arXiv:hep-th/0308116 v1 18 Aug 2003

No naked singularities in homogeneous, spherically symmetric bubble spacetimes?

Olivier Sarbach and Luis Lehner^1 1 Department of Physics and Astronomy, Louisiana State University, Baton Rouge, LA 70810, U.S.A.

We study the evolution of bubble spacetimes in vacuum and electrovac scenarios by numerical means. We find strong evidence against the formation of naked singularities in (i) scenarios with negative masses displaying initially collapsing conditions and (ii) scenarios with negative masses displaying initially expanding conditions, previously reported to give rise to such singularities. Additionally, we show that the presence of strong gauge fields implies that an initially collapsing bubble bounces back and expands. By fine-tuning the strength of the gauge field we find that the solution approaches a static bubble solution.

PACS numbers: 11.25.-w, 11.25.Sq, 04.25.Dm

I. INTRODUCTION

Within five-dimensional Kaluza-Klein theory, negative energy initial data configuration at a moment of time symmetry have been presented in the past [1, 2]. Among the reasons for considering negative energy solutions is that naked singularities are associated to them. Therefore studying such solutions is an attractive problem to further test the cosmic censorship conjecture [3]. Additionally, as these bubbles can be obtained via semiclassical tunneling (following Witten’s construction [4, 5]), it is important to understand their dynamical behavior. To obtain a better feeling for the dynamics of the solutions presented in [2], which describe a bubble spacetime, Corley and Jacobson [6] analyzed the initial acceleration of the bubble (which can be calculated analytically with the information contained on a single hypersurface.) They found that negative mass bubbles start out expanding and consequently argued a naked singularity would be unlikely. This conjecture is backed by the calculations at the initial hypersurface together with the intuition gained from a time symmetric scenario. Namely, that if the bubble were to reverse its behavior it will go through another time-symmetric phase[18], which would also suggest the bubble should expand (assuming the solution at this time of symmetry still belongs to the family presented in [2]).

Recently however, a numerical study was presented [7] which computed explicitly the solution to the future of the initial, time-symmetric, initial data. In the negative mass case, the solution found appeared to indicate a very puzzling development. Namely, that as the bubble expanded, it would encounter a naked singularity on its way.

In the present work we reexamine the dynamical behavior of the data presented in [2] via numerical simulations, and further study a more general case where the initial data describes an initially collapsing bubble with negative mass. We restrict our simulations to the context of homogeneous spherically symmetric spacetimes. To summarize our findings, we see that negative mass bubbles will not lead to a naked singularity. By choosing different members of the initial data family, these could start out either expanding or collapsing. In the former case, the bubble continues on expanding while in the latter case, the bubble bounces back without ever collapsing. We additionally study the case of a positive mass bubble which starts out collapsing. Here, depending on the strength of the gauge field at the initial hypersurface, the bubble collapses to a black string or bounces back to expand “forever” (i.e. for as long as we let the simulation run). Furthermore, these two distinct possibilities give rise to critical behavior on the threshold of collapse or expansion.

II. SET UP: BUBBLE DATA

We consider a generalization of the time symmetric family of initial data presented in [2]. We start with a spacetime endowed with the metric

ds^2 = −dt^2 + U (r)dz^2 + dr^2 U (r) + r^2dΩ^2, (2.1)

where dΩ^2 = dϑ^2 + sin^2 ϑdφ^2 is the standard metric on the unit two-sphere S^2 and U (r) is a smooth function that has a regular root at some r = r_+ > 0, is everywhere positive for r > r_+ and converges to one as r → ∞. The coordinate z parametrizes the extra dimension S^1 which has the period P = 4π/U^′(r_+). The resulting spacetime {t, z, r ≥ r_+, ϑ, φ} constitutes a regular manifold with the topology R× R^2 × S^2. The bubble is located where the circumference of the extra dimension shrinks to zero, that is, at r = r_+.

