arXiv:hep-th/0308052 v2 10 Sep 2003

Yukawa Institute Kyoto YITP-03-51

hep-th/0308052

August 2003

Quantum & Classical Eigenfunctions in Calogero & Sutherland Systems

I. Loris^{a,b} and R. Sasaki^a

a Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan b Dienst Theoretische Natuurkunde, Vrije Universiteit Brussel, Pleinlaan 2, B-1050 Brussels, Belgium

Abstract An interesting observation was reported by Corrigan-Sasaki that all the frequencies of small oscillations around equilibrium are “quantised” for Calogero and Sutherland (C-S) systems, typical integrable multi-particle dynamics. We present an analytic proof by applying recent results of Loris-Sasaki. Explicit forms of ‘classical’ and quantum eigenfunctions are presented for C-S systems based on any root systems.

1 Introduction

In a recent paper [1] simple theorems pertaining to the correspondence between quantum and classical dynamics are proved for the general multi-particle quantum mechanical systems with discrete eigenvalues. The theorems relate quantum mechanical eigenvalues and eigenfunctions to the properties of the classical mechanical system at equilibrium. Corresponding to each quantum eigenfunction, a ‘classical eigenfunction’ is defined whose eigenvalue is given by the ‘main part’, that is the order ℏ part, of the quantum eigenvalue. For the ‘elementary excitations’ these classical and quantum eigenvalues are nothing but the eigenfrequencies of the normal modes of the small oscillations at equilibrium.

We apply these theorems to the Calogero and Sutherland [2] systems, typical integrable multi-particle dynamics with long range interactions based on root systems [3]. The theorems provide an analytic proof for the interesting observations made by Corrigan-Sasaki [4, 5, 6] concerning the classical and quantum integrability in Calogero and Sutherland systems. Explicit forms of the classical and quantum eigenfunctions for the elementary excitations are presented for the Calogero and Sutherland systems based on any root systems. These exemplify another aspect of the close relationship between the classical and quantum integrability in Calogero and Sutherland systems.

This paper is organised as follows. In section two, basic formulation of multi-particle quantum mechanics in terms of the prepotential [7, 8] is briefly reviewed. After the reformulation of the quantum mechanical wavefunctions at equilibrium, the main theorem of the Loris-Sasaki paper [1] is recapitulated. In section three the basic concepts of the Calogero and Sutherland systems are summarised. Section four and five are the main part of this paper, presenting the classical and quantum eigenfunctions of the Calogero systems (section four) and Sutherland systems (section five). The final section is for summary and comments.

2 Basic Quantum Mechanics

Let us start with a basic formulation of multi-particle quantum mechanical system in terms of a prepotential [7, 8] and later we will discuss its relationship with the corresponding classical (ℏ → 0) dynamics. The dynamical variables are the coordinates {q_j| j = 1, . . . , r} and their canonically conjugate momenta {p_j | j = 1, . . . , r}, subject to the Heisenberg commutation relations or the Poisson bracket relations:

[q_j , p_k] = iℏδ_{j k}, [q_j , q_k] = [p_j , p_k ] = 0, {q_j , p_k} = δ_{j k}, {q_j , q_k} = {p_j , p_k } = 0. We will adopt the standard vector notation in R^r:

q = (q_1, . . . , q_r), p = (p_1, . . . , p_r ), q^2 ≡ r∑ j=1 q^2_j , p^2 ≡ r∑ j=1 p^2_j , . . . , (2.1)

in which r is the number of particles. In quantum theory, the momentum operator p_j acts as a differential operator: p_j = −iℏ ∂ ∂q_j , j = 1, . . . , r.

Throughout this paper we discuss the standard Hamiltonian system H = 1 2 p^2 + V (q), (2.2)

in which we have assumed for simplicity that all the particles have the same mass, which is rescaled to unity. Let us start with mild assumptions that the system has a unique and square integrable ground state ψ_0:

Hψ_0 = 0, ∫ |ψ_0|^2 d^rq < ∞, (2.3)

and that it has a finite (or an infinite) number of discrete eigenvalues:

Hψ_n = E_nψ_n, E_n = E_nℏ + O(ℏ^2). (2.4)

Here we adopt the convention that the ground state energy is vanishing, by adjusting the constant part of the potential V , see below.

Since the above time-independent Schrödinger equation is real for a self-adjoint Hamiltonian and that the ground state has no node we express the ground state eigenfunction as ψ_0(q) = e^{1ℏ W (q)}, (2.5) in which a real function W = W (q) is called a prepotential [7, 8]. By simple differentiation of (2.5), we obtain

p_j ψ_0 = −i ∂W ∂q_j ψ_0, p^2ψ_0 = − r∑ j=1 [( ∂W ∂q_j )_2 + ℏ ∂^2W ∂q^2_j ] ψ_0, (2.6)

which results in { 1 2 p^2 + 1 2 r∑ j=1 [( ∂W ∂q_j )_2 + ℏ ∂^2W ∂q^2_j ]} ψ_0 = 0. (2.7)

In other words, we can express the potential (plus the ground state energy) in terms of the prepotential [4, 7, 8]^1 V (q) = 1 2 r∑ j=1 [( ∂W ∂q_j )_2 + ℏ ∂^2W ∂q^2_j ] . (2.8)

By removing the obvious ℏ-dependent terms, let us define a classical potential V_C (q):

V_C (q) = 1 2 r∑ j=1 ( ∂W ∂q_j )_2

. (2.9)

1Similar formulas can be found within the context of supersymmetric quantum mechanics [9]. Here we stress that supersymmetry is not necessary.

Conversely, (2.8) is a Riccati equation determining the prepotential W for a given potential V (or V_C ). Needless to say, it does not matter if the prepotential can be expressed in terms of elementary functions or not.

2.1 Equilibrium position and frequencies of small oscillations

Now let us consider the equilibrium point of the classical potential V_C (2.9). The classical Hamiltonian H_C = p^2/2 + V_C has a stationary solution at the classical equilibrium point, p = 0, q = q̄. There could be, in general, many stationary points of the classical potential V_C , among which we will focus on the ‘maximum’ point q̄ of the ground state wavefunction ψ_0 [4]: ∂W ∂q_j | | | |_{q̄} = 0, =⇒ ∂V_C ∂q_j | | | |_{q̄} = r∑ k=1 ∂^2W ∂q_j∂q_k | | | |_{q̄} ∂W ∂q_k | | | |_{q̄} = 0, j = 1, . . . , r. (2.10)

By expanding the classical potential V_C around q̄ (2.10), we obtain

V_C (q) = 1 2 r∑ j, k=1 ∂^2V_C ∂q_j ∂q_k | | | |_{q̄} (q − q̄)^j (q − q̄)^k + O((q − q̄)^3) = 1 2 r∑ j, k, l=1 ∂^2W ∂q_j∂q_l | | | |_{q̄} ∂^2W ∂q_l∂q_k | | | |_{q̄} (q − q̄)^j (q − q̄)^k + O((q − q̄)^3), (2.11)

since V_C (q̄) = 0, (2.9). Thus the eigen (angular) frequencies ((frequency)^2) of small oscillations near the classical equilibrium are given as the eigenvalues of the Hessian matrix ~W ( ~V_C ):

~W = Matrix [ ∂^2W ∂q_j∂q_k | | | q̄ ] , ~V_C = Matrix [ ∂^2V_C ∂q_j∂q_k | | | q̄ ] = ~W^2. (2.12)

2.2 Classical Limit of Quantum Eigenfunctions

Let us express the discrete eigenfunctions in product forms

ψ_n(q) = ϕ_n(q)ψ_0(q), n = 0, 1, . . . , ϕ_0 ≡ 1, (2.13)

in which ϕ_n obeys a simplified equation with the similarity transformed Hamiltonian Ĥ [7, 8]:

Ĥϕ_n = E_nϕ_n, (2.14)

Ĥ = e^{− 1}ℏ^W He^1ℏ^W = −ℏ^2 2 △ + ℏÂ, (2.15) in which △ is the Laplacian and a linear differential operator Â is defined for any smooth function φ(q) as: (Âφ)(q) ≡ − r∑ j=1 ∂W (q) ∂q_j ∂φ(q) ∂q_j , △ = r∑ j=1 ∂^2 ∂q^2_j . (2.16)

Here we adjust the normalisation of the eigenfunctions {ϕ_n} so that the corresponding “classical” eigenfunctions {φ_n} are finite (non-vanishing) in the limit ℏ → 0:

lim_{ℏ→0} ϕ_n(q) = φ_n(q), n = 1, 2, . . . , . (2.17)

By taking the classical limit (ℏ → 0) of (2.14) and considering (2.4), (2.15), we arrive at an ‘eigenvalue equation’ for the “classical” wavefunctions

Âφ_n = E_nφ_n, n = 1, 2, . . . , , (2.18)

in which the operator Â is defined above (2.16). Conversely one could start with the above eigenvalue equation. One defines the classical eigenfunctions as its solutions satisfying certain regularity conditions. Then the quantum eigenfunction ϕ_n could be considered as an ℏdeformation of the classical eigenfunction φ_n. For the Calogero and Sutherland systems to be discussed below, there is a one-to-one correspondence between the classical and quantum eigenfunctions. For generic multi-particle quantum mechanical systems, the situation is less clear.

2.3 Theorems

The classical eigenfunctions have the following remarkable properties:

Proposition 2.1 The product of two classical eigenfunctions (φ_n, E_n) and (φ_m, E_m) is again a classical eigenfunction with the eigenvalue E_n + E_m, − r∑ j=1 ∂W ∂q_j ∂(φ_nφ_m) ∂q_j = (E_n + E_m)φ_nφ_m. (2.19)

Proposition 2.2 The classical eigenfunctions vanish at the equilibrium q̄

φ_n(q̄) = 0, n = 1, 2, . . . , . (2.20)

Proposition 2.3 The derivatives of a classical eigenfunction at the equilibrium q̄ form an eigenvector of the Hessian matrix ~W , iff ∇φ_n|_{q̄} ≠ 0 − ~W · ∇φ_n|_{q̄} = E_n ∇φ_n|_{q̄} , n = 1, 2, . . . , . (2.21) or − r∑ j=1 ∂^2W ∂q_k∂q_j | | | |_{q̄} ∂φ_n ∂q_j | | | |_{q̄} = E^n ∂φ_n ∂q_k | | | |_{q̄} , n = 1, 2, . . . , . (2.22)

Obviously the Hessian matrix ~W has at most r different eigenvalues and eigenvectors. The classical eigenfunctions {(φ_j , E_j )}, j = 1, . . . , r for which ∇φ_j|_{q̄} ≠ 0 will be called “elementary excitations”. At equilibrium, each corresponds to the normal coordinate of the small oscillations with the eigen (angular) frequency E_j . The elementary excitations are the generators of all the classical eigenfunctions. In other words, any classical eigenfunction can be expressed as φ^{n1}_1 · · · φ^{nr}_r , E = n_1E_1 + · · · + n_rE_r, n_j ∈ Z_+, (2.23) or a linear combination thereof with the same eigenvalue E. The above type of classical eigenfunctions are obviously non-elementary and they have zero gradient at equilibrium, for example, ∇(φ_jφ_k )|_{q̄} = 0. Because of this property, the representation of the elementary excitations is not unique except for some lower members.

