arXiv:hep-th/0308130 v1 20 Aug 2003

Pursuing The Quantum World

Flat Family Of QFTs And Quantization Of d-Algebras

Jae-Suk Park

Department of Mathematics, POSTECH, Pohang, 790-784, Korea

Dedicated To the Memory of Youngjai Kiem

Exploiting the path integral approach al la Batalin and Vilkovisky, we show that any anomaly-free Quantum Field Theory (QFT) comes with a family parametrized by certain moduli space M, which tangent space at the point corresponding to the initial QFT is given by the space of all observables. Furthermore the tangent bundle over M is equipped with flat quantum connection, which can be used to determine all correlation functions of the family of QFTs. We also argue that considering family of QFTs is an inevitable step, due to the fact that the products of quantum observables are not quantum observables in general, which leads to a new ”global” perspective on quantum world. We also uncover structure of d-algebra in the large class of d-dimensional QFT. This leads to an universal quantization machine for d-algebras decorated by algebro-differential-topology of (d+1)-manifolds as well as a new perspective on differential-topology of low dimensions. This paper is a summary of a forthcoming paper of this author.

1 Prelude

The physical reality is supposed to be genuinely quantum such that anything classical, if any, is just an approximated or derived notion. On the other hand, classical physical theory, historically, came first and, then, certain procedure called quantization has been adapted to mimic quantum description. This idea of quantization of classical object or notion is obviously limited, though it gives us an useful guide of our journey toward genuine quantum world, if we take educated steps with constant renormalization of our viewpoints - namely by pursuing clues left out from quantum world. Only in ”the” end, if any, of such journey we may have proper definition of what it meant to be Quantum. It seems also reasonable to assume that mathematical structures associated with classical physics as shadows of certain quantum mathematics. This, in particular, implies that essential properties of supposedly classical world may be understood naturally in the quantum perspective.

This article is a summary of this author’s pursuit to understand Quantum Fields Theory (QFT) for the last 3 years, which details shall appear elsewhere [28].

We shall begin with, in section 2, a reflection on the idea of quantization in the path integral approach a la Batalin-Vilkovisky (BV) formalism, which will lead, in section 3, to notion of quantum flat structure on a family of QFTs. The story goes as follows; In the beginning we may start from certain classical field theory characterized by a classical action functional with certain (gauge) symmetry. The BV quantization scheme, then, suggests to build up, out of the given classical structure, a mathematical structure dubbed as quantum weakly homotopy Lie (−1)-algebroid, which procedure is controlled by BV algebra - the odd nilpotent and order 2 BV operator Δ together ordinary product. A crucial property of the BV operator Δ is that it is not a derivation of the product which leads to a problem that the products of quantum observables of a given QFT are not quantum observables in general. Then we argue that the above problem can be resolved by considering family of QFTs parametrized certain moduli space M defined by set of equivalence classes of solutions of the celebrated quantum master equation. Here the initial QFT is interpreted as a base point o in M such that certain basis of quantum observables is regarded as a basis of tangent space to M at the base point o. Now the problem involving products of quantum observables shall be resolved by reaching out to certain formal (beyond infinitesimal) neighborhood of o in M, introducing certain quantum products of quantum observables. Then we shall have a system of differential equations satisfied by generating functional of path integrals for the family of QFTs.

All of these may be summarized by quantum flat structure, which roughly suggest to build up a kind of formal graded bundle Q → M equipped with certain graded flat connection in formal power series of the Planck constant ℏ such that path integrals can be described as flat sections. This structure seems to suggest to find certain completion Q → M including various degenerated limits of Q → M, where various perturbative QFTs may corresponds to singular points. Unfortunately this author does not have a good understanding on the above issues.

The section 4 is a sketch of a program to understand a large class of QFTs on a (d + 1)-dimensional manifold with or without boundaries. This section is essentially an elaboration and generalization of this author’s previous work. Some reflection on (d + 1)-dimensional field theory a la BV quantization scheme suggests that one may associate pre-QFT on smooth oriented (d + 1)-manifold with any structure of symplectic (d + 1)-algebra. On (d + 1)-manifold with boundary the BV quantization scheme suggest that one can associate a structure of strongly homotopy Lie d-algebroid on the boundary. This suggest application of (d + 1)-dimensional QFT with boundary to deformation theory of so-called d-algebra [23], generalizing the deformation quantization story of Kontsevich [22]. This section is an elaboration and generalization of this author’s previous work [27], where we assumed much narrow scope. We shall also introduce possible notion of quantum cobordism.

The pre-QFT constructed from a symplectic s-algebra would become actual QFT if the set of equivalence class of solutions of Maurer-Cartan equation is isomorphic to the moduli space M discussed in Section 3, which notion requires proper definition of the BV operator Δ. It is unfortunate that this author does not have good understanding in a proper definition of Δ, which notion is the nerve of quantum flat structure. Assuming that we have a good definition of Δ our model shall not only provided an universal (?) quantization machine of d-algebras as well as new arena of differentialtopological invariants of low dimensional manifolds.

For the purpose this article we didn’t present any explicit example adopting the general program. This author, however, has been implanted the idea to produce many of known QFTs and numerous new examples for the last 3-years, which already appeared or shall appear in some future publications [28, 29, 30, 31, 19, 20, 21, 25, 26]. Throughout this paper we shall restrict to the case, for the sake of simplicity, that a field with even ghost number U is commuting, while a field with odd ghost number U is anti-commuting under the ordinary product. This restriction means, in particular, that an object with ghost number U = 0 is commuting and, thus, excluding physical fermions. It is straight forward to generalize the results in this paper including physical fermions.

This author has chosen a rather vague but symbolic title of this article with an intention.

I would like to dedicate this small work to the memory of Youngjai Kiem. He was a very good friend of mine and a talented young physicist who passed away by a tragic accident. His brief but enthusiastic life had been devoted to, in my humble opinion, pursuing quantum world besides from his late family and friends. In the last semester of his life he also kindly provided me a visiting position in KAIST with an excellent research environment.

2 From Classical Field Theory and Its Symmetry

We may view the history of understanding QFT as a long journey toward to genuine quantum world starting from a small corner near a classical world, which may be described in terms of certain classical field theory defined by an classical action functional s with certain gauge symmetry. In the quantum theory the central object is not the action functional but Feynman Path Integral [13]. The gauge symmetry of classical action functional requires additional fields called Faddev-Popov (FP) ghosts in the path integral [12], which replace the gauge symmetry to odd global symmetry generated by BRST (Becchi-Rouet-Stora and Tuytin) charge q, i.e. qs = 0 [4, 39], which satisfies q^2 = 0, in general, modulo classical equations of motion of s. We can say that the above was the first step toward the world of QFT.

To be brief we begin with the state of arts scheme of quantization pioneered by Batalin-Vilkovisky [3], see also [40, 33, 43, 44, 46, 17, 1, 37, 22, 27] for its various aspects, and look back the history as a revisionist.

2.1 The BV Quantization I

Let {ϕ^A} denotes collectively all classical fields, ghosts, anti-ghost multiplets etc etc, which may be called fields. Here the indices {A} are understood as both continuous and discrete, or we may say {ϕ^A} is certain coordinates on an infinite dimensional graded space L, where the grading are specified by an integral ghost number U ∈ Zand an Z_2 grading called parity . BV introduced so called set of anti-fields {ϕ^•_A} for each fields such that

U(ϕ^A) + U(ϕ^•_A) = −1, |ϕ^A| + |ϕ^•_A| = 1, (2.1)

where the notation |⋆| means the parity (equivalently the statistics) 0 (even) or 1 (odd) of the expression ⋆ such that objects with the even parity are commuting while objects with the odd parity are anti-commuting. The space of all fields and anti-fields can be viewed as the total space T ≃ T^∗[−1]L of twisted by [−1] cotangent bundle to L - twisting by [−1] simply means the convention (2.1) of ghost numbers.^1 Then we have a canonical odd symplectic structure ω of ghost number U = −1 on T , i.e., U(ω) = −1 and |ω| = 1. We shall restrict to the case, for the sake of simplicity, that a field with even (odd) ghost number U is even (odd) parity.

Let T[[ℏ]] be the space of functions on T formal power series in Planck constant ℏ with U(ℏ) = 0, which is also a graded space by the ghost number U; T[[ℏ]] = ⨁ k∈Z T[[ℏ]]_k. (2.2)

1In general T^∗[s]L shall means the conventions U(ϕ^A) + U(ϕ^•_A) = s and |ϕ^A| + |ϕ^•_A| = s mod 2.

Note that we have ordinary product · carrying U = 0, which is graded commutative and graded associative, i.e., O_1 ·O_2 = (−1)^{|O1|·|O2|}O_2 ·O_1 where O_1, O_2 ∈ T[[ℏ]].

BV introduced an order 2 odd differential Δ operator carrying U = 1

Δ”=”(−1)^{|ϕA|+1} δ^2_r δϕ^Aδϕ^•_A , Δ : T[[ℏ]]_k −→ T[[ℏ]]_{k+1}, (2.3)

satisfying Δ^2 = 0. (2.4) We denote^{δr}_{δϕ} and^{δl}_{δϕ} the right and left differentiation, respectively. We shall also use convention that repeated up and down indices are summed (or integrated) over.

A BV action functional S ∈ T[[ℏ]]_0 is an even function on T in formal power series of ℏ satisfying the celebrated master equation Δe^{−S/ℏ} = 0. (2.5) We should not forget to emphasis that the definition of Δ is formal or even symbolic and always requires careful regularization to ensure the crucial property Δ^2 = 0. We shall not care about it at this stage and simply assume that the space T is equipped with such an operator - but QFT is largely characterized by Δ.

Being an order 2 differential Δ is not a derivation of the product;

(−1)^{|O1|}Δ(O_1 · O_2) − (−1)^{|O1|}ΔO_1 · O_2 − O_1 · ΔO_2 = (O_1, O_2) , (2.6)

where the bracket (⋆, ⋆), called BV bracket, is identical to the odd Poisson bracket carrying U = 1 associated with the symplectic structure ω of ghost number U = −1 on T .;

(⋆, ⋆) : T[[ℏ]]_{k1} ⊗ T[[ℏ]]_{k2} −→ T[[ℏ]]_{k1+k2 +1}. (2.7)

The BV bracket operation may be expressed as

(O_1, O_2) = ( δ_rO_1 δϕ^A · δ_lO_2 ∂ϕ^•_A − δ_rO_1 ∂ϕ^•_A · δ_lO_2 ∂ϕ^A ) (2.8)

and satisfies

(O_1, O_2) = −(−1)^{(|O1|+1)(|O2|+1)} (O_2, O_1) , (O_1, O_2 · O_3) = (O_1, O_2) · O_3 + (−1)^{(|O1|−1)|O2|}O_2 · (O_1, O_3) , (O_1, (O_2, O_3)) = ((O_1, O_2) , O_3) + (−1)^{(|O1|−1)(|O2|−1)} (O_2, (O_1, O_3)) .

(2.9)

Now the master equation (2.5) is equivalent to the following equation −ℏΔS + 1 2 (S, S) = 0. (2.10)

Let’s consider the odd Hamiltonian vector Q_S Q_S = (S, . . .), (2.11) carrying U = 1 as well as the following odd operator K_S

K_S := −ℏΔ + Q_S , K_S : T[[ℏ]]_k −→ T[[ℏ]]_{k+1}, (2.12)

carrying U = 1. The master equation (2.10) implies that

K^2_S = 0, (2.13)

while Q^2_S ≠ 0 in general. Thus we have the BV complex ( K_S , T[[ℏ]] = ⨁ k T[[ℏ]]_k ) (2.14)

The set of observables of given QFT is identified with set of cohomology classes of the above BV complex, beautiful! There is another crucial property, which looks vexing initially but beautiful, that the products K_S -closed elements in T[[ℏ]] are not K_S -closed in general, since Δ is not a derivation of products. We note that both Q_S and Δ are derivations of the BV bracket.

At this stage we trace back to our starting point in the following two subsections.

2.2 Quantum Weakly Homotopy Lie (−1)-Algebroid We consider a solution of master as the formal power series in ℏ as

S = S^{(0)} + ∞∑ ℓ=1 ℏ^ℓS^{(ℓ)}, ΔS^{(ℓ)} = 1 2 ∑ r+s=ℓ+1 ( S^{(r)}, S^{(s)} ) for ∀n ≥ 0

(2.15) such that 0 = ( S^{(0)}, S^{(0)} ) , ΔS^{(0)} = ( S^{(0)}, S^{(1)} ) , (2.16) etc. etc. Then one may Taylor expand the each term S^{(ℓ)} around the space L of fields

S^{(ℓ)} = ∞∑ n=0 M^{(ℓ)}_n ,

M^{(ℓ)}_n = ∫∑ (m(ϕ)^{(ℓ)})^{A1...An} ϕ^•_{A1} . . .ϕ^•_{An} (2.17)

leading to double infinite sequence of relations

ΔM^{(ℓ)}_n = 1 2 ∑ r+s=ℓ+1 ∑ p+q=n ( M^{(r)}_p , M^{(s)}_q ) . (2.18)

For each M^{(ℓ)}n one may assign n-poly differential operator m^{(ℓ)}n acting on the n-th tensor product L^{⊗m} of the space L of functions on L such as;

m^{(ℓ)}_0 :L → k,

m^{(ℓ)}_n :L^{⊗n} → L, for n ≥ 1

(2.19)

by canonically ”quantization”, i.e., replacing the BV bracket (ϕ^A, ϕ^•_B) = δ^A_B to commutators of operators [^ϕ^A, ^ϕ^•_B] = δ^A_B ; naively ^ϕ^B = ϕ^B and ^ϕ•_A =^δ_{δϕA} . In this way we have following double infinite sequence

s q m^{(0)}_2 m^{(0)}_3 · · · m^{(1)}_0 m^{(1)}_1 m^{(1)}_2 m^{(1)}_3 · · · m^{(2)}_0 m^{(2)}_1 m^{(2)}_2 m^{(2)}_3 · · · . . . . . . . . · · · (2.20)

where we denoted m^{(0)}_0 = s,

m^{(0)}_1 = q.

(2.21)

It is not difficult to check m^{(ℓ)}_n carry ghost number U = n for ∀ℓ. For instance s and q have the ghost number U = 0 and U = 1, respectively.