Additionally, we consider the presence of a U(1) gauge field in the following form, A_adx^a = k(r^{−n}_+ − r^{−n})dz, (2.2) with k an arbitrary constant and n an integer greater than one. It is important to point out two things. First, the gauge field here considered has a more generic dependence than those previously considered in [2], where only the case n = 2 was discussed. Second, the symmetries of the problem would a priori allow for the gauge field to have non-trivial t and r components. However, it follows from Maxwell’s equations that those contributions would lead to a Coulomb-like electric field which is divergent at the location of the bubble. For this reason we set those components of A_a to zero.

In the time-symmetric case, initial data satisfying the Hamiltonian constraint obeys

U (r) = 1 − m r + b r^2 − k̃2 r^{2n} , (2.3) where k̃ ≡ kn/ √ (n − 1)(2n − 1). The parameter m is related to the ADM mass via M_{ADM} = m/4.

The fact that the bubble be located at r = r_+ requires that 0 = U (r_+) = 1 − m̄ + b̄ − k̄^2, where m̄ ≡ m/r_+, b̄ ≡ b/r2_+, k̄ ≡ k̃/rn_+ . We also require

0 < r_+U^′(r_+) = 2 − m̄ + 2(n − 1)k̄^2 (2.4)

and avoid the conical singularity at r = r_+ by fixing the period of z to P = 4π/U^′(r_+). Repeating the analysis in [6] one finds that the initial acceleration of the bubble area is given by

Ä = 8π [ 1 − m̄ − 4k̄^2 3 (n − 1)(n − 2) ] . (2.5)

For n = 2 this agrees with the formula found by Corley and Jacobson, and as they discussed, for negative mass bubbles, the initial acceleration is positive, and only if chosen appropriately can a positive mass bubble have negative initial acceleration. As we will see later, in the vacuum case, this acceleration remains negative leading to a collapse of the bubble and the formation of a black string. In the non-vacuum case however, the strength of the gauge field can modify this behavior completely. For weak enough k the bubble continues to collapse whereas when k is large the bubble area bounces back and expands. Furthermore, by fine-tuning the parameter k we will show that the solution approaches a static bubble solution to the five-dimensional Einstein-Maxwell equations.

We also consider non-vacuum initial data with n > 2 which allow for richer scenarios. A particularly interesting case is that describing an initially negative acceleration with negative mass. If this were possible, and the bubble continued to collapse, this would likely give rise to a naked singularity. Thus, we are interested in data for which Ä < 0. In view of the inequality (2.4) and Eq. (2.5) this means that

2 + 2(n − 1)k̄^2 > m̄ > 1 −

4k̄^2 3 (n − 1)(n − 2). (2.6)

From this we see that for n = 2 the mass can only be positive. In contrast to this, for n > 2 and k̄ large enough such that 4k̄^2(n − 1)(n − 2) > 3, negative mass bubbles can be considered.

III. NUMERICAL IMPLEMENTATION

A detailed description of the numerical techniques used in our code will be presented elsewhere [8]. Here we point out its salient features.

1. The equations are written in first oder symmetric hyperbolic form, with a gauge choice that is such that the characteristic speeds are given by 0, 1 or −1. These properties facilitate achieving a stable implementation of the equations.

2. Regularity conditions are enforced at the bubble and employed to design a numerical scheme that satisfies a discrete energy estimate [9, 10]. This discrete energy estimate guarantees numerical stability for a related toy model problem.

3. Constraint preserving boundary conditions are enforced at the outer boundary to ensure no constraint violating modes are fed through it [11, 12].

4. The equations are implemented using second order accurate finite difference techniques. A nonuniform radial coordinate is employed to improve the resolution near the bubble. For all cases presented here, the radial grid covered r ∈ [1, 20] with a total of 8000 points. The outer boundary’s location is chosen so as to have always less than a crossing time in our evolutions, guaranteeing outer boundary conditions (though consistent with the constraints) will not affect quantities at the bubble. Second order convergence is checked in all runs. As an example, the convergence of some of the simulations representing expanding bubbles is illustrated in Fig. 2. Similar behavior is observed in all cases[19].