These results provide a basis of the analytical proof of the observations made in Corrigan- Sasaki paper [4] on the correspondence/contrast between the classical and quantum integrability in Calogero-Moser systems. It should be mentioned that Perelomov’s recent work [6] asserts essentially our Proposition 2.3 for the special cases of the quantum-classical eigenvalue correspondence of the Sutherland systems.

Throughout this section we have assumed that the prepotential W is independent of the Planck’s constant ℏ, for simplicity of the presentation. The main content of this section is valid even if W depends on ℏ, so long as lim_{ℏ→0} W = W_0 is well-defined. A celebrated example that lim_{ℏ→0} W diverges is the hydrogen atom, for which the classical equilibrium does not exist. In this case the quantum-classical correspondence does not make sense and the present formulation does not apply.

In the subsequent sections we will show many explicit examples of the classical and quantum eigenfunctions and their relationship.

3 Root Systems and Calogero-Moser Dynamics

A Calogero-Moser system is a multi-particle Hamiltonian dynamics associated with a root system Δ of rank r. This is a set of vectors in R^r invariant under reflections in the hyperplane perpendicular to each vector in Δ:

Δ ∋ s_α(β) = β − (α^∨ · β)α, α^∨ = 2α α^2 , α, β ∈ Δ. (3.1) The set of reflections {s_α, α ∈ Δ} generates a finite reflection group G_Δ, known as a Coxeter (or Weyl) group.

A Calogero-Moser system is integrable both at the classical and quantum levels for various choices of the long range interaction potentials; rational (1/q^2), rational with a harmonic confining potential, trigonometric (1/ sin^2 q), hyperbolic (1/ sinh^2 q) and elliptic with the Weierstrass function (℘(q)) potential. In the rest of this paper we will discuss the rational case (with a harmonic confining potential) under the name of Calogero system [2] and the trigonometric potential case to be called Sutherland system [2]. Both quantum Hamiltonians have an infinite number of discrete eigenvalues. The prepotentials are

Calogero : W = W_R − ω 2 q^2, W_R = ∑ ρ∈Δ_+ g_ρ log ρ · q, (3.2)

in which W_R is the prepotential of the theory without the harmonic confining potential and

Sutherland : W = ∑ ρ∈Δ_+ g_ρ log sin(ρ · q). (3.3)

In these formulae, Δ_+ is the set of positive roots and g_ρ are real positive coupling constants which are defined on orbits of the corresponding Coxeter group, i.e. they are identical for roots in the same orbit. For crystallographic root systems there is one coupling constant g_ρ = g for all roots in simply-laced models, and there are two independent coupling constants, g_ρ = g_L for long roots and g_ρ = g_S for short roots in non-simply laced models. We will give the explicit forms of W in later sections. Throughout this paper we put the scale factor in the trigonometric functions to unity for simplicity; instead of the general form a^2/ sin^2 a(ρ·q), we use 1/ sin^2(ρ · q). We also adopt the convention that long roots have squared length two, ρ^2_L = 2, unless otherwise stated. These prepotentials determine the potentials:

V = ω^2 2 q^2 + 1 2 ∑ ρ∈Δ_+ g_ρ(g_ρ − ℏ)ρ^2 (ρ · q)^2

− E_0, Calogero, 1 2 ∑ ρ∈Δ_+ g_ρ(g_ρ − ℏ)ρ^2 sin^2(ρ · q)

− E_0, Sutherland.

(3.4)

The Sutherland systems are integrable, both at the classical and quantum levels, for the crystallographic root systems, that is those associated with simple Lie algebras: {A_r, r ≥ 1}^2 , {B_r, r ≥ 2}, {C_r, r ≥ 2}, {D_r , r ≥ 4}, E_6, E_7, E_8, F_4 and G_2 and the so-called {BC_r, r ≥ 2}. On the other hand, the Calogero systems are integrable for any root systems, crystallographic and non-crystallographic. The latter are H_3, H_4, and {I_2(m), m ≥ 4}, the dihedral group of order 2m.

The prepotential W (3.2), (3.3), and hence the (classical) potential V (3.4) and the Hamiltonian are Coxeter (Weyl) invariant:

W (s_ρ(q)) = W (q), V (s_ρ(q)) = V (q), V_C (s_ρ(q)) = V_C (q), ∀ρ ∈ Δ, H(s_ρ(p), s_ρ(q)) = H(p, q), Ĥ(s_ρ(p), s_ρ(q)) = Ĥ(p, q), Â(s_ρ(q)) = Â(q), (3.5) which is the symmetry of the entire Calogero-Moser systems. This results in the fact that the ground state ψ_0 and all the other eigenfunctions are are Coxeter (Weyl) invariant [8]:

ψ_0(s_ρ(q)) = ψ_0(q), ψ_n(s_ρ(q)) = ψ_n(q), ϕ_n(s_ρ(q)) = ϕ_n(q), φ_n(s_ρ(q)) = φ_n(q). (3.6)

The quantum Calogero and Sutherland systems are not only integrable but also exactly solvable [8], that is, the similarity transformed Hamiltonians (2.15) are lower triangular in certain basis of the Hilbert space. The eigenvalues can be read off easily from the diagonal matrix elements of Ĥ. The exact eigenvalues of the excited states in the Calogero system are an integer multiple of the oscillator quantum ωℏ: E_{⃗n} = ωℏ r∑ j=1 n_j f_j , n_j ∈ Z_+. (3.7)

Here ⃗n = (n_1, . . . , n_r) are non-negative quantum numbers and f_j = 1 + e_j and the integers {e_j }, j = 1, . . . , r are called the exponents of the root system Δ:

2For A_r models, it is customary to introduce one more degree of freedom, q_{r+1} and p_{r+1} and embed all of the roots in R^{r+1}.

Δ f_j = 1 + e_j Δ f_j = 1 + e_j A_r 2, 3, 4, . . . , r + 1 E_8 2, 8, 12, 14, 18, 20, 24, 30 B_r 2, 4, 6, . . . , 2r F_4 2, 6, 8, 12 C_r 2, 4, 6, . . . , 2r G_2 2, 6 D_r 2, 4, . . . , 2r − 2; r I_2(m) 2, m E_6 2, 5, 6, 8, 9, 12 H_3 2, 6, 10 E_7 2, 6, 8, 10, 12, 14, 18 H_4 2, 12, 20, 30 Table I: The degrees f_j at an elementary excitation exists.

The coupling constant(s) g_ρ of the rational 1/q^2 potentials shifts only the ground state energy E_0 in (3.4): E_0 = ωℏr/2 + ω ∑ ρ∈Δ_+ g_ρ (3.8)

in which the first term is the zero-point energy of the oscillators. For a given non-negative integer N, let P(N) be the number of different solutions of N = r∑ j=1 n_j f_j , n_j ∈ Z_+. (3.9)

Then the energy eigenvalue E = ωℏN + E_0 has the degeneracy P(N).

The exact eigenvalues of the excited states in the Sutherland [8, 10] system are specified by the dominant highest weight λ_{⃗n}:

E_{⃗n} = 2ℏ^2λ^2_{⃗n} + 4ℏλ_{⃗n} · ϱ, (3.10) λ_{⃗n} = r∑ j=1 n_j λ_j , n_j ∈ Z_+, (3.11) ϱ = 1 2 ∑ ρ∈Δ_+ g_ρρ, δ = 1 2 ∑ ρ∈Δ_+ ρ. (3.12)

Here ⃗n = (n_1, . . . , n_r) are non-negative quantum numbers, λ_j , j = 1, . . . , r are the fundamental weights and δ and ϱ are called the Weyl vector and a deformed Weyl vector. The ground state energy E_0 in (3.4) is solely determined by ϱ:

E_0 = 2ϱ^2. (3.13)

For the general discussion of quantum Calogero and Sutherland systems for any root system along the present line of arguments, the quantum integrability, Lax pairs, quantum eigenfunctions, creation-annihilation operators etc, we refer to [8]. A rather different approach by Heckman and Opdam [10] to Calogero-Moser models with degenerate potentials based on any root system should also be mentioned in this connection. The eigenfunctions of the Sutherland systems are sometimes called Heckman-Opdam’s Jacobi polynomials. Those for the A series are known as the Jack polynomials [11].

In the following two sections, we will show the classical and quantum eigenfunctions of the elementary excitations in Calogero systems (section 4) and in Sutherland systems (section 5). For brevity and clarity of the presentation, we present the eigenfunctions of the ‘reduced theory’ in which most of the coupling constants are put to unity. To be more precise, for simply-laced theories (A, D, E, H and I_2(odd)) we put the coupling constant unity, g = 1. For non simply-laced theories (B, C, F_4, G_2 and I_2(even)) we put the coupling constant for long roots unity g_L = 1 and keep the coupling constant for short roots intact, g_S = γ. The angular frequency of the harmonic confining potential is also put to unity, ω = 1.

Let us introduce elementary symmetric polynomials as useful ingredients for expressing the eigenfunctions. The degree k elementary symmetric polynomial in r variables, {t_1, t_2, . . . , t_r}, S_k({t_j }) is defined by the expansion of a generating function G(x; {t_j }) = r∏ j=1 (x + t_j) = r∑ k=0 S_k ({t_j})x^{r−k} . (3.14)

4 Classical & Quantum Eigenfunctions of the Calogero Systems

The basis of the quantum eigenfunctions {ϕ_n} of the Calogero system is the Coxeter (Weyl) invariant polynomials in the coordinates {q_j}. In order to express the eigenfunctions in a closed form, let us introduce the similarity transformed Hamiltonian Ĥ_R without the harmonic confining potential: Ĥ_R = Ĥ − ωℏD, D = q · ∇ = r∑ j=1 q_j ∂ ∂q_j , (4.1)

= − ℏ^2 2 △ + ℏÂ_R, Â_R = −∇W_R · ∇ = − r∑ j=1 ∂W_R ∂q_j ∂ ∂q_j , (4.2)

in which D is the Euler derivative measuring the degree of a monomial. The Hamiltonian Ĥ_R maps a Coxeter invariant polynomial to another with degree two less

[D, Ĥ_R] = −2Ĥ_R, (4.3) which implies for an arbitrary parameter κ ∈ C

(D + 2κĤ_R) exp[κĤ_R] = exp[κĤ_R]D.

