deformed superpotential and scalar potential takes a simpler form if we restrict ourselves to a section of the bosonic fields space where all scalar fields ϕ^i take only real values (real section). This is often the case when we consider models whose vacua are distributed on the real axes in the complex fields space, and BPS domain walls which interpolate these vacua. In fact, we will deal with such models in the following section. For that real section of field space, the scalar potential reduces to

V_{lc} = ∑ i (∂_iP_{gl})^2 − 3κ^2(P_{gl} + a)^2. (18)

Here we assume that couplings in the superpotential are real parameters and ϕ^i = ϕ^{i∗}. Then, the superpotential is essentially a real function of the real field ϕ^i. Notice that this type of the scalar potential often arises in a restricted section of field space of the D dimensional SUGRA [25, 32] and ensures stable AdS vacua, if the superpotential has at least a stationary point [34], [35]. The first term in Eq.(18) corresponds to the term which comes from the F -term in global SUSY, whereas the second term expresses a gravitational correction. The first term vanishes at SUSY vacua and generally the second term is non-vanishing. Therefore, the vacuum becomes AdS (or flat if a happens to cancel with the −P_{gl}(⟨ϕ⟩) spacetime, since the second term gives a negative cosmological constant.

One of the most important points is that the locations of the SUSY vacua for the superpotential P_{lc} given in Eq.(13) are not changed from the global SUSY model with superpotential P_{gl}. The SUSY vacua are determined from the “F -term” condition in SUGRA [31] :

D_iP_{lc} = 0.

Because of Eq.(16) and our choice of the superpotential P_{lc} in Eq.(13) with the minimal Kähler potential, this condition agrees exactly with that of global SUSY for the real section of the field space. Hence, the SUGRA theory with our gravitationally deformed superpotential have the SUSY vacua that are precisely identical to the SUSY vacua of the global SUSY theory at the stationary points of P_{gl}.

The BPS equation (7) for the phase θ(y) of Killing spinor defined in Eq.(5) implies that the phase should be independent of y for the BPS solution with real scalar field configurations. The reality of scalar fields is consistent with the BPS equation for matter fields (9) only if θ = ±π/2 + 2nπ, n ∈ Z : ϕ̇ = e^i(^{θ− π}2 )∂_iP_{gl}(ϕ), (19)

which is exactly identical to the BPS equation in global SUSY theories with the globally SUSY superpotential P_{gl}. We will refer the case of θ = π/2 + 2nπ (θ = −π/2 + 2nπ) as the BPS (anti-BPS) solutions. Therefore, we can automatically obtain exact BPS solutions in SUGRA, if we choose the superpotential according to Eq.(13). The warp factor and the Killing spinor are also obtained from the other BPS equations (6) and (8)

Ȧ = κ^2e^{−i}(^{θ+ π}2 )P_{gl}, (20)

ζ_α = e^{i2} (^{θ+ π2} )e^{A2} × ( ϵ_1 ϵ_2 ) , (21)

where ϵ_{1(2)} represents a constant Grassmann parameter corresponding to the two conserved SUSY directions.

Notice that the energy density of the BPS domain wall obtained here is precisely identical to the one in the global SUSY model which is given by the topological charge [7]

Z = 2|ΔP_{gl}|. (22)

We shall illustrate this point for concrete examples in the following sections.

III. EXACTLY SOLVABLE EXAMPLES

A. Double Well Model

To obtain a stable BPS domain wall in the global SUSY model, there must be at least two isolated SUSY vacua. Assuming the minimal kinetic term, one of the simplest superpotentials which give such vacua in global SUSY theories is the ϕ^3 type :

P_{gl} = Λ^2ϕ − g 3 ϕ^3, (23)

where g, Λ are both real positive coupling constants. The SUSY vacua are given as stationary points of the superpotential : ⟨ϕ⟩ = ( Λ √ g , − Λ √ g ) , ⟨P_{gl}⟩ = ( 2 3 Λ^3 √ g , − 2 3 Λ^3 √ g ) , (24)

whose vacuum energy density vanishes as a consequence of SUSY. The BPS domain wall which interpolates these two vacua is the solution of the BPS equation (19):

ϕ(y) = e^i(^{θ− π2} ) Λ √ g tanh Λ √ g(y − y_0), (25)

where θ = ±π/2 and y_0 is a collective coordinate which corresponds to the wall position. The energy density of the BPS wall solution is given by the topological charge in Eq.(22)

E = Z ≡ 2 |ΔP_{gl}| = 8 3 Λ^3 √ g . (26)

This global SUSY model has been studied by coupling to SUGRA without any gravitational deformations of the superpotential [18]. It may be instructive to compare two SUGRA theories : one with our gravitationally deformed superpotential P_{lc} given by the prescription (13) and the

FIG. 1: The scalar potential Vlc (solid line) and the global SUSY superpotential Pgl (broken line) as a function of Re[ϕ]. Parameters are taken to be κ = 0.3, g = 1 and Λ = 1. From left to right, a is (0, −2/3, −1), corresponding to IR-IR, IR-flat, IR-UV behaviors.