IV. RESULTS

A. Brill-Horowitz initially expanding case: (n = 2)

Here we evolve the Brill-Horowitz initial data in the case of vanishing gauge field. The bubble area A as a function of the proper time τ at the bubble is shown in Fig. 1 for different values of the mass parameter m. (Figure 2 illustrates the convergence of the solution throughout the evolution). As expected, the lower the mass of the initial configuration, the faster the expansion. Empirically, and for the parameter ranges used in our runs, we found that at late times the expansion rate is given by Ȧ A ≈ 2 − m̄ r_+(τ = 0)

, (4.1)

where a dot denotes the derivative with respect to proper time τ . In particular this approximation is valid for the bubble solution exhibited by Witten [4] which describes the time evolution in the case m̄ = 0. We monitored several curvature invariant quantities (the Kretschmann invariant in particular) for our numerical spacetimes and found no sign of divergence.

FIG. 1: Bubble area vs. proper time at the bubble. In this and the following plots, we set r+ = 1 (by choosing b appropriately). The figure shows four illustrative examples of bubbles whose initial acceleration is positive. As it is evident, the expansion of the bubble continues and the difference is the rate of the exponential expansion. The relative error in these curves is estimated to be well below 0.001%.

FIG. 2: Convergence factor (CF) vs. proper time for the cases illustrated in Fig. 1. This factor, defined as CF = log2(||A(4Δ) − A(2Δ)||/||A(2Δ) − A(Δ)||) should give the value of 2 for a second order accurate implementation. Through these runs the grid spacing is defined as Δ = 3.75 × 10^{−3} Clearly, the plot shows that second order convergence has been obtained throughout the runs (the peaks are instances with 0/0 where the expression for CF is ill-defined).

B. Brill-Horowitz initially collapsing case: (n = 2)

Next, we analyze the Brill-Horowitz initial data for the case in which the bubble is initially collapsing (notice that for n = 2 this implies that the ADM mass is positive). While our numerical simulations reveal that in the absence of the gauge field such a bubble continues to collapse, we also show that when the gauge field is strong enough, the bubble shrinks at a rate which decreases with time and then bounces back.

Obviously, if the collapse trend were not halted, a singularity should form at the origin. Since the ADM mass is positive, one expects this singularity to be hidden behind an event horizon, and one should obtain a black string. In fact, for the solutions which are initially collapsing and which have vanishing gauge field, we observe the formation of an apparent horizon. Furthermore, we compute the curvature invariant quantity IR^4_{AH} at the apparent horizon (as discussed in [17]), where I = R_{abcd}R^{abcd} is the Kretschmann invariant and R_{AH} the areal radius of the horizon. For a neutral black string, this invariant is 12. Figure 3 shows how this value is attained after the apparent horizon forms for representative vacuum cases (with m = 1.1 and m = 1.99), thus providing strong evidence for the formation of a black string. (We also find apparent horizons forming, or already present in the initial data, when a nontrivial gauge field is considered and the parameters are appropriately chosen. The corresponding bubbles will likely collapse to charged black strings and will be analyzed elsewhere [8].)

FIG. 3: Rescaled Kretschmann invariant IR^4_{AH} /12 vs. asymptotic time for m = 1.1 (solid line) and 1.99 (dashed line). The first non-zero values of the lines mark the formation of the apparent horizon. At late times, both lines approach the value of 1 suggesting a black string has formed.

