arXiv:hep-th/0307300 v2 3 Nov 2003

CAMS/03-06 MCTP-03-37 hep-th/0307300

Charged configurations in (A)dS spaces

James T. Liu^{1∗} and W. A. Sabra^{2†}

1 Randall Laboratory, Department of Physics, University of Michigan, Ann Arbor, MI 48109–1120

2 Center for Advanced Mathematical Sciences (CAMS) and Physics Department, American University of Beirut, Lebanon.

Abstract

We construct new backgrounds of d-dimensional gravity with a negative cosmological constant coupled to a m-form field strength. We find a class of magnetically charged antide Sitter black holes with m-dimensional Einstein horizon of positive, zero or negative curvature. We also construct a new magnetic co-dimension four brane for the case of m = 3. This brane obeys a charge quantization condition of the form q ∼ L^2 where q is the magnetic 3-form charge and L is the AdS radius. In addition, we work out some time-dependent solutions.

∗email: jimliu@umich.edu †email: ws00@aub.edu.lb

1 Introduction

Many recent developments in M-theory have resulted from the AdS/CFT conjecture and its generalizations. In such models, the (at least asymptotically) anti-de Sitter geometry appears to play an important rôle in the proper formulation of a gauge/gravity dual (see, e.g., [1] and references therein). Hence there has been much interest in obtaining a better understanding of supergravity backgrounds that are asymptotic to AdS. An important class of such solutions include Schwarzschild-AdS as well as R-charged black holes. In general, such black holes, especially the non-extremal solutions, have dual descriptions corresponding to gauge theories at finite temperature. This has led to new insights on the thermodynamics of gauge theories, as well as signatures of phase transitions.

In addition to AdS black holes [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13], backgrounds which interpolate between one or more extrema of gauged supergravity have also received attention [14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. For such solutions, one may isolate a ‘radial’ direction and write the bulk metric in a warped product form

ds^2 = e^{2A(r)}g_{μν} dx^μdx^ν + dr^2. (1.1)

On the gauge theory side, such solutions may be given a physical interpretation in terms of a renormalization group flow, where r may be interpreted as an energy scale [24]. Of course, this class of solutions is not entirely distinct from that of AdS black holes; both cases may be written in terms of a radial r-coordinate, and in general the near-horizon behavior of a black hole (or brane) reduces to the product of a metric of the form (1.1) times an ‘internal’ space of positive, zero or negative curvature.

In general, we are interested in developing a systematic treatment of brane solutions in AdS. However, with the exception of black holes and domain walls, little is known about such objects. One of the reasons for this is that, unlike for solutions which are asymptotically Minkowski, the AdS background introduces a second length scale (namely the AdS radius) in addition to the scale of the object itself (e.g. the Schwarzschild radius). This results in more complicated profiles for the explicit solutions. In addition, extended objects in AdS would appear to be sensitive to the cosmological force originating from the curvature of spacetime. This creates some difficulties with supersymmetry, although ones that may be overcome, since special classes of strings and branes in AdS have been constructed [23, 25, 26, 27] (see also [28, 29, 30, 31]).

Motivated by this desire to more fully develop backgrounds of relevance to AdS/CFT, in this paper, we examine a large class of magnetic solutions in anti-de Sitter space. One important note, however, is that while gauged supergravity is perhaps most relevant for AdS/CFT, for the most part we forgo supersymmetry altogether. It is of course known that magnetically charged black holes in AdS are generically non-supersymmetric. Hence it would be reasonable to expect that we must similarly give up supersymmetry when considering more general magnetic branes. To motivate our setup, we recall that in the asymptotically Minkowski case, the relevant fields supporting a p-brane solution are generally a dilatonic scalar ϕ and m-form field strength F_{(m)} (carrying either electric or magnetic charge) as well as the metric g_{μν} . The system may be described by an effective

Lagrangian of the form

e^{−1}L = R −^1_2 (∂ϕ)^2 − 1 2 · m! e^{aϕ}F^2_{(m)}, (1.2)

where a is a constant parametrizing the dilaton coupling. While this is not necessarily a complete model in itself, these fields may be suitably embedded in an appropriate supergravity framework, provided a is chosen accordingly. In this manner, the resulting pbranes may be seen as supersymmetric objects preserving some fraction of supersymmetry.

In the present case, to obtain solutions which are asymptotically AdS, we simply add a negative cosmological constant to the system (1.2). Although in general the dilaton cannot be completely ignored, we nevertheless choose as a simplification to turn off the dilaton. Even in this case, we find a rich set of solutions, which presumably capture the main features of the magnetic brane solutions.

The first class of solutions we obtain are d-dimensional magnetically charged AdS black holes that are simply the magnetic duals of the well known electrically charged Reissner-Nordstrom-AdS black holes. In some cases, these black holes may be viewed as magnetic solutions in a gauged supergravity context [32]. However, except for the charged quantized black holes which we indicate, the magnetic solutions generally break all supersymmetries.

We also obtain a more interesting class of magnetic co-dimension four branes supported by a 3-form field strength. These solutions satisfy a charge quantization relation of the form q ∼ L^2 where q is the magnetic charge and L is the AdS radius. This is similar to the case of magnetic co-dimension three branes found in [33, 34].