FIG. 2: The warp factor e^A as a function of y. Parameters are taken to be κ = 0.3, g = 1 and Λ = 1. From left to right, a is (0, −2/3, −1), corresponding to IR-IR, IR-flat, IR-UV behaviors.

other with the superpotential P_{gl} (23) without gravitational deformations inserted in place of the P_{lc} in the SUGRA Lagrangian (1) and (2). For the latter choice, the SUSY vacuum condition D_ϕP_{lc} = 0 in the SUGRA theory gives two isolated SUSY vacua : ⟨ϕ⟩ = (√ −α + √ α^2 + β, − √ −α + √ α^2 + β ) ,

where α(g, Λ; κ) ≡^{3(g−κ2Λ2)}_{2gκ2} and β(g, Λ; κ) ≡^{3Λ2}_{gκ2} . These reduce to Eq.(24) when we turn off the gravitational coupling κ. However, it is generally difficult to obtain an exact BPS solution, since these vacua have a nontrivial dependence on the gravitational coupling κ. The wall configuration has been studied numerically and it is reasonably compelling that the wall solution should exist [18], although an explicit demonstration of the solution was difficult.

On the contrary, according to our prescription of gravitational deformations in Eq.(13) we should choose the superpotential in SUGRA as

P_{lc} = e^{− κ22 ϕ2} ( Λ^2ϕ − g 3 ϕ^3 + a ) . The BPS equations (6), (7), (8) and (9) in SUGRA with this modified superpotential give the same vacua as Eq.(24) and precisely the same exact BPS solution in Eq.(25) which interpolates these two vacua. The vacuum energy densities in these two SUSY vacua no longer vanish but are negative V_{vac} = −3κ^2 ( ϵ(y) 2 3 Λ^3 √ g + a )_2 .

Therefore the BPS domain wall in Eq.(25) interpolates two AdS vacua with decreasing warp factor asymptotically to both infinities, if |a| <^2_3^{Λ3}√_g . This is phenomenologically desirable situation corresponding to IR fixed points in both infinities with respect to AdS/CFT correspondence [39]. If a = −^2_3^{Λ3}√_g (+^2_3^{Λ3}√_g ), positive (negative) asymptotic infinity is flat space, whereas the other infinity is AdS space and the warp factor is exponentially decreasing. If a < −^2_3^{Λ3}√_g (a >^2_3^{Λ3}√_g ), both asymptotic infinities are AdS spaces, but the warp factor is exponentially increasing at positive (negative) asymptotic infinity and is exponentially decreasing at negative (positive) asymptotic infinity.

We can also obtain exact BPS solutions for the warp factor from Eq.(20) A = −κ^2 [ ay + 2Λ^2 3g ( log cosh Λ √ g(y − y_0) + tanh^2 Λ √ g(y − y_0) 4 ) ] .

The scalar potential and the global SUSY superpotential with the parameters a = (0, −2/3, −1)Λ^3/ √ g are shown in FIG.1. In FIG.2 the profiles of the warp factor are shown. The Killing spinor ζ_α is obtained by plugging this warp factor into Eqs.(21).

Notice that the energy density of the BPS domain wall is just the same as that of the global SUSY model in Eq.(26). In the case of no gravitational deformations for the superpotential, it was shown that the energy density of the BPS domain wall in SUGRA generally differs from that of the global SUSY by a factor arising from the

Kähler potential [18]

E = 2 | | |e^{κ22 K} |ΔPlc| | | | ≠ Z. In our model, this factor from the Kähler potential is absorbed in the gravitationally deformed superpotential in Eq.(13), so that the energy density in SUGRA is precisely the same as that in global SUSY.

