arXiv:hep-th/0308206 v2 30 Aug 2003

DIAS-STP-03-07
   TIT/HEP-508

August, 2003

Quantization of Bosonic String Model

in 26+2-dimensional Spacetime

Takuya Tsukioka^∗ and Yoshiyuki Watabiki^† ∗School of Theoretical Physics, Dublin Institute for Advanced Studies, 10 Burlington Road, Dublin 4, Ireland tsukioka@synge.stp.dias.ie and †Department of Physics, Tokyo Institute of Technology, Oh-okayama, Meguro, Tokyo 152, Japan watabiki@th.phys.titech.ac.jp

Abstract We investigate the quantization of the bosonic string model which has a local U(1)_V×U(1)_A gauge invariance as well as the general coordinate and Weyl invariance on the world-sheet. The model is quantized by Lagrangian and Hamiltonian BRST formulations á la Batalin, Fradkin and Vilkovisky and noncovariant light-cone gauge formulation. Upon the quantization the model turns out to be formulated consistently in 26+2-dimensional background spacetime involving two time-like coordinates.

1 Introduction

It is the purpose of this paper to cast some further light upon constructions of theories involving two time coordinates. To consider the physics which has more than two time coordinates might be a clue to understand the origin of time and spacetime.

Several theories constructed on spacetime with two time coordinates are investigated from various viewpoints, such as F-theory [1], two-time physics [2] and 12-dimensional super Yang-Mills theory [3]. F-theory is proposed by Vafa as an extended concept of string theory and constructed by using field theory of super (2,2)-brane [4] with 10+2-dimensional background spacetime. The two-time physics is proposed by Bars as a device for searching a unified theory and developed by himself and his collaborators [5]. In this context, stringparticle systems are proposed [6] from string theory point of view. By introducing constant null vectors in background spacetime into the formulation, the 12-dimensional super Yang- Mills theory [3] is also proposed.

Some years ago, one of the authors (Y.W.) had proposed a model which has a U(1)_V × U(1)_A gauge symmetry in two-dimensional spacetime [7]. The striking feature of this model is that there exists a negative norm state in two-dimensional spacetime as the same as string theories [7]. Using the U(1)_V ×U(1)_A gauge symmetry he also proposed string models which have two time-like coordinates in ref. [8]. These models have the U(1)_V×U(1)_A gauge symmetry or a supersymmetric version of the U(1)_V×U(1)_A gauge symmetry on the two-dimensional world-sheet. The background spacetimes of the U(1)_V×U(1)_A bosonic and superstring model might be 26+2 and 10+2 dimensions, respectively. In ref. [9] manifest covariant formulations of the string models are given.

We in this paper further study the U(1)_V ×U(1)_A string model. In particular, it would be obviously important to explicitly carry out the quantization, so that we can argue not only the critical dimension but also the mass spectrum at the quantum level. Since many concepts in string theories are presented in bosonic models, we focus our attentions on the bosonic U(1)_V×U(1)_A string model in this paper. A quantization of the superstring model based on our framework will be discussed in an additional work elsewhere [10].

The U(1)_V×U(1)_A string model is constructed as gauge field theory on two-dimensional world-sheet [8]. Although the similar models were investigated in refs. [6,11], an advantage of the formulation of our model is its manifest covariant expression in the background spacetime by using the U(1)_V ×U(1)_A gauge symmetry [9], so that in this paper we can easily carry out the quantization with preserving the covariance. The U(1)_V×U(1)_A gauge symmetry is essential in our model. In constructing the covariant action, the generalized Chern-Simons action [12] proposed by Kawamoto and one of the authors (Y.W.) as a new type of topological action plays an important key role.

There are two remarks in quantizing our model. Firstly the action has a reducible symmetry which originally arises from symmetric structures of the generalized Chern-Simons action [13]. Secondly the gauge algebra is open. In the covariant BRST quantization of the system including reducible and open gauge symmetry, we need to use the formulations developed by Batalin, Fradkin and Vilkovisky [14, 15]. By adopting these methods we explicitly show the covariant quantizations are successfully carried out in the Lagrangian and the Hamiltonian formulations.

In order to treat the dynamics of our model more directly, we also quantize the model in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can be imposed by residual symmetries of the U(1)_V ×U(1)_A gauge symmetry and we can then solve all of the gauge constraints explicitly. We can also confirm that the existence of two time-like coordinates is not in conflict with the unitarity of the theory, since the two time-like coordinates are required by our “gauge” symmetry.

As an important feature of quantum string models, we can argue the critical dimension of the background spacetime. In usual bosonic string theories, the critical dimension is 25+1 [16, 17, 18], which is estimated by the BRST [19, 20] and the light-cone gauge formulation [21]. For our bosonic model, the critical dimension turns out to be 26+2. We obtain this result directly from both the BRST and the noncovariant light-cone gauge formulations.

This paper is organized as follows: We first introduce the U(1)_V ×U(1)_A string model and explain semiclassical aspects of the model in Section 2. The preparation for the quantization is also given in this section. We present the covariant quantization based on the Lagrangian formulation in Section 3. In this section we investigate the perturbative aspect of the quantized model and determine the critical dimension of our U(1)_V ×U(1)_A string model. In Section 4 the covariant quantization of the same model is carried out in the Hamiltonian formulation. By taking suitable gauge fixing conditions we reproduce the same gauge-fixed action in the Lagrangian formulation. We also obtain the BRST charge in this section. The quantization under noncovariant light-cone gauge fixing conditions is carried out in Section 5. We then study the symmetry of the background spacetime and obtain the same critical dimension by direct computation of the full quantum Poincaré algebra. We also present a mass-shell relation of the model and give low energy quantum states. Conclusions and discussions are given in the final section. Appendixes A and B contain our conventions. We also exhibit the BRST formulation of U(1)_V ×U(1)_A model without two-dimensional gravity in Appendix C.