The lower triangularity of the Hamiltonian Ĥ_R means that the exponential operator contains only finite powers of Ĥ_R, up to [N/2], when applied to a Coxeter invariant polynomial of degree N. By multiplying ωℏ on both sides and choosing κ = 1/2ωℏ, we obtain Ĥ exp[Ĥ_R/2ωℏ] = exp[Ĥ_R/2ωℏ]ωℏD. (4.4)

Thus we arrive at a formula of an eigenfunction of Ĥ with the eigenvalue ωℏN (N being a non-negative integer), starting from an arbitrary homogeneous Coxeter invariant polynomial Φ_N (q) of degree N:

Ĥϕ_N (q) = ωℏNϕ_N (q), (4.5) ϕ_N (q) ≡ exp[Ĥ_R/2ωℏ]Φ_N (q), DΦ_N (q) = NΦ_N (q). (4.6)

A similar formula was derived in [12] for the theories based on the A-series of root systems. There are P(N) (3.9) linearly independent Coxeter invariant homogeneous polynomials, which is equal to the degeneracy of the eigenspace of E = ωℏN. Among them there are special eigenfunctions which are linear combinations of the Coxeter invariant homogeneous polynomials such that they are annihilated by Ĥ_R: Ĥ_RΦ_N = 0 =⇒ ĤΦ_N (q) = ωℏNΦ_N (q). (4.7)

The number of homogeneous eigenfunctions is P(N) − P(N − 2), which is much less than the total dimensionality of the eigenspace, P(N).

The simplest class of quantum eigenfunctions depends only on q^2 = ∑ j q^2_j , (2.1):

Â_R(q^2)^n = −2n ∑ ρ∈Δ_+ g_ρ(q^2)^{n−1}, △(q^2)^n = 4n(r/2 + n − 1)(q^2)^{n−1},

Ĥ_R(q^2)^n = −2nℏ ( r 2 ℏ + ∑ g_ρ + ℏ(n − 1) ) (q^2)^{n−1}, Ĥ_R (ω ℏ q^2 )_n = −2nωℏ ( r 2 + 1 ℏ ∑ g_ρ + (n − 1) ) ( ω ℏ q^2 )_{n−1} . (4.8)

If we define x ≡ ωq^2/ℏ and α ≡ r/2 + ∑ ρ g_ρ/ℏ − 1 = E_0/ℏω − 1, (with E_0 defined in (3.8)), we obtain the associated Laguerre polynomial in x as the quantum eigenfunction exp [ Ĥ_R 2ωℏ ] (−1)^n x^n n! = n∑ j=0 (−1)^j ( α + n n − j ) x^j j! = L^{(α)}_n (x). (4.9)

This class of universal eigenfunctions is known from the early days of Calogero systems [13, 8]. It is easy to verify Proposition 2.2 and 2.3 for this eigenfunction, since the classical limit is lim_{ℏ→0} ℏ^nL^{(α)}_n (x) = (−)^n ω^n n! (q^2 − q̄^2)^n, (4.10) in which ωq̄^2 = ∑ ρ∈Δ_+ gρ [4].

The classical counterpart of the above general result (4.5), (4.6) is simply obtained as the ℏ → 0 limit:

Âφ_N (q) = ωNφ_N (q), (4.11) φ_N (q) ≡ exp[Â_R/2ω]Φ_N (q), DΦ_N (q) = NΦ_N (q). (4.12)

Since the operator Â_R (Â) satisfies the Leibnitz rule Â_R(fg) = (Â_Rf)g + f(Â_Rg), we obtain corresponding to Proposition 2.1 (2.19)

exp[Â_R/2ω]Φ_N (q)Φ_M (q) = {exp[Â_R/2ω]Φ_N (q)} {exp[Â_R/2ω]Φ_M (q)}. (4.13)

The classical eigenfunctions of the elementary excitations are the generators of all the classical eigenfunctions. The quantum eigenfunctions of the elementary excitations play a less prominent role. The product of two quantum eigenfunctions is no longer a quantum eigenfunction, since the Laplacian △ and thus the Hamiltonian Ĥ do not enjoy the Leibnitz rule. Here we will show explicitly the classical and quantum eigenfunctions of the elementary excitations for the Calogero systems. The knowledge of the classical equilibrium and the eigenvectors of the Hessian matrix ~W (2.12) helps to determine the classical eigenfunctions.

4.1 A-Series

Calogero and collaborators discussed the classical equilibrium problem of the A_r Calogero system about quarter of a century ago [14, 15, 16, 3]. A modern version in terms of the prepotential was developed by Corrigan-Sasaki [4]. Following the usual convention we embed the root vectors in R^{r+1} as:

A_r = {e_j − e_k, j, k = 1, . . . , r + 1|e_j ∈ R^{r+1}, e_j · e_k = δ_{jk} }. (4.14)

The prepotential for the full and reduced theory read W = g r+1∑ j<k log(q_j − q_k) − ω 2 q^2, W = r+1∑ j<k log(q_j − q_k) − 1 2 q^2. (4.15)

We discuss the reduced theory for simplicity and brevity. The equations (2.10) determining the maximum of the ground state wavefunction ψ_0 read r+1∑ k≠j 1 q̄_j − q̄_k = q̄_j , j = 1, . . . , r + 1. (4.16)

These determine {q̄_j}, j = 1, . . . , r + 1 to be the zeros of the Hermite polynomial H_{r+1}(x) [14, 18, 4], H_{r+1}(q̄_j) = 0.

The Hessian −~W has eigenvalues {1, 2, . . . , r+1}, which are exactly the quantum eigenvalues (divided by ωℏ) of the elementary excitations listed in Table I. (The lowest eigenvalue 1 belongs to the center of mass degree of freedom which is completely decoupled from the other modes.)

Here are our new results on the classical and quantum eigenfunctions. The k-th eigenvector of ~W has a simple form [5]

v_k = (P_k (q̄_1), . . . , P_k(q̄_{r+1})), k = 0, . . . , r (4.17)

in which P_k (x) is a polynomial of degree k of a single variable. They obey the following three term recursion relation:

P_k (x) = x P_{k−1}(x) + k − r − 2 2 P_{k−2}(x), P_0(x) = 1, P_1(x) = x. (4.18)

The orthogonality relations of the eigenvectors {v_k} read simply as

v_j · v_k = 0 ⇐⇒ r+1∑ l=1 P_j (q̄_l)P_k(q̄_l) = 0, j ≠ k = 0, 1, . . . , r. (4.19)

These are ‘orthogonal polynomials of a discrete variable’ [18, 19]. In the present case, the discrete variable is obviously the zeros of the Hermite polynomial.

A simple representation of the elementary excitations is provided by the elementary symmetric polynomials in {q_j }, S_k({q_j }), k = 0, 1, . . . , r + 1 (3.14) which are obviously Weyl invariant. By applying the operator Â_R (4.2) on the generating function (3.14) G(x; {q_j }) = r+1∏ j=1 (x + q_j ) (4.20) and noting ∂_{qi} G = G/(x + q_i) and ∂^2_xG = ∑ i,j G/(x + q_i)(x + q_j ), we obtain

Â_RG = 1 2 ∂^2_xG (4.21)

through partial fraction decomposition. This leads to

ÂS_k({q_j }) = kS_k + (r + 3 − k)(r + 2 − k) 2 S_{k−2}({q_j}). (4.22)

We obtain the classical eigenfunctions for the elementary excitations:

Âφ_k (q) = kφ_k(q), φ_k(q) = exp[Â_R/2]S_k({q_j }) = [k/2]∑

l=0 (r + 1 − k + 2l)! (r + 1 − k)!4^ll!

S_{k−2l}({q_j }). (4.23)

Since φ_k are harmonic polynomials

△S_k({q_j }) = 0 =⇒ △φ_k = 0, k = 0, 1, . . . , r + 1, (4.24)

they are at the same time quantum eigenfunctions:

Ĥφ_k(q) = kℏφ_k (q), k = 1, . . . , r + 1. (4.25)

With some calculation one can verify Propositions 2.2–2.3, that is φ_k(q̄) = 0 and its derivative gives the above function P_k , ∂/∂q_jφ_k(q̄) = (−)^kP_{k−1}(q̄_j ). Indeed, as ∂_{qj} S_k({q}) = S_{k−1}({q}) − q_j S_{k−2}({q}) + · · · + (−q_j )^{k−1}, one finds that

∂_{qj} φ_k(q̄) = (−)^{k−1} [ q̄^{k−1}_j + (S_2({q̄}) + (r + 3 − k)(r + 2 − k)/4) q̄^{k−3}_j + . . . ] ≡ (−)^{k−1}P_{k−1}(q̄_j ). (4.26)

The polynomial P_k (x) of degree k (with 0 ≤ k ≤ r) cannot vanish in all the r + 1 points q̄_j (with 1 ≤ j ≤ r + 1). Hence ∇φ_k(q̄) ≠ 0 and it follows that φ_k(q) is indeed an elementary excitation. As we now know that the expressions (4.17) are eigenvectors corresponding to different eigenvalues of the matrix −W̃ , it follows that the P_k(x) are orthogonal polynomials of a discrete variable. Hence they obey a three term recurrence relation of type P_k (x) = (A_k + B_kx)P_{k−1}(x) + C_kP_{k−2}(x). The coefficients of this recurrence are obtained from the definition (4.26) for different k, i.e. A_k = 0, B_k = 1, C_k = (k − r − 2)/2.

4.2 B-Series

Let us note that the rational C_r and BC_r systems are identical with the B_r system. The root vectors of B_r are expressed neatly in terms of an orthonormal basis of R^r as:

B_r = {±e_j ± e_k, ±e_j, j, k = 1, . . . , r|e_j ∈ R^r, e_j · e_k = δ_{jk}}. (4.27)

The prepotential for the full and reduced theory read W = g_L r∑ j<k log(q^2_j − q^2_k) + g_S r∑ j=1 log q_j − ω 2 q^2, W = r∑ j<k log(q^2_j − q^2_k) + γ r∑ j=1 log q_j − 1 2 q^2.