B. Sine-Gordon Model

In Ref.[27] we found the exact BPS solution for the modified sine-Gordon model with the superpotential given here except the possible additive constant a. Here we also add a possibility of this additive constant in superpotential :

P_{lc} = e^{− κ22 ϕ2} ( Λ^3 g^2 sin g Λ ϕ + a ) . The SUSY vacua is periodically distributed on the real axis in the complex ϕ plane: ⟨ϕ⟩ = Λ g ( π 2 + nπ ) , (n ∈ Z). The BPS solution which interpolates any two adjacent vacua is of the form: ϕ = Λ g [ (−1)^n { 2 tan^{−1} e^{±Λ(y−y0)} − π 2 } + nπ ] , A = −κ^2 [ ay + Λ^2 g^2 log cosh Λ(y − y_0) ] . More details about this model are given in Ref.[27].

C. Two Walls Model

An interesting global SUSY model in four dimensions has been found which allows two domain walls as an exact BPS solution [8, 9]. The model consists of two chiral superfields Φ and X whose lowest components are denoted by ϕ and χ, respectively.

Let us consider the minimal kinetic term given by the minimal Kähler potential : K = |ϕ|^2 + |χ|^2. The simplest (trivial) model admitting two walls in global SUSY consists of two decoupled double-well model:

P_{gl} = Λ^2_ϕϕ − g_ϕ 3 ϕ^3 + Λ^2_χχ − g_χ 3 χ^3, (27)

where all the couplings Λ_ϕ, Λ_χ, g_ϕ, g_χ are assumed to be real positive. This superpotential gives four isolated SUSY vacua: ( ϕ χ ) = ( ±Λ_ϕ/√g_ϕ ±Λ_χ/√g_χ ) , ( ±Λ_ϕ/√g_ϕ ∓Λ_χ/√g_χ ) .

Since ϕ and χ are decoupled, the exact BPS solution is a superposition of that of each double-well model: ϕ = ϵ_ϕ Λ_ϕ √g_ϕ tanh Λϕ(y − yϕ), (28) χ = ϵ_χ Λ_χ √g_χ tanh Λχ(y − yχ), (29)

where ϵ_{ϕ(χ)} is ±1. This solution has two collective coordinates: the center of the mass y_{cm} =^{yϕ+yχ}_2 and the relative distance between the two walls R = |y_ϕ − y_χ|.

In general, this superposition principle does not hold in gravity theory. Namely, the superposition of the individual solutions is not a solution. That is because two scalar fields ϕ, χ are coupled via gravity even if these are decoupled in the superpotential. So the superposition of the solutions of the individual models does not satisfy the equations of motion when they are coupled to gravity theory. We can see this gravitational interaction in the BPS equation (9) if we use the superpotential (27) of the global SUSY model (without the gravitational deformations) inserted into the SUGRA superpotential P_{lc}. Two fields are coupled through the Kähler potential. It is then difficult to obtain the exact BPS solutions for two walls in SUGRA.

If we choose the superpotential according to our prescription (13),

P_{lc} = e^{− κ22 (ϕ2+χ2)} [ Λ^2_ϕϕ − g_ϕ 3 ϕ^3 + Λ^2_χχ − g_χ 3 χ^3 + a ] , two fields behave as if they are effectively decoupled even in the presence of gravity. Then we obtain the exact solution for scalar fields identical to Eqs.(28) and (29). The BPS solution of the warp factor is of the form: A = −κ^2ay − κ^2Λ^2_ϕ √g_ϕ [ 2 3 log cosh Λ_ϕ(y − y_ϕ) + tanh^2 Λ_ϕ(y − y_ϕ) 6 ]

− κ^2Λ^2_χ √g_χ [ 2 3 log cosh Λ_χ(y − y_χ) + tanh^2 Λ_χ(y − y_χ) 6 ] . Next we turn our attention to the more interesting model. In Ref.[8, 9], an integral of motion was constructed for a global SUSY model with two chiral scalar fields with the superpotential

P_{gl} = m^2 λ ϕ − λ 3 ϕ^3 − αϕχ^2, where all the coupling constants are real and positive. This model has the following four isolated SUSY vacua : ( ϕ χ ) = ( ±m/λ 0 ) , ( 0 ±m/ √ αλ ) . The BPS equations for matter fields can be cast into dimensionless forms : df d(my) = 1 − f^2 − h^2, dh d(my) = − 2 ρ fh, (30) where f, h are dimensionless fields defined as f ≡ (λ/m)ϕ and h ≡ ( √ αλ/m)χ, ρ is defined as ρ ≡ λ/α. By taking the ratio of Eqs.(30) to eliminate the u = my dependence, we can integrate once to obtain an implicit solution giving a relation between f and h

f^2 = 1 − ρ ρ − 2 h^2 − Ch^ρ, where C is an integration constant which corresponds to a collective coordinate related with the relative distance between two walls. Supplemented by one of the above Eqs.(30), one can explicitly obtain the complete solution.