2 U(1)_V ×U(1)_A bosonic string model

2.1 Classical action and its symmetries

The U(1)_V × U(1)_A bosonic string model [8] described by two-dimensional field theory consists of D scalar fields ξ^I (x), an Abelian gauge field A_m(x) and the metric g_{mn}(x). The two-dimensional spacetime coordinates are x^m (m = 0, 1) and the signature of metric is (−, +). Our conventions are given in Appendix A. The scalar fields ξ^I (x) are considered to be string coordinates in D-dimensional flat background spacetime with the background metric:

η_{IJ} = η^{IJ} =

−1 (I = J = 0) 1 (I = J = i, i = 1, 2, . . . , D − 3) −1 (I = J = ^0) 1 (I = J = ^1) 0 (otherwise)

(2.1)

The indices I and J run through 0, 1, 2, . . . , D−3, ^0, ^1. As we will explain, the unitarity as a two-dimensional field theory requires two negative signatures to the background metric η_{IJ} , because the U(1)_A gauge transformation as well as the general coordinate transformations removes a negative norm state. At the quantum level the absence of conformal anomaly requires D = 28, however, we need not specify the value of D at the classical level.

The covariant action of the present model [9] is S = ∫ d^2x √ −g ( − 1 2 g^{mn}∂_mξ^I ∂_nξ_I + Ã^mϕ_I ∂_mξ^I ) + S_{GCS}, (2.2)

where g(x) = det g_{mn}(x), √ −g(x) Ã^m(x) = ε^{mn}A_n(x). The action S_{GCS} is the generalized Chern-Simons action which is formulated in twodimensional spacetime [12]

S_{GCS} = ∫ d^2x √ −g ( B̃^{mI} ∂_mϕ_I − 1 2 C̃ϕ^I ϕ_I ) , (2.3) where √ −g(x) B̃^{mI} (x) = ε^{mn}B^I_n(x) , √ −g(x) C̃(x) =^1_2 ε^{mn}C_{mn}(x) .

The fields ϕ^I (x), B^I_m(x) and C_{mn}(x) are introduced for the purpose that the action S has the covariant form in the background spacetime. A derivation of the action (2.3) from the original generalized Chern-Simons action has been given in the paper [9].

The action (2.2) is invariant under the following U(1)_V×U(1)_A gauge transformations, δξ^I = v^′ϕ^I , δÃ^m = ε^{mn} √ −g ∂_nv + g^{mn}∂_nv^′, δB̃^{mI} = − v ε^{mn} √ −g ∂_nξ^I + v^′g^{mn}∂_nξ^I , (2.4) δC̃ = ∂_mv^′Ã^m − v^′∇_mÃ^m, δϕ^I = δg_{mn} = 0, where the parameters v(x) and v^′(x) correspond to the vector U(1) transformation “U(1)_V” and the axial vector U(1) transformation “U(1)_A”, respectively. Since the generalized Chern-Simons action is invariant under nontrivial gauge transformations, the action (2.2) is also invariant under these gauge transformations with gauge parameters u^I (x) and √ −g(x) w̃^m(x) ≡ ε^{mn}w_n(x), δB̃^{mI} = ε^{mn} √ −g ∂_nu^I − w̃^mϕ^I , δC̃ = ∇_mw̃^m, (2.5) δξ^I = δÃ^m = δϕ^I = δg_{mn} = 0.

The action (2.2) is invariant under the general coordinate transformations and the Weyl transformation δξ^I = k^n∂_nξ^I , δÃ^m = k^n∂_nÃ^m − ∂_nk^mÃ^n + 2sÃ^m, δB̃^{mI} = k^n∂_nB̃^{mI} − ∂_nk^mB̃^{nI} + 2sB̃^{mI} , δϕ^I = k^n∂_nϕ^I , δC̃ = k^n∂_nC̃ + 2sC̃, δg_{mn} = k^l∂_lg_{mn} + ∂_mk^lg_{ln} + ∂_nk^lg_{ml} − 2sg_{mn} ,

(2.6)

where k^n(x) are parameters for the general coordinate transformations and s(x) is a scaling parameter for the Weyl transformation.

Here it is worth to mention about some algebraic structures of the symmetry. The first is the reducibility of the symmetry. The system is on-shell reducible because the gauge transformations (2.5) have on-shell invariance under the following transformations of the gauge parameters with a reducible parameter w^′(x),

δ^′u^I = w^′ϕ^I , δ^′w̃^m = ε^{mn} √ −g ∂_nw^′. (2.7)

Since the transformations (2.7) are not reducible anymore, the action (2.2) is called a firststage reducible system. The on-shell reducibility is the characteristic feature of the gauge symmetry (2.5) for the generalized Chern-Simons action and the quantization of such a system has been discussed in the previous works [13]. The second is that the gauge algebra is open. This means that the gauge algebra closes only when the equations of motion are satisfied. Actually, a direct calculation of the commutator of two gauge transformations on B̃^{mI} (x) leads to

[δ_1, δ_2]B̃^{mI} = · · · − (v^′_1v_2 − v^′_2v_1) ε^{mn} √ −g ∂_nϕ^I , where the dots (· · ·) contain terms of the usual “structure constants” of the gauge algebra. From the points of view of these structures of the gauge symmetry we adopt the Batalin- Fradkin-Vilkovisky formulation [14, 15] which allows us to deal with reducible and open gauge symmetries to obtain covariant gauge-fixed theories.

2.2 Semiclassical aspects

Before getting into the quantization of the system, we present semiclassical aspects of the action (2.2) by eliminating gauge fields through their equations of motion. Indeed, this manipulation might be helpful to understand the heart of the model.

First, equations of motion for the fields B̃^{mI} (x) and C̃(x) give constraints

∂_mϕ_I = 0, ϕ^I ϕ_I = 0.

(2.8)

The nontrivial solution for these constraints is possible if the background spacetime metric includes two time-like signatures (2.1). In the light-cone notation^∗, one of the interesting

∗We use a convention of the light-cone coordinates for the background spacetime as x^I = (x^μ, x^{^+}, x^{^−}) where x^{^±} =^{1√}_2 (x^{^0} ± x^{^1}) and the index μ runs through 0, 1, . . ., D − 3.

solutions, which is naturally related with the usual string action, is ϕ^{^−}(x) = ϕ^μ(x) = 0 and ϕ^{^+}(x) = const.. By substituting this solution into the classical action (2.2), the action S becomes S = ∫ d^2x √ −g ( − 1 2 g^{mn}∂_mξ^I ∂_nξ_I − ~A^mϕ^{^+}∂_mξ^{^−} ) . (2.9)

In the action (2.9) a relation ∂_mξ^{^−}(x) = 0 is given by the equation of motion for Ã^m(x). Then, the final form of the action becomes the usual string action S = ∫ d^2x √ −g ( − 1 2 g^{mn}∂_mξ^μ∂_nξ_μ ) . (2.10)

Thus, the string action (2.10) is regarded as a gauge-fixed version of the action (2.2). The scalar fields ϕ^I (x) play an important role for the covariant formulation of the U(1)_V×U(1)_A string model in the background spacetime which involves two time-like coordinates.^† From the above manipulation it is suggested that the critical dimension of the background spacetime is defined as D − 3 = 25, i.e. D = 28. However the dimensions D should be determined in the quantum analysis as we will investigate on this paper. We also want to emphasize that the quantization will be carried out with preserving D-dimensional covariance.