(4.28) We discuss the reduced theory. Assuming q̄_j ≠ 0, the equations (2.10) determining the maximum of the ground state wavefunction ψ_0 read r∑ k≠j 1 q̄^2_j − q̄^2_k + γ/2 q̄^2_j = 1 2 , j = 1, . . . , r, (4.29) and determine {q̄^2_j }, j = 1, . . . , r, as the zeros of the associated Laguerre polynomial L^{(γ−1)}r (x), [18, 3, 4], L^{γ−1}_r (q̄^2_j ) = 0. The Hessian −~W has eigenvalues {2, 4, 6, . . . , 2r}, which are exactly the quantum eigenvalues (divided by ωℏ) of the elementary excitations listed in Table I.

The new results on the classical and quantum eigenfunctions are as follows. The k-th eigenvector of ~W has a simple form

v_{k−1} = (q̄_1P_{k−1}(q̄^2_1), . . . , q̄_rP_{k−1}(q̄^2_r )), k = 1, . . . , r, q̄_l > 0, (4.30)

in which the polynomials {P_k(x)} obey the following three term recursion relation: P_k(x) = (x − 2(r − k) − γ) P_{k−1}(x) − (k − r − γ)(k − r − 1)P_{k−2}(x), (4.31) P_0(x) = 1, P_1(x) = x − 2(r − 1) − γ. (4.32)

The orthogonality relations of the eigenvectors {v_k} again correspond to those of orthogonal polynomials of a discrete variable:

v_j · v_k = 0 ⇐⇒ r∑ l=1 q̄^2_l P_j (q̄^2_l )P_k (q̄^2_l ) = 0, j ≠ k = 0, . . . , r − 1. (4.33)

A simple representation of the elementary excitations is provided by the elementary symmetric polynomials in {q^2_j }, S_k({q^2_j }), k = 0, 1, . . . , r, which are obviously Weyl invariant.

By applying the operator Â_R (4.2) and the Laplacian △ on the generating function (3.14) G(x; {q^2_j }) = ∏_r j=1(x + q^2_j ), we obtain

Â_RG = −2x∂^2_xG − 2γ∂_xG and △G = 2∂_xG. (4.34)

For the former formula, as in the A-series case, the partial fraction decomposition is used. These mean

ÂS_k({q^2_j }) = 2kS_k ({q^2_j }) + 2(r − k + 1)(k − r − γ)S_{k−1}({q^2_j }), (4.35) △S_k({q^2_j }) = 2(r − k + 1)S_{k−1}({q^2_j }), k = 1, . . . , r, (4.36)

from which we obtain the classical eigenfunctions for the elementary excitations: Âφ_k(q) = 2kφ_k(q), k = 1, . . . , r, (4.37) φ_k(q) = exp[Â_R/2]S_k ({q^2_j }) = k∑ l=0 (−)^l ( r + l − k l ) Γ(r + l − k + γ) Γ(r − k + γ) S_{k−l}({q^2_j }). The corresponding quantum eigenfunctions have very similar forms, since the action of −ℏ/2△ + Â on S_k (4.35), (4.36) is the same as that of Â with γ replaced by γ + ℏ/2: Ĥϕ_k(q) = 2kℏϕ_k(q), k = 1, . . . , r, (4.38) ϕ_k(q) = exp[Ĥ_R/2ℏ]S_k({q^2_j }) = k∑ l=0 (−)^l ( r + l − k l ) Γ(r + l − k + γ + ℏ/2) Γ(r − k + γ + ℏ/2) S_{k−l}({q^2_j }). The correspondence between the (classical) eigenfunctions (4.37), (4.38) and the classical eigenvectors (4.30) (and (4.31), (4.32)) is established in an identical manner as in the Acase.

4.3 D-Series

The root vectors of D_r are:

D_r = {±e_j ± e_k, j, k = 1, . . . , r|e_j ∈ R^r, e_j · e_k = δ_{jk}}. (4.39)

The prepotential for the full and reduced theory read W = g r∑ j<k log(q^2_j − q^2_k) − ω 2 q^2, W = r∑ j<k log(q^2_j − q^2_k) − 1 2 q^2. (4.40)

We discuss the reduced theory. The equilibrium position q̄^2_j are the zeros of the Laguerre polynomial L^{−1}_r (x), that is one of {q̄_j}’s is vanishing [4]. Let us choose q̄_1 = 0.

The Hessian −~W has eigenvalues {2, 4, 6, . . . , 2(r − 1), r}, which are exactly the quantum eigenvalues (divided by ωℏ) of the elementary excitations listed in Table I. The k-th eigenvector of ~W has a simple form

v_k = (0, q̄_2P_{k−1}(q̄^2 ), . . . , q̄_rP_{k−1}(q̄^2_r )), k = 1, . . . , r − 1, q̄_l > 0, (4.41) v_r = (1, 0, . . . , 0), (4.42)

in which the polynomials {P_k(x)} obey the following three term recursion relation:

P_k (x) = (x − 2(r − k)) P_{k−1}(x) − (k − r)(k − r − 1)P_{k−2}(x), (4.43) P_0(x) = 1, P_1(x) = x − 2(r − 1), (4.44)

which is a special case of that of B_r with γ = 0. The classical and quantum eigenfunctions φ_1, . . . , φ_{r−1} and ϕ_1, . . . , ϕ_{r−1} have the same form as in B_r case (4.37), (4.38) with γ = 0. The special elementary excitation of the D_r theory belongs to the r-th eigenvalue. The classical eigenfunction is the same as the quantum one

φ_r(q) = q_1q_2 · · · q_r, Âφ_r = rφ_r, △φ_r = 0 ⇒ Ĥφ_r = rℏφ_r, (4.45) φ_r(q̄) = 0, ∇φ_r(q) | |_{q̄} ∝ (1, 0, . . . , 0). (4.46)

4.4 E-Series

For the E-series of root systems we consider only the reduced theory, that is ω = g = 1. The roots are normalised ρ^2 = 2, for all root systems E_6, E_7 and E_8.

4.4.1 E_6 The generating function is defined in terms of the weights belonging to the 27 dimensional representation: G(x; 27) = ∏ μ∈27 (x + μ · q) = 27∑ k=0 S_k x^{27−k}. (4.47)

These are minimal weights having the properties ρ · μ = ±1, 0 for ∀ρ ∈ E_6 and

μ^2 = 4/3, μ · ν = { 1/3, −2/3, μ ≠ ν ∈ 27. (4.48)

By applying the operator Â_R (4.2) and using the above properties of the weight vectors, we obtain Â_RG = 1 2 △G + 1 3 ∂^2_xG, (4.49) or in terms of the S_k, Â_RS_k = 1 2 △S_k + 1 3 (29 − k)(28 − k)S_{k−2}. (4.50)

Some lower members of S_k , which depend on {q_1, . . . , q_6} are

S_0 = 1, S_1 = 0, S_2 = −3q^2, S_3 = 0, S_4 = 15 4 (q^2)^2, . . . . (4.51)

The elementary excitations are for N =2, 5, 6, 8, 9, 12, (see Table I) for which {S_N }’s are functionally independent. The corresponding quantum eigenfunctions are:

ϕ_2 = q^2 − 3(12 + ℏ), (4.52) ϕ_5 = S_5, (4.53) ϕ_6 = S_6 + (1110 + 155ℏ)/4 [ (q^2)^2 − 4(9 + ℏ)(q^2 − (12 + ℏ)) ] , (4.54) ϕ_8 = S_8 + (57 + 13ℏ)S_6 − 15/2(1 − ℏ)(q^2)^3 (4.55) +5(6 + ℏ)(2217 + 313ℏ)/24 [ 3(q^2)^3 − 8(9 + ℏ)q^2 + 6(9 + ℏ)(12 + ℏ) ] , (4.56) ϕ_9 = S_9 − 35/6(15 + 4ℏ)S_5 × [q^2 − 2(9 + 2ℏ)], (4.57)

ϕ_{12} = S_{12} +

(1725534 + 1146267ℏ + 188608ℏ^2 ) 6144 (3 + ℏ) (36 + 11ℏ)

(q^2)^6 + 23 576 S^2_5 q^2 + 101 192 S^2_6 + (222939 + 146112ℏ + 23798ℏ^2 ) 960 (3 + ℏ) (36 + 11ℏ)

(q^2)^3S_6 −

(3216 + 937ℏ) 1920 (3 + ℏ)

(q^2)^2S_8 (4.58)

It should be noted that S_5 is a classical and quantum eigenfunction. The twelfth eigenfunction ϕ_{12} is chosen to be a homogeneous one.

4.4.2 E_7

The generating function is defined in terms of the weights belonging to the 56 dimensional representation: G(x; 56) = ∏ μ∈56 (x + μ · q) = 28∑ k=0 S_{2k}x^{56−2k}. (4.59)

These are minimal weights having the properties ρ · μ = ±1, 0 for ∀ρ ∈ E_7 and μ · ν = { ±3/2 μ = ±ν, ±1/2 otherwise, μ, ν ∈ 56. (4.60)

Moreover 56 is even, i.e. if μ ∈ 56 then −μ ∈ 56. This is why the odd order terms in x vanish in (4.59). By applying the operator Â_R (4.2) and using the above properties of the weight vectors, we obtain

Â_RG = 1 2 △G + 1 4 ∂^2_xG + 1 2x ∂_xG, (4.61)

or in terms of the S_{2k},

Â_RS_{2k} = 1 2 △S_{2k} + 1 2 (29 − k)(59 − 2k)S_{2k−2}. (4.62)

Some lower members of S_{2k}(q_1, . . . , q_7) are

S_0 = 1, S_2 = −6q^2, S_4 = 33 2 (q^2)^2, . . . . (4.63)

The elementary excitations are for N =2, 6, 8, 10, 12, 14, 18, (see Table I) for which {S_N }’s are again functionally independent. The lower members of the corresponding quantum eigenfunctions are:

ϕ_2 = q^2 − 7 2 (18 + ℏ), (4.64) ϕ_6 = S_6 + 3(6970 + 609ℏ)/4 [ (q^2)^2 − 9(14 + ℏ)/2(q^2 − 7(18 + ℏ)/6) ] , (4.65) ϕ_8 = S_8 + (555/2 + 165ℏ/4)S_6 − 315(1 − ℏ)(q^2)^3 (4.66) +(536948 + 102416ℏ + 4851ℏ^2)45/32 [ (q^2)^2 − 3(14 + ℏ)(q^2 − 7(18 + ℏ)/8) ] . 4.4.3 E_8

We have not succeeded in deriving an equation for a generating function similar to (4.21), (4.34), (4.49), (4.61). We start from a Weyl invariant power sum basis in terms of roots

Φ_k(q_1, . . . , q_8) = ∑ ρ∈Δ_+ (ρ · q)^k, k = 2, 8, 12 . . . , (4.67)

for those eight k’s listed in the E_8 row of Table I. They are functionally independent. For example, Φ_2 = 30q^2. Although the derivation of the classical and quantum eigenfunctions for elementary excitations is straightforward, some results are too lengthy to present. For want of proper and convenient notation, we show only some lower members of the classical eigenfunctions:

φ_2 = q^2 − 120, (4.68) φ_8 = Φ_8 − 197/750 Φ^3_2 + 7092/5 Φ^2 − 3404160 Φ_2 + 3063744000, (4.69) φ_{12} = Φ_{12} − 1473/20 Φ_8 Φ_2 + 191/240000 Φ^5_2 + 132570 Φ_8 + 12551/5000 Φ^4_2 118281/5 Φ^3_2 + 63871740 Φ^2 − 91975305600 Φ_2 + 551851833360000.(4.70)

Verification of the Propositions 2.1–2.3 in section two is easy but tedious calculation.