For the special case where ρ = 4 these BPS equations (30) are explicitly solvable. To clarify the physical meaning of the relative distance between walls, it is more convenient to convert the integration constant C into the following parameter [9] t ≡ 1/ √ C + 1. The exact BPS two wall solution is given with a center of position y_0 and another moduli parameter t by ϕ = m λ sinh m(y − y_0) cosh m(y − y_0) + t

, (31) χ = ± m 2λ √ t cosh m(y − y_0) + t

, (32)

where the moduli parameter t can take values 0 < t < ∞ corresponding to ∞ > C > −1. For 1 < t, we can convert it to t = cosh s which can be interpreted as the m times distance between walls. We obtain ϕ = m 2λ ( tanh u − s 2 + tanh u + s 2 ) ,

χ = ± m 2λ √ 1 2 ( 1 − tanh u − s 2 tanh u + s 2 ) ,

u ≡ m(y − y_0), and interpret the moduli parameter to be the distance between two walls.

As we have seen, these solutions remain to be BPS solutions for the SUGRA theories, if we choose the superpotential :

P_{lc} = e^{− κ22 (ϕ2 +χ2)} ( m^2 λ ϕ − λ 3 ϕ^3 − αϕχ^2 + a ) . Plugging Eqs.(31) and (32) into Eq.(20), we obtain the warp factor explicitly : A= −κ^2 [ a m u

+ m^2 3λ^2 ( 2 log (cosh u + t)+ t cosh u + t + t^2 − 1 2(cosh u + t)^2 )] , where an integration constant is suppressed. The scalar fields profile and the warp factor are shown in FIG.3 for

FIG. 3: Two walls solution for the scalar fileds and the warp factor is shown. The parameters are taken to be κ = 0.3, m = 1, λ = 1 and a = 0. We take s = 10.

a = 0. The case of a = 0 gives an interesting example for a flat bulk between two walls where graviton is confined resulting in a flat wave function.

In the multi-wall solutions with moduli, it is interesting to explore dynamics of walls. It have been revealed that there is a bound state of walls if one introduces winding number into the model considered here [10], and nonlinear sigma model of moduli fields have also been worked out [11]. It is an interesting future problem to examine such dynamical issues of multi-walls in SUGRA models.

D. Runaway Vacuum Model

We have previously studied N = 1 SUSY nonlinear sigma models to obtain BPS walls and junction solutions [15]. Let us consider simplest of these models K = Λ^2 g^2 | | |tanh^{−1} g Λ ϕ | | |^2 , Pgl =

Λ^2 g ϕ, (33)

where Λ, g are real positive parameters. The Kähler metric of this model is a product of holomorphic and antiholomorphic part, which is called holomorphically factorizable and can be transformed into a linear sigma model by a holomorphic reparametrization of field [15] ϕ = Λ g tanh g Λ φ. In terms of φ, the model reduces to a linear sigma model K = |φ|^2 with the superpotential P_{gl} =^{Λ3}_{g2} tanh^g_Λ φ. In the linear sigma model, the SUSY vacua occur as stationary points of the superpotential which is given at φ = ±∞ in this particular model. These vacua at infinity of field space are often called “runaway vacua” and are sometimes discarded. However, these vacua should be taken into account in order to preserve the number of possible SUSY vacua under the holomorphic change of field variables [15]. These runaway vacua are brought to a finite point in field space of ϕ in the nonlinear sigma model (33), which realizes these SUSY vacua as singular points of the Kähler metric : K_{ϕϕ}∗ = | | | | Λ^2 Λ^2 − g^2ϕ^2 | | | | 2 .