In addition to the static brane solutions, it is also straightforward to construct new cosmological backgrounds by taking an appropriate time-dependent ansatz. We are interested in such spaces where the m-form field strength has a magnetic flux turned on. In general, these backgrounds may be obtained by analytic continuation of their static counterparts. We construct new cosmological solutions in de Sitter space as well as in anti-de Sitter space.

In the following section, we outline the basic setup for obtaining magnetic m-form solutions, and explicitly construct d-dimensional magnetically charged AdS black holes. In section three, we generalize this by considering branes with extended longitudinal dimensions. In particular, we construct the above mentioned class of co-dimension four branes. In section four, we examine possible near horizon brane geometries. Then in section five we turn to the case of time-dependent backgrounds. Finally, in the last section, we conclude with some speculation on the embedding of these solutions in gauged supergravities, and the possibility of thereby obtaining new supersymmetric backgrounds with flux.

2 Black holes with magnetic charge

Our starting point is d-dimensional gravity with a m-form field strength, F_{(m)} = dA_{(m−1)}, and negative cosmological constant. The Lagrangian has the form e^{−1}L = R − 1 2 · m! F^2_{(m)} + (d − 1)(d − 2)g^2, (2.1)

with resulting equations of motion R_{M N} = S_{M N} ≡ 1 2(m − 1)! ( F^2_{(m) M N} − m − 1 m(d − 2) g_{M N} F^2_{(m)} ) − (d − 1)g^2g_{M N} ,

d ∗ F_{(m)} = 0. (2.2)

For m = 2, this reduces to the familiar Einstein-Maxwell system with a cosmological constant. In this case, (2.1) may often be interpreted in the context of d-dimensional gauged supergravity. However, we are mainly interested in higher form field strengths, where there is no obvious supergravity generalization. Because of the absence of supersymmetry, we are forced to work with the second order equations of motion when looking for solutions to this model.

We begin with a construction of magnetic black holes in this system. These may be viewed as charged generalizations of the models found in [35]. Since we seek a magnetic configuration with m-form field strength, we take a natural metric ansatz

ds^2 = −e^{2A(r)}dt^2 + e^{2B(r)}dr^2 + r^2h_{ij} (y)dy^idy^j , (2.3)

where i, j = 1, . . . , m are m directions on an Einstein manifold M^m, with metric h_{ij} depending on the coordinates y^i. In particular, we take

R_{ij} (h) = k(m − 1)h_{ij} , (2.4)

where k = 1, 0, −1 corresponds to elliptic, flat and hyperbolic horizon metrics. Clearly the dimension of our spacetime is given by d = m + 2.

For the metric ansatz (2.3), the non-vanishing Ricci components are R_{tt} = e^{2A−2B} ( A^{′′} + A^{′ 2} − A^′B^′ + m r A^′ ) , R_{rr} = −A^{′′} − A^{′ 2} + A^′B^′ + m r B^′, R_{ij} = R_{ij} (h) + e^{−2B}h_{ij} (rB^′ − rA^′ − m + 1) , (2.5)

where R_{ij} (h) is given in (2.4). For a magnetic solution, we take

F_{(m)} = q d^my, (2.6)

where d^my is the volume form on M^m. This yields

F^2_{(m) ij} = (m − 1)!

q^2 r^{2(m−1)} h_{ij} , F^2_{(m)} = m!

q^2 r^{2m} . (2.7)

For this black hole ansatz, we therefore have S_{tt} = e^{2A} ( (d − 3) q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 ) , S_{rr} = −e^{2B} ( (d − 3) q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 ) , S_{ij} = −r^2 h_{ij} ( − q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 ) , (2.8)

where we have made use of the fact that d = m + 2. Since the magnetic ansatz automatically solves the F_{(m)} equation of motion, we only need to worry about the Einstein equations. These equations are

A^{′′} + A^{′ 2} − A^′B^′ + d − 2 r A^′ = e^{2B} ( (d − 3) q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 ) , A^{′′} + A^{′ 2} − A^′B^′ − d − 2 r B^′ = e^{2B} ( (d − 3) q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 ) , (2.9)

(A^′ − B^′) r + d − 3 r^2

= e^{2B} ( − q^2 2(d − 2)r^{2(d−2)}

+ (d − 1)g^2 + k(d − 3) r^2 ) . In order to solve the Einstein equations, we note that the first two equations in (2.9) imply the simple condition A^′ + B^′ = 0. (2.10) Combining this with the last equation of (2.9), we obtain the following expression ∂_r ( r^{d−3}e^{−2B} ) = − q^2 2(d − 2) 1 r^{(d−2)} + (d − 1)g^2r^{(d−2)} + k(d − 3)r^{d−4}, (2.11)

which can be easily integrated to give the solution e^{−2B} = k − μ_0 r^{d−3} + q^2 2(d − 2)(d − 3) 1 r^{2(d−3)} + g^2r^2,

e^{2A} = e^{2A0} e^{−2B}. (2.12)

While the general solution has two integration constants, A_0 and μ_0, the former may be set to zero by a simple rescaling of the time coordinate. Thus we are left with a single non-extremality parameter μ_0, as well as the magnetic charge q. The magnetic black hole solution then has the standard form

ds^2 = −f(r)dt^2 + dr^2 f(r) + r^2h_{ij} (y)dy^idy^j , F_{(d−2)} = q d^{d−2}y, (2.13)

where f(r) = k − ω_dM r^{d−3} + q^2 2(d − 2)(d − 3) 1 r^{2(d−3)} + g^2r^2. (2.14)

Following [35], we have defined

ω_d = 16πG (d − 2)Vol(M^{d−2})

, (2.15)

where Newton’s constant has been restored. For vanishing charge, q = 0, this reduces to the solution of [35].

