arXiv:hep-th/0308065 v1 8 Aug 2003

Little Groups of Preon Branes

H. Mkrtchyan^1 and R. Mkrtchyan^2

Theoretical Physics Department, Yerevan Physics Institute Alikhanian Br. St.2, Yerevan 375036, Armenia

Abstract

Little groups for preon branes (i.e. configurations of branes with maximal (n-1)/n fraction of survived supersymmetry) for dimensions d=2,3,...,11 are calculated for all massless, and partially for massive orbits. For massless orbits little groups are semidirect product of d-2 translational group T_{d−2} on a subgroup of (SO(d-2) × R-invariance) group. E.g. at d=9 the subgroup is exceptional G_2 group. It is also argued, that 11d Majorana spinor invariants, which distinguish orbits, are actually invariant under d=2+10 Lorentz group. Possible applications of these results include construction of field theories in generalized space-times with brane charges coordinates, different problems of group’s representations decompositions, spin-statistics issues.

1E-mail:hike@r.am 2E-mail: mrl@r.am

1 Introduction and Conclusion

There is a strong interest to the symmetry structure of M and related theories. The space-time supersymmetry algebra of M-theory, is ([1] [2]): {¯ Q, Q } = Γ^μP_ν + Γ^{μν} Z_{μν} + Γ^{μνλρσ} Z_{μνλρσ} , (1) μ, ν, ... = 0, 1, 2, ..10. where Q is Majorana 32-component spinor, Z_{μν} and Z_{μνλρσ} are membrane and five-brane charges. This algebra is of (super)-Poincaré type, i.e. its bosonic (tensorial Poincaré) subalgebra is a semidirect product of Lorentz and Abelian subalgebras, the latter is a sum of P_μ, Z_{μν} and Z_{μνλρσ} . There are evidences, that this algebra can be extended. Already in the first works on extended supergravities at d=4 hidden non-linearly realized symmetries have been found [3], which later on appeared to be connected ([4],[5]) with space-time symmetry algebra (1), and these observations particularly lead to suggestions on hidden space-time coordinates and symmetries of M-theory [6]. In some yet unknown phase of M-theory with explicit conformal symmetry the latter is assumed ([7], earlier references are [3], [8]) to be an OSp(1|64), (OSp(1|32), OSp(1|16), ... on lower dimensionalities) supergroup, which includes (1) as sub-superalgebra, just as usual Poincaré group SO(1, 3)⋉T_4 (at d=4) is a subgroup of conformal group SO(2,4). Generalized space-times are suggested [9] for a new formulations of supergravity/superstring/M-theory, with a particular purpose of making explicit hidden symmetries of these theories. The new formulation of higher spin theories is making use of some of these generalized space-times with OSp(1|2n) symmetry [10][11], and equivalence to theories in a usual space-time, in the free case is shown. The recently discovered [12] non-linear realization representation of maximal supergravities - d=11 N=1, d=10 N=2a and 2b - make use of the new space-time algebras, most general of which is the newly introduced [13] ”very extended” E_{11} algebra [14].

Correspondingly, the irreducible representations (irreps), particularly unitary irreps of these and connected algebras are attracting attention in modern literature.There are specially interesting representations among them, such as singletons of OSp (which appear in many circumstances), or preon representations of super-Poincaré, which correspond to maximally supersymmetric BPS branes [15],[16], and others.

All that is making the investigation of properties of space-time symmetry algebras of type (1) interesting and promising, both for the purpose of clarifying properties of the theory, and for seeking new formalisms for it. In the present paper we will continue investigation [17], [18] of the construction of unitary irreps of algebras (1) by applying Wigner’s method of little groups (induction from the little group) [19][20]. The main focus of present paper will be the preonic orbits [15], [16], i.e. orbits (configurations of branes) with maximum fraction of surviving supersymmetry, some other orbits are considered in previous papers [17], [21]. We find a complete list, at dimensions 2,3,..11 of little groups for the massless representations, i.e. for those preonic configurations, for which corresponding vector p_μ is massless, and all continuous invariants are also zero. All little groups are of the form of semidirect product of compact group on group of (d-2)-dimensional translations. These results are new for d=5,6 (for symplectic-Majorana spinors),7,8,9. For massive case we find complete answers for dimensionalities 5,8,9. In this case little groups are compact, since they should be a subgroup of those for massive particles, i.e. of SO(d-1). We also show that 11d spinor invariants are actually (12=2+10)d invariant.