Then, the SUSY vacua are ⟨ϕ⟩ = ( Λ g , − Λ g ) . (34)

Assuming ϕ = ϕ^∗, the BPS equation in this global SUSY model reduces to

ϕ̇ = K^{ϕϕ∗} ∂_{ϕ∗} P^∗_{gl} = Λ^2 g ( 1 − g^2 Λ^2 ϕ^2

)_2 , (35)

and its solution is exactly solvable:

y − y_0 = 1 4Λ (_{2g} Λ ϕ 1 −^{g2}_{Λ2} ϕ^2

+ log

1 +^g_Λ ϕ 1 −^g_Λ ϕ ) . (36)

Let us couple this model with SUGRA, according to the prescription (13):

P_{lc} = e^{− κ22 K̃} ( Λ^2 g ϕ + a ) , K̃ = Λ^2 g^2 ( tanh^{−1} g Λ ϕ )_2 . The SUSY vacua can be obtained by demanding the SUSY invariance in Eq.(4). More explicitly, the SUSY vacua are given by Eqs.(9) and (14) as

0 = e^{κ22 K} K^{ϕϕ∗} D_ϕ∗ P^∗_{lc}, (37)

D_ϕ∗ P^∗_{lc} = e^{− κ22 K̃∗}

Λ^2 g + 2iκ^2Λ

(_{Λ2} g ϕ^∗+a ) Im [ tanh^{−1gϕ}_Λ ]

g^2 ( 1 −^{g2ϕ∗2}_{Λ2} ) .

Eq.(37) reduces to 0 = K^{ϕϕ∗} Λ^2/g for real field configurations ϕ = ϕ^∗. Therefore the SUSY vacua is unchanged from Eq.(34) given as the zero of the inverse Kähler metric K^{ϕϕ∗} . Moreover, the BPS equation (35) is also unchanged, so the BPS solution is given in Eq.(36). The BPS equation for the warp factor (20) can also be integrated to give an expression in terms of the scalar field ϕ A = −κ^2 ay + Λ^2 2g^2 ( 1 −^{g2}_{Λ2} ϕ^2 ) .

Together with Eq.(36), it implicitly gives A as a function of y.

IV. ZERO MODE WAVE FUNCTION

In this section we study the behavior of the warp factor e^{2A(y)}. It is well known that the warp factor is closely related to the zero mode wave function of the graviton in the Kaluza-Klein modes expansion. The mode equation for the graviton can be written as a Schrödinger type equation [40]–[43]:

□_{D−1}h^{TT}_{μν} = [−∂^2_z + V (z)]h^{TT}_{μν} ,

V (z) = ( D − 2 2 dA dz )_2 + D − 2 2 d^2A dz^2 , where D denotes the spacetime dimension, z is the conformal flat coordinate defined by dy = e^Adz and h^{TT}_{μν} is the transverse traceless part of the fluctuation defined by δg_{μν} = e^{− D−62 A}h^{TT}_{μν} . The zero mode wave function of the above Schrödinger equation is given by h^{TT}_{μν} = e^{D−22 A(z)}, which implies that the graviton zero mode wave function is identical to the warp factor : δg_{μν} = e^{2A(y)}. Hence, the behavior of the warp factor is directly related to the normalizability of the graviton zero mode which is very important for phenomenology.

Next we derive a general property of the warp factor for our model. Using Eqs.(19) and (20), we find

Ä = −κ^2 ∑ i (ϕ̇^i)^2.

This implies that the warp factor has at most one stationary (maximum) point. The physical reason behind this fact should be that matter scalar fields produce only positive energy density.

We also find from Eq.(20) that the warp factor A has a maximum only at the point where the superpotential P_{gl} vanishes along the wall trajectory. Only such a wall can have the localized graviton zero mode around the wall.

If the additive constant in the global SUSY superpotential P_{gl} (13) vanishes a = 0, the warp factor A(y) in all the above examples are Z_2 symmetric under the reflection y − y_0 → −(y − y_0) around the center of the wall. Therefore the graviton zero mode wave function is normalizable and we obtain a localized graviton zero mode around the wall.

On the contrary, we have Z_2 asymmetric warp factors around the wall, if we have non-vanishing additive constant a. It is interesting to remember that the constant term in the superpotential has no physical effects in global SUSY models. In SUGRA theories, however, the constant term a produces a dramatic change. The BPS equation for the matter in Eq.(19) is identical to that of the global SUSY, even if we add a constant term with the superpotential P_{gl}. On the other hand the BPS equation for the warp factor (20) is affected by the additive constant a by controlling the SUSY vacuum energy density. There is a critical value of the constant a beyond which the graviton zero mode ceases to be normalizable : a = −⟨P_{gl}⟩. At this critical value of the constant a, the energy density of one side of asymptotic region (vacuum) vanishes and the metric in this asymptotic infinity reduces to the flat metric. Thus we find three different asymptotic behaviors of warp factors [29] in the context of AdS/CFT correspondence [39] : IR-IR (exponentially decreasing in both infinities), IR-flat (exponentially decreasing in one side and flat in the other), and IR-UV (exponentially decreasing in one side and increasing in the other).