4.5 F_4

The long roots of F_4 are the roots of D_4

Δ_L = {±e_j ± e_k, j, k = 1, 2, 3, 4|e_j ∈ R^4, e_j · e_k = δ_{jk}} (4.71)

and the short roots are the union of vector, spinor and anti-spinor weights of D_4:

Δ_S = {±e_j|j = 1, 2, 3, 4} ∪ {(±e_1 ± e_2 ± e_3 ± e_4)/2}. (4.72)

We will consider a reduced theory in which ω = g_L = 1 and the short root coupling is denoted by g_S = γ: W = ∑ ρ∈Δ_{L+} log ρ · q + γ ∑ ρ∈Δ_{S+} log ρ · q − 1 2 q^2. (4.73)

Let us introduce the elementary symmetric polynomials in {q^2_1 , q^2, q^2_3, q^2_4}, as in the B (D) series (3.14):

S_1 = q^2_1 + q^2 + q^2_3 + q^2_4 ≡ q^2, S_2 = q^2_1q^2 + . . . + q^2_3q^2_4, S_3 = q^2_1q^2q^2_3 + . . . + q^2q^2_3q^2_4, S_4 = q^2_1 q^2q^2_3q^2_4, (4.74)

which are not Weyl invariant, except for S_1. A Weyl invariant basis for the elementary excitations are for degree 2, 6, 8 and 12 (see Table I) polynomials [17]:

Φ_2 = S_1, Φ_6 = S_3 − S_1S_2/6, Φ_8 = S_4 − S_1S_3/4 + S^2_2 /12, Φ_{12} = S_4S_2 − S^3_2 /36 − 3S^2_3 /8 + S_1S_2S_3/8 − 3S^2_1 S_4/8. (4.75)

The quantum eigenfunctions for the elementary excitations are:

ϕ_2 = q^2 − 2 (6(1 + γ) + ℏ) , (4.76) ϕ_6 = Φ_6 + (2(1 + γ) + ℏ) /4 Φ^2 − (2(2 + γ) + ℏ) (4(1 + γ) + ℏ) /4 [ 3Φ_2 − 2 (6(1 + γ) + ℏ) ] , (4.77) ϕ_8 = Φ_8 + (3 + ℏ) Φ_6 + (3 + ℏ) (2(2 + γ) + ℏ) /8 Φ^2

−(3 + ℏ) (2(2 + γ) + ℏ) (4(1 + γ) + ℏ) /8 [ 2Φ_2 − (6(1 + γ) + ℏ) ] , (4.78) ϕ_{12} = Φ_{12} + (3 + 2ℏ) (2Φ_8 + (3 + ℏ)Φ_6)/2 Φ_2 − (3 + 2ℏ) (6(1 + γ) + 5ℏ) Φ_8 +(3 + ℏ)(3 + 2ℏ) (2(2 + γ) + ℏ) /24Φ^3_2 − (3 + ℏ)(3 + 2ℏ) (4(1 + γ) + 3ℏ) Φ_6 −(3 + ℏ)(3 + 2ℏ) (2(1 + γ) + ℏ) (2(2 + γ) + ℏ) /16 × [ 5Φ^2 − 6 (4(1 + γ) + ℏ) Φ_2 + 2 (4(1 + γ) + ℏ) (6(1 + γ) + ℏ) ] . (4.79)

4.6 G_2 and Dihedral Root Systems

The dihedral group of order 2m, I_2(m), is the group of orthogonal transformations that preserve a regular m-sided polygon in two dimensions. If all the roots are chosen to have the same length α^2_j = 1, they can be parametrised as: α_j = (cos(jπ/m), sin(jπ/m)) , j = 1, . . . , 2m. (4.80) For odd m all of the roots are in the same orbit of the reflection group but for even m there are two orbits, one consisting of the α_j with odd j and the other with even j. Thus the I_2(m) Calogero system has one coupling constant g for odd m and two couplings g_o and g_e for even m on top of the frequency ω of the harmonic confining potential. The complete set of quantum eigenfunctions (ℏ = 1) are given for all rank two Calogero systems in [8], with A_2 ∼= I_2(3), B_2 ∼= I_2(4) and G_2 ∼= I_2(6). So we concentrate on the elementary excitations with explicit ℏ dependence. The Coxeter invariant polynomials exist at degree 2 and m [8]:

Φ_2(q_1, q_2) = q^2, Φ_m(q_1, q_2) = m∏ j=1 (v_j · q), (4.81)

where v_j ’s are

v_j = (cos((2j − 1)π/2m), sin((2j − 1)π/2m)), j = 1, . . . , m. (4.82)

If we introduce the two-dimensional polar coordinates system^3 for q, q = r(sin θ, cos θ), the two Coxeter invariant polynomial variables read

Φ_2 = q^2 = r^2, Φ_m = 2( r 2 )^m cos mθ. (4.83)

3We believe no confusion arises here, between the radial coordinate variable r and the rank of the root system r, which in this case is 2 of I_2(m).

The essential part of the quantum eigenfunctions are a Laguerre polynomial in r^2, (4.9) times a Jacobi polynomial in z = cos mθ, thus the separation of variables is achieved.

As above, let us consider the reduced theory, ω = g = 1 for odd m and ω = g_o = 1 and g_e = γ for even m. We have

ϕ_2 = { Φ_2 − (m + ℏ), odd m, Φ_2 − (m(1 + γ)/2 + ℏ) , even m,

△(Φ_2)^l = 4l^2(Φ_2)^{l−1}, (4.84) and Â_RΦ_m = { 0, odd m, (γ − 1)(Φ_2)^{m/2−1}m^22^{−m}, even m,

△Φ_m = 0. (4.85)

Thus Φ_m is a classical and quantum eigenfunction for odd m. For even m we have

ϕ_m = Φ_m +

(γ − 1) 2^{m−1}(γ + 1 + ℏ) r^m, (4.86)

which can be expressed as the Jacobi polynomial of degree one [8]. The classical equilibrium point is (r̄^2, θ̄) = (m, π 2m ), (m(1 + γ)/2, 2 m arctan √ γ), (4.87)

for odd and even m, respectively. Verification of Proposition 2.2 is straightforward.

4.7 H-Series

The non-crystallographic Coxeter groups of H_3 and H_4 are the symmetry groups of the icosahedron and four-dimensional 600-cell, respectively. The former consists of 30 roots and the latter 120. Let us start from Coxeter invariant power sum bases in terms of roots

Φ_k = ∑ ρ∈Δ_+ (ρ · q)^k, k = 2, 6, 10 for H_3; k = 2, 12, 20, 30 for H_4. (4.88)

The quantum eigenfunctions of the elementary excitations in H_3 are:

ϕ_2 = q^2 − 3(10 + ℏ)/2, (4.89)

ϕ_6 = Φ_6 − 15(13 + 3ℏ)/8 [ 4(q^2)^2 − (6 + ℏ) ( 6q^2 − 3(10 + ℏ) )] , (4.90)

ϕ_{10} = Φ_{10} −

(215 + 126ℏ) 12 [ 4q^2 − 15(2 + ℏ) ] Φ_6 + 5 6 (58 + 63ℏ) (q^2)^4 + 75 4 (109 + 45ℏ) (q^2)^3 − 25 32 (10 + 3ℏ)(770 + 454ℏ + 63ℏ^2) [ 8(q^2)^2 − (6 + ℏ) ( 10q^2 − 3(10 + ℏ) )] . (4.91)

Some of the quantum eigenfunctions of the elementary excitations in H_4 are:

ϕ_2 = q^2 − 2(30 + ℏ), (4.92)

ϕ_{12} = Φ_{12} − 315 216 (565 + 66ℏ) [ (q^2)^5 − 15(10 + ℏ) ( (q^2)^4 − 20/3(12 + ℏ)× × ( (q^2)^3 − 3(15 + ℏ) ( (q^2)^2 − 6/5(20 + ℏ)(q^2 − (30 + ℏ)/3 )) ) ] . (4.93)

The other two eigenfunctions are too lengthy to be reported.

5 Classical & Quantum Eigenfunctions of the Sutherland Systems

As shown in §3 the eigenstates of the Sutherland system are specified by dominant highest weight λ_{⃗n}. The basis of the classical and quantum eigenfunctions are thus the sum of the exponentials of 2iμ · q taken for the entire Weyl orbit of λ_{⃗n}, W · λ_{⃗n}, which we denote as

Ψ_1n1_2n2_{···r}nr = ∑ μ∈W ·λ_{⃗n} e^{2iμ·q}, λ_{⃗n} = r∑ j=1 n_j λ_j , n_j ∈ Z_+. (5.1)

As usual, if the multiplicity n_j is vanishing n_j = 0, it is not written. For example, the basis corresponding to the fundamental weights λ_1, . . . , λ_r are Ψ_1, Ψ_2,. . . , Ψ_r:

Ψ_1 = ∑ μ∈W ·λ_1 e^{2iμ·q}, . . . , Ψ_r = ∑ μ∈W ·λ_r e^{2iμ·q}. (5.2)

The operator Â is lower triangular and the Laplacian [8, 20] is diagonal in this basis:

ÂΨ_λ = 4ϱ · λΨ_λ + ∑ |λ^′|<|λ| c_λ′ Ψ_λ′ , △Ψ_λ = −4λ^2Ψ_λ. (5.3)

As shown below there is a marked difference in the forms of the eigenfunctions between the classical (A, B, C and D) and the exceptional (E, F_4 and G_2) root systems. The elementary excitations of the A-series Sutherland system can have the same classical and quantum eigenfunctions as in the Calogero case.