There are many possible applications of present results. One is the determination of the brane content of branes [18], i.e. decomposition of irreps w.r.t. the different subalgebras. Among these algebras can be a tensorial Poincaré with less number of tensorial generators, or a usual Poincaré, so one can consider a spectrum of usual particle representations in a given brane representation. This approach provides [18] group-theoretic interpretation of the results of [11].

Another application can be the decomposition of different representation of OSp (which is a ”conformal” group for tensorial Poincaré) w.r.t. the tensorial Poincaré.

Next, one has to reconsider [21] the spin-statistics theorem, with the purpose of generalization of connection between statistics and spins. Now instead of spin we have a rich set of representations of little groups, particularly those from Tables 1 and 2, and one has to assign Fermi or Bose statistics to each of representations of little groups. Moreover, the preon case resemble strongly the usual two-dimensional situation, when there is no strong difference between fermions and bosons, both correspond to the same representation of Poincaré. Similarly, in the preon representation of super- Poincaré with tensor charges ((1), e.g.) the non-zero supercharge is neutral [21] w.r.t. the little group, supermultiplet has only two members, both in the same representation of tensorial Poincaré and one can expect the generalized statistics, similar to those in the two-dimensional case.

Last, but not least: one of the most interesting applications (and initial motivation) of construction of unitary irreps for different orbits of tensorial Poincaré is the construction of field theories with corresponding symmetry algebra. For d=2+q dimensional generalization of 1 (connected with the SO(2,10) hypothesis of [22]) the corresponding field theories are constructed for an orbit, which is a generalization of massless particle orbit and for lowest representations of corresponding little groups [17][23]. For lowest representations of little groups of preonic orbits at dimensions 4, 6, ... the free field theories, on the level of equations of motions, are actually constructed in [10], with different motivation, coming from higher spin theories in usual spacetimes. The first step towards interaction in these theories is done for 2+2 dimensional theory in [24].

In the next Section Wigner’s method is briefly described and applied to the present case. Main results - the little groups for massless case, more precisely, for the zero values of all invariants (if those exist) are combined into Table 1. The additional information on little groups with non-zero invariants is combined into Table 2.

2 Little groups of preons

Modern supersymmetry algebras can be represented in a form {¯ Q^{jβ}, Q_{iα} } = Z^{jβ}_{iα} (2)

where supercharges Q_{iα} are subject to some constraints - Majorana,Weyl, Symplectic-Majorana etc., r.h.s. matrix Z is the most generic matrix, that satisfies the same constraints. We shall consider the minimal algebras, i.e. spinors Q_{iα} will be the minimal possible in a given dimension, hence index i of the group of R-invariance either will be absent, or will be that of SU(2) doublet, in the case of symplectic spinors. Matrix Z can be expanded over gamma-matrices basis and in that form r.h.s of (2) will become a usual combination of momentum P_μ and ”central charges” tensors Z_{μν...}. The bosonic subalgebra is a semidirect product of Lorentz and R-symmetry group, from one side, and Abelian group of momentum and central charges tensors, from the other, so for construction of unitary irreps of that algebra

Wigner’s method [19][20] can be applied. The construction includes the following steps: classification of orbits of action of Lorentz × R group on the numeric tensor Z, determination of a stabilizer (little group) of some (arbitrarily picked) point on the orbit, choice of any unitary irrep of little group and finally induction on the whole tensorial Poincaré group. The present paper is devoted to the discussion of preonic orbits, i.e. the orbits with rank one Z matrix. Such Z’s have a form Z = λλ, where λ is a numeric spinor, and stabilizer of Z is that of λ plus transformations which change the sign of λ, (which is actually the property of full 360 degree rotation of spinor). Also, such configuration of Z is providing the maximum number of surviving supersymmetries [15][16]. So, we come to the problem of determination of orbits of action of Lorentz group on the space of spinors λ, and calculation of corresponding little groups.