We consider the classical master equation; ( S^{(0)}, S^{(0)} ) = 0, (2.22) which can be decomposed as ∑ p+q=m ( M^{(0)}_p , M^{(0)}_q ) = 0 for ∀n ≥ 0 , i.e.,

0 = − ( M^{(0)}_0 , M^{(0)}_1 ) , 1 2 ( M^{(0)}_1 , M^{(0)}_1 ) = − ( M^{(0)}_0 , M^{(0)}_2 ) , ( M^{(0)}_1 , M^{(0)}_2 ) = − ( M^{(0)}_0 , M^{(0)}_3 ) , 1 2 ( M^{(0)}_2 , M^{(0)}_2 ) + ( M^{(0)}_1 , M^{(0)}_3 ) = − ( M^{(0)}_0 , M^{(0)}_4 ) , . . = . .

(2.23)

We define a structure of weakly homotopy Lie (−1)-algebroid on L by the sequence s, q, m^{(0)}_2 , m^{(0)}_3 , · · · (2.24)

associated with a solution of the tree level master equation (2.23).^2 In more familiar terminology s, which is a function on L, is nothing but the classical action functional from which we may have been started. We also note that

s = lim_{ℏ→0} S|_L. (2.25)

The first order differential operator q with ghost number U = 1 is the BRST operator, which equivalent to an odd vector field on L. The first relation in RHS of (2.23) is the familiar BRST invariance of the classical action functional qs = 0. (2.26)

The second relation in RHS of (2.23) implies that nilpotency of the BRST operator q may be violated up to the equation of motion of s q^2(anything) = −m^{(0)}_2 (s, anything) ∝ δs. (2.27) Thus BV quantization suggests to find the whole sequence (2.24) of a structure of weakly homotopy Lie (−1)-algebroid from the classical action functional s and its symmetry. Such a procedure would produce the tree level

2The terminology weakly homotopy Lie (−1)-algebroid is a composition from the notions of (weakly or strongly) homotopy Lie algebra, d-algebra, and Lie algebroid. Strongly homotopy algebra has been first introduced by Stasheff [35]. For the notion of d-algebra with d = 2, 3, . . . see Kontsevich [23]. Lie algebroid may be regarded as the infinitesimal of Lie groupoid, (see Weinstein for an introduction). The relation between solution classical master equation (2.22) and homotopy algebra seems to be trace back to Witten [44], Zwiebach [46] and to Alexandrov et. al., [1].

BV action functional S^{(0)} satisfying the first equation in (2.16). Then one should check if ΔS^{(0)} = 0 and, otherwise, find S^{(1)} satisfying the second equation in (2.16), etc. etc.

We may also combine the sequence (m^{(0)}_n , m^{(1)}_n , m^{(2)}_n , · · ·) as

m_n = m^{(0)}_n + ∞∑ ℓ=1 ℏ^ℓm^{(ℓ)}_n (2.28)

such that m_0 :L → k[[ℏ]], m_n :L[[ℏ]]^{⊗n} → L[[ℏ]], for n ≥ 1

(2.29)

We may call the sequence (m_0, m_1, m_2, m_3, · · ·) a structure of quantum weakly homotopy Lie (−1)-algebroid on L, which classical limit ℏ = 0 is the structure (s, q, m^{(0)}_2 , m^{(0)}_3 , · · ·) of weakly homotopy Lie (−1)-algebroid on L. We may say that construction of quantum weakly homotopy Lie (−1)- algebroid is equivalent to defining a quantum field theory. Such a strategy has been first adopted by Zwiebach in his construction of string field theory [46]. Note that, for Zwiebach, non-vanishing s corresponds to non-conformal background.

2.3 Symmetry and Anomaly: Resolutions and Obstructions

2.3.1 Gauge Symmetry and Resolutions

Now we bring out an important issue, that we ignored so far, which is actually related with the historical introduction of FP ghosts and the notion of consistent anomaly.

Let’s return to a solution S^{(0)} ∈ T_0 to the classical master equation. We know that another solution S^{′(0)} ∈ T_0 the classical master equation gives rise to the equivalent physical theory if S^{′(0)} is related with S^{(0)} ∈ T_0 by the ghost number and the parity preserving canonical transformation. Such a canonical transformation would be generated by an odd element Ψ ∈ T_{−1}. We also note that, since the BV bracket has U = 1,

(⋆, ⋆) : T_{−1} ⊗ T_{−1} −→ T_{−1}, (2.30)

which means, together with the 1st and the 3rd relations in (2.9), that the BV bracket endows a structure of Lie algebra on T_{−1}. Related to the above the following, ghost number preserving, adjoint action by Ψ ∈ T_{−1}

e^{adΨ} ∘ (⋆) = ⋆ + (Ψ, ⋆) + 1 2! (Ψ, (Ψ, ⋆)) + . . . (2.31) is equivalent to the canonical transformation. Now we may define moduli space N of classical BV action functional by N = { S^{(0)} ∈ T_0| ( S^{(0)}, S^{(0)} ) = 0/ ∼ } (2.32)

where the equivalence ∼ is defined by the adjoint action by Ψ ∈ T_{−1}. Then a given QFT, modulo equivalence, with classical BV action functional S^{(0)}_o , corresponds to a point o ∈ N. Note that a tangent vector to o ∈ N is Ker Q_S(0)_o modulo the infinitesimal version of the adjoint action (2.31). It follows that the ghost number U = 0 part of Q_S(0)_o -cohomology corresponds to tangent space T_oN to the point o ∈ N, provided that N is smooth (around o). We observe that the adjoint action ad_Ψ(S^{(0)}_o ) fixes S^{(0)}_o if Ψ ∈ Ker Q_S(0)_o ∩ T_{−1}, i.e, Q_S(0)_o Ψ ≡ ( S^{(0)}_o , Ψ ) = 0. (2.33)

In other words the canonical transformation generated by an element of Q_S(0)_o -cohomology H^{−1}_{QS(0)o} in T_{−1} is gauge symmetry of the classical BV

action functional S^{(0)}_o .^3 Also the nontrivial Q_S(0)_o -cohomology classes in T_{−1} are related with sigularities the moduli space N (around o), since the the correponding adjoint action (2.31) fix S^{(0)}o .

In our presentation so far we assumed implicitly that H^{−1}_{QS(0)o} is trivial.

It is, however, certainly true that H^{−1}_{QS(0)o} may be non-trivial in general. It is, thus, more precise to say that we assumed suitable trivialization or resolution, which notion shall be discussed briefly.

Let {Υ^{(0)}_a } be a basis of H^{−1}_{QS(0)o} . Then we introduce dual basis {C^a} with ghost number U = 1 and regard as a set of new fields called ghosts. We also introduce a set {C^•_a} of anti-fields with ghost number U = −2 for the ghosts {C^a}. Then extend T to ~T = T × T^∗[−1] ( H^{−1}_{QS(0)o} [1] ) and the

BV bracket (⋆, ⋆) to ~(⋆, ⋆). We note that {Υ^{(0)}_a } are, in general, functional of both the original fields and anti-fields (ϕ^A, ϕ^•_A). Since the BV bracket endows a structure of Lie algebra on T_{−1} and since Q_S(0)_o is a derivation of

3Note that the obvious invariance generated by Ψ ∈ Im Q_S(0)_o ∩ T−1 is so called fake symmetry.

the bracket, we have a structure of Lie algebra on H^{−1}_{QS(0)o} such that ( Υ^{(0)}_a , Υ^{(0)}_b ) = f^c_{ab}Υ^{(0)}_c mod Im Q_S(0)_o , (2.34)

with certain structure ”constants” f^c_{ab} = −f^c_{ba}.^4 Then we may extend S^{(0)}_o to ~S^{(0)}_o as follows

~S^{(0)}_o = S^{(0)}_o + C^a_a Υ^{(0)} + 1 2 C^aC^bf^c_{ab}C^•_c , (2.35)

which satisfies ( ~S^{(0)}_o , ~S^{(0)}_o ) = 0 from the relation (2.34) and its Jacobi identity as the BV bracket is Lie bracket on T_{−1}. Now we have odd nilpotent Hamiltonian vector field Q_{~S} (0)_o = ( ~S^{(0)}_o , . . . ) on ~T . Then we need to check if H^{−1}_{~Q ~S(0)} o is trivial. Otherwise we need to repeat the above procedure until

we get trivial U = −1 cohomology.

We may call the above procedure small resolution ( ~T , ~S^{(0)}_o ) of the pairs (T , S^{(0)}_o ). Now we turn to the another source of obstruction in N.

2.3.2 Constent Anomaly and Obstruction

For a given solution S^{(0)}_o we consider nearby solution S^{(0)}_o + δS^{(0)}, where δS^{(0)} ∈ H^0_{QS(0)o} . It is obvious not every δS^{(0)} can be the actual tangent

vector of N at o since ( δS^{(0)}, δS^{(0)} ) ≠ 0, in general. Let {O^{(0)}a } be a basis of H^0_{QS(0)o} and set δS^{(0)} = t^aO^{(0)}_a , where {t^a} be the dual basis with {|t^a|} = {0}. We note that we may have ( O^{(0)}_a , O^{(0)}_b ) = c^c_{ab}O^{(0)}_{1c} + Q_S(0)_o O^{(0)}_{ab} ∈ Ker Q_S(0)_o ∩ T_1 (2.36)

where O^{(0)}_{1c} ∈ H^1_{QS(0)o} . It is obvious that there are no second order (in {t^a})

corrections to S^{(0)}_o + t^aO^{(0)}_a to satisfy the classical master equation modulo

4Each component of {f^c_{ab}} can be even function, in general, with ghost number U = 0. The Jacobi identity of BV bracket suggest that one may regard the pairts ({f^c_{ab}}, {(Υ^{(0)}a }) as structure of Lie algebroid over graded space. Remark that we are talking about minimal model here such that we also need to introduce anti-ghost multiplets for each ghost C^a and their anti-fields.

the third order terms in {t^a} unless ( O^{(0)}_a , O^{(0)}_b ) are Q_S(0)_o -exact. Thus

H^1_{QS(0)o} ∩ ( H^0_{QS(0)o} , H^0_{QS(0)o} ) is obstruction of N.

Let’s assume, temporarily, that H^1_{QS(0)o} is trivial. Then S^{(0)}_o + t^aO^{(0)}_a + 1 2 t^at^bO^{(0)}_{ab} solves the classical master equation modulo 3rd order terms in {t^a}; t^at^bt^c ( O^{(0)}_a , O^{(0)}_{bc} ) . (2.37)

To find the next order the above term should be Q_S(0)_o -exact. It is suffice to show that the above is Q_S(0)_o -closed as H^1_{QS(0)o} is trivial. Note that

Q_S(0)_o ( O^{(0)}_a , O^{(0)}_{bc} ) = ( O^{(0)}_a , Q_S(0)_o O^{(0)}_{bc} ) = ( O^{(0)}_a , ( O^{(0)}_b , O^{(0)}_c )) (2.38)

It follows that

t^at^bt^cQ_S(0)_o ( O^{(0)}_a , O^{(0)}_{bc} ) = t^at^bt^c ( O^{(0)}_a , ( O^{(0)}_b , O^{(0)}_c )) = 0, (2.39)

where we used, in the last equality, the Jacobi-identity of BV bracket on T_0 ⊗ T_0 ⊗ T_0. Now by repeating the similar procedure iteratively one may establish the existence of solution of classical master equation in the form

S^{(0)}(t) = S^{(0)}_o + t^aO^{(0)}_a + ∞∑ n=2 1 n! t^{a1} . . .t^{an} O^{(0)}_{a1...an} . (2.40) We recall that H^1_{QS(0)o} is known to be also related with 1-loop anomaly

A^{(1)}_o , defined in the BV language by the formula;

A^{(1)}_o = ΔS^{(0)}_o − Q_S(0)_o S^{(1)}_o , (2.41)

namely the 1st obstruction for the classical BV action functional S^{(0)}_o to be extended to quantum BV action functional (see (2.16)). We note that ( S^{(0)}_o , ΔS^{(0)}_o ) ≡ Q_S(0)_o ΔS^{(0)}_o = 0, since Δ is a derivation of BV bracket and ( S^{(0)}_o , S^{(0)}_o ) = 0. It follows, from (2.41), that

Q_S(0)_o A^{(1)}_o = 0, (2.42)

which is equivalent to so called Wess-Zumino consistency condition for anomaly [45]. It follows that, if H^1_{QS(0)o} is trivial, the 1-loop anomaly vanishes -

A^{(1)}_o is a Q_S(0)_o -exact expression, if non-vanishing, and we may simply modify S^{(1)}_o in (2.41). It is shown by Troost et. al. [40] that under the same condition the all loop anomaly A_o = ∑_∞ ℓ=1 ℏ^ℓA^{(ℓ)}_o also vanish, or, equivalently, for the given solution S^{(0)}_o of classical master equation there exist solution S_o = S^{(0)}_o + ∞∑ ℓ=1 ℏ^ℓS^{(ℓ)}_o , (2.43)

of quantum master equation if H^1_{QS(0)o} is trivial.

2.3.3 From classical observables to quantum observables Here we take a brief look at the condition for K_S -cohomology classes (that of the BV complex (2.14)). Consider Q_S = (S, . . .) = ∞∑ n=0 ℏ^nQ_S(n) = ∞∑ n=0 ℏ^n ( S^{(n)}, . . . ) , (2.44)

so that the condition K_S O has the following decompositions

K_S O = 0 =⇒

Q_S(0) O^{(0)} = 0, −ΔO^{(0)} + Q_S(1) O^{(0)} + Q_S(0) O^{(1)} = 0, . . (2.45)

We note that Q^2_{S(0)} = 0 due to the tree level master equation in (2.16). Thus, to find a solution K_S O = 0, we may start from Q_S(0) O^{(0)} = 0. Note that O^′ would be K_S -exact if there exists Λ = Λ^{(0)} + ∑_∞ n=1 ℏ^nΛ^{(n)} such that

O^′ = K_S Λ =⇒

Q_S(0) Λ^{(0)} = O^{′(0)}, −ΔΛ^{(0)} + Q_S(1) Λ^{(0)} + Q_S(0) Λ^{(1)} = O^{′(1)}, . . (2.46)

Thus to find K_S cohomology classes we may start from cohomology of the following complex (

Q_S(0) , T = ⨁ k T_k ) . (2.47)

But we see that building a representative K_S cohomology class from a Q_S(0) cohomology class is an elaborated as well as complicated procedure. We may ask why QFT instruct us to do such procedure, which an answer would be given, implicitly, in a later part of this notes.

We shall call an element of cohomology of the complex (2.47) a classical observable, while an element of cohomology of the complex (2.14) quantum observables. We may also call a solution S^{(0)} of the classical master equation (2.22) classical (BV) action functional while a solution S of the master equation (2.5) quantum (BV) action functional. We may say that quantizablity of a classical theory means that (assuming the existence of Δ), the existence of quantum (BV) action functional as well as a quasi-isomorphism between the quantum BV complex (2.14) to the classical complex (2.47).