It ought to be apparent that these black holes are the magnetic duals of the well-known electrically charged solutions of the Einstein-Maxwell system with cosmological constant, given by the Lagrangian e^{−1}L = R − 1 4 F^2_{(2)} + (d − 1)(d − 2)g^2. (2.16)

The electric charged black holes are supported by a vector potential

A_{(1)} = q (d − 3)r^{d−3} dt, (2.17)

with corresponding field strength F_{(2)} = q r^{−(d−2)} dt ∧ dr. An important difference between the electric and magnetic viewpoints, however, is that of supersymmetry. While the extremal electrical solutions usually preserve some fraction of supersymmetry in a corresponding gauged supergravity theory, this is not generally the case for the magnetic solutions. Even assuming that the Lagrangian (2.1) admits a supersymmetric generalization, it can be shown that generically the magnetic black holes break all of the supersymmetries.

This issue with supersymmetry may be illustrated for the special case of m = 2, which corresponds to black holes in four dimensions. Here, the metric function f(r) takes the form f(r) = k − ω_4M r + q^2 4r^2

+ g^2r^2. (2.18)

The 2-form field strength can either be electric, F_{(2)} = (q/r^2) dt ∧ dr, or magnetic, F_{(2)} = q dy^1 ∧dy^2. For k = 1, the supersymmetric electric R-charged black holes may be obtained by taking the BPS condition q = ω_4M, so that f(r) has the extreme Reissner-Nordstrom-anti de Sitter form f(r) = ( 1 − q 2r )_2

+ g^2r^2, F_{(2)} = q r^2 dt ∧ dr. (2.19) This solution, however, is non-supersymmetric when viewed as a magnetic black hole. On the other hand, for the particular choice

ω_4M = 0, q^2 = k^2 g^2

, (2.20)

the magnetic solution has the form

f(r) = (gr)^2 ( 1 + k 2g^2r^2

)_2

, F_{(2)} = q dy^1 ∧ dy^2. (2.21)

This is the solution which was found sometime ago by Romans [32]. In the context of four-dimensional gauged N = 2 supergravity, this solution is BPS and preserves a quarter of the supersymmetry. It was furthermore shown in [32] that this ‘cosmological black hole’ solution with charge quantization given by (2.20) is the unique magnetic solution that preserves some fraction of the supersymmetries.

The extreme k = 1 Reissner-Nordstrom-anti de Sitter black hole, (2.19), generalizes to arbitrary dimensions. However, the supersymmetric magnetic solution, (2.21), is restricted to four dimensions. For five dimensions (m = 3), there is instead a charged quantized magnetic black hole solution of the form

f(r) = (gr)^2 ( 1 + k 3g^2r^2

)_3 , F_{(3)} = q dy^1 ∧ dy^2 ∧ dy^3, (2.22)

where ω_5M = − k^2 3g^2

, q^2 =

4k^3 9g^4

. (2.23)

It would be tempting to view this as a BPS solution to gauged supergravity in five dimensions. However this interpretation is not at all clear, since in this case the 3-form field strength ought to satisfy odd-dimensional self-duality equations [36, 37, 38, 39], as opposed to the standard equations of motion considered here.

It is interesting to note that, for m ≤ 3, the charge quantized magnetic solutions (2.21) and (2.22) follow a harmonic function-like form

f(r) = (gr)^2 ( 1 + k m g^2r^2 )_m , m ≤ 3. (2.24)

This no longer holds for m ≥ 4, as then (2.14) can no longer be factored in this manner.

3 Magnetically charged Branes

In this section we are interested in constructing magnetic p-brane solutions for the system described by the Lagrangian (2.1). As in the previous section, it is natural to take a magnetic m-form ansatz F_{(m)} = q d^my where d^my is the volume form on an m-dimensional Einstein manifold M^m. This motivates us to take a metric ansatz

ds^2 = e^{2A(r)}g_{μν} (x)dx^μdx^ν + e^{2B(r)}dr^2 + r^2h_{ij} (y)dy^idy^j . (3.1)

Here μ, ν = 1, . . . , n are n longitudinal directions of a manifold with metric g_{μν} . The spacetime dimension is thus given by d = n + m + 1. For this ansatz, the non-vanishing Ricci components are R_{μν} = R_{μν} (g) − e^{2A−2B}g_{μν} ( A^{′′} + nA^{′ 2} − A^′B^′ + m r A^′ ) , R_{rr} = −n ( A^{′′} + A^{′ 2} − A^′B^′ ) + m r B^′, R_{ij} = R_{ij} (h) + e^{−2B}h_{ij} (rB^′ − nrA^′ − m + 1) . (3.2)

This reduces to the previous case, (2.5), when n = 1. We now assume the Einstein conditions R_{μν} (g) = λg_{μν} , R_{ij} (h) = k(m − 1)h_{ij} . (3.3) As a result, for the magnetic m-form ansatz, the Einstein equations become