As mentioned, for strong enough gauge fields, the previously described dynamics is severely affected. Figure 4 shows the bubble area vs. proper time for different values of k. For large values of k the bubble “bounces” back and expands while for small ones the bubble collapses. There is a natural transition region separating these two possibilities. Tuning the value of k one can reveal an associated critical phenomena, the ‘critical solution’ being a member of the family of static solutions given by

ds^2 = −V (r)dt^2 + V (r) U (r) dr^2 + U (r) V (r)^2 dz^2 + r^2V (r)dΩ^2,

A_adx^a = ± 1 2 √ 3 ( r_+ r_− − 1 ) dz V (r) , where V (r) = 1 − r_−/r and U (r) = 1 − r_+/r. These solutions can be obtained by a double analytic expansion of the black hole solutions described by Eqs. (2.13) and (2.15) of Ref. [13] followed by the transformations r_− → −r_−, r → r − r_−, r_+ → r_+ − r_−. The parameters r_− and r_+ (> r_−) are related to the period of the z coordinate and to the ADM mass via P = 4πr_+(1 − r_−/r_+)^{3/2} and M_{ADM} = r_+/4. Since these parameters are conserved throughout evolution, the initial data fixes the member of the static family the dynamical solution approaches to. Details of the critical behavior exhibited by this system will be presented in [8].

FIG. 4: Area values vs. proper time at the bubble for different values of k and m = 1.1. By tuning the value of k appropriately, the amount of time that the area remains fairly constant can be extended for as long as desired.

C. Collapsing negative mass case

We here restrict to cases with negative masses that start out collapsing. Interestingly enough we find that even when starting with large initial negative accelerations, which in turn make the bubble shrink in size to very tiny values, it bounces back without ever collapsing into a naked singularity. As an example, Fig. 5 shows the bubble’s area versus time for different values of n and k. The initially collapsing bubbles decrease in size in a noticeable way but this trend is halted and the bubbles bounce back and expand. Although we have not found a simple law as that in Eq. (4.1), clearly the bubbles expand exponentially fast. Therefore, it seems not to be possible to “destroy” the bubble and create a naked singularity. This situation is somewhat similar to the scenarios where one tries to “destroy” an extremal Reissner- Nordström black hole by attempting to drop into it a test particle with high charge to mass ratio. There, the electrostatic repulsion prevents the particle from entering the hole [14].

FIG. 5: Bubble area vs. proper time at the bubble. The figure shows three illustrative examples of bubble with negative mass (m = −0.1 each) whose initial acceleration is negative. As it is evident, the collapse of the bubble is halted and the trend is completely reversed. The error in these curves is estimated to be well below 0.001%.

V. CONCLUSIONS

We have performed numerical simulations to investigate the dynamics of spherically symmetric, homogeneous bubble spacetimes. These have revealed several interesting features.

In the vacuum case, negative mass bubbles do not form singularities, rather they continue on expanding and the asymptotic rate of expansion obeys the simple relation (4.1). Positive mass cases, as pointed out previously can start out either expanding or contracting. In the former case, they continue on expanding and its asymptotic rate obeys the same simple relation. For the collapsing case we have evidences that the bubble will collapse to a black string. It is interesting to note here that the ratio of a circle at infinity over the ADM Mass is given by P M_{ADM} = 16π m̄(2 − m̄) . (5.1)

Since 0 < m̄ < 2 this value is always larger than that needed for the Gregory-Laflamme “instability”[15]. Thus, a slight z-dependent perturbation of the scenario considered here could indeed give rise to a naked singularity. This would require infinite time to appear as shown in [16], but certainly would give rise to rich dynamics as illustrated in [17].

In the non-vacuum case, the presence of a gauge field gives rise to additional features. First, for the positive mass case, it can “halt” the collapse and subsequently induce an expansion. Furthermore, by fine-tuning the strength of the field, the solution approaches a static bubble. This critical solution separates the collapsing bubbles (which, likely, collapse to a charged black string) from the one that expand at late times. In a subsequent paper [8] we will show that the dynamical behavior near the static bubble exhibits critical phenomena. Note that clearly the solution does encounter another moment of time symmetry at the critical value. However, for field strengths larger than the critical one, this is not the case. The bubble bounces but the solution does not go through a time-symmetric phase.