Now we shall clarify the last statement. Consider a classical observable O^{(0)}. The 1st obstruction B^{(1)} to have the corresponding quantum observable is, from (2.45);

B^{(1)} = −ΔO^{(0)} + Q_S(1) O^{(0)} + Q_S(0) O^{(1)}. (2.48)

We can show that Q_S(0) B^{(1)} = 0 as follows; to begin with we have ( S^{(0)}, O^{(0)} ) = 0 implying ( ΔS^{(0)}, O^{(0)} ) + ( S^{(0)}, ΔO^{(0)} ) = 0, (2.49)

as Δ is a derivation of the BV bracket. From the quantum master equation ΔS^{(0)} = ( S^{(0)}, S^{(1)} ) , we have (( S^{(0)}, S^{(1)} ) , O^{(0)} ) + ( S^{(0)}, ΔO^{(0)} ) = 0. (2.50)

Now we note that

Q_S(0) B^{(1)} ≡ ( S^{(0)}, B^{(1)} ) = − ( S^{(0)}, ΔO^{(0)} ) + ( S^{(0)}, ( S^{(1)}, O^{(0)} )) (2.51)

From ( S^{(0)}, O^{(0)} ) = 0 and the Jacobi-identity of BV barcket, we have ( S^{(0)}, ( S^{(1)}, O^{(0)} )) = − (( S^{(0)}, S^{(1)} ) , O^{(0)} ) . (2.52)

Thus we have Q_S(0) B^{(1)} = 0. Then the situation is exactly like the 1-loop anomaly we discussed before, and the absense of 1-loop anomaly implies that B^{(1)} = 0. The similar argument can be extended to all the higher order terms in ℏ. Consequently the existence of quantum BV action functional also implies existence of quasi-isomorphism between the classical and quantum BV complexes as well.

2.4 Family of QFTs Now we are going to show that the deformed solution S^{(0)}(t), defined by (2.40), of the classical master equation can be also quantum corrected as follows

S(t) =S^{(0)}(t) + ∞∑ ℓ=1 ℏ^ℓS^{(ℓ)}(t)

=S^{(0)}_o + t^aO^{(0)}_a + ∞∑ n=2 1 n! t^{a1} . . .t^{an} O^{(0)}_{a1...an}

+ ∞∑ ℓ=1 ℏ^ℓ ( S^{(ℓ)}_o + t^aO^{(ℓ)}_a + ∞∑ n=2 1 n! t^{a1} . . .t^{an} O^{(ℓ)}_{a1...an} ) (2.53)

to satisfy quantum master equation if H^1_{QS(0)o} is trivial.

The 1-loop anomaly for the deformed theory is

A^{(1)}(t) = ΔS^{(0)}(t) − Q_S(0)_{(t)}S^{(1)}(t), (2.54)

where Q_S(0)_{(t)} = ( S^{(0)}(t), . . . ) and A^{(1)}(t) = A^{(1)}_o + ∑_∞ n=1 1 n! t^{a1} . . .t^{an} A^{(1)}_{a1...an} . We have

A^{(1)}_o = ΔS^{(0)}_o − Q_S(0)_o S^{(1)}_o ,

t^aA^{(1)}_a = t^aΔO^{(0)}_a − t^a ( O^{(0)}_a , S^{(1)}_o ) − t^aQ_S(0)_o O^{(1)}_a ,

t^at^bA^{(1)}_{ab} = t^at^bΔO^{(0)}_{ab} − t^at^b ( O^{(0)}_a , O^{(1)}_b ) − t^at^b ( O^{(0)}_{ab} , S^{(1)}_o ) − t^at^bQ_S(0)_o O^{(1)}_{ab} , (2.55) etc. Based on the relation ( S^{(0)}(t), S^{(0)}(t) ) = 0 and ( S^{(0)}(t), ΔS^{(0)}(t) ) = 0, it can be shown that

Q_S(0)_o A^{(1)}_o = 0,

Q_S(0)_o A^{(1)}_a = (O^{(0)}_a , A_o),

Q_S(0)_o A^{(1)}_{ab} = ( O^{(0)}_{ab} , A^{(1)}_o ) + ( O^{(0)}_a , A^{(1)}_b ) + ( A^{(1)}_a , O^{(0)}_b ) , (2.56)

etc. Since H^1_{QS(0)o} = 0 leading to A^{(1)}_o = 0, we have Q_S(0)_o A^{(1)}_a = 0 leading to

A^{(1)}_a = 0. Using A^{(1)}_o = A^{(1)}_a = 0 we have Q_S(0)_o A^{(1)}_{ab} = 0 leading to A^{(1)}_{ab} = 0. Using induction it can be shown that A^{(1)}(t) = 0. Adopting the similar procedure it can be shown that the all-loop anomaly A(t) = ∑_∞ ℓ=1 A^{(ℓ)}(t) also vanishes.

In summary we see that two possible obstruction of the moduli space N in the neighborhood of o ∈ N are H^{−1}_{QS(0)o} and H^1_{QS(0)o} , which are related

with symmetry and anomaly, respectively. Assuming the small resolution the moduli space N in the neighborhood of o ∈ N is unobstructed and the tangent space T_oN is isomorphic to H^0_{QS(0)o} provided that there is no

anomaly. In other words the absence of anomaly in QFT implies that a QFT come with family, which property shall be crucial in the next section.

2.4.1 Generalization

Now we consider an natural generalization the above picture. We may decompose the space T = T_{even} ⊕ T_{odd} into the U = even and U = odd subspaces. We have (⋆, ⋆) : T_{odd} ⊗ T_{odd} −→ T_{odd}, (2.57) which means that the BV bracket endows a structure of graded Lie algebra on T_{odd}. Then we have the parity preserving adjoint action generated by elements of T_{odd}. Now we allow classical BV action functional to be an element of T_{even} in general and define extended moduli space M by M = { S^{(0)} ∈ T_{even} | ( S^{(0)}, S^{(0)} ) = 0/ ∼ } (2.58)

where the equivalence ∼ is defined by the adjoint action by elements in T_{odd}.

We choose a base point o ∈ N ⊂ M and the corresponding classical BV action functional S^{(0)}_o ∈ T_0 ⊂ T_{even} . Let {Υ^{(0)}_m } be a basis of H^{odd}_{QS(0)o} . Then

we have the structure of Lie algebra on H^{odd}_{QS(0)o} such that ( Υ^{(0)}_m , Υ^{(0)}_n ) = f^r_{mn}Υ^{(0)}_r mod Im Q_S(0) , (2.59)

with certain structure ”constants” f^r_{mn} = −f^r_{nm}..^5 We extend T to ~T = T × T^∗[−1] ( ∏ k∈Z H^{−(2k+1)}

Q_{S(0)o} [2k + 1] ) (2.60)

5Each component of {f^r_{mn}} can be even function, in general, with ghost number U = even. The Jacobi identity of BV bracket suggest that one may regard the pairts ({f^r_{mn}}, {(Υ^{(0)}m }) as structure of graded Lie algebroid over graded space.

by introducing generalized ghosts fields {C^m} such that

U(C^m) + U(Υ^{(0)}_m ) = 0, |C^m| + |Υ^{(0)}_m | = 0, (2.61)

and their antifields {C^•_m}. Then we extend S^{(0)}_o to ~S^{(0)}_o ;

~S^{(0)}_o = S^{(0)}_o + C^mΥ^{(0)}_m + 1 2 C^mC^nf^r_{mn}C^•_r (2.62)

which satisfies the classical master equation. Then we need to check if H^{odd}_{~Q ~S(0)} o is trivial. Otherwise we need to repeat the above procedure until we

get trivial cohomology for odd elements.

We may call the above procedure an extended resolution. From now on we assume that (T , S^{(0)}) had been already resolved in the extended sense. Let {O^{(0)}_α } be a basis of ⊕H^•_{QS(0)o} = H^{even}_{QS(0)o} and {t^a} be the dual basis with

U(t^α) + U((O)^{(0)}_α ) = 0 and |t^α| + |O^{(0)}_α | = 0. Then the tangent space T_oM is isomorphic to ⊕_•H^•_{QS(0)o} and there exist another solution of classical master equation given by

S^{(0)} = S^{(0)}_o + t^αO^{(0)}_α + ∞∑ n=2 1 n! t^{α1} . . .t^{αn} O^{(0)}_{α1...αn} , (2.63) which can be found by following the similar procedure described before. Applying the same reasoning as before we conclude that there exist solution S = S^{(0)} + ℏS^{(1)} + O(ℏ^2) of quantum master equation. Thus the extended moduli space M is smooth in the neighborhood of o.

2.5 The BV Quantization II End of digression and we turn to the partition function of the theory is defined by Z(ℏ)_{[L]} = ∫ L dμ e^{−S/ℏ}, (2.64) where L is a Lagrangian subspace and dμ is its ”measure”. The master equation is the condition that the Z(ℏ) depends only on the homology class [L] of L.^6 The master equation for S also implies that the partition function

6On might argue that the ”measure” dμ is ambiguous and ill defined. We should, however, note that L, the space of all fields that we start with, is typically affine (linear) graded space, which has ”standard measure”, ∏ dϕ^A, though infinite product. Furthermore the actual measure is dμe^{−S/ℏ} | | L , which may be viewed as a top form on L. In other words the BV quantization scheme want to achieve good notion of cohomology class by carefully defining S.

is independent to canonical transformation connected to identity generated by so called gauge fermion;

Γ = Γ^{(0)} + ∞∑ ℓ=1 ℏ^ℓΓ^{(ℓ)} ∈ L[[ℏ]]_{−1}, (2.65)

which is an odd function, with ghost number U = −1, on L in formal power series in ℏ. Then we may choose suitable representative in the middle dimensional cohomology class [ dμ e^{−S/ℏ} ] in T such that the path integral has good behavior. Equivalently one can choose suitable representative in the middle dimension homology class [L]. The above procedure is called gauge fixing. We note that the two inequivalent QFTs may share the same or equivalent BV action functional and T , while correspond to choosing two inequivalent Lagrangian subspaces. We note that the problem we are dealing with has close analogue in defining pairings between homology and cohomology classes in the finite dimensional manifold.

Thus, in practice, we may choose a simple Lagrangian subspace L, like the space of all initial fields, and a good gauge fermion Γ ∈ L[[ℏ]]_{−1}. After the canonical transformation we have so called gauge fixed action functional

S_{[L]} =m_0 + m_1(Γ) + ∞∑ n=2 1 n! m_n (Γ, · · ·, Γ)

=s + qΓ^{(0)} + ∞∑ n=3 1 n! m^{(0)}_n ( Γ^{(0)}, · · ·, Γ^{(0)} )

+ O(ℏ),

(2.66)

where S_{[L]} := S^Γ|_L ∈ L[[ℏ]]_0, so that Z(ℏ)_{[L]} = ∫ L dμ e^{−S[L]/ℏ}. Remark that in the semi-classical limit ℏ → 0 and the case that m^{(0)}n = 0 for ∀n ≥ 2 the gauge fixed action functional becomes s + qΓ^{(0)} exactly as in the familiar BRST quantization. In such a case we have qs = q^2 = 0 by construction. The above also show that the path integral is independent to gauge choice in the BRST quantization, which proof seems to be the original motivation of Batalin-Vilkovisky.

We also note that it may also possible that the gauge fixed action functional (2.66) can be zero;

m_0 + m_1(Γ) + ∞∑ n=2 1 n! m_n (Γ, · · ·, Γ) = 0, (2.67) i.e., the Maurer-Cartan equation of quantum weakly homotopy Lie (−1)- algebroid. The above condition implies that the operator (m_1)_Γ defined by (m_1)_Γ := m_1 + ∞∑ n=2 1 (n − 1)!

m_n (Γ, · · ·, Γ, ) (2.68)

satisfies that (m_1)^2_Γ = 0. (2.69) Then (m_1)_Γ may be used to define physical states by its cohomology.^7 The similar argument can be applied to expectation value of observable. An observable is K_S = −ℏΔ + Q_S closed function O = O^{(0)} + ∑_∞ n=1 ℏ^nO^{(n)} ∈ T[[ℏ]] on T in the formal power series of ℏ;

K_S O = 0. (2.70)

The expectation value of such an O is denoted by ⟨O⟩_{[L]} = ∫ L dμ Oe^{−S/ℏ} (2.71) Then we have a fundamental identity

⟨O + K_S Λ⟩_{[L]} = ⟨O⟩_{[L]} (2.72)

namely the expectation value depends only on the K_S cohomology class (and on the homology class of [L] of L. The above identity of BV is generalization of identities in QFT like those of Slavanov-Taylor, Ward-Takasaki and Zinjustin. We may take an alternative view such that the above identity as a necessary condition to have a proper definition of path integral, namely a representative of homology class [L] should be chosen to ensure ⟨K_S Λ⟩_{[L]} = 0. It is clear that two inequivalent QFTs may have the equivalent BV model but correspond to two inequivalent Lagrangian subspaces as the space of fields. More precisely path integrals of a BV model define certain ”periods”^8 matrix of pairing between homology and cohomology classes, while each of its matrix element has been, traditionally, referred as path integral of a certain QFT.

7In Zwiebach’s string field theory [46] non-zero s = m^{(0)}_0 in m0 = ∑_∞ ℓ=0 ℏ^ℓm^{(ℓ)}_0 corresponds to non-conformal background. Then the condition (2.67) may be interpreted as the equation for moduli space of conformal background. We also remark that an equation similar to the semi-classical version of the equation (2.67) also appears in the Floer homology of Lagrangian intersection in the work of Fukaya et. als. [14] as condition for vanishing obstruction for Floer homology, where the semi-classical version of (m1)Γ is interpreted as correct Floer boundary operator. We also remark that the semi-classical in the above contexts correpond to genus zero in string theory.

8It may be worth to remark that path integrals of QFT with finite dimensional field

3 Reaching Out To One’s Family

The BV quantization scheme suggests us to work out all K_S cohomology classes (quantum observables) and study their expectation values via path integral. One of the most crucial purpose of QFT is to understand correlation functions, which are, naively, the expectation values of products of observables. Here, the BV quantization scheme introduce a vexing problem that products of quantum observables are not quantum observables in general (comments below (2.14) that products of K_S cohomology classes are not, in general, Kernel of K_S^9 ), meaning that the expectation value of products of quantum observables may depend on continuous variations of Lagrangian subspace (or gauge choice). We shall see the above problem is actually a clue suggesting that we need to find family QFTs. The upshot is that QFTs come with a family parametrized by certain moduli space and every path integrals of a given QFT belonging to such a family means reaching out to its neighborhood. If so QFT(s) should eventually be understood in its totality.