2.3 Preparation for the quantization

In order to carry out the quantization of the model smoothly, we here introduce new D scalar fields ϕ̄^I (x) by replacing B̃^{mI} (x) as B̃^{mI} −→ B̃^{mI} − g^{mn}∂_nϕ̄^I . Because of the above replacement, a new gauge symmetry with a gauge parameter u^{′I} (x), δB̃^{mI} = g^{mn}∂_nu^{′I} , δϕ̄^I = u^{′I} , (2.11)

appears. Then, the action (2.2) is modified to S = ∫ d^2x √ −g ( − 1 2 g^{mn}∂_mξ^I ∂_nξ_I − g^{mn}∂_mϕ̄^I ∂_nϕ_I + Ã^mϕ_I ∂_mξ^I + B̃^{mI} ∂_mϕ_I − 1 2 C̃ϕ^I ϕ_I ) . (2.12)

†Using this method, the noncovariant quantization of the models with an extra time coordinate was done in [6, 11]. Their models are similar to our model, but do not contain the U(1)_V × U(1)_A gauge symmetry.

Together with the gauge symmetry (2.5) the new gauge symmetry (2.11) constructs another U(1)_V×U(1)_A gauge symmetry on the gauge fields B̃^{mI} (x). In particular, these U(1)_V×U(1)_A gauge symmetries turn out to be helpful for the covariant quantizations.

In addition to the gauge symmetry (2.4)-(2.6) and (2.11), the action (2.12) is also invariant under the following global transformations,

δξ^I = ω^I_J ξ^J + a^I , δÃ^m = rÃ^m + 2g∑ i=1 α_ih^m_{(i)}, δϕ^I = −rϕ^I + ω^I_J ϕ^J , δϕ̄^I = rϕ̄^I + ω^I_Jϕ̄^J , (2.13) δB̃^{mI} = rB̃^{mI} + ω^I_JB̃^{mJ} + 2g∑ i=1 (β^I_i + α_iξ^I )h^m_{(i)}, δC̃ = 2rC̃, δg_{mn} = 0. In the transformation (2.13) the parameters ω_{IJ} = −ω_{JI} , a^I and r are global parameters for the D-dimensional Lorentz transformation, the translation and the scale transformation, respectively. The functions h^m_{(i)}(x) are harmonic functions which satisfy ∇_mh^m_{(i)}(x) = ε_{mn}∇^mh^n_{(i)}(x) = 0 (i = 1, 2, . . ., 2g; g = genus of two-dimensional spacetime) and α_i and β^I_i are global parameters.

3 Covariant quantization in the Lagrangian formulation

In this section we consider the covariant quantization of the action (2.12). As we explained in the previous section, the action has first-stage reducible and open gauge symmetries. In order to quantize the action we adopt the field-antifield formulation á la Batalin-Vilkovisky.

In the construction of Batalin-Vilkovisky formulation [14], ghost and ghost for ghost fields according to the reducibility condition and corresponding each antifields are introduced. The Grassmann parities of the antifields are opposite to those of the corresponding fields. If a field has ghost number n, its antifield has ghost number −n − 1. We denote a set of fields and their antifields by Φ^A(x) and Φ^∗_A(x), respectively,

Φ^A(x) = ( φ^i(x), C^{a0}_0 (x), C^{a1}_1 (x), . . . , C^{aN}_N (x) ) , Φ^∗_A(x) = ( φ^∗_i (x), C^∗_{0,a0} (x), C^∗_{1,a1} (x), . . . , C^∗_{N,aN} (x) ) .

The fields φ^i(x) are classical fields, on the other hand, the fields C^{an}_n (x) [n = 0, 1, . . ., N] are ghost and ghost for ghost fields corresponding to N-th reducible conditions. The classical fields φ^i(x) and the ghost fields C^{an}_n (x) have the ghost number 0 and n + 1, respectively. Then a minimal action S_{min}(Φ, Φ^∗) is determined by solving the following master equation, ( S_{min}(Φ, Φ^∗), S_{min}(Φ, Φ^∗) ) = 0, (3.1)

with the boundary conditions

S_{min}(Φ, Φ^∗) | | | |_{Φ∗=0} = S^{classical}(φ), (3.2a)

δ_Lδ_RS_{min}(Φ, Φ^∗) δC^{an}_n δC^∗_{n−1,an−1} | | | |_{Φ∗=0} = R^{an−1}n,an (Φ), (n = 0, 1, . . . , N). (3.2b) Here the antibracket is defined by (X, Y ) ≡ δ_RX δΦ^∗_A δ_LY δΦ^A − δ_RX δΦ^A δ_LY δΦ^∗_A . (3.3)

In this notation, C^∗_{−1,a−1} (x) ≡ φ^∗_i (x) are the antifields of the classical fields φ^i(x). The terms R^{a−1}_{0,a0} (Φ) and R^{an−1}_{n,an} (Φ) represent the gauge transformations and the n-th reducibility transformations, respectively. The master equation is solved order by order with respect to the ghost number. The BRST transformations of fields and antifields are given by

sΦ^A = ( S_{min}, Φ^A ) , sΦ^∗_A = ( S_{min}, Φ^∗_A ) . (3.4)

Eqs. (3.1) and (3.4) assure that the BRST transformation is nilpotent and the minimal action is invariant under the BRST transformation^∗.