Last, the gauge field can also make negative mass bubbles start out collapsing if its radial dependence is steeper than that originally considered in [2]. Intuitively this happens due to the contribution of the energy in the gauge field overcoming the repulsive gravitational effect of the negative mass bubble. However, as part of the field is radiated away, the collapse is halted and a subsequent expansion results. By choosing both the strength of the field or its radial dependence appropriately (with n > 2), we could make the bubble start out collapsing at a very rapid rate. In these cases, the bubble shrinks to very small sizes but eventually bounces back without forming a naked singularity.

Acknowledgments

We thank Robert Myers for calling this problem to our attention and for pointing out the influence a steeper radial dependence in the gauge field could have. Additionally, we thank him and Gary Horowitz for many interesting discussions. We acknowlege the LSU gravity group for comments on the manuscript. We benefited from the hospitality of the Kavli Institute for Theoretical Physics. L.L. thanks the Perimeter Institute for Theoretical Physics for hospitality. This research was supported in part by the NSF under grant numbers NSF-PHY0244335 to Louisiana State University, PHY99-07949 to the University of California at Santa Barbara and by the Horace Hearne Institute for Theoretical Physics. L.L. has been partially supported by the Alfred P. Sloan Foundation.

[1] D. Brill and H. Pfister, Phys. Lett. B 228, 359 (1989). [2] D. Brill and G.T. Horowitz, Phys. Lett. B 262, 437 (1991).

[3] R. Penrose, Riv. del Nuovo Cimento, 1, 252 (1969). [4] E. Witten, Nucl. Phys. B 195, 481 (1982). [5] O. Aharony, M. Fabinger, and G.T. Horowitz, JHEP 0207, 007 (2002).

[6] S. Corley and T. Jacobson, Phys. Rev. D 49, 6261 (1994). [7] H. Shinkai and T. Shiromizu, Phys. Rev. D 62, 024010 (2000).

[8] I. Olabarrieta, O. Sarbach, and L. Lehner, in preparation. [9] G. Calabrese, L. Lehner, D. Neilsen, J. Pullin, O. Reula, O. Sarbach and M. Tiglio, “Novel finite-differencing techniques for numerical relativity: application to black hole excision”, gr-qc/0302072, to appear in Class. Quantum Grav.

[10] G. Calabrese, L. Lehner, O. Sarbach, O. Reula and M.

Tiglio, “Summation by parts and dissipation for domains with excised regions”, gr-qc/0308007.

[11] G. Calabrese, L. Lehner, and M. Tiglio, Phys. Rev. D 65, 104031 (2002).

[12] G. Calabrese, J. Pullin, O. Reula, O. Sarbach, and M. Tiglio, ”Well posed constraint-preserving boundary conditions for the linearized Einstein equations”, grqc/0209017, to appear in Comm. Math. Phys.

[13] G.T. Horowitz and K. Maeda, Phys. Rev. D 65, 104028 (2002).

[14] R. Wald, Annals of Phys. 83, 548 (1974). [15] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837 (1993).

[16] G.T. Horowitz and K. Maeda, Phys. Rev. Lett. 87, 131301 (2001).

[17] M. Choptuik, L. Lehner, I. Olabarrieta, R. Petryk, F.

Pretorius, and H. Villegas, Phys. Rev. D 68, 044001 (2003).

[18] However, we will see that one can encounter situations in which a bubble reverses its behavior without passing through a moment of time symmetry.

[19] As mentioned, in the cases with negative mass, our results disagree with those presented in [7]. We believe that the reason for the disagreement is that the numerical simulations presented in [7] were contaminated by ill-posed modes present in the weakly hyperbolic form of the equations and the implementation of the boundary conditions used there. The understanding of these issues and how to deal with them has advanced considerably in the past few years. In particular, points 1-3 mentioned in section III are major differences between the two implementations.