Let {O_α} be a basis of all K_S cohomology classes among elements in T[[ℏ]]. Being an observable, K_S O_α = 0, we have Δ ( O_αe^{−S/ℏ} ) = 0, since Δe^{−S/ℏ} = 0. (3.1)

The above relation strongly suggests that evaluation the expectation values of observables corresponds to infinitesimal deformation of given QFT, characterized by given S and T . Let’s consider the following would be ”generating functional” Z(ℏ)_{⃗t} = ∫ L dμe^{−(S+tαOα)/ℏ}, (3.2) where {t^α} be the dual basis of {O_α} such that |t^α| = −|O_α|. Then the expectation value of observable is ⟨O_α⟩ = −ℏ ∂Z_t ∂t^α | | {⃗t}={⃗0} (3.3)

space (or 0 + 0 dimensional QFT) is closely related to the exponential period considered briefly in the exposition of Kontsevich-Zagier [24]. The quantum flat structure we will talk about in the next section, then, may be translated into theory of (extended) variations of exponential periods.

9This also implies that one should work at the level of quantum BV complex rather than its cohomology, which view shall not be elaborated in this notes.

Thus the ”generating functional” might contains all the information of expectation values. Now we consider the expectation value of products of two observables, which may be written as ⟨O_αO_β⟩ = ℏ^2 ∂^2Z_t ∂t^β∂t^α | | |_{{⃗t}={⃗0}}. (3.4) We recall, however, that the product of two observables is not an observable in general as K_S is not a derivation of product, which obstruction is measured by the BV bracket (O_α, O_β ). Thus the naive definition (3.2) of generating functional is not correct. The problem is that the path integral (3.2) is ill defined as the S + t^αO_α satisfies the master equation, in general, only up to the first order in {t^α}.

Instead we seek for solution S({t^α}) of the master equation −ℏΔS({t^a}) + 1 2 ( S({t^a}), S({t^α}) ) = 0. (3.5)

such that

S({t^a}) = S + t^αO_α + ∞∑ n=2 1 n! t^{α1} · · · t^{αn} O_{α1···αn} , |S({t^a})| = 0, (3.6) where S may be regarded the initial condition and {O_α} as infinitesimal deformations. Then we have an well-defined generating functional Z({t^α}) = ∫ L dμ e^{−S({tα})/ℏ}, (3.7) which contains all information of QFT defined by the BV action functional S = S(⃗t = ⃗0).^{10}

For simplicity in notation we shall denote S = S({t^α}) and Z = Z({t^α}), such that Z = ∫ L dμ e^{−S/ℏ}, −ℏΔS + 1 2 (S, S) = 0, S|_{⃗t=⃗0} = S. (3.8)

10At this point one might ask if solutions of master equation (3.5) always exists for a given field theory such that the first order is spanned by a basis of all KS -cohomology classes. The answer would be certainly ”No” in general, but the answer should be ”Yes” for a QFT that, if otherwise, our starting point is wrong or we need some modifications and extensions until the answer is Yes (see Section 2.4). This is part of our demand of ”renormalized” quantizablity.

Note that the master equation implies that

K_S := −ℏΔ + Q_S, where Q_S := (S, . . .) (3.9)

satisfies K^2_S = 0. (3.10) Then we have the corresponding identity; ∫ L dμ (K_S(anything)) e^{−S/ℏ} = 0. (3.11)

Now let’s apply derivative^∂_{∂tα} to the master equation (the middle equation in (3.8)) to obtain −ℏΔS_α + (S, S_α) = 0 (3.12) where S_α :=^{∂S}_{∂tα} . Thus {S_α} span, at least, subspace of K_S cohomology group. It is obvious that K_SS_α | | |_{⃗t=⃗0}= 0, leading to K^S O^α = 0, where O_α = S_α|_{⃗t=⃗0}.

From the definition of Z we have

ℏZ_α = − ∫ L dμ S_αe^{−S/ℏ} (3.13)

where Z_α := ∂Z ∂t^α . (3.14)

From (3.13) we also have

ℏ^2 ∂Z_α ∂t^β = ∫ L dμ ( −ℏ ∂S_α ∂t^β + S_βS_α ) e^{−S/ℏ} (3.15)

Then we check if the expression ( −ℏ^{∂Sα}_{∂tβ} + S_β S_α ) is also K_S-closed. From (3.12), after taking derivative^∂_{∂tβ} we have −ℏΔ ∂S_α ∂t^β + ( S, ∂S_α ∂t^β ) + (S_β , S_α) = 0. (3.16)

It follows, further using (2.6) and (3.12), that

K_S ( −ℏ ∂S_α ∂t^β + S_βS_α ) = 0. (3.17)

3.1 Quantum Algebra of Observables at Base Point

We may regard the master equation (3.5) defines formal neighborhood of the initial QFT defined by S in certain moduli space M of family of QFTs such that the initial QFT is a (classical) base point o and the given basis {O_a} of K_S -cohomology is a basis of tangent space T_oM at o ∈ M. Then the dual basis {t^α} of K_S -cohomology can be regarded as a local coordinate system around the base point o. Now we want to characterize expectation values of all observables and their correlation functions of the initial QFT.

The condition (3.17) implies that ( K_S ( −ℏ ∂S_α ∂t^β + S_βS_α )) | | |_{⃗t=0}= 0. =⇒ K^S (−ℏO^{αβ} + O^β O^α) = 0. (3.18) That is (−ℏO_{αβ} +O_β O_α) is K_S -closed while (O_βO_α) may not. Since {O_α} is a (complete) basis of K_S -cohomology we have

−ℏO_{αβ} + O_β O_α = A^γ_{αβ} O_γ + K_S Λ_{αβ} (3.19)

for some structure constants {A^γ_{αβ}}, in formal power series of ℏ, and for some Λ_{αβ} ∈ T[[ℏ]]. It follows that

⟨O_β O_α⟩_{⃗t=0} = A^γ_{αβ} ⟨O_γ ⟩_{⃗t=0} + ℏ ⟨O_{αβ} ⟩_{⃗t=0} . (3.20)

We note that the structure constants {A^γ_{αβ} } are independent to any choice of Lagrangian subspace. The expectation value ⟨O_γ ⟩_{⃗t=0} depends on homology class of Lagrangian subspace, where we integrated over. One the other hand both ⟨O_βO_α⟩_{⃗t=0} and ℏ ⟨O_{αβ}⟩_{⃗t=0} depends on variation of Lagrangian subspace even within the same homology class, which dependence cancel with each others. The formula (3.20) is very suggestive as the correlation function (LHS of (3.20)) of two observables O_α and O_β involve expectation values of all observables and something shared only by two of them.^{11} In general, a solution (3.6) of the master equation (3.5) leads to ”quantum” products of observables defined by a_n (O_{α1} , . . ., O_{αn} ) = e^{S/ℏ} ( ℏ^n∂^n ∂t^{αn} . . . ∂t^{α1} ) e^{−S/ℏ} | | ⃗t=0 (3.21)

such that K_S a_n(O_{α1} , . . ., O_{αn} ) = 0, which implies that a_n (O_{α1} , . . ., O_{αn} ) = A^γ_{α1...αn} O_γ + K_S Λ_{α1...αn} . (3.22) 11Compare with the classical limit ℏ = 0; ⟨ O^{(0)}_β O^{(0)}α ⟩ = A^{(0)γ}_{αβ} ⟨ O^{(0)}γ ⟩ , where O = O^{(0)} + ℏO^{(1)} + . . . and A = A^{(0)} + ℏA^{(1)} + . . ..

For examples we have a_2(O_α, O_β) =O_αO_β − ℏO_{βα}, a_3 (O_α, O_β, O_γ ) =O_αO_β O_γ + ℏ(O_{αγ} O_β + O_αO_{βγ} + O_{γβ} O_α) − ℏ^2O_{γβα} (3.23)

We note that all the structure constants {A_{α1...αn} }, n ≥ 2, are independent to any choice of Lagrangian subspace.

It follows that we have a sequence of multiplication maps from K_S - cohomology to Ker K_S . Let H_{KS} be space of K_S -cohomology classes. Then we have the following multi-linear maps, n ≥ 2

a_n : H^{⊗n}_{KS} −→ Ker K_S (3.24)

and associated [a_n]_{⃗t=0} [a_n]_{⃗t=0} : H^{⊗n}_{KS} −→ H_{KS} , [a_n (O_{α1} , . . ., O_{αn} )]_{⃗t=0} = A^γ_{α1...αn} [O_γ ]_{⃗t=0}. (3.25)

It follows that ⟨ a_n (O_{α1} , . . ., O_{αn} ) ⟩ ⃗t=0 = A^γ_{α1...αn} ⟨ O_γ ⟩ ⃗t=0 , (3.26)

Symbolically < a_n >_{⃗t=0}: H^{⊗n}_{KS} −→ k[[ℏ]] (3.27)

which map depends on homology class of Lagrangian subspace that we integrate over.

Consequently the path integrals can be determined completely by the expectation values {⟨O_α⟩_{⃗t=0}} and all the structure constants {A^γ_{α1...αn} }, n ≥ 2. The former data depends only homology class of Lagrangian subspace, while the later data can be determined completely by working out algebra of K_S -cohomology classes without doing path integrals. As we mentioned before inequivalent choices of Lagrangian subspaces as the spaces of fields correspond to different QFTs in the traditional sense.

In this subsection we used a deformed solution master equation with infinitesimals given by K_S -cohomology classes rather passively. We shall see that one can do much better than that.

Now we are interested in the path integrals of the theory defined by the deformed BV action functional S in (3.6). It is obvious that the deformed partition function Z in (3.7) contains all the information about the initial QFT.

3.2 Quantum Flat Structures Now we assume that {S_α} form a complete basis of K_S-cohomology group, which condition, in general, may not be true. Then, from (3.17), there should be structure functions A({t}) in formal power series of ℏ such that −ℏ ∂S_α ∂t^β + S_β S_α = A({t})^γ_{βα}S_γ + K_SΛ({t})_{βα} (3.28)

for some Λ({t})_{βα} For simplicity in notation we shall denote A = A({t^α}) (note that A|_{⃗t=⃗0} = A, which appeared in (3.19).)

Using the identity (3.11) and from (3.13), (3.15) and (3.28) we arrive at a fundamental equation ( ∂^2 ∂t^α∂t^β + 1 ℏ A^γ_{αβ} ∂ ∂t^γ ) Z = 0, =⇒ ∂Z_β ∂t^α + 1 ℏ A^γ_{αβ}Z_γ = 0. (3.29)

We should emphasis that the equations (3.29) valid universally for any quantum field theory under our present assumption.

Note that the following relation is obvious by definition;

A^γ_{αβ} = A^γ_{βα}. (3.30)

Now starting from (3.29) we have

∂^3Z ∂t^γ ∂t^α∂t^β = − 1 ℏ ( ∂A^σ_{αβ} ∂t^γ ) Z_σ − 1 ℏ A^ρ_{αβ} ∂Z_ρ ∂t^γ = − 1 ℏ ( ∂A^σ_{αβ} ∂t^γ ) Z_σ + 1 ℏ^2 ( A^ρ_{αβ} A^σ_{ργ} ) Z_σ.

(3.31)

and the similar manipulation gives

∂^3Z ∂t^α∂t^γ ∂t^β = − 1 ℏ ( ∂A^σ_{γβ} ∂t^α ) Z_σ + 1 ℏ^2 ( A^ρ_{γβ} A^σ_{ρα} ) Z_σ . (3.32)

On the other hand we have the following obvious identity

∂^3Z ∂t^α∂t^γ ∂t^β = ∂^3Z ∂t^γ ∂t^α∂t^β . (3.33)

Thus we obtain another universal equation ∂A^σ_{γβ} ∂t^α − ∂A^σ_{αβ} ∂t^γ + 1 ℏ ( A^ρ_{αβ} A^σ_{ργ} − A^ρ_{βγ} A^σ_{ρα} ) = 0. (3.34)

Without loss of generality we may assume that there is an identity among {O_α}, say O_0 = 1, as Δ1 = Q1 = 0 and the identity can not be exact. It follows that S_0 = O_0 leading to

Z_0 := ∂Z ∂t^0 = − 1 ℏ Z, (3.35)

Now the relation (3.35) implies another relation ∂Z_α ∂t^0 = − 1 ℏ Z_α. (3.36)

Using (3.29), the equation (3.36) implies that

Z_α = A^σ_{0α}Z_σ =⇒ ∂Z_α ∂t^β = ∂ ∂t^β (A^σ_{0α}Z_σ) . (3.37)

Using (3.29) one more time we have another identity

A^σ_{αβ} = A^ρ_{0α}A^σ_{ρβ} − ℏ ∂A^σ_{0α} ∂t^β (3.38)

From the second equation of (3.37), and from (3.36), we have^{∂Zα}_{∂t0} = −^1_ℏ Z_α = ∂ ∂t^0 (A σ 0αZ_σ ), which implies that

Z_α = ( A^ρ_{0α}A^σ_{ρ0} − ℏ ∂A^σ_{0α} ∂t^0 ) Z_σ (3.39)

We shall call above structure Quantum Flat Structure. For a QFT which formal neighborhoods has quantum flat structure we may, if one wants to, forget about path integral representation of Z and work with the system of differential equations (3.29). The set of all independent solutions of the system may be interpreted as path integrals of inequivalent choice of Lagrangian subspaces.

We note that

a_n (S_{α1} , . . ., S_{αn} ) := e^{S/ℏ} ( ℏ^n∂^n ∂t^{α1} . . . ∂t^{αn} ) e^{−S/ℏ} (3.40)

define multi-linear maps

a_n : H^{⊗n}_{KS} −→ Ker K_S. (3.41)

Explicitly

a_2(S_α, S_β) = − ℏ ∂S_β ∂t^α + S_αS_β ,

a_3(S_α, S_β , S_γ ) = − ℏ^2

∂^2S_γ ∂t^α∂t^β + ℏ ( ∂S_β ∂t^α S_γ + S_β ∂S_γ ∂t^α + S_α ∂S_γ ∂t^β )

− S_αS_βS_γ ,

(3.42)

etc. etc. By taking K_S-cohomology class we have

[a_n] : H^{⊗n}_{KS} −→ H_{KS} , [ a_n (S_{α1} , . . ., S_{αn} ) ] = A^γ_{α1...αn} [S_γ ],

(3.43)

leading to via path integral ⟨a_n⟩ : H^{⊗n}_{KS} −→ k[[ℏ, ({t^α})]], ⟨ a_n (S_{α1} , . . ., S_{αn} ) ⟩ = −ℏA^γ_{α1...αn} Z_γ , (3.44)

by path integrals, i.e., ⟨ a_n (S_{α1} , . . ., S_{αn} ) ⟩ ≡ ℏ^n∂^nZ ∂t^{α1} . . . ∂t^{αn} ≡ A^γ_{α1...αn} ⟨S_γ ⟩ ≡ −ℏA^γ_{α1...αn} Z_γ . (3.45) It follows that the higher structure functions A^γ_{α1...αn} can be determined uniquely in terms of compositions of A^γ_{αβ} and their derivatives; for an example we have A^σ_{αβγ} = − A^ρ_{βγ} A^σ_{αρ} + ℏ ∂A^σ_{βγ} ∂t^α , A^σ_{αβγρ} = − A^μ_{βγρ}A^σ_{αμ} + ℏ ∂A^σ_{βγρ} ∂t^α , (3.46)

It is obvious that {A^γ_{α1...αn} } := {A^γ_{α1...αn} |_{⃗t=⃗0}} are the structure constants of the initial QFT in the previous subsection.