Now let us consider to construct the minimal action S_{min}(Φ, Φ^∗) of the model. For simplicity of calculation we first redefine field variables as ĝ^{mn}(x) ≡ √ −g(x) g^{mn}(x), Âm(x) ≡ √ −g(x) Ã^m(x), B̂^{mI} (x) ≡ √ −g(x) B̃^{mI} (x) and Ĉ(x) ≡ √ −g(x) C̃(x). Using these new field variables, the classical action (2.12) is rewritten as

S_{classical} = ∫ d^2x ( − 1 2 ĝ^{mn}∂_mξ^I ∂_nξ_I − ĝ^{mn}∂_mϕ̄^I ∂_nϕ_I + Â^mϕ_I ∂_mξ^I + B̂^{mI} ∂_mϕ_I − 1 2 Ĉϕ^I ϕ_I + (ĝ + 1)Ẑ ) , (3.5)

where the scalar density field Ẑ(x) is a multiplier whose equation of motion compensates ĝ(x) ≡ det ĝ^{mn}(x) = −1 [19]. We also redefine the gauge transformations (2.4)-(2.6) and

∗Our convention for the Leibniz rule of the BRST operation is given by s(XY ) = (sX)Y +(−)^{|X|}X(sY ), where |X| is a Grassmann parity of field X.

(2.11) in terms of these new field variables, δξ^I = k^n∂_nξ^I + v^′ϕ^I , δÂ^m = ∂_n(k^nÂ^m) − ∂_nk^mÂ^n + ε^{mn}∂_nv + ĝ^{mn}∂_nv^′, δϕ^I = k^n∂_nϕ^I , δϕ̄^I = k^n∂_nϕ̄^I + u^{′I} , δB̂^{mI} = ∂_n(k^nB̂^{mI} ) − ∂_nk^mB̂^{nI} + ε^{mn}∂_nu^I + ĝ^{mn}∂_nu^{′I} (3.6) − (ε^{mn}v − ĝ^{mn}v^′)∂_nξ^I − ŵ^mϕ^I , δĈ = ∂_n(k^nĈ) + ∂_nŵ^n + ∂_nv^′Â^n − v^′∂_nÂ^n, δĝ^{mn} = ∂_l(k^lĝ^{mn}) − ∂_lk^mĝ^{ln} − ∂_lk^nĝ^{ml}, δẐ = ∂_n(k^nẐ), where we denote ŵ^m(x) ≡ √ −g(x) w̃^m(x). The gauge transformation of the multiplier field Ẑ(x) is required to keep the action (3.5) invariant under the general coordinate transformations. The reducibility condition (2.7) is expressed by δ^′u^I = w^′ϕ^I , δ^′ŵ^m = ε^{mn}∂_nw^′. (3.7)

The classical fields φ^i(x) consist of ξ^I (x), ϕ^I (x), ϕ̄^I (x), Â^m(x), B̂^{mI} (x), Ĉ(x), ĝ^{mn}(x) and Ẑ(x). Here we introduce the ghost fields a(x), a^′(x), b^I (x), b^{′I} (x), ĉ^m(x) and d^m(x) corresponding to the gauge parameters v(x), v^′(x), u^I (x), u^{′I} (x), ŵ^m(x) and k^m(x) and a ghost for ghost field f(x) to the reducible parameter w^′(x). The ghost fields and the ghost for ghost field are fermionic and bosonic, respectively. Since the U(1)_V ×U(1)_A model is a first-stage reducible system, the boundary conditions (3.2b) with n = 0, 1 correspond to the gauge transformations (3.6) and the reducibility conditions (3.7), respectively. It is straightforward to solve the master equation perturbatively in the order of antifields [22, 23],

S_{min} = S_{classical} + ∫ d^2x { − ξ^∗_I ( d^n∂_nξ^I + a^′ϕ^I ) − Â^∗_m ( ∂_n(d^nÂ^m) − ∂_nd^mÂ^n + ε^{mn}∂_na + ĝ^{mn}∂_na^′ ) − ϕ^∗_I ( d^n∂_nϕ^I ) − ϕ̄^∗_I ( d^n∂_nϕ̄^I + b^{′I} )

− B̂^∗_{mI} ( ∂_n(d^nB̂^{mI} ) − ∂_nd^mB̂^{nI} + ε^{mn}∂_nb^I + ĝ^{mn}∂_nb^{′I} − (ε^{mn}a − ĝ^{mn}a^′)∂_nξ^I − ĉ^mϕ^I + 1 2 (f + aa^′)ε^{mn}B̂^{∗I}_n ) − Ĉ^∗ ( ∂_n(d^nĈ) + ∂_nĉ^n + ∂_na^′Â^n − a^′∂_nÂ^n )

− 1 2 ĝ^∗_{mn} ( ∂_k(d^kĝ^{mn}) − ∂_kd^mĝ^{kn} − ∂_kd^nĝ^{mk} ) − Ẑ^∗ ( ∂_n(d^nẐ) ) + a^∗( d^n∂_na ) + a^{′∗}( d^n∂_na^′ ) + b^∗_I ( d^n∂_nb^I + fϕ^I ) + b^{′∗}_I ( d^n∂_nb^{′I} ) + ĉ^∗_m ( ∂_n(d^nĉ^m) − ∂_nd^mĉ^n + (ε^{mn}a − ĝ^{mn}a^′)∂_na^′ + ε^{mn}∂_nf ) + d^∗_m( d^n∂_nd^m )

− f^∗( d^n∂_nf ) } . (3.8)

The gauge degrees of freedom are fixed by introducing a nonminimal action which must be added to the minimal one and choosing a suitable gauge-fixing fermion. We here choose the orthonormal gauge condition ĝ^{mn}(x) = η^{mn} for the world-sheet metric. The U(1)_V ×U(1)_A gauge parameters v(x), v^′(x) and the global parameter α_i make us possible to choose the gauge Â^m(x) = 0. In the same way, we can choose the gauge B̂^{mI} (x) = 0 by using the parameters u^I (x), u^{′I} (x) and β^I_i . We also fix the gauge Ĉ(x) = Ĉ_0, where Ĉ_0 is a constant parameter, by using the gauge parameter ŵ^m(x). In addition to these gauge fixing procedure, we also impose the condition ∂_m(ĝ^{mn}(x)ε_{nk}ĉ^k (x)) = 0 to fix the residual gauge degrees of freedom from the reducibility condition. In order to adopt all of these gauge fixing conditions, we introduce the nonminimal action S_{nonmin},