V. CONCLUSION

We proposed a prescription for a gravitational deformation of the superpotential (or Kähler potential) in embedding global SUSY models into SUGRA theories. This is natural from the viewpoint of the Kähler transformation and gives us exact BPS solutions in SUGRA theories from exact solutions in global SUSY models, provided scalar field configurations are real. Thanks to the gravitational deformations of the superpotential, the SUSY vacua in SUGRA theories are identical to those in the global SUSY models. The domain wall solutions which interpolate these vacua are also identical to those of the SUSY models.

The spacetime distortion by the domain wall represented by the warp factor can be also obtained by solving the BPS equation for the warp factor, which is independent of the BPS equation for the matter scalar fields. The Killing spinor is also obtained in terms of the warp factor.

A constant term in the superpotential in global SUSY theories has no physical effects. However, this constant term gives physical effects when coupled to gravity. Naturally our gravitationally deformed superpotential in SUGRA theories has this freedom of choosing an additive constant. This constant term has no effect on the scalar field configurations, but has significant effects on the warp factor. Namely, the asymptotic behavior of the warp factor is different as the constant term crosses a critical value. At the same time, the graviton zero mode on the domain wall is localized for smaller values of the constant, whereas it becomes non normalizable if the constant is outside of the critical value.

In global SUSY theory there are many models which have exact soliton solutions, such as domain wall junction [14]–[16]. A good progress has been made to study domain wall junction in chiral scalar fields coupled to SUGRA [44], although no explicit solution has been obtained so far. It is an intriguing problem to extend our prescription for such models and to give exact solutions for the soliton. This is a remaining future problem.

Acknowledgments

We thank Nobuhito Maru and Tsuyoshi Sakata for a collaboration from which this study has started. One of the author (M.E.) would like to thank M.Naganuma for useful discussions. The authors thank Nobuyoshi Ohta for pointing out two misprints in our original manuscript and a useful discussion. This work is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology, Japan, No.13640269. One of the authors (M.E.) gratefully acknowledges support from the Iwanami Fujukai Foundation.

APPENDIX A: UNIQUENESS OF THE SUPERPOTENTIAL

Here we shall show that our prescription of gravitationally deformed superpotential is the only possibility to obtain BPS solution for matter scalar in SUGRA theories which are identical to that in global SUSY theories.

The BPS equation in SUGRA theories comes from requiring the vanishing SUGRA transformations in (4). To make this BPS equation for the matter scalar identical to the BPS equation in global SUSY theories, the only possibility is

∂_jP_{gl} = e^{κ22 K} D_j P_{lc}. (A1)

For simplicity, we assume that only one scalar field has nontrivial field configurations in BPS solution, and the kinetic term is minimal: K(ϕ, ϕ^∗) = ϕ^∗ϕ. Moreover we assume a real field configuration for the BPS solution. Then the condition (A1) reduces to

dP_{gl}(ϕ) dϕ = d dϕ ( e^{κ2 ϕ22} P_{lc}(ϕ) ) .

We obtain the general solution with an integration constant a

e^{κ2 ϕ22} P_{lc}(ϕ) = P_{gl}(ϕ) + a.

The assumed reality of field configuration requires that the integration constant a should be real.

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys.

Lett. B429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436 (1998) 257 [hep-ph/9804398].

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370, [hep-ph/9905221].

[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, [hep-th/9906064].

[4] S. Dimopoulos and H. Georgi, Nucl. Phys. B193 (1981) 150; N. Sakai, Z. f. Phys. C11 (1981) 153; E. Witten, Nucl. Phys. B188 (1981) 513; S. Dimopoulos, S. Raby, and F. Wilczek, Phys. Rev. D24 (1981) 1681.

[5] E. Bogomol’nyi, Sov. J. Nucl. Phys. 24 (1976) 449;

M. K. Prasad and C. H. Sommerfield, Phys. Rev. Lett. 35 (1975) 760.

[6] E. Witten and D. Olive, Phys. Lett. B78 (1978) 97.