3.3 What’s Next?

We recall that all those relations described so far direct consequences of master equation and the definition of path integrals with certain mild assumptions. Note, however, that our crucial Δ is ill defined and and consequently the definition of Z is not immune. We may regard all of our endeavor as an effort to find certain graded moduli space M parametrizing family of QFTs. Then the ”given” QFT is regarded as a a base point o in the moduli space M, where we have a quantum flat structure. A basis {S_α} of tangent space T M corresponds to a basis of all observables and the dual basis {t^α} correspond to local coordinates, respectively, both in the neighborhood of o ∈ M. Over M we consider certain quantum bundle Q → M with a formal power series graded-connection D D = 1 ℏ D^{(−1)} + ∞∑ n=0 ℏ^nD^{(n)} (3.47)

which may be written in terms of local coordinates, D = dt^α ∂ ∂t^α I+ 1 ℏ A_αdt^a (3.48)

where A_α = ∑_∞ n=0 ℏ^nA^{(n)}_α , regarding as matrices (A_α)^β_γ . Then the relation (3.34) implies that D is flat;

D^2 = 0, (3.49)

and the equation (3.29) implies that {Z_α}, for a choice of homology class of Lagrangian subspace, is a flat section.

Now it becomes obvious that understanding ”global” properties of the quantum flat bundle Q → M would be crucial. We may regard the base point o ∈ M, where we started our journey, corresponds to a point of regular singularity at the origin for the system of differential equations (3.29). The flat connection above may be degenerated at certain limiting points in M. Thus we compactify M ⊂ M by adding all the bad points and consider associated completion Q → M. In Sect. 3.2 we assumed that {S_α} form a complete basis of K_S-cohomology, which assumption leds to the flatness (3.49). We expect that for the generic value of {t^α} the above assumption remains valid, while for certain degenerated limits it would fail. In such a degenerated point some odd K_S-cohomology classes would appear. Such cohomology classes correpond to new (extended) gauge symmetry, which should be resolved as in Sect. 2.3.2. After such a resolution we need to repeat the procedure to find new family of QFTs from the degenerated point and try to build up ”global” moduli space. Assuming such a procedure can be done for a given (perturbative) QFT we may interpret other degenerated points as different perturbative QFTs.^{12}

12It may not be a far fetched idea that the conjectured M-theory moduli space may be studied by, if possible, searching family of (covariant) superstrings.

3.3.1 Semi-Classical Limit of Quantum Flat Structure

Recall that the structure functions A^γ_{αβ} is formal power series in ℏ, hiding indices;

A = A^{(0)} + ∞∑ n=1 ℏ^nA^{(n)} (3.50)

where A^{(n)} for all n are function of {t^α} independent to ℏ. Let us denote for simplicity in notation

A^{(0)} = A, A^{(1)} = B, A^{(2)} = C, . . . , (3.51)

etc. From (3.34) we find the following infinite sequence of equations starting the lowest order in ℏ

0 =A^ρ_{αβ}A^σ_{ργ} − A^ρ_{βγ} A^σ_{ρα},

0 =∂_αA^σ_{γβ} − ∂_γ A^σ_{αβ} + ( B^ρ_{αβ}A^σ_{ργ} + A^ρ_{αβ} B^σ_{ργ} − ( B^ρ_{βγ}A^σ_{ρα} + A^ρ_{βγ} B^σ_{ρα} )) , 0 =∂_αB^σ_{γβ} − ∂_γ B^σ_{αβ} + (−1)^{|β||γ|} ( B^ρ_{αβ}B^σ_{ργ} − B^ρ_{βγ}B^σ_{ρα} )

+ ( A^ρ_{αβ}C^σ_{ργ} + C^ρ_{αβ} A^σ_{ργ} − ( A^ρ_{βγ}C^σ_{ρα} + C^ρ_{βγ} A^σ_{ρα} )) , . . = . .

(3.52)

etc. etc. From (3.38) we find the following sequence of equations starting the lowest order in ℏ

A^σ_{αβ} = A^ρ_{0α}A^σ_{ρβ} ,

B^σ_{αβ} = A^ρ_{0α}B^σ_{ρβ} + B^ρ_{0α}A^σ_{ρβ} − ∂A^σ_{0α} ∂t^β , C^σ_{αβ} = B^ρ_{0α}B^σ_{ρβ} + A^ρ_{0α}C^σ_{ρβ} + C^ρ_{0α}A^σ_{ρβ} − 2 ∂B^σ_{0α} ∂t^β , (3.53)

etc. etc.

Here are some remarks on the semiclassical ℏ → 0 limit of the master equation (3.8);

ΔS = 0, (S, S) = 0. (3.54)

Then we have Q^2_S = 0, ΔQ_S + Q_SΔ = 0, (3.55) and we can set S = S^{(0)} such that both S and Q_S are independent to ℏ. It also follows that ΔS_α = Q_SS_α = 0 and the relation (3.28) implies that

S_αS_β = A^{(0)γ}_{αβ} S_γ + Q_SΛ^{(0)}_{αβ} (3.56)

and ( A^{(1)} )_γ αβ S_γ + Q_SΛ^{(1)}_{αβ} = − ∂S_β ∂t^α + ΔΛ^{(0)}_{αβ} , (3.57)

while, for n ≥ 2 ( A^{(n)} )_γ αβ S_γ + Q_SΛ^{(n)}_{αβ} = ΔΛ^{(n−1)}_{αβ} . (3.58)

Note that the relation (3.56) is just classical algebra of Q_S(0) cohomology classes in the basis {S^{(0)}_α} under the product.

Assuming the semi-classical master equation (3.54) holds, we shall call the coordinates {t^α} or the basis {S_γ } classical if the following equations are satisfied; ΔΛ^{(0)}_{αβ} = ∂S_β ∂t^α . (3.59)

Combining above with (3.56), we have −ℏ ∂S_β ∂t^α + S_αS_β = A^{(0)γ}_{αβ} S_γ − ℏΔΛ^{(0)}_{αβ} + Q_SΛ^{(0)}_{αβ}

= A^{(0)γ}_{αβ} S_γ + K_SΛ^{(0)}_{αβ}

(3.60)

If follows, from (3.57) and (3.58), that A^{(n)} = 0 for ∀n ≥ 1 as {S_γ } is a basis of Q_S-cohomology group. Assuming the system admit a classical coordinates, the structure constants A^γ_{αβ} of algebra of K_S-cohomology, in such a coordinates, are the same with the structure constants A^γ_{αβ} := A^{(0)γ}_{αβ} of algebra of Q_S-cohomology.

Question: Assuming the semi-classical master equation, does a classical system of coordinates always exist?

Assume a classical coordinates system exist and Let {t^α} be such a system of classical coordinates. Then the equations (3.30), (3.34), and (3.38) of quantum-flat structure (in the semi-classical limit) reduce to the following relations (remember that the structure constants does not depends on ℏ under the present circumstance);

1. Commutativity A^γ_{αβ} = A^γ_{βα}. (3.61)

2. Associativity A^ρ_{αβ}A^σ_{ργ} = A^ρ_{βγ} A^σ_{ρα}. (3.62)

3. ”Potentiality” ∂_αA^σ_{γβ} = ∂_γ A^σ_{αβ}. (3.63)

4. Identity

A^σ_{αβ} = A^ρ_{0α}A^σ_{ρβ} , ∂A^ρ_{0α} ∂t^β = 0. (3.64)

We also note that S = S + ∑_∞ n=1 1 n! t^{α1} . . .t^{αn} ( ∂^nS ∂t^{α1} ...∂t^{αn} | | ⃗v=⃗0 ) while in the

classical coordinates we have (3.59) , i.e.,^{∂2S}_{∂tα∂tβ} = ΔΛ^{(0)}_{αβ} . Thus we obtain

S = S + t^αO_α + ∞∑ n=2 1 n! t^{α1} . . . t^{αn} ΔΓ_{α1...αn} , (3.65) where O_α = S_α | | |_{⃗t=⃗0}, Γ_{α1...αn} = ∂^{n−2}Λ^{(0)}_{αn−1αn} ∂t^{α1} . . . ∂t^{αn−2} | | |_{⃗t=⃗0} (3.66)

Now we note that the semi-classical flat structure together with existence of classical system coordinates is closely related with the well-known flat or Frobenius structure. The missing piece is an invariant metric g_{αβ} satisfying A^ρ_{αβ}g_{ργ} = A^ρ_{βγ} g_{ρα}, ∂g_{αβ} ∂t^γ = 0. (3.67)

On the other hand we already started from generating functional Z for the family of QFTs.

Historically the flat structure was first discovered by K. Saito in his study of the period mapping for a universal unfolding of a function with an isolated critical point (in the context of singularity theory) [33]. His main motivation was to have a new constructions of modular functions by a certain generalization of the well-known theory of elliptic integrals and modular functions (see a recent exposition [34]). Here the concept of primitive form, which essentially plays the role of Z is crucial. We may interpret his work as a kind of the rigorous and complete description of, perhaps, the simplest example of flat family of QFTs, which also give us a hint on the global issues of flat family of QFTs . In the physics literature flat structure first appear, independently, in the works of Witten-Dijkraaf-Verlinde-Verlinde (WDDV) on topological conformal field theory in 2-dimensions [42, 8]. Later Dubrovin formalized those structures in the name of Frobenius manifolds [10]. Another construction of flat or Frobenius structure is due to Barannikov-Kontsevich on the extended moduli space of complex structures on Calabi-Yau manifold in the context of B-model [2]. We should remark that the construction of Frobenius structure by Barannikov-Kontsevich is more general than their original context and closely related with our semi-classical case. All of the above constructions of flat or Frobenius structures can be viewed as special limits of the quantum flat structures of various family of QFTs

4 Down to Earth

One may start from a ghost number U = 0 function S^{(0)} on an infinite dimensional graded space T admitting odd symplectic structure ω carrying the ghost number U = −1 satisfying the classical master equation ( S^{(0)}, S^{(0)} ) = 0, (4.1)

where (•, •) is the graded Poisson bracket, carrying the ghost number U = 1, defined by ω. An usual classical action functional s, then, corresponds to the restriction of S^{(0)} to a Lagrangian subspace L of T . More precisely classical action functional s is typically supported only on certain subspace, which is called the space of classical fields, of L. The complimentary of space of classical fields in L consists of space of ghosts and their anti-ghosts multiplets, ghosts of ghosts and their anti-ghost multiplets, etc., etc., depending on the nature of symmetry and constraints of the classical action functional.

In this section we describe a systematic ways of constructing the classical BV action functional for a large class of d-dimensional QFTs related with symplectic d-algebras. The upshot is that for any symplectic d-algebra one can associate QFT on d-dimensions. For QFT on d-dimensional manfold with boundary we shall see that there exist a structure of strongly homology (d−1)-algebra on boundary and the structure of symplectic d-algebra in the bulk, which corresponds to the structure on the cohomology of Hochschild complex of the boundary algebra. This setup may be used to develop an universal quantization machine of (d − 1)-algebras. Also the construction in this section can be used to ”define” differential-topological invariants of low (d = 3, 4)-dimensions for any symplectic d = 3, 4 algebras. We remark that this section is an obvious generalization of the authors previous work [27], which was motivated by the seminal paper [23] of Kontsevich [23] as well as the papers [1, 22, 5].

4.1 Closed s-Braneoids

Let M_{s+1} be an (s + 1)-dimensional oriented and smooth manifold. Being an (s + 1)-dimensional QFT, a classical BV action functional S^{(0)} must be defined by integration of certain top-form over M_{s+1}. The differential forms on M_{s+1} may most suitably be described as smooth functions on the total space T [1]M_{s+1} of twisted by U = 1 tangent space to M_{s+1}. Without any loss of generality we may pick a local coordinates system {σ^μ}, μ = 1, . . ., s + 1, on M_{s+1} and assign U = 0. Then the fiber coordinates are set to {θ^μ} assigned to U = 1, such that U(σ^μ) + U(θ^μ) = 1 and θ^μθ^ν = −θ^ν θ^μ. Let s = ⨁_{s+1} k=0 s_k be the Z-graded space of functions on T [1]M_{s+1}. The space s is isomorphic to the space of differential forms on M_{s+1}, where the wedge product is replaced with ordinary product. The exterior derivative d on M_{s+1} induces an odd nilpotent vector field ^d = ϑ^{μ ∂}_{∂σμ} carrying U = 1 on T [1]M_{s+1}. Thus we have the following complex ( ^d; s =^{s+1} ⨁ k=0 s_k ) , (4.2)

which is isomorphic to de Rham complex on M_{s+1}. Now the integration of certain (s + 1)-from over M_{s+1} is equivalent to ∮ T [1]M_{s+1}

α := ∫ M_{s+1} dσ^1 . . .dσ^{s+1} ∫ dθ^1 . . . dθ^{s+1}α (4.3) where α ∈ s_{s+1}, which may take certain values of extra structures. We note that the integration over odd variable (Berezin integral) is defined as ∫ dθ^μθ^ν = δ^{μν} . Thus the integral ∫ dθ^1 . . . dθ^{s+1} shifts U by −(s + 1). We should also note that the total integration measure is coordinates independent as the Jacobians of even and odd variable cancel each others.

Now the infinite dimensional graded space T may be viewed as space of certain functions on T [1]M_{s+1}, more precisely, the space of all sections of certain graded bundle over T [1]M_{s+1}. On such a space T the odd symplectic form ω must be induced from something. A natural choice is to identify T with the space of all ghost number and parity preserving maps

Φ : T [1]M_{s+1} → T_{s+1}, (4.4) where T_{s+1} is a finite dimensional smooth graded space admitting symplectic form ω_s of ghost number U = s and of the same parity, even or odd, with s.