S_{nonmin} = ∫ d^2x ( ε^{mn}â^∗_mZ^a_n + ε^{mn}b̂^{∗I}_m Z^b_{nI} + ĉ^∗Z^c + 1 2 d̄^{∗mn}Z^d_{mn} − f̄^∗c^′ ) , (3.9)

and the gauge-fixing fermion Ψ, Ψ = ∫ d^2x ( ε_{mn}â^mÂ^n + ε_{mn}b̂^m_I B̂^{nI} + c(Ĉ − Ĉ_0) + d̄_{mn}ĝ^{mn} + f̄ ∂_m(ĝ^{mn}ε_{nk}ĉ^k) ) , (3.10)

where we require traceless conditions η^{mn}d̄_{mn} = η_{mn}d̄^{∗mn} = η^{mn}Z^d_{mn} = η_{mn}Z^{d∗mn} = 0. (3.11) The antighost fields â_m(x), b̂^I_m(x), c(x), c^′(x) and d̄_{mn}(x) are fermionic fields, and the auxiliary fields Z^a_m(x), Z^b_{mI} (x), Z^c(x), Z^d_{mn} (x) and f̄ (x) are bosonic ones. The ghost numbers of the fields are as follows:

f̄ (ghost number = −2) â^m, b̂^m_I , c, c^′, d̄_{mn} (ghost number = −1) ξ^I , ϕ^I , ϕ̄^I , Â^m, B̂^{mI} , Ĉ, ĝ^{mn}, Z^a_m, Z^b_{mI} , Z^c, Z^d_{mn}, Ẑ (ghost number = 0) a, a^′, b^I , b^{′I} , ĉ^m, d^m (ghost number = 1) f (ghost number = 2) The BRST transformations of Φ^A(x) and Φ^∗_A(x) are given by sΦ^A = ( S_{min} + S_{nonmin}, Φ^A ) , sΦ^∗_A = ( S_{min} + S_{nonmin}, Φ^∗_A ) . (3.12) Therefore, the BRST transformations of fields Φ^A(x) are sξ^I = d^n∂_nξ^I + a^′ϕ^I , sÂ^m = ∂_n(d^nÂ^m) − ∂_nd^mÂ^n + ε^{mn}∂_na + ĝ^{mn}∂_na^′, sϕ^I = d^n∂_nϕ^I , sϕ̄^I = d^n∂_nϕ̄^I + b^{′I} , sB̂^{mI} = ∂_n(d^nB̂^{mI} ) − ∂_nd^mB̂^{nI} + ε^{mn}∂_nb^I + ĝ^{mn}∂_nb^{′I} − (ε^{mn}a − ĝ^{mn}a^′)∂_nξ^I − ĉ^mϕ^I + (f + aa^′)ε^{mn}B̂^{∗I}_n , sĈ = ∂_n(d^nĈ) + ∂_nĉ^n + ∂_na^′Â^n − a^′∂_nÂ^n, sĝ^{mn} = ∂_k(d^kĝ^{mn}) − ∂_kd^mĝ^{kn} − ∂_kd^nĝ^{mk} , (3.13a) sẐ = ∂_n(d^nẐ), sa = d^n∂_na, sa^′ = d^n∂_na^′, sb^I = d^n∂_nb^I + fϕ^I , sb^{′I} = d^n∂_nb^{′I} , sĉ^m = ∂_n(d^nĉ^m) − ∂_nd^mĉ^n + (ε^{mn}a − ĝ^{mn}a^′)∂_na^′ + ε^{mn}∂_nf, sd^m = d^n∂_nd^m, sf = d^n∂_nf, and sâ^m = ε^{mn}Z^a_n , sZ^a_m = 0, sb̂^m_I = ε^{mn}Z^b_{nI} , sZ^b_{mI} = 0, sc = Z^c, sZ^c = 0, (3.13b) sd̄_{mn} = Z^d_{mn}, sZ^d_{mn} = 0, sf̄ = c^′, sc^′ = 0. The antifields are eliminated by using equations Φ^∗_A(x) = δ_LΨ/δΦ^A(x). Then the gaugefixed action is given by

S_{gauge}-_{fixed} = S_{min} + S_{nonmin} | | Φ^∗ =^{δΨ}_{δΦ} = ∫ d^2x { − 1 2 ĝ^{mn}∂_mξ^I ∂_nξ_I − ĝ^{mn}∂_mϕ̄^I ∂_nϕ_I + Â^mϕ_I ∂_mξ^I + B̂^{mI} ∂_mϕ_I − 1 2 Ĉϕ^I ϕ_I + (ĝ + 1)Ẑ + ε_{mk}â^k ( ∂_n(d^nÂ^m) − ∂_nd^mÂ^n + ε^{mn}∂_na + ĝ^{mn}∂_na^′ ) + ε_{mk}b̂^k_I ( ∂_n(d^nB̂^{mI} ) − ∂_nd^mB̂^{nI} + ε^{mn}∂_nb^I + ĝ^{mn}∂_nb^{′I} − (ε^{mn}a − ĝ^{mn}a^′)∂_nξ^I − ĉ^mϕ^I − 1 2 (f + aa^′)b̂^{mI} ) − c ( ∂_n(d^nĈ) + ∂_nĉ^n + ∂_na^′Â^n − a^′∂_nÂ^n )

− 1 2 ( d̄_{mn} − ∂_mf̄ ε_{nl}ĉ^l − ∂_nf̄ ε_{ml}ĉ^l )( ∂_k(d^kĝ^{mn}) − ∂_kd^mĝ^{kn} − ∂_kd^nĝ^{mk} ) + ε_{ml}ĝ^{lk}∂_kf̄ ( ∂_n(d^nĉ^m) − ∂_nd^mĉ^n + (ε^{mn}a − ĝ^{mn}a^′)∂_na^′ + ε^{mn}∂_nf )

− Â^mZ^a_m − B̂^{mI} Z^b_{mI} + (Ĉ − Ĉ_0)Z^c + 1 2 ĝ^{mn}Z^d_{mn} − ∂_m(ĝ^{mn}ε_{nk}ĉ^k) c^′ }

= ∫ d^2x { − 1 2 ĝ^{mn}∂_mξ^I ∂_nξ_I − ĝ^{mn}∂_mϕ̄^I ∂_nϕ_I − ĝ^{mn}∂_mf̄ ∂_nf − ( â^m − ε^{mn}∂_n(f̄ a) + f̄ ĝ^{mn}∂_na^′ − b̂^m_I ξ^I )( ∂_ma + ε_{mk}ĝ^{kn}∂_na^′ ) − b̂^m_I ( ∂_m(b^I + aξ^I ) + ε_{mk}ĝ^{kn}∂_n(b^{′I} + a^′ξ^I ) )