[7] G. Dvali and M. Shifman, Phys. Lett. B396 (1997) 64 [hep-th/9612128]; Nucl. Phys. B504 (1997) 127 [hep-th/9611213]; A. Kovner, M. Shifman, and A. Smilga, Phys. Rev. D56 (1997) 7978 [hep-th/9706089]; B. Chibisov and M. A. Shifman, Phys. Rev. D 56, 7990 (1997) [Erratum-ibid. D 58, 109901 (1998)] [arXiv:hep-th/9706141]; A. Smilga and A.I. Veselov, Phys. Rev. Lett. 79 (1997) 4529 [hep-th/9706217]; V. Kaplunovsky, J. Sonnenschein, and S. Yankielowicz, Nucl. Phys. B552 (1999) 209 [hep-th/9811195]; G. Dvali, G. Gabadadze, and Z. Kakushadze, Nucl. Phys. B493 (1997) 148, [hep-th/9901032]; B. de Carlos and J. M. Moreno, Phys. Rev. Lett. 83 (1999) 2120 [hep-th/9905165]; J.D. Edelstein, M.L. Trobo, F.A. Brito and D. Bazeia, Phys. Rev. D57 (1998) 7561 [hep-th/9707016]; M. Naganuma and M. Nitta, Prog. Theor. Phys.105(2001)501 [hep-th/0007184].

[8] M.A. Shifman and M.B. Voloshin, Phys. Rev. D57 (1998) 2590 [hep-th/9709137]; M.B. Voloshin, Phys. Rev. D57 (1998) 1266 [hep-th/9708067]; S.V. Troitsky and M.B. Voloshin, Phys. Lett. B449 (1999) 17 [hep-th/9812116].

[9] V.A. Gani and A.E. Kudryavtsev, “A remark on collisions of domain walls in a supersymmetric model” [hep-th/9904209]; V.A. Gani and A.E. Kudryavtsev, “Non-BPS domain wall configurations in a supersymmetric model” [hep-th/9912211].

[10] N. Sakai and R. Sugisaka, Phys. Rev. D66 (2002) 045010, [hep-th/0203142].

[11] A. Alonso Izquierdo, M.A. Gonzalez Leon, J. Mateos Guilarte, and M. de la Torre Mayado. [hep-th/0207064].

[12] J.P. Gauntlett, D. Tong and P.K. Townsend, Phys. Rev.

D63 (2001) 085001 [hep-th/0007124]; J.P. Gauntlett, R. Portugues, D. Tong and P.K. Townsend, Phys. Rev. D63 (2001) 085002 [hep-th/0008221]; J.P. Gauntlett, D. Tong and P.K. Townsend, Phys. Rev. D64 (2001) 25010 [hep-th/0107228].

[13] M. Arai, M. Naganuma, M. Nitta and N. Sakai, Nucl.

Phys. B652 (2003) 35, [hep-th/0211103]; “BPS wall in N = 2 SUSY nonlinear sigma model with Eguchi-Hanson manifold”, [hep-th/0302028], to appear in Graden of Quanta in honor of Hiroshi Ezawa, (World Scientific Pub.).

[14] H. Oda, K. Ito, M. Naganuma and N. Sakai, Phys. Lett.

471B (1999) 140 [hep-th/9910095];K. Ito, M. Naganuma, H. Oda and N. Sakai, Nucl. Phys. B586 (2000) 231 [hep-th/0004188]; Nucl. Phys. Proc. Suppl. 101 (2001) 304 [hep-th/0012182].

[15] M. Naganuma, M. Nitta and N. Sakai, Phys. Rev.

D65 (2002) 045016, [hep-th/0108179]; M. Naganuma, M. Nitta and N. Sakai, “BPS Walls and Junctions in N = 1 SUSY Nonlinear Sigma Models”, [hep-th/0210205].

[16] K. Kakimoto and N. Sakai, “Domain Wall Junction in N = 2 Supersymmetric QED in four dimensions”, to appear in Phys. Rev. D, [hep-th/0306077].

[17] M. Cvetic, F. Quevedo and S.J. Rey, Phys. Rev.

Lett. 67 (1991) 1836; M. Cvetic, and H.H. Soleng, Phys. Rep. B282 (1997) 159, [hep-th/9604090]; F.A. Brito, M. Cvetic and S.C. Yoon, Phys. Rev. D64 (2001) 064021, [hep-ph/0105010].

[18] M. Cvetic, S. Griffies and S. J. Rey, Nucl. Phys. B 381, 301 (1992) [arXiv:hep-th/9201007].

[19] A. Lukas, B.A. Ovrut, K.S. Stelle, and D. Waldram,

Phys.Rev. D59 (1999) 086001, [hep-th/9803235]; K. Behrndt and M. Cvetic, Phys.Lett. B475 (2000) 253,[hep-th/9909058]; Martin Gremm, Phys.Lett. B478 (2000) 434,[hep-th/9912060]; M. Duff, J.T. Lü, and C. Pope, Nucl. Phys. B605 (2001) 234 [hep-th/0009212]; A. Ceresole, G. Dall’Agata, R. Kallosh, and A. Van Proeyen, Phys. Rev. D64 (2001) 104006, [hep-th/0104056].