A^{′′} + A^′(nA^′ − B^′ + m r ) = e^{2B} ( (m − 1) q^2 2(d − 2)r^{2m}

+ (d − 1)g^2 + λe^{−2A} ) , n(A^{′′} + A^{′2} − A^′B^′) − m r B^′ = e^{2B} ( (m − 1) q^2 2(d − 2)r^{2m}

+ (d − 1)g^2 ) , (3.4) 1 r (nA^′ − B^′) + m − 1 r^2

= e^{2B} ( − nq^2 2(d − 2)r^{2m}

+ (d − 1)g^2 + k(m − 1) r^2 ) . Before proceeding, we note that these expressions may be slightly simplified. Subtracting the first two equations gives A^{′′} − A^′B^′ − m (n − 1) r (A^′ + B^′) = − λ n − 1 e^{2B−2A}. (3.5)

Alternatively, we may eliminate A^{′′} from the first two equations to obtain

nA^{′2} + m (n − 1) r (nA^′ + B^′) = nλ n − 1 e^{2B−2A} + e^{2B} ( (m − 1) q^2 2(d − 2)r^{2m}

+ (d − 1)g^2 ) . (3.6)

We are thus left with two coupled non-linear first order equations, namely (3.6) and the last equation of (3.4), as well as a second order equation, (3.5). However, the second order equation is in fact redundant, as it may be obtained by differentiation of the first order equations. To see this explicitly, we may first eliminate B^′ from the first order equations to obtain e^{−2B} ( n(n − 1)r^2A^{′ 2} + 2mnrA^′ + m(m − 1) ) = nλr^2e^{−2A} − 1 2 q^2 r^{2(m−1)} + (d − 1)(d − 2)g^2r^2 + km(m − 1). (3.7)

Taking a derivative and using (3.6) to eliminate the term proportional to q^2, we find

2n (m + (n − 1)rA^′) ( A^{′′} − A^′B^′ − m n − 1 1 r (A^′ + B^′) + λ n − 1 e^{2B−2A} ) = 0, (3.8)

which proves the claim, at least provided m + (n − 1)rA^′ ≠ 0, or equivalently e^{2A} ≠ c_0r^{−(2m)/(n−1)} (for some constant c_0).

Our goal, thus, is to solve the coupled first order equations for A(r) and B(r) with appropriate boundary conditions. However, before we do so, let us note that for vanishing magnetic charge, the Einstein equation is simply R_{M N} = −(d − 1)g^2g_{M N} . However, the symmetry of the ansatz, (3.1), precludes the maximally symmetric AdS_d vacuum. Instead, we note that the Einstein condition may be solved by choosing λ = (m − 1)g^2k, so that the metric (for q = 0) takes on the form

ds^2 = dr^2 k̂ + g2r2 + r 2 ( g^2g_{μν} (x)dx^μdx^ν + h_{ij} (y)dy^idy^j ) , (3.9)

where k̂ = (m − 1)k/(d − 2).

Although this vacuum would not be supersymmetric (in a gauged supergravity context), it nevertheless leads to an asymptotically anti-de Sitter geometry of the form

ds^2 ≈ g^2r^2(g_{μν} dx^μdx^ν + g^{−2}h_{ij} dy^idy^j ) + g^{−2} dr^2 r^2

. (3.10)

For non-zero magnetic charge, we note that, asymptotically the magnetic field strength, (2.7), falls off as F^2_{(m)} ∼ 1/r^{2m}. Thus even when q ≠ 0, it is natural to expect the magnetic brane solution to be asymptotic to (3.10), at least up to corrections of the order O(1/r^2). Hence we require that

e^{2A} ∼ e^{−2B} ∼ (gr)^2 as r → ∞. (3.11)

Formally, the system of first order equations, (3.6) and the last equation of (3.4), admits a two-parameter family of solutions; in addition, there are of course the inputs λ (the cosmological constant on the longitudinal space) and q (the magnetic charge) as well as the discrete parameter k = 1, 0, −1. While we have been unable to find an explicit solution for arbitrary values of λ and q, we note that the equations simplify if we take the longitudinal space to the Ricci-flat, λ = 0. In this case, we may combine (3.6) with the last equation of (3.4) to eliminate A^′. This results in a first order equation

f^{′ 2} − 4m n − 1 1 r ff^′ − 4m(d − 1) n − 1 1 r^2 f^2 − 4 r f^′ ( (d − 1) + k(m − 1) (gr)^2 − ~q^2 (gr)^{2m} )

+ 4 n − 1 1 r^2 f ( (d − 1)(m − (d − 1)(n − 1)) − km(m − 1)(n − 2) (gr)^2

+ (n − m − 1) ~q^2 (gr)^{2m} )

+ 4 r^2 ( (d − 1) + k(m − 1) (gr)^2 − ~q^2 (gr)^{2m} )_2

= 0, (3.12)

where f = 1 (gr)^2 e^{−2B}, (3.13)

and ~q is a rescaled (dimensionless) magnetic charge

~q^2 = n 2(d − 2) g^{2(m−1)}q^2. (3.14)

In general one may seek numerical solutions to (3.12) subject to the boundary condition f(r) → 1 as r → ∞. However closed form solutions may be obtained for the special cases of m = 2 and m = 3, provided a form of charge quantization is imposed.