− ĉ^m ( ∂_mc + ε_{mk}ĝ^{kn}∂_n(c^′ − d^n∂_nf̄ ) ) + ĝ^{mn}d̄_{mk} ∂_nd^k − 1 2 ĝ^{mn}d^k ∂_kd̄_{mn} − 2ab̂^m_I ∂_mξ^I + ε_{mn}b̂^m_I ĉ^nϕ^I + 1 2 (f + aa^′)ε_{mn}b̂^m_I b̂^{nI} − Â^m ( Z^a_m − ϕ_I ∂_mξ^I − ε_{mn}d^k ∂_kâ^n − ∂_md^k ε_{kn}â^n + c∂_ma^′ + ∂_m(ca^′) ) − B̂^{mI} ( Z^b_{mI} − ∂_mϕ_I − ε_{mn}d^k ∂_kb̂^n_I − ∂_md^k ε_{kn}b̂^n_I )

+ Ĉ ( Z^c − 1 2 ϕ^I ϕ_I − d^n∂_nc ) − Ĉ_0Z^c + 1 2 ĝ^{mn}Z^d_{mn} + (ĝ + 1) ( Ẑ − ε^{mn}∂_m(f̄ a^′)∂_na^′ ) } . (3.14)

Here, it should be noted that one can remove a BRST exact term −Ĉ_0Z^c(x) = −s(Ĉ_0c(x)) from the above action. An influence of the parameter Ĉ_0 disappears at the quantum level.

In order to simplify the form of the action, let us redefine some of fields as follows:

Z^a_m − ϕ_I ∂_mξ^I − ε_{mn}d^k ∂_kâ^n − ∂_md^kε_{kn}â^n + c∂_ma^′ + ∂_m(ca^′) → Z^a_m, Z^b_{mI} − ∂_mϕ_I − ε_{mn}d^k∂_kb̂^n_I − ∂_md^kε_{kn}b̂^n_I → Z^b_{mI} , Z^c − 1 2 ϕ^I ϕ_I − d^n∂_nc → Z^c, Ẑ − ε^{mn}∂_m(f̄ a^′)∂_na^′ → Ẑ, â^m − ε^{mn}∂_n(f̄a) + f̄ ĝ^{mn}∂_na^′ − b̂^m_I ξ^I → â^m, b^I + aξ^I → b^I , b^{′I} + a^′ξ^I → b^{′I} , c^′ − d^n∂_nf̄ → c^′. Under these field redefinitions, the action (3.14) is modified to

S_{gauge}-_{fixed} = ∫ d^2x { − 1 2 ĝ^{mn}∂_mξ^I ∂_nξ_I − ĝ^{mn}∂_mϕ̄^I ∂_nϕ_I − ĝ^{mn}∂_mf̄∂_nf − â^m(∂_ma + ε_{mk}ĝ^{kn}∂_na^′) − b̂^m_I (∂_mb^I + ε_{mk}ĝ^{kn}∂_nb^{′I} ) − ĉ^m(∂_mc + ε_{mk}ĝ^{kn}∂_nc^′) + ĝ^{mn}d̄_{mk} ∂_nd^k − 1 2 ĝ^{mn}d^k ∂_kd̄_{mn} − 2ab̂^m_I ∂_mξ^I + ε_{mn}b̂^m_I ĉ^nϕ^I + 1 2 (f + aa^′)ε_{mn}b̂^m_I b̂^{nI} − Â^mZ^a_m − B̂^{mI} Z^b_{mI} + ĈZ^c + 1 2 ĝ^{mn}Z^d_{mn} + (ĝ + 1)Ẑ } . (3.15)

The BRST transformations (3.13a) and (3.13b) also become

sξ^I = d^n∂_nξ^I + a^′ϕ^I , sϕ^I = d^n∂_nϕ^I , sϕ̄^I = d^n∂_nϕ̄^I + b^{′I} − a^′ξ^I , sf = d^n∂_nf, sf̄ = d^n∂_nf̄ + c^′, sa = d^n∂_na, sa^′ = d^n∂_na^′, sb^I = d^n∂_nb^I + (f − aa^′)ϕ^I , sb^{′I} = d^n∂_nb^{′I} , sc = d^n∂_nc + 1 2 ϕ^I ϕ_I + Z^c, sc^′ = d^n∂_nc^′, sd^m = d^n∂_nd^m, sâ^m = ∂_n(d^nâ^m) − ∂_nd^mâ^n + ε^{mn}(ϕ_I ∂_nξ^I − ∂_nϕ_I ξ^I ) − a^′b̂^m_I ϕ^I − (ε^{mn}c − ĝ^{mn}c^′)∂_na^′ − ε^{mn}∂_n(ca^′ + c^′a) + ε^{mn}(Z^a_n − Z^b_{nI} ξ^I ), (3.16) sb̂^m_I = ∂_n(d^nb̂^m_I ) − ∂_nd^mb̂^n_I + ε^{mn}∂_nϕ_I + ε^{mn}Z^b_{nI} , sĉ^m = ∂_n(d^nĉ^m) − ∂_nd^mĉ^n + (ε^{mn}a − ĝ^{mn}a^′)∂_na^′ + ε^{mn}∂_nf, sd̄_{mn} = Z^d_{mn}, sÂ^m = ∂_n(d^nÂ^m) − ∂_nd^mÂ^n + ε^{mn}∂_na + ĝ^{mn}∂_na^′, sB̂^{mI} = ∂_n(d^nB̂^{mI} ) − ∂_nd^mB̂^{nI} + ε^{mn}∂_nb^I + ĝ^{mn}∂_nb^{′I} − ε^{mn}(a∂_nξ^I + ∂_n(aξ^I )) − ĝ^{mn}∂_na^′ξ^I − ĉ^mϕ^I − (f + aa^′)b̂^{mI} , sĈ = ∂_n(d^nĈ) + ∂_nĉ^n + ∂_na^′Â^n − a^′∂_nÂ^n, sĝ^{mn} = ∂_k(d^kĝ^{mn}) − ∂_kd^mĝ^{kn} − ∂_kd^nĝ^{mk} , sZ^a_m = d^n∂_nZ^a_m + ∂_md^nZ^a_n + Z^c∂_ma^′ + ∂_m(Z^ca^′), sZ^b_{mI} = d^n∂_nZ^b_{mI} + ∂_md^nZ^b_{nI} , sZ^c = d^n∂_nZ^c, sZ^d_{mn} = 0, sẐ = ∂_n(d^nẐ) − ε^{mn}∂_m(c^′a^′)∂_na^′. The action (3.15) is invariant under the nilpotent BRST transformations (3.16).