We denote t the space of functions on T_{s+1}, graded by the ghost number U, t = ⨁ k∈Z t_k. (4.5)

Associated with ω_s we have the graded Poisson bracket [⋆, ⋆]_{−s} of degree U = −s [⋆, ⋆]_s : t_{k1} ⊗ t_{k2} −→ t_{k1+k2 −s}. (4.6)

We call the algebra functions on T_s (t, [⋆, ⋆]_s, ·) endowed with [⋆, ⋆]_{−s} and ordinary (super) commutative and (super) associative product · a symplectic (s + 1)-algebra. We remark that the notion of d = (s + 1)-algebra has been first introduced by Getzler-Jones [18] and refined by Tarmarkin and Kontsevich (see ref. [23] for some history and operadic viewpoint, which we shall not use directly here). We put symplectic as the bracket [⋆, ⋆]_{−s} is non-degenerated.

Now we consider an element H_o ∈ t_{s+1} satisfying

[H_o, H_o]_{−s} = 0. (4.7)

Define Q_{Ho} as the Hamiltonian vector field on T_{s+1} Q_{Ho} = [H_o, . . .]_{−s}. (4.8) Note that Q^2_{Ho} = 0 and Q_{Ho} is odd carrying U = 1. Thus we have a complex ( Q_{Ho} , t = ⨁ k t_k ) , (4.9)

to be compared with (4.2).

Remark that [⋆, ⋆]_{−s} : t_s ⊗ t_s → t_s, which means that [⋆, ⋆]_{−s} induces a structure of Lie algebra on t_s. Thus we may define adjoint adjoint action by an element b ∈ t_s an any γ ∈ t; e^{adb} ∘ (γ) := γ + [b, γ]_{−s} + 1 2! [b, [b, γ]_{−s}]_{−s} + . . ., (4.10) which is equivalent to a degree preserving canonical transformation connected to the identity. We call the two solutions H, H^′ ∈ t_{s+1} of (4.7) equivalent if they are related by the above adjoint action. Thus we can define a moduli space N as the set of equivalence classes of solutions of (4.7);

N = {H ∈ t_{s+1}|[H, H]_{−s} = 0}/ ∼, (4.11) such that the solution H_o corresponds to a point o ∈ N. Here we consider the case that the ghost number U = s part of Q_{Ho} cohomology of the complex (4.9) is trivial. Otherwise we assume small resolution of the pair (T_{s+1}, H_o) to (~T_{s+1}, ~H_o) following the similar procedure described in Sect. 2.3. We shall also assume the ”anomaly free” condition that the ghost number U = s + 2 part of Q_{Ho} cohomology of the complex (4.9) is trivial. Then the moduli space N is unobstructed (around o).

We describe a map (4.4) locally by a ”local” coordinates on T_{s+1}, which are regarded as functions on T [1]M_{s+1}. Let {x^I } be a ”local” coordinates system on T_{s+1}. We denotes the ghost number of x^I by U(x^I ) ∈ Z. We parametrize a map by {^x^I }, where

^x^I := x(σ, θ)^I = x(σ)^I + 1 n! s+1∑ i=1 x(σ)^I_{μ1...μs+1} θ^{μ1} . . . θ^{μs+1} . (4.12) By the ghost number preserving maps we meant U(x^I ) = U(^x^I ), |x^I | = |^x^I |. (4.13) We define associated n-form components on M_{s+1} by

x^I_{[n]} := 1 n! x(σ)^I_{μ1...μn} dσ^{μ1} ∧ . . . ∧ dσ^{μn} . (4.14) Note that the ghost number U of x^I_{(n)} is U(x^I ) − n. From the symplectic form ω_s(dx, dx) of U = s we have the following induced odd symplectic form ω carrying U = −1 on T ω = ∮ T [1]M_{s+1} ω_s(δ^x, δ^x), (4.15) since ∮ T [1]M_{s+1} shifts U by −(s + 1) and has the parity (s + 1) mod 2.

Now we can describe classical BV action functional associated to H_o as follows S^{(0)}_{Ho} = ∮ T [1]M_{s+1} ( ω(^x, ^d^x)_s + Φ^∗(H_o) )

≡ ∮ T [1]M_{s+1} ( ω(^x, ^d^x)_s + ^H_o ) (4.16)

Note that S^{(0)}_{Ho} carries the ghost number U = 0 and is an even function(al). One can check that S^{(0)}_{Ho} satisfies the classical master equation ( S^{(0)}_{Ho} , S^{(0)}_{Ho} ) =

0 provided that the boundary of M_{s+1} is empty, as the result of [H_o, H_o]_{−s} = 0, after integration by parts and using the Stokes theorem.

Define odd Hamtionian vector of S^{(0)}_{Ho} on T as follows;

Q_S(0)_{Ho} := ( S^{(0)}_{Ho} , . . . ) , Q^2_{S(0)Ho} = 0, (4.17)

and by definition Q_S(0)_{Ho} S^{(0)}_{Ho} = 0. We note that

Q_S(0)_{Ho} ^x^I = ^d^x^I + ^Q_{Ho} x^I . (4.18)

Since Q^2_{S(0)Ho} = 0, we have the following complex ( Q_S(0)_{Ho} , T = ⨁ k∈Z T_k ) . (4.19)

An classical observable of the theory is an element of cohomology of the above complex. A class of classica observables can be constructed as follows.

Consider a function γ ∈ t on T_s with certain ghost number U(g). The pullback ^γ := Φ^∗(γ) of γ can be viewed as a functional γ(σ^μ, θ^ν ) on T [1]M_{s+1}. The relation (4.18) implies that Q_S(0)_{Ho} ^γ = ^d^γ + ^Q_{Ho} γ. Let γ be an elment of the Q_{Ho} -cohomology of the complex (4.9). Then we have Q_S(0)_{Ho} ^γ = ^d^γ, (4.20) for γ ∈ H(t, Q_{Ho}). We call the above relation descent equations. We can expand ^γ as ^γ =γ(σ) + s+1∑ n=1 γ(σ)_{μ1...μn} θ^{μ1} . . .θ^{μn} , (4.21) where γ(σ)_{μ1...μn} is a functional on M_{s+1} transforming as totally antisymmetric n-tensor. Then we have associated n-form γ_{[n]} on M_{s+1} defined by

γ_{[n]} := 1 n! γ(σ)_{μ1...μn} dσ^{μ1} ∧ . . . ∧ dσ^{μn} . (4.22) Note that the ghost number U of γ_{[n]} is U(γ) − n. Then the equation (4.20) becomes Q_S(0)_{Ho} γ_{[0]} = 0, dγ_{[0]} − Q_S(0)_{Ho} γ_{[1]} = 0, dγ_{[1]} − Q_S(0)_{Ho} γ_{[2]} = 0, . ., dγ_{[s]} − Q_S(0)_{Ho} γ_{[s+1]} = 0, dγ_{[s+1]} = 0,

(4.23)

where d denotes the exterior derivative on M_{s+1}. Now consider a homology n-cycle C_n ∈ H_∗(M_{s+1}) on M_{s+1} and define ∫ C_n γ[n]. Then (4.6) implies

that ∫ C_n γ [n] is an observable and the BRST cohomology of Q_S(0)_{Ho} depends only on the homology class of C_n ∈ H_∗(M_{s+1}).

Now we assume that one can define Δ after suitable regularization such that Δ^2 = 0. We shall consider the situation that there exist S_{Ho} satisfying −ℏΔS_{Ho} + 1 2 (S_{Ho} , S_{Ho} ) = 0, (4.24) where S_{Ho} = S^{(0)}_{Ho} + ℏS^{(1)}_{Ho} + . . . . (4.25) Now we back to the target space T_{s+1}. Let {γ_α} be a basis of the cohomology of the complex (4.9) and let {t^α} be the dual basis such that U(γ_α) + U(t^α) = s + 1. (4.26) Now we assume that there is solution of [H, H]_{−s} = 0, (4.27) such that

H = H + t^αγ_α + ∞∑ n=2 1 n! t^{α1} . . . t^{αn} γ_{α1...αn} , U(H) = s + 1. (4.28) Let’s define Q_H = [H, . . .]_{−s} which is odd nilpotent vector of degree U = 1.

In general we consider certain graded Artin ring with maximal ideal a = ⨁ −∞<k≤s+1 a_k. (4.29)

The bracket [⋆, ⋆]_{−s} on t can be naturally extended to t ⊗ a. Then we may define extended moduli space M;

M = {H ∈ (t ⊗ a)_{s+1}|[H, H]_{−s} = 0}/ ∼ (4.30)

where the equivalence is defined by adjoint action of element β ∈ (t ⊗ a)_s. Then we may regard the fixed H ∈ N ⊂ M as a basepoint o in M and interpret Q_H -cohomology as the tangent space T_oM.

Now we have corresponding families of classical BV action functional

S^{(0)}_H = ∫ T [1]M_{s+1} ( ω(^x, ^d^x)_s + ^H )

= S^{(0)}_H + ∫ T [1]M_{s+1} ( t^α^γ_α + ∞∑ n=2 1 n! t^{α1} . . .t^{αn} ^γ_{α1...αn} , ) (4.31)

From (4.27), and as the boundary of M_{s+1} is empty, we have ( S^{(0)}_H , S^{(0)}_H ) = 0, (4.32)

Thus

Q_S(0)_H = ( S^{(0)}_H , . . . ) , Q^2_{S(0)H} = 0, Q_S(0)_H ^x^I = ^d^x^I + ^Q_Hx^I . (4.33)

Thus we have

Associated with any symplectic (s + 1)-algebra with non-empty moduli space M we have family of pre QFTs which action functional satisfies the classical BV master equations.

Now we assume that one can define Δ after suitable regularization such that Δ^2 = 0. We shall consider the situation that for any S^{(0)}_H , H ∈ M there exist S_H satisfying −ℏΔS_H + 1 2 (S_H, S_H) = 0, (4.34)

where S_H = S^{(0)}_H + ℏS^{(1)}_H + . . . . (4.35) Then we have

Family of QFTs parametrized by the moduli space M.

Now our earlier discussion endows quantum flat structure on M via the family of (s + 1)-dimensional QFTs, which define the function Z on M; Z = ∫ L dμ e^{−SH /ℏ} (4.36) Recall that Z depends on homology classes of the Lagrangian subspace L in T . So we have any many inequivalent flat structures on N as homology classes of Lagrangian subspaces.

We also note that, by construction,

The quantum flat structures on N depend on the smooth structures on M_{s+1}.

It can be argued that the following is true.

There exist a suitable choice of homology class [L] of Lagrangian subspaces and its representative such that Z define family of differential-topological invariants on M_{s+1}.

The most interesting case for the above perspective would be s = 3, that is, quantum field theoretic definition of smooth invariants of 4-manifold.^{13} Note that the Hodge star operator ∗ on smooth oriented 4-manifold satisfies ∗^2 = 1 and maps 2-form to 2-form. This implies that we can always choose a contiuos family of Lagrangian subspaces L depending on continuous family of metric, which property implies that Z define family of smooth invariants of 4-manifold. The philosophy here is to use all symplectic 4-algebras to prove smooth structures of 4-manifold via associated QFTs.

We remark that the whole construction described above can be generalized by replacing T [1]M_{s+1} with any smooth graded manifold adimiting a non-degenerated volume form of the parity of (s + 1) with U = −(s + 1) and an odd nilpotent vector field with U = 1.

13Allow me to give a simple example for this case. Let V is a finite dimesional vector space over R and let V [1] be the suspension of V by U = 1. Then consider T4 = T^∗ [3]V [1] ≃ V [1] ⊕ V^∗[2], which has a structure of symplectic 4-algebra. The resulting 3-braneoid leads to the celabrated Donaldson-Witten theory [10, 41] after suitable gauge fixing for dimV < 4. In general we have certain deformation of Donaldson-Witten theory, where semi-simple Lie algebra is replaced with semi-simple weakly homotopy Lie algebra, where the Jacobi identity is violated. Nonetheless the path integral gives smooth invariants of 4-manifolds. The similar deformation is also possible for physical Yang-Mills theory.

4.1.1 Hamitonian picture and dimensional reduction

Now we turn to Hamiltonian picture and dimensional reduction.

Consider the classical BV action functional S^{(0)}_{Ho} in (4.16). It is not difficult to see that S^{(0)}_{Ho} is invariant under odd symmetry generated by V_μ carrying U = −1; V_μ ^x^I := ∂ ∂θ^μ ^x^I , (4.37)

as S^{(0)}_{Ho} is defined by an integral over T [1]M_{s+1}. We have the following commutation relation

{V_μ, V_ν } = 0, {V_μ, Q_S(0)_{Ho} } = ∂ ∂σ^μ , (4.38)

which is a form of world-volume supersymmetry. Now we assume that M_{s+1} = M_s × R, where M_s is an oriented smooth s-dimensional manifold. We can decompose (σ^μ) as (σ^i, σ^0), i = 1, 2, . . ., s, where s^0 is the time (R) coordinates. Then the component V_0 is defined globally as Q_S(0)_{Ho} . Note that both V_0 and Q_S(0)_{Ho} are odd nilpotent vector fields on T . Let Q^∗ and Q denote corresponding charges. Then the commutation relation {V_0, Q_S(0)_{Ho} } =^∂_{∂σ0} implies that Q^∗Q + QQ^∗ = Ham (4.39) where Ham means ”Hamiltonian” of the theory (the usual Hamiltonian can be obtained from Ham after ”gauge fixing”) . We may interested in the ground state Ham|0 >= 0.^{14}

The dimensional reduction means dropping the dependence of the theory on the ”time-direction” R. Note that the superfields ^x^I = x(σ^m, θ^μ) are decomposed as

^x^I = x^I (σ^i, θ^i, θ^0) = y^I (σ^i, θ^i) + θ^0z^I (σ^i, θ^i) := ^y^I + θ^0 ^z^I (4.40)

such that U(^y^I ) = U(^x^I ) and U(^z^I ) = U(^x^I ) − 1. It follows that the dimensional reduction of the theory of the maps T [1]M_{s+1} → T_{s+1} becomes a theory of maps T [1]M_s → T^∗[s − 1]T_{s+1}.^{15}

14Applying this construction to the case in the foonote^{12} leads to the Floer homology of 3-manifolds [15, 41] for dimV < 4 and its deformation in general. This implies Floerlike homology of 3-manifolds has a full featured generalization associated with symplecitc 4-algebras.

15Applying this construction to the case in the foonote^{12} leads to the Casson invariant of 3-manifold W.

4.2 Open s-Braneoids So far we assumed that the (s+1)-dimensional manifold M_{s+1} has no boundary. Now we consider the cases that the boundaries of M_{s+1} are non-empty. For simplicity we shall begin with the case that there is only one boundary component.