The m = 2 (d = n + 3) case, corresponding to Einstein-Maxwell theory with a cosmological constant, has recently been investigated in [33, 34]. Given the charge quantization condition ~q^2 = k^2 (n + 1)^2

, (3.15)

we find a solution to (3.12) of the form

e^{−2B} = (gr)^2 ( 1 + k (n + 1)g^2r^2

)_2

. (3.16)

This may then be inserted into the last equation of (3.4) to obtain an equation for A, which may be solved to give

e^{2A} = (gr)^2 ( 1 + k (n + 1)g^2r^2 ) n+1_n . (3.17)

This agrees with the magnetic co-dimension three solutions obtained in [33, 34].

Turning now to the m = 3 case, we find that a closed form solution exists provided we impose a charge quantization condition

~q^2 =

16n^2k^3 (n + 1)^3(n + 2)^3

. (3.18)

This time, the solution for B is somewhat more complicated, and is given by

e^{−2B} = (gr)^2 ( 1 + 2k (n + 1)(n + 2)g^2r^2 ) ( 1 + 2nk (n + 1)(n + 2)g^2r^2

)_2 , (3.19)

whereas that for A has the simple form

e^{2A} = (gr)^2 ( 1 + 2nk (n + 1)(n + 2)g^2r^2 ) n+2_n . (3.20)

Note that for n = 1, both the m = 2 and m = 3 solutions reduce to magnetic black holes with quantized magnetic charge, given by (2.24). Thus these solutions may be viewed as a larger family of ‘cosmological magnetic branes’ generalizing the cosmological black holes of [32].

Although we have searched for a generalization to arbitrary m, we have as yet been unsuccessful. In particular, it can be shown that no terminating series solution for f given in (3.13) exists for m ≥ 4, regardless of the charge ~q, while assuming the asymptotics of (3.11). Of course, this result is not entirely unexpected, as even for n = 1, factorization of the metric function, (2.24), is only possible for m ≤ 3.

4 The near-horizon solution

In the previous sections, we have considered a transverse space metric of the form

ds^2 = e^{2B}dr^2 + r^2dΩ^2_k , (4.1)

corresponding to a foliation of space in terms of hypersurfaces with curvature k = 1, 0 or −1 (corresponding to the horizon geometry of the black object). On the other hand, assuming a regular horizon with finite area (i.e. horizon radius r_0 > 0), it is instructive to examine the near horizon solution. In this case, it is natural to take a direct product metric ds^2 = g_{μν} (x)dx^μdx^ν + h_{ij} (y)dy^idy^j , (4.2) where μ, ν = 1, . . . , d − m and i, j = 1, . . . , m. This essentially corresponds to a Freund- Rubin compactification with magnetic field strength given by

F_{(m)} = q d^my. (4.3)

Similar to (2.7), this yields

F^2_{(m) ij} = (m − 1)! q^2h_{ij} , F^2_{(m)} = m! q^2. (4.4)

The resulting Einstein equations are then R_{μν} (x) = − [ m − 1 2(d − 2) q^2 + (d − 1)g^2 ] g_{μν} , R_{ij} (y) = [ d − m − 1 2(d − 2) q^2 − (d − 1)g^2 ] h_{ij} . (4.5)

As a consequence, the scalar curvature satisfies R = d − 2m 2(d − 2) q^2 − d(d − 1)g^2. (4.6)

The equations, (4.5), are simply Einstein conditions for the ‘longitudinal’ and ‘transverse’ dimensions, with cosmological constants Λ_{d−m} = − [ m − 1 2(d − 2) q^2 + (d − 1)g^2 ] , Λ_m = [ d − m − 1 2(d − 2) q^2 − (d − 1)g^2 ] . (4.7)

Note that the longitudinal space is always AdS (since Λ_{d−m} < 0). However, the transverse space may have either sign for Λ_m, depending on the relative strength of q^2 versus g^2. It is also possible to set Λ_m to zero, although without supersymmetry this may only be viewed as a fine tuning. The freedom to adjust Λ_m may be understood by recalling that, starting from a d-dimensional theory without cosmological constant, the Freund-Rubin compactification yields a geometry of the form AdS × Sphere. Turning on an overall negative cosmological constant in the initial higher dimensional theory then contributes an additional negative factor for both the AdS and sphere curvatures. For a sufficiently large negative cosmological constant, the sphere is then replaced by hyperbolic space.

Of course, since we are considering non-supersymmetric models, we could equally well have started with a positive cosmological constant in the d-dimensional theory. In this case, turning on fluxes would yield a longitudinal space of arbitrary curvature, while the transverse space is always positively curved. In this case, an appropriate fine tuning would yield a geometry of the form Minkowski × Sphere.