Using equations of motion for the fields Z^a_m(x), Z^b_{mI} (x), Z^c(x), Z^d_{mn}(x), Ẑ(x), Â^m(x), B̂^{mI} (x), Ĉ(x) and ĝ^{mn}(x), thus imposing gauge fixing conditions, we fix fields as Âm = B̂mI = Ĉ = 0, ĝmn = ηmn, Z^a_m = Z^b_{mI} = Z^c = 0, Z^d_{mn} = V_{mn} − 1 2 η_{mn}η^{kl}V_{kl}, Ẑ = − 1 4 η^{mn}V_{mn}, (3.17)

where we denote V_{mn} = 1 2 ∂_mξ^I ∂_nξ_I + ∂_mϕ̄^I ∂_nϕ_I + ∂_mf̄ ∂_nf + â^kε_{km}∂_na^′ + b̂^k_I ε_{km}∂_nb^{′I} + ĉ^kε_{km}∂_nc^′ − d̄_{mk} ∂_nd^k + 1 2 d^k∂_kd̄_{mn} + (m ↔ n). (3.18)

Then, we finally obtain the following gauge-fixed action,

S_{gauge}-_{fixed} = ∫ d^2x { − 1 2 η^{mn}∂_mξ^I ∂_nξ_I − η^{mn}∂_mϕ̄^I ∂_nϕ_I − η^{mn}∂_mf̄ ∂_nf − â^m(∂_ma + ε_m^n∂_na^′) − b̂^m_I (∂_mb^I + ε_m^n∂_nb^{′I} ) − ĉ^m(∂_mc + ε_m^n∂_nc^′) + η^{mn}d̄_{mk} ∂_nd^k − 2ab̂^m_I ∂_mξ^I + ε_{mn}b̂^m_I ĉ^nϕ^I + 1 2 (f + aa^′)ε_{mn}b̂^m_I b̂^{nI} } . (3.19)

The action (3.19) is invariant under the following on-shell nilpotent BRST transformation, in which the antifields and the auxiliary fields are eliminated,

sξ^I = d^n∂_nξ^I + a^′ϕ^I , sϕ^I = d^n∂_nϕ^I , sϕ̄^I = d^n∂_nϕ̄^I + b^{′I} − a^′ξ^I , sf = d^n∂_nf, sf̄ = d^n∂_nf̄ + c^′, sa = d^n∂_na, sa^′ = d^n∂_na^′, sb^I = d^n∂_nb^I + (f − aa^′)ϕ^I , sb^{′I} = d^n∂_nb^{′I} , (3.20) sc = d^n∂_nc + 1 2 ϕ^I ϕ_I , sc^′ = d^n∂_nc^′, sd^m = d^n∂_nd^m, sâ^m = ∂_n(d^nâ^m) − ∂_nd^mâ^n + ε^{mn}(ϕ_I ∂_nξ^I − ∂_nϕ_I ξ^I ) − a^′b̂^m_I ϕ^I −(ε^{mn}c − η^{mn}c^′)∂_na^′ − ε^{mn}∂_n(ca^′ + c^′a), sb̂^m_I = ∂_n(d^nb̂^m_I ) − ∂_nd^mb̂^n_I + ε^{mn}∂_nϕ_I , sĉ^m = ∂_n(d^nĉ^m) − ∂_nd^mĉ^n + (ε^{mn}a − η^{mn}a^′)∂_na^′ + ε^{mn}∂_nf, sd̄_{mn} = V_{mn} − 1 2 η_{mn}η^{kl}V_{kl}. We can check the following relations for the nilpotency of the BRST transformation,

s^2ĉ^m = − 2 ( δ_LS δd̄_{mn} ) a^′∂_na^′, s^2d̄_{mn} = − (δ_LS δĉ^m ) a^′∂_na^′ − ( δ_LS δĉ^n ) a^′∂_ma^′ + η_{mn}η^{kl} ( δ_LS δĉ^k ) a^′∂_la^′

+ η_{mk} η_{nl} ( δ_LS δd̄_{kl} ) η^{pq}V_{pq}, s^2(others) = 0.

Now we present a perturbative analysis of the gauge-fixed action. We would like to investigate the BRST Ward identities at the quantum level. Then, we find out that nonlocal anomalous terms obtained from one-loop calculations vanish by imposing a condition, which determines the critical dimension for this string model. For the explicit calculation it is convenient to introduce light-cone notations on the world-sheet^†. Then, the gauge-fixed action (3.19) is expressed with these notations

S_{gauge}-_{fixed} = ∫ d^2x { ∂_+ξ^I ∂_−ξ_I + 2∂_+ϕ̄^I ∂_−ϕ_I + 2∂_+f̄ ∂_−f + â_+∂_−a_+ + â_−∂_+a_− + b̂_{+I} ∂_−b^I_+ + b̂_{−I} ∂_+b^I_− + ĉ_+∂_−c_+ + ĉ_−∂_+c_− − d̄_{++} ∂_−d^+ − d̄_{−−}∂_+d^− + (a_+ + a_−)( b̂_{+I} ∂_−ξ^I + b̂_{−I} ∂_+ξ^I ) + ϕ^Ib̂_{+I}ĉ_− − ϕ^Ib̂_{−I}ĉ_+ + ( f + 1 2 a_+a_− ) b̂_{+I}b̂^I_− } , (3.21)

where we denote a_±(x) ≡ a(x) ∓ a^′(x), b^I_±(x) ≡ b^I (x) ∓ b^{′I} (x) and c_±(x) ≡ c(x) ∓ c^′(x). Propagators are derived by taking inverses of bilinear parts in the action (3.21),