The main results on little groups of preonic orbits are combined into Tables 1 and 2. For dimensions d = 2÷11, with one time dimensions, we list the type of minimal spinor in corresponding dimension (i.e. (pseudo)Majorana=(P)M, (pseudo)Symplectic Majorana=PSM, Weyl=W, etc.), I - the number of independent invariants, which can be constructed from corresponding spinor, and the little group for the maximally non-compact case, more exactly, for the zero values of all invariants. The necessary additional information is the embedding of corresponding little group into the group of symmetry, i.e. the product of Lorentz and R-symmetry group (SO(3), if any). These embeddings are described below, as well as explicit expressions for invariants, except d=7 and d=11 cases, where we don’t know the complete minimal set of independent invariants. Nevertheless, in the last case we can claim, on the basis of some additional calculations, that these invariants are actually invariant w.r.t. the d=12=2+10 Lorentz group, which is well-known to be the automorphisms group of d=11 superalgebra. For obtaining all these results we use a combination of few methods: sometimes we calculate an algebra of stabilizer (little group) around an (arbitrary) given spinor, and calculate a dimensionality of orbit at that point by the evident formula dim (orbit)=(dim G) - dim (little group), where G is the product of Lorentz and R-symmetry groups. From this we can find the number of independent invariants, which can be constructed from a given spinor, obviously that is a codimension of an orbit in a spinor space, we denote that I in the Tables. In few cases an algebraic and group-theoretic considerations are applied, particularly when considering the dimensional reductions of spinors. We use a ”mostly plus” metric, other notations and definitions of spinors and corresponding matrices are based on [25]

Table 1. Massless preons’ little groups. d Spinor type

I − invariants^′ number

Little Group 2 MW 0 1 3 M 0 T_1 4 M 0 T_2 5 PSM 1 SO(3) ⋉ T_3 6 SMW 0 SO(4) ⋉ T_4 7 SM 3 SO(4) ⋉ T_5 8 PM 2 SU(3) ⋉ T_6 9 PM 1 G_2 ⋉ T_7 10 MW 0 SO(7) ⋉ T_8 11 M 7 SO(7) ⋉ T_9

(3)

Table 2. Massive preons’ little groups. d Spinor type

I − invariants^′ number

Little Group 5 PSM 1 SO(4) 8 PM 2 G_2 9 PM 1 SO(7) (4)

In the cases with I = 0 the whole space of spinors (besides zero point) is an orbit of corresponding Lorentz × R-invariance group. Turning to the embeddings of little groups, we first mention that they are not simply the subgroups of direct product of Lorentz and R-symmetry groups (the later is trivial except the SM(W) cases when it is SU(2)), but actually they should be the subgroups of product of R-symmetry group with the little group of particles - SO(d − 2) ⋉ T_{d−2} for massless and SO(d − 1) for massive cases. It is obvious from the fact that in all these dimensions one can define the momenta p^μ, corresponding to Z = λλ: p_μ ∼ λ̄γ^μλ, and since stabilizer of Z evidently is stabilizer of p_μ, statement follows. Taking into account that Table 1 contains little groups for the massless cases only (all invariants zero, see below), we should describe embeddings of groups in the Table 1 into R × SO(d − 2) ⋉ T_{d−2}, which in turn has a well-known embedding in R×SO(1, d−1). Additional remark is that non-compact factors T_{d−2} in Table 1 always coincide with corresponding factor in R × SO(d − 2) ⋉ T_{d−2}, so we need to describe embeddings of compact factors, only. Precise embedding depends on a point on the orbit, we need to describe embeddings up to equivalence, i.e. up to similarity transformation in the group. The Table 2 contains results for massive cases, which are also described below.