5 Cosmological solutions

Until now, we have been considering only static magnetic AdS brane solutions. However, it is straightforward to analyze time dependent de Sitter solutions as well. Here we will obtain a set of cosmological solutions to the system described by the Lagrangian e^{−1}L = R − 1 2 · m! F^2_{(m)} − (d − 1)(d − 2)g^2. (5.1)

This is identical to (2.1), except that here the cosmological constant is positive. As a metric ansatz for the time-dependent solutions, we take our total spacetime dimension to be d = (n + 1) + m and assume a factorized form K^{1,n} × M^m where K^{1,n} is spatially isotropic and M^m is Einstein, with metric h_{ij} with zero, positive or negative curvature. To be precise, the ansatz is given by

ds^2 = −e^{2B(t)}dt^2 + e^{2A(t)} ( dx^2_1 + · · · + dx^2_n ) + t^2h_{ij} dy^idy^j , (5.2)

where i, j = 1, . . . , m. This is a natural cosmological version of the original static ansatz given by (3.1). For a magnetic solution, we again take F_{(m)} = q d^my. For this ansatz, the non-vanishing Ricci components are

R_{tt} = −n(Ä + Ȧ^2 − ȦḂ) + m t Ḃ, R_{ab} = e^{2A−2B}δ_{ab} ( Ä + nȦ^2 − ȦḂ + m t Ȧ ) , R_{ij} = h_{ij} [ e^{−2B} ( m − 1 − tḂ + ntȦ ) + k(m − 1) ] , (5.3)

so that the Einstein equations take the form

− n(Ä + Ȧ^2 − ȦḂ) + m t Ḃ = e^{2B} ( (m − 1) 2(d − 2) q^2 t^{2m} − (d − 1)g^2 ) , − ( Ä + nȦ^2 − ȦḂ + m t Ȧ ) = e^{2B} ( (m − 1) 2(d − 2) q^2 t^{2m} − (d − 1)g^2 ) , 1 t (nȦ − Ḃ) + m − 1 t^2

= e^{2B} ( n 2(d − 2) q^2 t^{2m} + (d − 1)g^2 − k(m − 1) t^2 ) . (5.4)

For the special case n = 1, the first two equations imply Ȧ = −Ḃ and the solution is given by ds^2 = − dt^2 f(t) + f(t)dr^2 + t^2h_{ij} (y)dy^idy^j , (5.5)

where f(t) = −k − μ t^{d−3} − q^2 2(d − 2)(d − 3) 1 t^{2(d−3)} + g^2t^2. (5.6)

For the choice k = 1 and q^2 =^{μ2}_2 (d − 2) (d − 3), the function f(t) becomes

f(t) = g^2t^2 − ( 1 − μ t^{d−3} )_2

, (5.7)

and in this case one obtains the solution presented in [40].

Of course, it should be noted that the cosmological solution (5.5) and (5.6), is formally identical to that of the static Reissner-Nordstrom-de Sitter black hole

ds^2 = −g(r)dt^2 + dr^2 g(r) + r^2h_{ij} dy^idy^j , g(r) = k − μ r^{d−3} + q^2 2(d − 2)(d − 3) 1 r^{2(d−3)} − g^2r^2. (5.8)

This may be seen by making the substitution r ↔ t as well as f(t) → −g(r) and μ → −μ. However, here we are interested in the region of spacetime given by f(t) > 0. This corresponds to the counterpart of the static black hole solution on the other side of the de Sitter horizon. In other words, for the time dependent solution, we focus on the region of spacetime given by g(r) < 0, where the rôles of r and t are interchanged.

For m = 2, namely Einstein-Maxwell-de Sitter, we get the following solution [41]

ds^2 = −(gt)^{−2} ( 1 − k (n + 1)g^2t^2 )_{−2} dt^2 +(gt)^2 ( 1 − k (n + 1)g^2t^2 ) n+1_n d⃗x^2 +t^2dΩ^2_k , (5.9)

where dΩ^2_k is the metric of a two-dimensional manifold with k = 1, 0, −1. However, the charge quantization is given by

q^2 = −

2k^2 g^2n(n + 1)

. (5.10)

Thus this solution has imaginary magnetic charge, and for n = 2 may be viewed as a solution of the five dimensional supergravity theory arising from the reduction of IIB* on dS_5 × H^5. These reductions yield five-dimensional de Sitter supergravities, albeit with wrong sign kinetic terms [42].

For the case m = 3, we obtain a time-dependent solution in de Sitter space

ds^2 = −(gt)^{−2} ( 1 − 2k (n + 1)(n + 2)g^2t^2 )_{−1} ( 1 − 2nk (n + 1)(n + 2)g^2t^2 )_{−2} dt^2 +(gt)^2 ( 1 − 2nk (n + 1)(n + 2)g^2t^2 ) n+2_n d⃗x^2 + t^2h_{ij} (y)dy^idy^j , (5.11) with magnetic flux satisfying

q^2 =

32nk^3 g^4(n + 1)^3(n + 2)^2

. (5.12)

This charge quantization condition is identical in sign with that for the static anti-de Sitter case, namely (3.18). Thus one must take k = 1 in order to obtain real gauge fields in both the AdS and dS cases.

6 Discussion

In this paper, we have focused on constructing magnetic brane solutions asymptotic to anti-de Sitter space. For the 0-brane case, we recover the magnetically charged Reissner- Nordstrom-AdS black hole. On the other hand, we have demonstrated that a new class of magnetic p-branes (p > 0) may be obtained by solution of the non-linear equation (3.13). For the case of m = 2 (Einstein-Maxwell), the co-dimension three branes reproduce the solutions of [33, 34], while for m = 3, we obtain a new analytic solution for co-dimension four branes.