5.1 A-Series

The classical equilibrium of the A_r Sutherland system is rather trivial [15, 16]. The prepotential for the full and reduced theory read W = g r+1∑ j<k log sin(q_j − q_k), W = r+1∑ j<k log sin(q_j − q_k). (5.4)

The equations (2.10) determining the maximum of the ground state wavefunction ψ_0 read r+1∑ k≠j cot[q̄_j − q̄_k] = 0, j = 1, . . . , r + 1, which are satisfied by the equally-spaced configuration q̄_j = (2j − (r + 2))π/2(r + 1). The Hessian −~W has eigenvalues 2 {r, (r − 1)2, . . . , (r + 1 − k)k, . . . , 2(r − 1), r}, which can be expressed as {4δ · λ_1, . . . , 4δ · λ_k , . . . , 4δ · λ_r } with δ defined in (3.12). In these formulas the trivial eigenvalue 0, coming from the translational invariance, is removed. The k-th eigenvector of ~W is simply v_k = (e^{2ikq̄1} , . . . , e^{2ikq̄r+1} ). The orthogonality condition of the eigenvectors {v_k} read simply as v_j · v_k = ∑ l e^{2i(j+k)q̄l} = 0.

Let us introduce a generating function G(x; {e^{2iqj} }) = r+1∏ j=1 (x + e^{2iqj} ) = r+1∑ k=0 S_k({e^{2iqj} }) x^{r+1−k} . (5.5) It is easy to see that the symmetric polynomial S_k is equal to the basis Ψ_k (5.2) up to a term proportional to the “center of mass” q_1 + · · · + q_{r+1} which is orthogonal to all the A_r roots. The generating function G satisfies ÂG = 2rx∂_xG − 2x^2∂^2_xG, △G = −4(r + 1)G + 4x∂_xG, (5.6)

which translate into ÂS_k = 2k(r + 1 − k)S_k , △S_k = −4kS_k . (5.7) Therefore φ_k = S_k({e^{2iqj} }), k = 1, . . . , r (5.8) is a classical and quantum eigenfunction of the k-th elementary excitation with eigenvalues 2k(r + 1 − k) and 2kℏ(r + 1 − k + ℏ) of Â (2.16) and Ĥ (2.15), respectively. The absence of quantum corrections is a general property shared by eigenfunctions belonging to minimal weights [8]. All the fundamental representations of the A-series root systems are minimal.

5.2 B- and C-Series

Since the B and C root systems are closely related, B ↔ C for α ↔ α^∨ = 2α/α^2, many formulas for the eigenfunctions etc take similar forms. It is advantageous to write these expressions in parallel so that the similarity and differences can be well appreciated. The prepotentials for the reduced theory read W = r∑ j<k log(cos 2q_j − cos 2q_k) + γ r∑ j=1 log sin q_j , B-series, (5.9)

= r∑ j<k log(cos 2q_j − cos 2q_k) + γ r∑ j=1 log sin 2q_j , C-series. (5.10)

The equations (2.10) determining the maximum of the ground state wavefunction ψ_0 read r∑ k≠j 1 x̄_j − x̄_k + γ 2 1 x̄_j − 1

= 0, (B), (5.11) j = 1, . . . , r, r∑ k≠j 1 x̄_j − x̄_k + γ 2 1 x̄_j − 1 + γ 2 1 x̄_j + 1

= 0, (C), (5.12)

for x̄_j = cos 2q̄_j . They determine {x̄_j } as the zeros of Jacobi polynomials [4]: P^{(γ−1,−1)} r (x̄_j ) = 0 (B), P^{(γ−1,γ−1)}_r (x̄_j ) = 0 (C).

Because of the identity P^{(a,−1)} r (x) = a + n 2n (x + 1)P^{(a,1)}_{r−1} (x), the (B) case always has one zero at x̄ = −1. Let us choose x̄_r = −1 ⇔ q̄_r = π/2. The Hessian −~W has eigenvalues

2k(2r − k + γ − 1), k = 1, . . . , r − 1, & r(r + γ − 1), (B), (5.13) 2k(2r − k + 2γ − 1), k = 1, . . . , r, (C), (5.14)

in which the last one of the B-series belongs to the spinor representation (λ_r). The k-th eigenvector of ~W has a form

v_k = (sin 2q̄_1P_{k−1}(x̄_1), . . . , sin 2q̄_{r−1}P_{k−1}(x̄_{r−1}), 0) , k = 1, . . . , r − 1, (r), (B&C), (5.15) v_r = (0, 0, . . . , 1), (B), (5.16)

in which the polynomials {P_k } of a single variable x obey the three term recursion relations:

P_0(x) = 1, P_1(x) = x + γ(γ − 2) (2r + γ − 2)(2r + γ − 4)

, (5.17)

P_k(x) = ( x + γ(γ − 2) (2r + γ − 2k)(2r − 2k + γ − 2) ) P_{k−1}(x) − 4(r − k)(r − k + 1)(r − k + γ)(r − k + γ − 1) (2r − 2k + γ)^2(2r − 2k + γ + 1)(2r − 2k + γ − 1)

P_{k−2}(x), (5.18)

for the B-series and

P_0(x) = 1, P_1(x) = x, (5.19) P_k (x) = xP_{k−1}(x) − (r − k + 1)(r − k + 2γ − 1) (2r − 2k + 2γ + 1)(2r − 2k + 2γ − 1)

P_{k−2}(x), (5.20) for the C-series. The orthogonality conditions for these discrete variable polynomials are r∑ j=1 (1 − x̄^2_j )P_k (x̄_j )P_l(x̄_j ) = δ_{k l}, (5.21) with {x̄_j } being the zeros of a Jacobi polynomial.

Let us introduce a generating function G(x; {cos 2q_j }) = r∏ j=1 (x + cos 2q_j ) = r∑ k=0 S_k({cos 2q_j }) x^{r−k} . (5.22) It is easy to see that the symmetric polynomial S_k is proportional to the basis Ψ_k (5.2): S_k ({cos 2q_j }) = 2^{−k} Ψ_k , k = 1, . . . , r − 1, (r), (B&C), (5.23) Ψ_r = ∑ μ:spinor weights e^{2iμ·q} = 2^r r∏ j=1 cos q_j , (B). (5.24) The generating function satisfies ÂG = 2r(r + γ − 1)G + 2(1 − x^2)∂^2_xG + 2γ(1 − x)∂_xG, (B), (5.25) ÂG = 2r(r + 2γ − 1)G + 2(1 − x^2)∂^2_xG − 4γx∂_xG, (C), (5.26) △G = −4rG + 4x∂_xG, (B&C). (5.27) These mean in turn

ÂS_k = 2k(2r − k + γ − 1)S_k + 2γ(r − k + 1)S_{k−1} + 2(r + 1 − k)(r + 2 − k)S_{k−2}, (B), (5.28) ÂΨ_r = r(r + γ − 1)Ψ_r, (B), (5.29) ÂS_k = 2k(2r − k + 2γ − 1)S_k + 2(r + 1 − k)(r + 2 − k)S_{k−2}, (C), (5.30) △S_k = −4kS_k , △Ψ_r = −rΨ_r, (B&C). (5.31) The quantum eigenfunctions for the elementary excitations are:

ϕ_k = S_k + γ(r − k + 1) 2r − 2k + ℏ + γ S_{k−1} (5.32) + (r − k − 1)(r − k + 2)(2r − 2k + ℏ + γ + γ^2)

2(2r − 2k + ℏ + γ)(2r − 2k + ℏ + γ + 1) S_{k−2} + . . . , k = 1, . . . , r − 1, ϕ_r = r∏ j=1 cos q_j, (B), (5.33)

ϕ_k = [k/2]∑

l=0 (r + 2l − k)!Γ(r − k + γ + ℏ/2 + 1/2) 4^ll!(r − k)!Γ(r − k + γ + ℏ/2 + l + 1/2) S_{k−2l}, k = 1, . . . , r, (C). (5.34)

The corresponding eigenvalues are: 2kℏ(2r − k + γ − 1 + ℏ), k = 1, . . . , r − 1, rℏ(r + γ + ℏ/2 − 1), (B), (5.35) 2kℏ(2r − k + 2γ − 1 + ℏ), k = 1, . . . , r, (C). (5.36)

The eigenfunction for the spinor weight in B-series ϕ_r (5.33) has no quantum corrections. The representations (5.15), (5.16) and the recursions (5.17)–(5.20) are obtained from these eigenfunctions.

5.3 D-Series

The reduced prepotential of the D-series Sutherland system is obtained by removing the short (long) root coupling γ terms from those of the B- and C- series (5.9), (5.10). This results in the change of the eigenvectors {v_k} (5.15), (5.16) → (5.38), (5.39) and emergence of another eigenfunction associated with anti-spinor weights ϕ_{r−1} (5.50) which receives no quantum corrections. The equations (2.10) determining the maximum of the ground state wavefunction ψ_0 has a solution q̄_1 = 0, q̄_r = π/2 and with x̄_j = cos 2q̄_j , j = 2, . . . , r − 1 being the zeros of the Jacobi polynomial P^{(1,1)}_{r−2} (x) or equivalently of the Gegenbauer polynomial C^{3/2}_{r−2}(x):

P^{(1,1)}_{r−2} (x̄_j ) = 0, C^{3/2}_{r−2}(x̄_j ) = 0, j = 2, . . . , r − 1. The Hessian −~W has eigenvalues

2k(2r − k − 1), k = 1, . . . , r − 2, & r(r − 1) [2], (5.37)

in which the exceptional one is doubly degenerate corresponding to the ‘fish tail’ of the D-series Dynkin diagram. The corresponding eigenvectors of ~W are

v_k = (0, sin 2q̄_2P_{k−1}(x̄_2), . . . , sin 2q̄_{r−1}P_{k−1}(x̄_{r−1}), 0) , k = 1, . . . , r − 2, (5.38) v_{r−1} = (1, 0, . . . , 0), v_r = (0, 0, . . . , 1). (5.39)

The polynomials {P_k} of a single variable x obey simple three term recursion relations:

P_0(x) = 1, P_1(x) = x, (5.40) P_k(x) = xP_{k−1}(x) − (r − k + 1)(r − k − 1) 4(r − k + 1/2)(r − k − 1/2) P_{k−2}(x). (5.41)

The generating function has the same form as in the B, C cases: G(x; {cos 2q_j }) = r∏ j=1 (x + cos 2q_j ) = r∑ k=0 S_k({cos 2q_j }) x^{r−k} .