Cases d=3, 4 are evident, the absence of invariants means that the whole space of spinors is one orbit, except the zero point. The answer for the little group can be obtained by direct calculation, for an arbitrary given spinor. The first non-trivial case is d=5, with pseudo-symplectic-Majorana spinors. The massless particle little group is SO(3), the same is R-symmetry, and SO(3) in the Table 1 is just a diagonal subgroup of their direct product. The only independent invariant is m = iλ^i_αλ^j_β C^{αβ}ϵ_{ij} . Evidently, for any (nonzero) values of this invariant little groups are the same. Existence of this invariant means that the space of non-zero spinors is not a single orbit, as at d=4, but an infinite set of orbits, distinguished by the value of invariant. The above little group corresponds to the zero value of that invariant. One can show, that the mass of momenta p^μ = λ^i_αλ^j_σ C^{αβ}γ^{μσ}_β ϵ_{ij} , corresponding to Z = λλ, is exactly m: p^2_μ = −m^2. For an orbit with non-zero m the little group for preons is SO(4) (without any noncompact factor) and coincide with little group of massive particle, the only additional detail is that the embedding of this SO(4) into SO(3) of R-symmetry, which is actually a set of two embeddings of two SO(3) factors of SO(4) into SO(3), is non-zero, and depends on a particular point on an orbit.

For d=6 the compact factor of massless little group is SO(4) ∼ SO_L(3) × SO_R(3) and SO(4) group in the Table 1 is ∼ SO_L(3) × (SO_R(3) × SO(3))_{diag} where last SO(3) is the group of R-symmetry.

At d=7 for the zero values of invariants (see discussion below for d=11 case) the (compact part of the) little group is SO(4) which is the same group described above for d=6, embedded in a natural way (e.g. as a 4x4 submatrix in a left upper corner of 5x5 matrix, there is no other, non-equivalent representation) into SO(5) group of massless particle at d=7.

At d=8 there are exactly two independent invariants: m_1 = iλ^i_αλ^j_β C^{αβ}ϵ_{ij} and m_2 = λ^i_αλ^j_σ C^{αβ}γ^{9σ}_β ϵ_{ij} . The momenta p^μ = λ^i_αλ^j_σ C^{αβ}γ^{μσ}_β ϵ_{ij} square into p^2_μ = −(m^2_1 + m^2), so for massless case we should have both masses equal to zero. In that case the (compact part of the) little group in Table 1 is SU(3), and is a natural subgroup of SU(4), which is isomorphic to the (compact part of the) massless particle little group SO(6). At massive case, i.e. when one or two of masses m_1, m_2 are non-zero, the little group is G_2. That can be shown as follows. The little group should be a subgroup of that of massive particle - SO(7). Acting by that group in a spinor representation on the Weyl part of spinor λ, which is an SO(7) spinor, we obtain the stabilizer G_2, since that is exactly (one of the) definition(s) of G_2. It is easy to show, that action of SO(7) on the anti-Weyl part of spinor λ gives the same stabilizer, since Weyl and anti-Weyl parts of λ are connected by (pseudo)-Majorana condition.

At d=9 situation is similar to d=5: there is one invariant m = iλ_αλ_β C^{αβ}, the square of momenta p^μ = λ_αλ_σ C^{αβ}γ^{μσ}_β is given by p^2_μ = −m^2. So the whole space of spinors is a set of orbits, with different m, and there are two kinds of orbits: the first one is massless, with m = 0, the little group is G_2 ⋉ T_7 and G_2 in its fundamental 7-dimensional representation is embedded in SO(7), the compact factor of massless little group. Second one is massive, with little group SO(7), naturally a subgroup of the little group of massive particle, SO(8). It is clear from the triality: the problem of finding the stabilizer of a given d=1+8 PM spinor leads to the problem of finding a stabilizer of spinor under SO(8) (the stabilizer of its momenta p_μ), which, in turn, due to the triality property is equivalent to finding a stabilizer of eightdimensional Euclidean vector under an SO(8) rotations, which evidently is SO(7) subgroup.