In general, we are unable to work in a supersymmetric framework. This is due to the fact that gauged supergravities (which yield AdS vacua) generally do not contain m-form field strengths with m > 2 satisfying standard m-form equations of motion. Instead, such higher form gauge fields satisfy odd-dimensional self-duality equations, at least in the five and seven-dimensional gauged supergravities [36, 37, 38, 39]. On the other hand, for m = 2, the Lagrangian (2.1) may generally be given a supersymmetric interpretation with F_{(2)} transforming as a graviphoton. In this case, it is known that the extreme electrically charged AdS black holes preserve a fraction of the supersymmetries [32, 2, 3, 4, 5, 6, 12]. For the magnetic objects, the charge quantized co-dimension three solution (3.16) and (3.17) was shown to be one quarter supersymmetric, both in four dimensions [32] and in general [34].

Although we are not aware of a gauged supergravity with m = 3 and a standard kinetic term of the form (2.1), it is tempting to suggest that the cosmological magnetic brane solution (3.19) and (3.20) is likewise somehow one quarter supersymmetric. In five dimensions, one may be tempted to identify this magnetic F_{(3)} black hole as dual to an electric F_{(2)} black hole (which would be supersymmetric in the extremal limit). However, this cannot be the case, as it is not possible to dualize the graviphotons in gauged supergravity. Nevertheless, we hold open the possibility that some dual five-dimensional theory may be formulated where the gauging is accomplished via an antisymmetric tensor with field strength F_{(3)} = dA_{(2)}.

Finally, we note that a class of supersymmetric branes supported by higher form potentials have been constructed using the Lü-Pope ansatz [43,44,45,46]. These solutions make explicit use of the odd-dimensional self-duality equations. Thus they appear rather different in structure from the magnetic branes considered above. Furthermore, the Lü- Pope lifted solutions have both electric and magnetic components of the field strengths active by virtue of odd-dimensional self-duality. This suggests that, in order to make a connection between the solutions discussed here and the branes of the Lü-Pope type, we would at least have to generalize our magnetic ansatz to include the dyonic case. It would be interesting to see if this is indeed possible.

Acknowledgments

This work was supported in part by the US Department of Energy under grant DE-FG02- 95ER40899. JTL acknowledges the hospitality of Khuri lab at the Rockefeller University where this project was initiated and the theory group at Princeton University, where part of this work was completed.

References

[1] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Large N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[2] K. Behrndt, A. H. Chamseddine and W. A. Sabra, BPS black holes in N = 2 five dimensional AdS supergravity, Phys. Lett. B 442 (1998) 97 [hep-th/9807187].

[3] D. Klemm, BPS black holes in gauged N = 4, D = 4 supergravity, Nucl. Phys. B 545 (1999) 461 [hep-th/9810090].

[4] M. J. Duff and J. T. Liu, Anti-de Sitter black holes in gauged N = 8 supergravity, Nucl. Phys. B 554 (1999) 237 [hep-th/9901149].

[5] W. A. Sabra, Anti-de Sitter BPS black holes in N = 2 gauged supergravity, Phys.

Lett. B 458 (1999) 36 [hep-th/9903143].

[6] J. T. Liu and R. Minasian, Black holes and membranes in AdS_7, Phys. Lett. B 457 (1999) 39 [hep-th/9903269].

[7] A. H. Chamseddine and W. A. Sabra, Magnetic and dyonic black holes in D = 4 gauged supergravity, Phys. Lett. B 485 (2000) 301 [hep-th/0003213].

[8] J. T. Liu and W. A. Sabra, Multi-centered black holes in gauged D = 5 supergravity, Phys. Lett. B 498 (2001) 123 [hep-th/0010025].

[9] D. Klemm and W. A. Sabra, Charged rotating black holes in 5d Einstein-Maxwell- (A)dS gravity, Phys. Lett. B 503 (2001) 147 [hep-th/0010200].

[10] D. Klemm and W. A. Sabra, General (anti-)de Sitter black holes in five dimensions, JHEP 0102 (2001) 031 [hep-th/0011016].

[11] M. M. Caldarelli, D. Klemm and W. A. Sabra, Causality violation and naked time machines in AdS_5, JHEP 0105 (2001) 014 [hep-th/0103133].

[12] M. M. Caldarelli and D. Klemm, Supersymmetry of anti-de Sitter black holes, Nucl.

Phys. B 545 (1999) 434 [hep-th/9808097].

[13] K. Behrndt, M. Cvetič and W. A. Sabra, Non-extreme black holes of five dimensional N = 2 AdS supergravity, Nucl. Phys. B 553 (1999) 317 [hep-th/9810227].

[14] K. Behrndt and M. Cvetič, Supersymmetric domain wall world from D = 5 simple gauged supergravity, Phys. Lett. B 475 (2000) 253 [hep-th/9909058].

[15] K. Behrndt, C. Herrmann, J. Louis and S. Thomas, Domain walls in five dimensional supergravity with non-trivial hypermultiplets, JHEP 0101 (2001) 011 [hep-th/0008112].

[16] A. Ceresole, G. Dall’Agata, R. Kallosh and A. Van Proeyen, Hypermultiplets, domain walls and supersymmetric attractors, Phys. Rev. D 64 (2001) 104006 [hep-th/0104056].

[17] A. H. Chamseddine and W. A. Sabra, Curved domain walls of five dimensional gauged supergravity, Nucl. Phys. B 630 (2002) 326 [hep-th/0105207].