It is easy to see that the symmetric polynomial S_k is proportional to the basis Ψ_k (5.2) and that the two additional bases are:

S_k({cos 2q_j }) = 2^{−k} Ψ_k, k = 1, . . . , r − 2, (5.42) Ψ_{r−1} ∝ r∏ j=1 sin q_j , Ψ_r ∝ r∏ j=1 cos q_j . (5.43) They satisfy ÂG = 2r(r − 1)G + 2(1 − x^2)∂^2_xG, (5.44) ÂΨ_{r−1} = r(r − 1)Ψ_{r−1}, ÂΨ_r = r(r − 1)Ψ_r, (5.45) △G = −4rG + 4x∂_xG, △Ψ_{r−1} = −rΨ_{r−1}, △Ψ_r = −rΨ_r. (5.46) These imply for S_k:

ÂS_k = 2k(2r − k − 1)S_k + 2(r + 1 − k)(r + 2 − k)S_{k−2}, (5.47) △S_k = −4kS_k . (5.48) Thus we arrive at the quantum eigenfunctions corresponding to the elementary excitations:

ϕ_k = [k/2]∑

l=0 (r + 2l − k)!Γ(r − k + ℏ/2 + 1/2) 4^ll!(r − k)!Γ(r − k + ℏ/2 + l + 1/2) S_{k−2l}, k = 1, . . . , r − 2, (5.49) ϕ_{r−1} = r∏ j=1 sin q_j , ϕ_r = r∏ j=1 cos q_j , (5.50)

with the eigenvalues of Ĥ 2kℏ(2r − k − 1 + ℏ), k = 1, . . . , r − 2, rℏ(r + ℏ/2 − 1) [2]. (5.51) Again, the eigenfunctions corresponding to the spinor and anti-spinor weights receive no quantum corrections. These are minimal weights.

Figure 1: E_6 Dynkin diagram with the numbers of the simple roots attached.

5.4 E-Series

For the Sutherland systems based on exceptional root systems, E, F and G, the method of the generating functions seems not so useful as in the classical root systems cases, because of the ‘exceptional’ character. The equilibrium points of the potentials are not related to known classical polynomials in contrast to the cases discussed above. New polynomials describing the equilibria were introduced by Odake and Sasaki [4]. Here we will construct the eigenfunctions corresponding to the fundamental weights (elementary excitations) starting from the basis Ψ_1, . . . , Ψ_r (5.2). There is no universally accepted way of naming the simple roots and fundamental weights of the exceptional root systems. We show our conventions in terms of the Dynkin diagrams.

5.4.1 E_6

The symmetry of the Dynkin diagram is reflected in the structure of the eigenvalues and eigenfunctions, too. The spectra of the Hessian −~W and the corresponding Ĥ in the order of λ_1, . . . , λ_6 are:

{32, 44, 60, 84, 60, 32}, (5.52) { 8 3 ℏ(12 + ℏ), 4ℏ(11 + ℏ), 20 3 ℏ(9 + ℏ), 12ℏ(7 + ℏ), 20 3 ℏ(9 + ℏ), 8 3 ℏ(12 + ℏ)}. (5.53)

The quantum eigenfunctions are listed in the order of increasing energy eigenvalues and the values of the λ^2_j :

4/3 : ϕ_1 = Ψ_1, ϕ_6 = Ψ_6, (5.54) 2 : ϕ_2 = Ψ_2 + 72 (11 + ℏ)

, (5.55)

10/3 : ϕ_3 = Ψ_3 + 40 (7 + ℏ)

Ψ_6, ϕ_5 = Ψ_5 + 40 (7 + ℏ)

Ψ_1, (5.56)

6 : ϕ_4 = Ψ_4 + 24 (5 + ℏ)

Ψ_{16} +

30(17 + ℏ) (5 + ℏ)^2

Ψ_2 +

720(17 + ℏ) (5 + ℏ)^2(7 + ℏ)

. (5.57)

Figure 2: E_7 Dynkin diagram with the numbers of the simple roots attached.

The orbits in sub-leading terms of an eigenfunction are contained in the Lie algebra representation specified by the dominant weight of the leading term. Constant terms correspond to zero weights. For example, the highest weight representation specified by λ_4 (5.57) consists of the Weyl orbits of λ_4, λ_1 + λ_6, λ_2 and some zero weights. The lowest two eigenfunctions (5.54) consist of single orbits belonging to the 27 and 27 representations, which are minimal. Thus they do not receive quantum corrections. They corresponds to the left and right ends of the diagram, Fig.1. The fundamental weight λ_2 (5.55) corresponds to the adjoint representation, containing all the roots and the rank number of zero weights. The constant term in (5.55), 72/(11 + ℏ) reflects the number of roots 72 and the highest exponent 11 which is the ‘height’ of the highest root, that is λ_2 in the present case [8]. The longer the dominant weight λ^2_{⃗n} becomes, the more complicated structure has the corresponding eigenfunction. These are common features of all the eigenfunctions of the Sutherland systems.

5.4.2 E_7

The spectra of the Hessian −~W and the corresponding Ĥ are:

{68, 98, 132, 192, 150, 104, 54}, (5.58) {4ℏ(17 + ℏ), 7ℏ(14 + ℏ), 12ℏ(11 + ℏ), 24ℏ(8 + ℏ), 15ℏ(10 + ℏ) 8ℏ(13 + ℏ), 3ℏ(18 + ℏ)}, (5.59)

which have no degeneracy. The Dynkin diagram has no symmetry. The corresponding quantum eigenfunctions and the values of the λ^2_j are:

3/2 : ϕ_7 = Ψ_7, (5.60) 2 : ϕ_1 = Ψ_1 + 126 (17 + ℏ)

, (5.61)

7/2 : ϕ_2 = Ψ_2 + 72 (11 + ℏ)

Ψ_7, (5.62)

4 : ϕ_6 = Ψ_6 + 60 (9 + ℏ)

Ψ_1 +

3780 (9 + ℏ)(13 + ℏ)

, (5.63)

Figure 3: E_8 Dynkin diagram with the numbers of the simple roots attached.

6 : ϕ_3 = Ψ_3 + 40 (7 + ℏ)

Ψ_6 +

48(32 + ℏ) (7 + ℏ)(8 + ℏ)

Ψ_1 +

2016(32 + ℏ) (7 + ℏ)(8 + ℏ)(11 + ℏ)

, (5.64)

15/2 : ϕ_5 = Ψ_5 + 40 (7 + ℏ)

Ψ_{17} +

105(23 + ℏ) (7 + ℏ)(13 + 2ℏ)

Ψ_2 +

360(200 + 13ℏ) (7 + ℏ)(8 + ℏ)(13 + 2ℏ)

Ψ_7, (5.65)

12 : ϕ_4 = Ψ_4 + 24 (5 + ℏ)

Ψ_{16} +

30(17 + ℏ) (5 + ℏ)^2

Ψ_{27} + 720 (5 + ℏ)(7 + ℏ)

Ψ_12 +

720(17 + ℏ) (5 + ℏ)^2(7 + ℏ)

Ψ_72 + 20(3340 + 911ℏ + 68ℏ^2 + ℏ^3) (5 + ℏ)^3(7 + ℏ)

Ψ_3 +

40(59325 + 19900ℏ + 2126ℏ^2 + 80ℏ^3 + ℏ^4) (5 + ℏ)^3(7 + ℏ)(11 + 2ℏ)

Ψ_6 + 480(14735 + 3289ℏ + 223ℏ^2 + 5ℏ^3) (5 + ℏ)^3(7 + ℏ)(11 + 2ℏ)

Ψ_1 +

10080(1945 + 228ℏ + 11ℏ^2) (5 + ℏ)^3(7 + ℏ)(11 + 2ℏ)

. (5.66)

The first corresponds to the 56 dimensional representation which is minimal. It has no ℏ dependence. The second corresponds to the set of roots (adjoint representation) with 126 roots and the highest exponent being 17. The last expression (5.66) is much longer than its classical counterpart

φ_4 = Ψ_4 + 24 5 Ψ_{16} + 102 5 Ψ_{27} + 144 7 Ψ_12 +

2448 35 Ψ_72 +

2672 35 Ψ_3 + 2712 11 Ψ_6 +

40416 55 Ψ_1 +

112032 55 . (5.67)

For the E_8 eigenfunctions, we will present the classical ones simply because of the lack of space.

5.4.3 E_8

The spectra of the Hessian −~W and the corresponding Ĥ in the order of λ_1, . . . , λ_8 are:

{184, 272, 364, 540, 440, 336, 228, 116}, (5.68)

{8ℏ(23 + ℏ), 16ℏ(17 + ℏ), 28ℏ(13 + ℏ), 60ℏ(9 + ℏ)

40ℏ(11 + ℏ), 24ℏ(14 + ℏ), 12ℏ(19 + ℏ), 4ℏ(29 + ℏ)}, (5.69)

which has no degeneracy. The Dynkin diagram has no symmetry.

The classical eigenfunctions for six lower elementary excitations are:

2 : φ_8 = Ψ_8 + 240 29 , (5.70)

4 : φ_1 = Ψ_1 + 126 17 Ψ_8 +

15120 17 · 23

, (5.71)

6 : φ_7 = Ψ_7 + 84 11 Ψ_1 + 444 11 Ψ_8 +

35520 11 · 19

, (5.72)

8 : φ_2 = Ψ_2 + 72 11 Ψ_7 +

4080 11^2

Ψ_1 +

215712 11^2 · 13

Ψ_8 +

12942720 11^2 · 13 · 17

, (5.73)

12 : φ_6 = Ψ_6 + 20 3 Ψ_{18} + 420 13 Ψ_82 + 203 6 Ψ_2 +

1776 13 Ψ_7 +

361004 3 · 13 · 19

Ψ_1 + 4255608 11 · 13 · 19

Ψ_8 +

12660480 11 · 13 · 19

, (5.74)

14 : φ_3 = Ψ_3 + 40 7 Ψ_6 + 192 7 Ψ_{18} +

1152 11 Ψ_82 +

2608 23 Ψ_2 +

12023496 7 · 11 · 17 · 23

Ψ_7 + 5525664 11 · 17 · 23

Ψ_1 +

16392384 11 · 17 · 23

Ψ_8 +

592911360 11 · 13 · 17 · 23

. (5.75)

Most of the denominators contain the exponents of E_8, {1, 7, 11, 13, 17, 19, 23, 29}. This is a common feature shared by all the root systems but seen most clearly in the exceptional root systems cases. The two unlisted eigenfunctions φ_5 and φ_4 have simply too many terms to be presented here. For φ_5, λ^2_5 = 20, the number of elements in the Weyl orbit of λ_5 is 241920 and the highest weight representation of λ_5 is 146325270 dimensional. The eigenfunction φ_5 contains 14 terms corresponding to the dominant characters in the Lie algebra representation of the highest weight λ_5, that is λ_5, λ_1 + λ_7, 2λ_1, λ_2 + λ_8, λ_7 + λ_8, λ_3, λ_6, λ_1 + λ_8, 2λ_8, λ_2, λ_7, λ_1, λ_8 and zero weights. For φ_4, λ^2_4 = 30, the number of elements in the Weyl orbit of λ_4 is 483840 and the highest weight representation of λ_4 is 6899079264 dimensional. The eigenfunction φ_4 contains 24 terms and some of their coefficients are ratios of enormously large integers.