At d=10 little group is SO(7) [18], embedded, in its spinor representation, into a fundamental representation of SO(8) [26].

Finally, at d=11 we have little group SO(7), embedded, as at d=10, in its spinor representation into SO(8), which, in turn, naturally is a subgroup of d=11 massless SO(9). We cannot present a complete set of independent invariants (although, of course, a lot of them can be easily constructed), but we can state, that all values of those invariants are zero for an orbit of Table 1 (in our representation of gamma-matrixes, that is an orbit of a spinor with unites at first and sixth places, zero otherwise). That follows from the fact that, from one hand, these invariants are some homogeneous polynomials over λ, and, from the other hand, we can find a Lorentz transformation, which simply rescales a given spinor on the orbit, so the non-zero value of these polynomials will be rescaled, which contradicts to their invariance. This argument actually works in other dimensions too. The interesting further remark on this d=11 case is the following. It is well-known, that d=11 algebra (1) can be represented in d=2+10=12 dimensional form, since corresponding Lorentz group SO(2,10) is an automorphisms group of (1). In that form momenta and second rank tensor combine into one d=12 second-rank tensor, and fifth-rank tensor Z_{μνλρσ} is interpreted as 12d self-dual sixth rank tensor,

11d Majorana supercharges become 12d Majorana-Weyl supercharges, and algebra receives the form: {¯ Q, Q } = Γ^{μν} P_{μν} + Γ^{μνλρσδ} Z^+_{μνλρσδ} (5) μν, ... = 0^′, 0, 1, ...10 One can study orbits of the same spinor under the extended group SO(2,10). The remarkable fact is that the orbit has the same dimensionality, 25, as under the action of SO(1,10) group, so coincide with 11d orbit. That follows from the fact, that although corresponding little group has more complicated structure, but its dimensionality is 41, so dimensionality of orbit is dimensionality of Lorentz group (66) minus dimensionality of little group (41), i.e. 25. So, assuming this coincidence for any spinor, we conclude that the number of independent invariants is the same, 7, they are SO(2,10) invariant, and can also serve as SO(1,10) invariants, so they are exactly an 11d invariants, so we prove that 11d Majorana spinors invariants can be chosen in 12d invariant form. In other words, 7 invariants of 11d case of Table 1 can be written in a 12d invariant form, which is non-trivial statement and provide some support for ideas of 12d invariance of M-theory.

3 Acknowledgements

This work is supported partially by INTAS grant #99-1-590. We are indebted to R.Manvelyan for discussions. R.M. is indebted to D.Sorokin for discussion and to A.Sagnotti for discussions and for hospitality at ”Tor Vergata” University.

References

[1] J.A.de Azcarraga, J.P.Gauntlett, J.M.Izquirdo and P.K.Townsend, Phys.Rev.Lett. 63 (1989) 2443.

[2] P.K. Townsend, M-theory from its superalgebra, hep-th/9712004.

[3] E.Cremmer, B.Julia and J.Scherk, Phys.Lett. 76B (1978) 409;

E.Cremmer and B.Julia, Phys.Lett. 80B (1978) 48; Nucl.Phys. B159 (1979) 141;

[4] N.A.Obers and B.Pioline, hep-th/9809039, Phys.Rept. 318 (1999) 113

[5] B. de Wit and H. Nicolai, Hidden Symmetries, Central Charges and All That, Class. Q. Grav.18 (2001) 3095-3112, hep-th/0011239.

[6] B. de Wit, M-Theory Duality and BPS Extended Supergravity, Int. J.

Mod. Phys. A16 (2001) 1002, hep-th/0010292;

[7] P.K. Townsend, M(embrane) theory on T^9, hep-th/9708034, Nucl.Phys.Proc.Suppl. 68 (1998) 11.