[18] A. H. Chamseddine and W. A. Sabra, Einstein brane-worlds in 5D gauged supergravity, Phys. Lett. B 517 (2001) 184 [Erratum-ibid. B 537 (2002) 353] [hep-th/0106092].

[19] K. Behrndt and G. Dall’Agata, Vacua of N = 2 gauged supergravity derived from nonhomogenous quaternionic spaces, Nucl. Phys. B 627 (2002) 357 [hep-th/0112136].

[20] G. L. Cardoso, G. Dall’Agata and D. Lüst, Curved BPS domain wall solutions in five-dimensional gauged supergravity, JHEP 0107 (2001) 026 [hep-th/0104156].

[21] G. L. Cardoso, G. Dall’Agata and D. Lüst, Curved BPS domain walls and RG flow in five dimensions, JHEP 0203 (2002) 044 [hep-th/0201270].

[22] L. Anguelova and C. I. Lazaroiu, Domain walls of N = 2 supergravity in five dimensions from hypermultiplet moduli spaces, JHEP 0209 (2002) 053 [hep-th/0208154].

[23] S. L. Cacciatori, D. Klemm and W. A. Sabra, Supersymmetric domain walls and strings in D = 5 gauged supergravity coupled to vector multiplets, JHEP 0303 (2003) 023 [hep-th/0302218].

[24] J. de Boer, E. Verlinde and H. Verlinde, On the holographic renormalization group, JHEP 0008 (2000) 003 [hep-th/9912012].

[25] A. H. Chamseddine and W. A. Sabra, Magnetic strings in five dimensional gauged supergravity theories, Phys. Lett. B 477 (2000) 329 [hep-th/9911195].

[26] D. Klemm and W. A. Sabra, Supersymmetry of black strings in D = 5 gauged supergravities, Phys. Rev. D 62 (2000) 024003 [hep-th/0001131].

[27] J. M. Maldacena and C. Nuñez, Supergravity description of field theories on curved manifolds and a no go theorem, Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018].

[28] B. S. Acharya, J. P. Gauntlett and N. Kim, Fivebranes wrapped on associative threecycles, Phys. Rev. D 63 (2001) 106003 [hep-th/0011190].

[29] J. P. Gauntlett, N. Kim and D. Waldram, M-fivebranes wrapped on supersymmetric cycles, Phys. Rev. D 63 (2001) 126001 [hep-th/0012195].

[30] J. P. Gauntlett and N. Kim, M-fivebranes wrapped on supersymmetric cycles. II, Phys. Rev. D 65 (2002) 086003 [hep-th/0109039].

[31] J. P. Gauntlett, N. Kim, S. Pakis and D. Waldram, Membranes wrapped on holomorphic curves, Phys. Rev. D 65 (2002) 026003 [hep-th/0105250].

[32] L. J. Romans, Supersymmetric, cold and lukewarm black holes in cosmological Einstein-Maxwell theory, Nucl. Phys. B 383 (1992) 395 [hep-th/9203018].

[33] W. A. Sabra, Magnetic branes in d-dimensional AdS Einstein-Maxwell gravity, Phys.

Lett. B 545 (2002) 175 [hep-th/0207128].

[34] W. A. Sabra, Curved branes in AdS Einstein-Maxwell gravity and Killing spinors, Phys. Lett. B 552 (2003) 247 [hep-th/0210265].

[35] D. Birmingham, Topological black holes in anti-de Sitter space, Class. Quant. Grav.

16 (1999) 1197 [hep-th/9808032].

[36] P. K. Townsend, K. Pilch and P. van Nieuwenhuizen, Selfduality In Odd Dimensions, Phys. Lett. B 136 (1984) 38 [Addendum-ibid. 137, (1984) 443].

[37] M. Gunaydin, L. J. Romans and N. P. Warner, Gauged N=8 Supergravity In Five- Dimensions, Phys. Lett. B 154 (1985) 268.

[38] M. Pernici, K. Pilch and P. van Nieuwenhuizen, Gauged N = 8 D = 5 Supergravity, Nucl. Phys. B 259 (1985) 460.

[39] L. J. Romans, Gauged N = 4 Supergravities In Five-Dimensions And Their Magnetovac Backgrounds, Nucl. Phys. B 267 (1986) 433.

[40] H. Lü, C. N. Pope and J. F. Vázquez-Poritz, From AdS Black Holes to Supersymmetric Flux-branes, hep-th/0307001.

[41] H. Lü and J. F. Vázquez-Poritz, From de Sitter to de Sitter, hep-th/0305250. [42] J. T. Liu, W. A. Sabra and W. Y. Wen, Consistent reductions of IIB*/M* theory and de Sitter supergravity, hep-th/0304253.

[43] H. Lü and C. N. Pope, Branes on the brane, Nucl. Phys. B 598 (2001) 492 [hep-th/0008050].

[44] M. Cvetič, H. Lü and C. N. Pope, Brane-world Kaluza-Klein reductions and branes on the brane, J. Math. Phys. 42 (2001) 3048 [hep-th/0009183].

[45] S. Ferrara and M. Porrati, Observations on the holographic duals of 4-D extremal black holes, Phys. Lett. B 545 (2002) 384 [hep-th/0207255].

[46] J. T. Liu and W. Y. Wen, Exact multi-membrane solutions in AdS_7, Phys. Lett. B 525 (2002) 157 [hep-th/0110213].