[20] R. Kallosh and A. Linde, JHEP 0002 (2000) 005, [hep-th/0001071]; K. Behrndt, C. Herrmann, J. Louis and S. Thomas, JHEP 0101 (2001) 011, [hep-th/0008112].

[21] D.V. Alekseevsky, V. Cortés, C. Devchand and A. Van Proeyen, “Flows on quaternionic-Kaehler and very special real manifolds”, [hep-th/0109094].

[22] K. Behrndt and M. Cvetic, Phys. Rev. D65 (2002) 126007, [hep-th/0201272].

[23] J. Maldacena and C. Nunez, Int. J. Mod. Phys. A16 (2001) 822, [hep-th/0007018].

[24] G.W. Gibbons and N.D. Lambert, Phys. Lett. B488 (2000) 90, [hep-th/0003197].

[25] M. Cvetic and N. D. Lambert, Phys. Lett. B540 (2002) 301, [arXiv:hep-th/0205247].

[26] K. Behrndt and G. Dall’Agata, Nucl. Phys. B627 (2002) 357, [hep-th/0112136].

[27] M. Eto, N. Maru, N. Sakai and T. Sakata, Phys. Lett. B 553, 87 (2003) [arXiv:hep-th/0208127].

[28] L. Anguelova and C.I. Lazaroiu, JHEP 0209 (2002) 053, [hep-th/0208154].

[29] M. Arai, S. Fujita, M. Naganuma and N. Sakai, Phys.

Lett. B 556, 192 (2003) [arXiv:hep-th/0212175]. [30] M. Eto, S. Fujita, M. Naganuma and N. Sakai, “BPS multi-walls in five-dimensional supergravity,” arXiv:hep-th/0306198.

[31] J. Wess and J. Bagger, “Supersymmetry And Supergravity,” [32] K. Skenderis and P. K. Townsend, Phys. Lett. B 468, 46 (1999) [arXiv:hep-th/9909070].

[33] O. DeWolfe, D.Z. Freedman, S.S. Gubser, and A. Karch, Phys. Rev. D62 (2000) 046008, [hep-th/9909134].

[34] W. Boucher, Nucl. Phys. B242 (1984) 282. [35] P. K. Townsend, Phys. Lett. B 148, 55 (1984). [36] J. Bagger and E. Witten, Nucl. Phys. B222 (1983) 1. [37] K. Galicki, Nucl. Phys. B271 (1986) 402. [38] E. Ivanov and G. Valent, Nucl. Phys. B576 (2000) 543, [hep-th/0001165].

[39] J. Maldacena, Adv. Theor. Math. Phys.2 (1998) 231, [hep-th/9711200]; D.Z. Freedman, S.S. Gubser, K. Pilch and N. Warner, Adv. Theor. Math. Phys.3 (1999) 363, [hep-th/9904017]; O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rep. 323 (2000) 183, [hep-th/9912001].

[40] M. Eto, N. Maru and N. Sakai, “Stability and Fluctuations on Walls in N = 1 Supergravity”, [hep-th/0307206].

[41] J. Garriga, and T. Tanaka, Phys. Rev. Lett. 84 (2000) 2778, [hep-th/9911055]; C. Charmousis, R. Gregory and V. A. Rubakov, Phys. Rev. D 62, 067505 (2000), [hep-th/9912160]; C. Csaki, J. Erlich, T.J. Hollowood, and Y. Shirman, Nucl.Phys. B581 (2000) 309, [hep-th/0001033].

[42] T. Tanaka and X. Montes, Nucl.Phys. B582 (2000) 259, [hep-th/0001092].

[43] D. Bazeia, F. A. Brito and J. R. Nascimento, “Supergravity brane worlds and tachyon potentials,” arXiv:hep-th/0306284.

[44] S.M. Carroll, S. Hellerman and M. Trodden, Phys. Rev.

D62 (2000) 044049, [hep-th/9911083]; A. Chamblin, C. Csaki, J. Erlich, T.J. Hollowood, Phys. Rev. D62

(2000) 044012, [hep-th/0002076]; T. Nihei, Phys. Rev. D62 (2000) 124017, [hep-th/0005014].