4.2.1 Boundary Condition Assume that we have the same data as the empty boundary case and consider S^{(0)} given by (4.16). Recall that the BV bracket ( S^{(0)}, S^{(0)} ) involves a total derivative term from the bracket between the first term ∮ T [1]M_{s+1} ωs(^x, ^d^x) in (4.16). It is not difficult to check the total derivative term vanish if we impose the following boundary condition

Φ : T [1]M_{s+1} → T_{s+1}, Φ(T [1](∂M_{s+1}) ⊂ L,

(4.41)

where L is a any Lagrangian subspace of T_{s+1} with respect to the symplectic form ω_s. We remark that for s = even T_{s+1} may not admits any Lagrangian subspace. From now on we always consider (T_{s+1}, ω_s) admitting Lagrangian subspace. The BV bracket ( S^{(0)}, S^{(0)} ) involves another total derivative term from the bracket between the first term ∮ T [1]M_{s+1} ωs(^x, ^d^x) and the second term ∮ T [1]M_{s+1}

^H_o in (4.16). With the above boundary condition such total derivative term vanishes if

H|_L = 0. (4.42)

Finally the bracket between the second term in (4.16) vanishes iff

[H, H]_{−s} = 0. (4.43)

4.2.2 Algebraic Digression We may identify T_{s+1} in the neighborhood of L with the total space T^∗[s]L of cotangent bundle over L with the fiber twisted by U = s; We denote a system of Darboux coordinates of T^∗[s]L by (q^a, p_a), (base|fiber) such that

ω_s = dp_adq^a, U(q^α) + U(p_α) = s, (4.44) and L is defined by p_a = 0 for all a. Then one may Taylor expand H ∈ t_{s+1} around L H = ∞∑ n=0 M_n, M_n = 1 n! m(q)^{a1...an} p_{a1} . . . p_{an} . (4.45)

Now the condition [H, H]_{−s} = 0 becomes ∑ p+q=n [M_p, M_q]_{−s} = 0, ∀n ≥ 0. (4.46)

For each M_n one may assign n-poly differential operator m_n acting on the n-th tensor product l^{⊗m} of the space l of functions on L such as;

m_0 :l → k, m_n :l^{⊗n} → l, for n ≥ 1

(4.47)

by canonically ”quantization”, i.e., replacing the BV bracket (p_a, q^b) = δ_a^b to commutators of operators, naively, ^q^b = q^b and ^p_a =^∂_{∂qa} . It is not difficult to check m_n carry ghost number

U(m_n) = −ns + s + 1, (4.48)

i.e., U(m_0) = s + 1, U(m_1) = 1, U(m_2) = −s + 1, etc. Then we may take the condition (4.46) as a definition of a structure (m_0, m_1, m_2, . . .) of weakly homotopy Lie s-algebroid on L. We note that H|_L = m_0. Thus the condition H|_L = 0 means that m_0 = 0 and together with the condition [H, H]_{−s} = 0 we have a a structure (m_1, m_2, . . .) of strongly homotopy Lie s-algebroid on L.^{16}

16A structure of strongly homotopy Lie s-algebroid is certain homotopy generalization of structure of Lie algebroid on L. Note that the equation (4.46) with the condition M0 = 0 reads [M1, M1]−s = 0, [M1, M2]−s = 0, 1 2 [M2, M2 ]−s + [M1, M3]−s = 0, [M2, M3 ]−s + [M1, M4]−s = 0, . .

(4.49)

etc. Note that m1 = m(q)^{a ∂}_{∂qa} is an odd vector with U = 1 on L, which satisfies m^2_1 = 0, due to the first equation above. We may take the existence of such odd vector field as a

We call two structures of strongly homotopy Lie s-algebroids on L are equivalent if they are related by change of the Lagrangian compliment of L in T_{s+1} ≃ T^∗[s]L, called skrooching. It is obvious a skrooching always leads to another structure of strongly homotopy Lie s-algebroids on L as a skrooching always preserve all the conditions in (4.42).

Now we consider the following infinitesimal canonical transformations q^a → q^a, p_a → p_a + ∂Γ ∂q^a , (4.50)

generated by Γ(q) ∈ l_s. Let H_Γ be the result of the above transformation, which automatically satisfies [H_Γ, H_Γ]_{−s} = 0, while H_Γ|_L ≠ 0 in general; we have

H_Γ = ∞∑ 0 M_{Γn},

M_{Γ0} = ∞∑ n=1 1 n! m_n(Γ, . . ., Γ),

M_{Γ1} = ∞∑ n=1 1 (n − 1)! m^{a1...an} ( ∂Γ ∂q^{a1} ) · · · ( ∂Γ ∂q^{an−1} ) p_{an} , . .

(4.51)

Consider the generating functional Γ ∈ l_s satisfying H_Γ|_L ≡ M_{Γ0} ≡ m_{Γ0} = 0;

m_1(Γ) + 1 2 m_2(Γ, Γ) + 1 3! m_3(Γ, Γ, Γ) + . . . = 0. (4.52)

Then H_Γ induces another structure (m_{Γ1} , m_{Γ2} , m_{Γ3} , . . .) of strongly homotopy Lie s-algebroid on L. We remark that the two structures (m_1, m_2, m_3, . . .) and (m_{Γ1} , m_{Γ2} , m_{Γ3} , . . .) of sh Lie s-algebroids on L are not equivalent. We note, as an example, that

m_{Γ1} = m_1 + ∞∑ n=2 1 (n − 1)!

m_n(Γ, . . ., Γ, ) (4.53)

structure of of Lie algebroid on the graded space L. The second equation above may be viewed as the condition that M2 defines a cocycle. Assume that Mn = 0 for ∀n ≥ 3, we may call above as a structure of s-Lie bi-algebroid. For Mn = 0 for ∀n ≥ 4, we may call above as a structure of quasi s-Lie bi-algebroid etc. Some important examples of such structure are in refs. [11, 32, 27, 20, 25].

and, by construction, m^2_{Γ1} = 0, which is equivalent to the equation (4.51). We call a solution Γ ∈ l_s of the equation (4.51) strongly homotopy Dirac s-structure. As ∂_Γ : l_k → l_{k+1} and ∂^2_Γ = 0 we have complex (∂_Γ, l) and associated non-linear (co)homology by ”Ker ∂_Γ/ Im ∂_Γ”.

Now we specialize to the case that s is odd. Then the structure of symplectic (s+1)-algebra on T^∗[s]L enhances to the structure of BV (s+1)- algebra. Namely there exist Δ : t_k → t_{k−s} satsifying Δ^2 = 0;

Δ = (−1)^{|qa|+1}

∂^2_r ∂q^a∂p_a , (4.54)

and generate the bracket [., .]_{−s}. For s = −1 this is (finite dimensional version) of the original BV structure in Sect. 2. We remark that the above Δ should not be confused with the BV operator Δ in the space of all fields T . This is the end of the digression and let’s justify why the above considerations are relevant.

4.2.3 Boundary Deformations

Consider the classical BV action functional

S^{(0)}_H = ∮ T [1]M_{s+1} ( ^p^a ^d^q^a + H(^q, ^p) ) , (4.55)

where we assume boundary condition (4.41) and H ∈ t_{s+1} satisfies

[H, H]_{−s} = 0, H|_L = 0. (4.56)

Then we may rewrite (4.55) as follows

S^{(0)}_H = ∮ T [1]M_{s+1} ( ^p^a ^d^q^a + ∞∑ n=1 1 n! m(^q)^{a1...an} ^p_{a1} · · · ^p_{an} ) . (4.57)

Let’s now consider canonical transformation generated by Ψ = ∮ M_{s+1} Ψ(^q, ^p), (4.58) where Ψ(q, p) ∈ t_s such that Ψ ∈ T_{−1}. Let Γ(q) = Ψ(q, p)|_L ∈ l_{−s}. The action functional S^Ψ_{Ho} after the resulting canonical transformation is given by S^{(0)Ψ}_H = ∮ T [1]M_{s+1} ( ^p_a ^d^q^a + H_Ψ (^q, ^p) ) + ∮ T [1]M_{s+1} ^dΨ(^q, ^p) =S_{HΨ} + ∮ T [1](∂M_{s+1}) Γ(^q), (4.59)

where we used the boundary condition after using the Stokes theorem. The above action functional also satisfy the master equation if and only if H_Ψ|_L = 0. On the other hand the value H_Ψ|_L equals to H_Γ|_L. Thus we have H_Γ|_L = 0 for the master equation. We also note that the canonical transformation generated a boundary interaction term depending only Γ = Ψ|_L. Thus it is obvious that Ψ ∈ t_s satisfying Ψ|_L = 0 leads to the same physical theory. We called canonical transformation generated by such a Ψ skrooching. On the other hand Γ ∈ l_s leads to a non-zero boundary interaction terms. According to our definition an element Γ ∈ l_s satisfying H_Γ|_L = 0 is a strongly homotopy Dirac s-structure on L, which is defined as a solution of Maurer-Cartan equation (4.52) of the structure of strongly homotopy Lie s-algebroid, defined by H, on L. Thus the set of equivalence classes of strongly homology Dirac s-structure on L is isomorphic to the moduli space of boundary deformations for the fixed bulk background H ∈ t_{s+1}.

4.2.4 Extended Bulk/Boundary Deformations

Now we consider bulk deformations compatible with boundary condition. Consider a deformation H (4.28) of H satisfying the following equation { [H, H] = 0, H|_L = 0.

, (4.60)

where H ∈ (t⊗a)_{s+1}. Thus H satisfying above induce a structure of extended strongly homotopy Lie s-algebroid (l, (μ_1, μ_2, μ_3, . . .)) on L. Note that μ^2_1 = 0. As μ_1 : (l ⊗ a)_k → (l ⊗ a)_{k+1} and μ^2_1 = 0 we have complex (μ_1, l) and associated (co)homology by ”Ker μ_1/ Im μ_1”. We define the extended bulk moduli space N(L)_{s+1} by the set of solutions of (4.60) modulo equivalence, defined by the adjoint action of an element in (t ⊗ a)_1 vanishing on the Lagrangian subspace L in T_{s+1} ≃ T^∗[s]L - this may be called extended skrooching. We call two structures of extended strongly homotopy Lie salgebroids on L are equivalent if they are related by extended skrooching.

Thus N(L)_{s+1} parametrize the set of equivalence classes of structures of extended sh Lie s-algebroid on L.

It is now natural to consider extended boundary interactions via extend sh Dirac 1-structure on L defined by elements Υ ∈ (l ⊗ a)_s satisfying

H_Υ|_L = 0. (4.61)

Equivalently

μ_1(Υ) + 1 2 μ_2(Υ, Υ) + 1 3! μ_3(Υ, Υ, Υ) + . . . = 0. (4.62)

Then H_Υ induces another quantizable structure (μ_{Υ1} , μ_{Υ2} , μ_{Υ3} , . . .) of strongly homotopy Lie 1-algebroid on L, where

d_Υ = d + ∞∑ n=2 1 (n − 1)!

μ_n(Υ, . . ., Υ, ) (4.63)

and, by construction, d^2_Υ = 0, which is equivalent to the equation (4.62). The two structures (d, μ_2, μ_3, . . .) and (d_Υ, μ^Υ_2 , μ^Υ_2 , . . .) of extended sh Lie 1- algebroids on L are not equivalent. As d_Υ : (l ⊗ a)_k → (l ⊗ a)_{k+1} and d^2_Υ = 0 we have complex (d_Υ, (l ⊗ a)) and associated non-linear (co)homology by ”Ker ∂_Γ/ Im ∂_Γ”.

It is obvious that the boundary interaction depend on the bulk background or the bulk moduli space M_L. Thus the total moduli space F_L of both the bulk and boundary deformations has a structure of fibered space F_L → M_L such that B_t ⊂ F_L ↑ ↓ {t} ∈ M_L (4.64)

4.2.5 Deformation Quantization of d-Algebra

Our program is closely related with the deformation theory of d- algebra [23]. Recently there has been many spectacular developments in deformation theory of associative algebras [16] (or 1-algebras from now on), following the first solution of deformation quantization by Kontsevich [22]. An amusing result is that deformation theory of 1-algebras is closely related with the geometry of configuration space of points on 2-dimensions. Another beautiful result is that the deformation complex, the Hochschild complex Hoch(A_1), of 1-algebra (d-algebra in general) A_1 has a structure of 2-algebra ((d + 1)-algebra) [23, 38].

Let L be any Z-graded smooth algebraic variety. Let A_s(L) be the algebra of functions on L regarded as an s-algebra. Let Hoch(A_s(L)) be the Hochschild complex of A_s(L) and let H^•(Hoch(A_s(L))) be the cohomology. An important lemma of Kontsevich is that the space ⊕H^•(Hoch(A_s(L)) is isomorphic to the space t of functions on the total space T_{s+1} = T^∗[s]L of twisted by U = [s] cotangent bundle to L.

It is natural to identify a degree (s + 1)-function H^{s+1} on T^∗[s]L with H|_{Ls} = 0 as an element of H^1(Hoch(A_s(L))). The first cohomology of any Hochschild complex of an algebra is naturally corresponds to the infinitesimal determining the first order deformation of the algebra. In the present case our H^{s+1} satisfying the ”master” equations (2.7) can be interpreted as the infinitesimal for deformations of the s-algebra A_s(L) as an s-algebra. This is the first mathematical clue for what kind of quantum algebras we are dealing with. Our approach also gives a natural ”explanation” why deformation theory of s-algebra is related with differential-geometry of (s+1)- dimensions.

We should note that the open s-braneoid theory at the level of action functional see the structure of (s+1)-algebra of the cohomology H^∗(Hoch(A(L)_s)) rather than that of the Hochschild complex Hoch(A(L)_s). There is a fundamental theorem that there is a structure of (s+1)-algebra on the Hochschild complex of any s-algebra. Such is an (s + 1)-algebra is called formal if it is quasi-isomorphic to its cohomology. The formality means that the set of equivalence class of solutions of Maurer-Cartan equation (2.7) of the cohomological (s + 1)-algebra is isomorphic to the set of equivalence class of solutions of Maurer-Cartan equation of a (s + 1)-algebra structure on Hoch(A_s(L)).