[8] J.W. van Holten and J. van Proyen, J.Phys. A15 (1982) 3763

[9] M.Günaydin, Generalized conformal and superconformal group actions and Jordan algebras, hep-th/9301050, Mod.Phys.Lett. A8, 1407, (1993); M.Günaydin, Nuovo Cimento, 29A, (1975) 467; M.Günaydin, K.Koepsel and H.Nicolai, hep-th/0109005, The Minimal Unitary Representation of E_8(8), Adv.Theor.Math.Phys. 5 (2002) 923-946;M.Gunaydin, AdS/CFT Dualities and the Unitary Representations of Non-compact Groups and Supergroups: Wigner versus Dirac, hep-th/0005168;

[10] M.A.Vasiliev, Phys.Rev. D66 (2002) 066006, hep-th/0106149.

[11] M.A.Vasiliev, Relativity, Causality, Locality, Quantization and Duality in the Sp(2M) Invariant Generalized Space-Time, Contribution to the Marinov’s Memorial Volume, M.Olshanetsky and A.Vainshtein, Eds., World Scientific, hep-th/0111119

[12] P.West, Hidden Superconformal Symmetry in M Theory, hep-th/0005270, JHEP 0008 (2000) 007

[13] D.Olive, M.Gaberdiel and P.West, A class of Lorentzian Kac-Moody algebras, hep-th/0205068, Nucl.Phys. B645 (2002) 403.

[14] P.West, E_{11}, SL(32) and Central Charges, hep-th/0307098;

F.Englert, L.Houart, A.Taormina and P.West, The Symmetry of M-theories, hep-th/0304206; P.West, E_{11} and M-theory, hep-th/0104081,Class.Quant.Grav. 18 (2001) 4443-4460

[15] Igor A. Bandos, Jose A. de Azcarraga, Jose M. Izquierdo and Jerzy Lukierski, Phys.Rev.Lett. 86 (2001) 4451-4454, hep-th/0101113.

[16] Igor Bandos and Jerzy Lukierski, Mod.Phys.Lett. A14 (1999) 1257, hep-th/9811022; I.Bandos, J.Lukierski and D.Sorokin, Phys. Rev.D61 (2000) 45002, hep-th/9904109; Jerome P. Gauntlett and Chris M. Hull, JHEP 0001 (2000) 004, hep-th/9909098; Jerome P. Gauntlett, Gary W. Gibbons, Christopher M. Hull and Paul K. Townsend, Commun.Math.Phys. 216 (2001) 431-459, hep-th/0001024.

[17] R. Manvelyan and R. Mkrtchyan, Mod.Phys.Lett. A15 (2000) 747-760, hep-th/9907011.

[18] R.Mkrtchyan, Brane Content of Branes’ States, hep-th/0212174. Phys.

Lett. B558 (2003) 205

[19] E. Wigner, Ann. Math. 40, 149 (1939)

[20] A.O.Barut and R.Raczka, Theory of Group Representations and Applications, PWN Warszawa, 1977

[21] R.Mkrtchyan, Little Groups and Statistics of Branes, hep-th/0209040.

[22] I. Bars, Phys.Rev. D54 (1996) 5203-5210, hep-th/9604139; I. Bars, Duality and hidden dimensions, hep-th/9604200; I.Bars, Phys.Rev. D55 (1997) 2373-2381, hep-th/9607112

[23] R. Manvelyan and R. Mkrtchyan, Mod. Phys. Lett. A17 (2002) 1393, hep-th/0112233.

[24] R.Mkrtchyan, On an (interacting) field theories with tensorial momentum, Report on 3-rd Sakharov Conference (Moscow, June 24-29, 2002), hep-th/0209175.

[25] T.Kugo and P.Townsend, Nucl.Phys. B221, (1983) 357

[26] Murat Gunaydin and Hermann Nicolai, Phys.Lett. B351 (1995) 169, Addendum-ibid. B376 (1996) 329, hep-th/9502009; Murat Gunaydin and Sergei V. Ketov, Nucl.Phys. B467 (1996) 215-246, hep-th/9601072; J.C. Baez, The Octonions, math.RA/0105155; Khaled Abdel-Khalek, Ring Division Algebras, Self-Duality and Supersymmetry, hep-th/0002155.