5.5 F_4 and G_2

The Sutherland systems based on F_4 and G_2 are interesting because of the interplay of the long and short root couplings. While we show the Dynkin diagram of F_4 to indicate our convention of the simple roots naming, we simply agree that α_1 is the short simple root of G_2, thus α_2 is the long simple root.

The spectra of the Hessian −~W and the corresponding Ĥ of F_4 in the order of λ_1, . . . , λ_4

Figure 4: F_4 Dynkin diagram with the numbers of the simple roots attached.

are:

{20 + 12γ, 36 + 24γ, 24 + 18γ, 12 + 10γ}, (5.76) {4ℏ(5 + 3γ + ℏ), 12ℏ(3 + 2γ + ℏ), 6ℏ(4 + 3γ + ℏ), 2ℏ(6 + 5γ + ℏ)}. (5.77) The quantum eigenfunctions are listed in the order of increasing energy eigenvalues and the values of the λ^2_j :

1 : ϕ_4 = Ψ_4 + 24γ 6 + 5γ + ℏ

, (5.78)

2 : ϕ_1 = Ψ_1 + 6γ 4 + γ + ℏ

Ψ_4 +

24(4 + γ + 3γ^2 + ℏ) (4 + γ + ℏ)(5 + 3γ + ℏ)

, (5.79)

3 : ϕ_3 = Ψ_3 + 12γ 2 + 3γ + ℏ

Ψ_1 +

12(2 + 5γ + 6γ^2 + ℏ + ℏγ) (3 + 2γ + ℏ)(2 + γ + ℏ)

Ψ_4 + 96γ(8 + 9γ + 6γ^2 + 3ℏ + ℏγ) (3 + 2γ + ℏ)(2 + 3γ + ℏ)(4 + 3γ + ℏ)

, (5.80)

6 : φ_2 = Ψ_2 + 4γ 2 + γ

Ψ_{14} +

12(2 + γ + γ^2) (2 + γ)(3 + γ)

Ψ_42 +

4γ(11 + 9γ) (2 + γ)(3 + γ)

Ψ_3 +12 [ 24 + 22γ + 47γ^2 + 23γ^3 ] [(2 + γ)(3 + γ)(4 + 3γ)]^{−1} Ψ_1 +24γ [ 28 + 37γ + 27γ^2 ] [(2 + γ)(3 + γ)(4 + 3γ)]^{−1} Ψ_4 +96 [ 24 + 30γ + 85γ^2 + 67γ^3 + 30γ^4 ] [(2 + γ)(3 + γ)(4 + 3γ)(3 + 2γ)]^{−1} . (5.81) Here we listed the classical eigenfunction φ_2 (5.81) for the highest elementary excitation, simply for display reasons.

The spectra of the Hessian −~W and the corresponding Ĥ of G_2 in the order of λ_1, λ_2 are: {4 + 8 3 γ, 8 + 4γ}, { 4 3 ℏ(3 + 2γ + ℏ), 4ℏ(2 + γ + ℏ)}. (5.82) The quantum eigenfunctions are listed in the order of increasing energy eigenvalues and the values of the λ^2_j :

2/3 : ϕ_1 = Ψ_1 + 6γ 3 + 2γ + ℏ

, (5.83)

2 : ϕ_2 = Ψ_2 + 6γ 3 + γ + 2ℏ

Ψ_1 +

6(3 + γ + 2γ^2 + 2ℏ) (2 + γ + ℏ)(3 + γ + 2ℏ)

, (5.84)

6 Summary and Comments

The general theorem relating classical and quantum mechanics (section 2) is applied to the Calogero and Sutherland systems, typical integrable multi-particle dynamics associated with root systems and having long range interactions. The classical and quantum eigenfunctions for the elementary excitations are constructed explicitly (section 4, 5), and their relation to the eigenmodes of small oscillations (of the corresponding classical system) is worked out in full. In particular, we obtain new representations for the eigenvectors (of small oscillations) in terms of orthogonal polynomials of a discrete variable (the discrete variable being the zeros of well-known classical polynomials). It turns out that the quantum eigenfunctions are very closely related to the classical counterparts. As a special case, the quantum eigenfunction of the Sutherland system belonging to a minimal representation consists of a single Weyl orbit and it has exactly the same form as the classical one, that is the quantum corrections are absent. The next simplest case, those belonging to the adjoint representations is fully described by the number of roots and the highest exponents. As shown in many explicit examples, the classical and quantum eigenfunctions are fully described in terms of the roots, weights, exponents and characters, etc. We do believe that this is the case for any eigenfunctions of the Calogero and Sutherland systems. To demonstrate this assertion for any particular theory and universally for all the Calogero and Sutherland systems is a good challenge.

Acknowledgements

I.L. is a post-doctoral fellow with the F.W.O.-Vlaanderen (Belgium).

References

[1] I. Loris and R. Sasaki, “Quantum vs Classical Mechanics: role of elementary excitations”, Kyoto preprint YITP-03-50, quant-ph/0308040.

[2] F. Calogero, “Solution of the one-dimensional N-body problem with quadratic and/or inversely quadratic pair potentials”, J. Math. Phys. 12 (1971) 419-436; B. Sutherland, “Exact results for a quantum many-body problem in one-dimension. II”, Phys. Rev.

A5 (1972) 1372-1376; J. Moser, “Three integrable Hamiltonian systems connected with isospectral deformations”, Adv. Math. 16 (1975) 197-220.

[3] M. A. Olshanetsky and A. M. Perelomov, “Completely integrable Hamiltonian systems connected with semisimple Lie algebras”, Inventions Math. 37 (1976), 93-108; “Classical integrable finite-dimensional systems related to Lie algebras”, Phys. Rep. C71 (1981), 314-400.

[4] E. Corrigan and R. Sasaki, “Quantum vs classical integrability in Calogero-Moser systems”, J. Phys. A 35 (2002) 7017-7062, hep-th/0204039; S. Odake and R. Sasaki, “Polynomials associated with equilibrium positions in Calogero-Moser systems,” J. Phys. A 35 (2002) 8283-8314, hep-th/0206172; O. Ragnisco and R. Sasaki, “Quantum vs classical integrability in Ruijsenaars-Schneider systems”, Preprint YITP-03-09,

hepth/0305120.

[5] A. M. Perelomov, “Equilibrium configurations and small oscillatons of some dynamical systems”, Ann. Inst. Henri Poincaré A28 (1978) 407-415.

[6] A. M. Perelomov, “On frequencies of small oscillations of some dynamical systems associated with root systems”, math-ph/0205039.

[7] A. J. Bordner, N. S. Manton and R. Sasaki, “Calogero-Moser models V: Supersymmetry and Quantum Lax Pair”, Prog. Theor. Phys. 103 (2000) 463-487, hep-th/9910033.

[8] S. P. Khastgir, A. J. Pocklington and R. Sasaki, “Quantum Calogero-Moser Models:

Integrability for all Root Systems”, J. Phys. A33 (2000) 9033-9064, hep-th/0005277.

[9] See, for example, F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rept. C251 (1995) 267-385.

[10] G. J. Heckman and E. M. Opdam, “Root systems and hypergeometric functions I”, Comp. Math. 64 (1987), 329–352; G. J. Heckman, “Root systems and hypergeometric functions II”, Comp. Math. 64 (1987), 353–373; E. M. Opdam, “ Root systems and hypergeometric functions III”, Comp. Math. 67 (1988), 21–49; “Root systems and hypergeometric functions IV”, Comp. Math. 67 (1988), 191–209.

[11] R. Stanley, “Some combinatorial properties of Jack symmetric function”, Adv. Math.

77 (1989) 76-115; I. G. Macdonald, Symmetric functions and Hall polynomials”, second edition, Oxford University Press, 1995.

[12] K. Sogo, “A simple derivation of multivariable Hermite and Legendre polynomials”, J.

Phys. Soc. Jpn 65 (1996) 3097-3099; N. Gurappa and P. K. Panigrahi, “Equivalence of the Calogero-Sutherland model to free harmonic oscillators”, Phys. Rev. B59 (1999) R2490-R2493, cond-mat/9710035; N. Gurappa and P. K. Panigrahi, “Free harmonic oscillators, Jack polynomials, and Calogero-Sutherland systems”, Phys. Rev. B62 (2000) 1943-1949, hep-th/9910123.

[13] P. J. Gambardella, “Exact results in quantum many-body systems of interacting particles in many dimensions with SU(1, 1) as the dynamical group”, J. Math. Phys. 16 1172-1187 (1975).

[14] F. Calogero, “On the zeros of the classical polynomials”, Lett. Nuovo Cim. 19 (1977) 505-507; “Equilibrium configuration of one-dimensional many-body problems with quadratic and inverse quadratic pair potentials”, Lett. Nuovo Cim. 22 (1977) 251-253; “Eigenvectors of a matrix related to the zeros of Hermite polynomials”, Lett. Nuovo Cim. 24 (1979) 601-604; “Matrices, differential operators and polynomials”, J. Math. Phys. 22 (1981) 919-934.

[15] F. Calogero and A. M. Perelomov, “Properties of certain matrices related to the equilibrium configuration of one-dimensional many-body problems with pair potentials V_1 = − log | sin x| and V_2 = 1/ sin^2 x”, Commun. Math. Phys. 59 (1978) 109-116.

[16] S. Ahmed, M. Bruschi, F. Calogero, M. A. Olshanetsky and A. M. Perelomov, “Properties of the zeros of the classical polynomials and of Bessel functions”, Nuovo Cim. 49 (1979) 173-199.

[17] K. G. Boreskov, J.-C. Lopez V. and A. V. Turbiner, “Solvability of the F_4 Integrable System”, Int. J. Mod. Phys. A16 (2001) 4769, hep-th/0108021.

[18] G. Szegö, “Orthogonal polynomials”, Amer. Math. Soc. New York (1939).

[19] A. Erdélyi et al. “Higher Transcendental Functions” II, McGraw-Hill, New York, 1953;

A. F. Nikiforov, S. K. Suslov and V. B. Uvarov, “Classical orthogonal polynomials of a discrete variable”, Springer, Berlin 1991.

[20] A. A. Kirillov, Jr., “Lectures on affine Hecke algebras and Macdonald’s conjectures”, Bull. Amer. Math. Soc. 34 (1997) 251-292.