Assume that N_s bounds an oriented compact (s + 1)-dimensional manifold M_{s+1}. We may regard a topological open s-braneoid theory on M_{s+1} as closed (s − 1)-brane theory on ∂M_{s+1} = N_s with ’bulk” deformations specified by H^{s+1}. The boundary sector of the theory may be viewed as the theory maps φ : ∂M_{s+1} −→ L. Recall a solution of the ”master” equation (2.7) induces a structure of strongly homotopy (s − 1)-Poisson structure on L or, equivalently the structure (f_L; (μ_1, μ_2, μ_3, . . .)_L) of strongly homotopy Lie (s − 1)-algebroid or, simply, of s-algebra. A special case of such structure is a degree U = s − 1 symplectic structure on L or, equivalently, the structure of strongly homotopy Lie (s−1)-algebroid with μ_n = 0 for all n except for n = 2 and μ_2 is non-degenerated. Then we just have the standard topological closed (s − 1)-brane theory associated with T_s = L such that {., .}_{s−1} ≡ μ_2. In general we may use the above topological open s-brane on M_{s+1} to define differential-topological invariants of the boundary N_s = M_{s+1} by the correlation functions of the boundary BV observables. In other words topological open s-brane associates any s-algebra -strongly homotopy (s−1)- algebroid, with differential-topological invariants of s-dimensional manifold, which bounds (s + 1)-dimensional space.

It seems to be reasonable to believe that the perturbation expansions of the open s-brane theory above generates elements of Hochschild complex Hoch(A(L)_s) and the BV Ward identity of the theory^{17} is equivalent to the Maurer-Cartan equation for Hoch(A(L)_s). The above ”principle” is beautifully demonstrated by Cattaneo-Felder for s = 1 and L = X is a Poisson manifold in their path integral approach to Kontsevich’s formality theorem [5]. We emphasis that the Maurer-Cartan equation for the cohomological (s + 1)-algebra H^∗(Hoch(A(L)_s)) is equivalent to the BV master equation of our s-brane theory and the BV Ward identity is a direct consequence, at lease formally, of the BV master equation. A crucial point is that the BV Ward identity depends differential-topology of M_{s+1} (including configurations space of points on M_{s+1}).

The above discussion seem to indicate that they may be fundamental relations between differential-topology of d-dimensions and the world of dalgebras. It could be more precise to state that (quantum) d-algebra should be defined in terms of differential-topology of d-dimensions as detected by path integrals. Kontsevich conjectured that there are structures of d-algebra in conformal field theory on R^d with motivic Galois group action on the moduli space [23]. Our construction naturally suggest that the conjecture can be naturally generalized to d-braneoids on any orient smooth (d + 1)- dimensional manifold. All those direct us to certain universal properties of Feynman path integrals of the theory related with differential-topology, arithmetic geometry as well as number theory.

4.2.6 Multiple Boundaries

So far we assume that M_{s+1} has only a single boundary component. Now we relax the condition by allowing ∂M_{s+1} has multiple components. For each component N_i of ∂M_{s+1}, we pick a Lagrangian subspace L_i in (T_{s+1}, ω_s) and assign boundary condition prescribed before. Now the classical BV master equations requires that H|_{Li} = 0, for ∀i (4.65)

17The BV Ward identity is an identity of path integral as the result of BV master equations

in addition to the condition [H, H]_{−s} = 0. Then under the canonical transformation generated by Ψ in (4.58) we have

S^{(0)Ψ}_H = S^{(0)}_{HΨ} + ∑ i ∮ T [1]N_i Γ_i, (4.66)

where Γ_i = Ψ|_{Li}. Above action functional satisfies the master equation if and only if H_Ψ|_{Li} = 0 for ∀i. Thus it is obvious that Ψ ∈ t_s satisfying Ψ|_{∪iLi} = 0 leads to the same physical theory.

Let’s consider, as a simplest example, the case that ∂M_{s+1} = N_1 ∪ N_2 and the associated Lagrangian subspaces L_1 and L_2 in (T_{s+1}, ω_s) are complementary with each others defined by p_a = 0 and q^a = 0,respectively, for ∀a. We may expand H as H = ∑_∞ k,ℓ=1 1 k!ℓ! m a_1...a_k b_1...b_ℓ q b_1 · · · qb_ℓ p a_1 · · · pa_n ,

and for each L_1 and L_2 we have structures of sh Lie s-algebroid, which, together, may be called sh Lie s-bialgebroids. Now we have the associated classical BV action functional

S^{(0)}_H = ∮ T [1]M_{s+1} ^p_a ^d^q^a + ∞∑ k,ℓ=1 1 k!ℓ! m^{a1...ak} b_1...b_ℓ ^q b_1 · · · ^qb_ℓ ^p a_1 · · · ^pa_n . (4.67)

Note that the (super) propagator exist between ^p_a and ^q^a only such that at each boundary there are no propagation and interaction takes place only at the bulk. The tree-level interactions correspond to the strucuture of classical sh Lie s-bialgebroids, while the higher order (in ℏ) corrections would lead to quantum sh Lie s-bialgebroids We may say the QFT defines some kind of quantum cobordism.

4.3 Toward Quantum Clouds

This paper has a serious limitation to unveil quantum world. The general results in section 3 is based on assumption that Δ exists without proper definition of it, while using Δ crucially. In section 5, where we present realistic case of d-dimensional QFTs and their family, we simply ignored Δ, while written in the quantum perspective relying on Δ. Let M_n be a n-manifold with or without boundary. Let {ϕ(σ)^a, ϕ(σ)^•_a} be fields and anti-fields of certain model discussed in section 5 with suitable boundary conditions, where {σ^μ} is a local coordinates system in M_n and {a} denotes all the discrete indices in the model. Then Δ is naively ”defined” as follows

Δ” = ” lim_{τ μ→σμ} ∑ a ∫ √ gd^nτ ∫ √ gd^nσ ( (−1)^{|ϕa|+1} δ^2 δϕ(τ)^•_aδϕ(σ)^a ) (4.68) involving diagonal of M_n × M_n which requires suitable regularization. Related to above Feynman propagators are certain differential forms on suitably compactified configuration space of points on M_n. Also, due to nonlocal observables, supported on various cycles, we need to worry about space of cycles in M_n. The pressing problem is to define Δ correctly and universally (before doing any gauge fixing) in each dimensions for general smooth manifold with or without boundary (this will take care of the crucial renormalization of QFT). We remark that a closely related problem, though in a limited situation (loop space), has been dealt in string topology of Chase and Sullivan [6]. Once this is achieve QFTs are largely characterized by certain K_S-cohomology ring, for Δe^{−S/ℏ} = 0, as we demonstrated in section 3. Then we may concentrate on structures associated with (correct) moduli space of QFTs for both generic part and singular points, which give rise to various perturbative QFTs. As for mathematical side, it will give us an universal quantization machine for d-algebras decorated by algebrodifferential-topology of d/(d + 1)-manifolds.

I am grateful to Bumsig Kim for kindly providing me an excellent research environment at Math Dept. of POSTECH, as well as to Dosang Joe for their moral supports and discussions. I also thanks Jaemo Park for a temporary position at APCTP during a transition period.

I am grateful to Iouri Chepelev, Christiaan Hofman, Seungjoon Hyun, Young-Geun Oh, John Terrila for collaborations in various closely related subjects. The some results here and in other related works, yet to be published, has been announced in several occasions in YITP and math departments of Stony Brook, Penn State, CUNY grad. center, Northwestern, Kyungpook, Wisconsin-Madison and Physics. Dept of Younsei, at Kyungjoo Conf. on Frobenius structure and singularity theory, RIMS and KIAS. I would like to thanks my hosts Martin Rocek, Dimitry Roytenberg, Dennis Sullivan, Ezra Getzler, Hoil Kim, Yong-Geun Oh, Seungjoon Hyun, Bumsig Kim, Koiji Saito and Piljin Yi for their hospitality and discussions. I am grateful to Dennis Sullivan for many stimulating discussions on quantization of anything and to Jim Stasheff for useful communications and comments.

References

[1] M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, The geometry of the master equation and topological quantum field theory, Int. J. Mod. Phys. A 12 (1997) 1405, [arXiv:hep-th/9502010].

[2] S. Barannikov and M. Kontsevich, Frobenius manifolds and formality of Lie algebras of polyvector fields. Internat. Math. Res. Notices 4 (1998) 201–215, alg-geom/9710032.

[3] I.A. Batalin and G.A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102 (1981) 27. ;

Quantization of gauge theories with linearly dependent generators. Phys. Rev. D 28 (1983) 2567.

[4] C. Becchi, A. Rouet and R. Stora, Renormalization of the Abelian Higgs-Kibble model. Commun. Math. Phys. 42 (1975) 127.

[5] A.S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Commun. Math. Phys. 212 (2000) 591 [arXiv:math.qa/9902090].

[6] M. Chas and D. Sullivan, String topology, [arXiv:math.GT/9911159], to appear in Annals of Mathematics.

[7] A. Casson, lectures at MSRI in 1985 ;

E. Witten, Topology-changing amplitudes in (2 + 1)-dimensional gravity, Nucl. Phys. B 323 (1989) 113–140.

[8] R. Dijkraaf, E. Verlinde and H. Verlinde, Topological strings in d < 1, Nuclear Phys, B 352 (1991) 59 ;

Notes on topological string theory and 2D quantum gravity, in String Theory and Quantum Gravity, Proceedings of the Trieste Spring School 1990, (M. Green et al., eds), World Scuentific, Singapore, 1991, pp91–156

[9] S.K. Donaldson, Polynomial invariants for smooth 4-manifolds, Topology 29 (1990) 257–315.

[10] B. A. Dubrovin, Geometry of 2D topological field theories, in Integrable systems and quantum groups (Montecatini Terme, 1993), 120–348, Lecture Notes in Math., 1620, Springer, Berlin, 1996, [arXiv:hep-th/9407018].

[11] V.G. Drinfel’d, On quasitriangular quasi-Hopf algebras and on a group that is closely connected with Gal (Q/Q). Leningrad Math. J. 2(4) (1991) 829.

[12] L.D. Faddeev and V.N. Popov, ‘Feynman diagrams for the Yang-Mills field. Phys. Lett. B 25 (1967) 29.

[13] R.P. Feynman, Space-time approach to non-relativistic quantum mechanics, Rev. Modern Phys. 20 (1948) 367.

[14] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian intersection Floer theory - anomaly and obstruction. preprint.

[15] A. Floer, An instanton-invariant for 3-manifolds, Comm. Math. Phys.

118 (1988) 215–240.

[16] M. Gerstenhaber, The cohomology structure of an associative rings.

Ann. Math. 78 (1963) 59.

[17] E. Getzler, Batalin-Vilkovisky Algebras And Two-Dimensional Topological Field Theories, Commun. Math. Phys. 159 (1994) 265 [arXiv:hep-th/9212043].

[18] E. Getzler and J.D.S. Jones, Operads, homotopy algebra and iterated integrals for double loop spaces. [arXiv:hep-th/9403055].

[19] S. Hyun and J.-S. Park, On covariant quantization of space-times supersymmetric branes. in preparation

[20] C. Hofman and J. S. Park, Topological open membranes, [arXiv:hep-th/0209148]. ;

BV quantization of topological open membranes, [arXiv:hep-th/0209214].

[21] C. Hofman and J.-S. Park, 3-Manifolds, 3-algebroids, quantum strongly homotopy groupoids and closed/open 2-braneoids. in preparation

[22] M. Kontsevich, Deformation quantization of Poisson manifolds, I.

[arXiv:q-alg/9709040].

[23] M. Kontsevich, Operads and motives in deformation quantization.

Lett. Math. Phys. 48 (1999) 35, [arXiv:math.QA/9904055].

[24] M. Kontsevich and D. Zagier, Periods. in Mathematics Unlimited— 2001 and Beyond, pp771–808, Springer, Berlin, 2001.

[25] Y. G. Oh and J. S. Park, Deformations of coisotropic submanifolds and strongly homotopy Lie algebroids, [arXiv:math.SG/0305292].

[26] Y.-G, Oh and J.-S. Park, Extended Open/Closed A/B-model. in

preparation.

[27] J.-S. Park, Topological open p-branes. Proceedings of the KIAS conference “Symplectic Geometry and Mirror Symmetry”, pp 311– 384, eds. by Fukaya, Oh, Ono and Tian, World Scientific, 2001. [arXiv:hep-th/0012141].

[28] J.-S. Park, Foundations of Open/Closed BV Braneoids. preprint.

[29] J.-S. Park, 4-manifolds, 4-algebras and 3-braneoids. ;

Toward quasi-Hopf algebroid associated with Calabi-Yau 3-fold., in

preparation

[30] J.-S. Park and M. Rocek, Quantum weakly Yang-Mills theory. in

preparation.

[31] J.-S. Park and J. Terrilla, Quantum Calabi-Yau Space and Variation of Hodge Structure. in preparation.

[32] D. Roytenberg and A. Weinstein, Courant algebroids and strongly homotopy Lie algebras. Lett. Math. Phys. 46 (1998) 81. [arXiv:math.QA/9802118].

[33] K. Saito, Primitive forms for an universal unfolding of a functions with isolated critical point, Journ. Fac. Sci. Univ. Tokyo, Sec. IA, 28:3 (1982) 775-792

[34] K. Saito, Primitive automorphic forms. in Mathematics Unlimited— 2001 and Beyond, pp1003–1018, Springer, Berlin, 2001.

[35] A. Schwarz, Geometry of Batalin-Vilkovisky quantization. Commun.

Math. Phys. 155 (1993) 249, [arXiv:hep-th/9205088].

[36] J. Stasheff, On the homotopy associativity of H-spaces I,II. Trans.

AMS 108 (1963) 275.

[37] J. Stasheff, Deformation theory and the Batalin-Vilkovisky master equation, [arXiv:q-alg/9702012].

[38] D.E. Tamarkin, Deformation complex of a d-algebra is a (d+1)- algebra, [arXiv:math.QA/0010072].

[39] I.V. Tyutin, Lebedev Inst. preprint N39 (1975)

[40] W. Troost, P. van Nieuwenhuizen, A. Van Proeyen, Anomalies and the Batalin-Vilkovisky Lagrangian formalism, Nucl. Phys. B 333 (1990) 727–770.

[41] E. Witten, Topological quantum field theory, Comm. Math. Phys. 117 (1988) 353–386.

[42] E. Witten, On the structure of the topological phase of two-dimensional gravity, Nucl. Phys. B 340 (1990) 281–332

[43] E. Witten, A note on the antibracket formalism. Modern Phys. Lett.

A5 (1990) 487.

[44] E. Witten, On background independent open-string field theory, Phys.

Rev. D46 (1992) 5467, [arXiv:hep-th/9208027].

[45] J. Wess and B. Zumino, Consequences Of Anomalous Ward identities, Phys. Lett. B 37 (1971) 95.

[46] B. Zwiebach, Closed string field theory: Quantum action and the B-V master equation, Nucl. Phys. B 390 (1993) 33 [arXiv:hep-th/9206084]; Building string field theory around non-conformal backgrounds, Nucl. Phys. B 480 (1996) 541 [arXiv:hep-th/9606153].