⟨ξ^I (x)ξ^J (y)⟩_0 = ⟨ϕ̄^I (x)ϕ^J (y)⟩_0 = ∫ d^2p i(2π)^2 1 p^2 + iϵ e^{−ip(x−y)}η^{IJ} , ⟨f̄(x)f(y)⟩_0 = ∫ d^2p i(2π)^2 1 p^2 + iϵ e^{−ip(x−y)}, ⟨â_±(x)a_±(y)⟩_0 = ⟨ĉ_±(x)c_±(y)⟩_0 = −⟨d̄_{±±}(x)d^±(y)⟩_0 = ∫ d^2p i(2π)^2 2ip^∓ p^2 + iϵ e^{−ip(x−y)}, ⟨b̂^I_±(x)b^J_±(y)⟩_0 =

∫ d^2p i(2π)^2 2ip^∓ p^2 + iϵ e^{−ip(x−y)}η^{IJ} . Now let us consider the following two-point function,

A(p)_{++} ≡

∫ d^2x i(2π)^2

⟨V_{++} (x)V_{++}(0)⟩ e^{ipx}. (3.22)

Here we mention that the two-point function (3.22) should vanish from the BRST symmetry V_{++}(x) = sd̄_{++} (x). Estimating all contributions arising from pairs (ξ^I , ξ_I ), (ϕ̄^I , ϕ_I ),

†Our convention of the light-cone coordinates on the world-sheet is x^± =^{1√}_2 (x^0 ±x^1). The metric tensor and the Levi-Civitá symbol are given by η_{++} = η_{−−} = 0, η_{+−} = η_{−+} = −1 and ε_{+−} = −ε_{−+} = −1, respectively.

(â_+, a_+), (b̂_{+I} , b^I_+), (ĉ_+, c_+), (d̄_{++}, d^+) and (f̄, f) we can obtain the following result up to one-loop order,

A(p)_{++} = 1 48π^3 ( D + 2D − 2 − 2D − 2 − 26 + 2

) (p^−)^3 p^+ = D − 28 48π^3

(p^−)^3 p^+

. (3.23)

In a similar way we obtain A(p)_{−−} = D − 28 48π^3

(p^+)^3 p^− . (3.24) Next we evaluate the other type of the two-point functions A(p)_{+−} ≡ ∫ d^2x i(2π)^2 ⟨V_{++} (x)V_{−−}(0)⟩ e^{ipx} = − D − 8 8π^2

∫ dk^+dk^−

i(2π)^2 k^+k^− k^+k^− + iϵ

(p − k)^+(p − k)^− (p − k)^+(p − k)^− + iϵ . This two-point function is actually quadratically divergent. This divergent, however, will be absorbed adding a suitable local counter term to the action. We conclude then that the BRST anomaly vanishes if and only if

D = 28. (3.25)

4 Covariant quantization in the Hamiltonian formulation

In this section we carry out the quantization of the classical action (2.12) in the covariant Hamiltonian formulation given by Batalin, Fradkin and Vilkovisky. We present that the gauge-fixed action and the BRST transformation obtained in this formulation coincide with the result of the Lagrangian formulation if we make a proper choice of a gauge-fermion and a suitable identification of ghosts and ghost momenta. We also obtain the BRST charge in this formulation.

First of all we decompose the world-sheet metric g_{mn}(x) by using the following convenient parameterization [17],

g_{mn} = −N^2γ + N^2_1 γ N_1γ N_1γ γ , (4.1)

where N(x) and N_1(x) are the rescaled lapse and the shift function, respectively. Under these parameterization the factor γ(x) decouples from Weyl invariant theory.

According to the ordinary Dirac’s procedure, we introduce the following canonical momenta defined by P_ΦA (x) ≡ δ_LS/δ(∂_0Φ^A(x)) corresponding to fields Φ^A(x),

P^I_ξ = 1 N ∂_0ξ^I −

N_1 N ∂_1ξ^I − A_1ϕ^I ,

P^I_ϕ = 1 N ∂_0ϕ̄^I −

N_1 N ∂_1ϕ̄^I − B^I_1 , (4.2)

P^I¯_ϕ = 1 N ∂_0ϕ^I −

N_1 N ∂_1ϕ^I , and P_N = P_{N1} = P_{Am} = P^I_{Bm} = P_{C01} = 0. (4.3) The relations (4.3) give primary constraints. A consistency check of these primary constraints yields a set of secondary constraints 1 2 ( P^I_ξ P_{ξI} + ∂_1ξ^I ∂_1ξ_I ) = 0, (4.4) P^I_ξ ∂_1ξ_I = 0, (4.5) ϕ_I ∂_1ξ^I = 0, (4.6) ϕ_I P^I_ξ = 0, (4.7) ∂_1ϕ^I = 0, (4.8) P^I¯_ϕ = 0, (4.9) 1 2 ϕ^I ϕ_I = 0, (4.10)

and these conditions give no other relations. The constraints (4.4) and (4.5) correspond to the Virasoro constraints. We can easily show that the set of these constraints (4.3) and (4.4)-(4.10) is first-class. Introducing Lagrange multiplier fields λ_i(x) corresponding to primary constraints (4.3), a total Hamiltonian is given by H = ∫ dx^1 { N ( 1 2 (P^I_ξ + A_1ϕ^I )(P_{ξI} + A_1ϕ_I ) + 1 2 ∂_1ξ^I ∂_1ξ_I

+ (P^I_ϕ + B^I_1 )P¯_{ϕI} + ∂_1ϕ̄^I ∂_1ϕ_I )

+ N_1 ( (P^I_ξ + A_1ϕ^I )∂_1ξ_I + (P^I_ϕ + B^I_1 )∂_1ϕ_I + P^I¯_ϕ ∂_1ϕ̄_I )

− A_0ϕ_I ∂_1ξ^I − B^I_0 ∂_1ϕ_I − 1 2 C_{01}ϕ^I ϕ_I

+ λ_N P_N + λ_{N1} P_{N1} + λ_{Am} P_{Am} + λ_BI_m P^I_{Bm} + λ_{C01} P_{C01} } . (4.11)

The total Hamiltonian (4.11) is weakly vanishing on the constraint surface defined by (4.3) and (4.4)-(4.10). The gauge transformations of the canonical momenta defined by (4.2) are given by

δP^I_ξ = ∂_1 ( k^0N∂_1ξ^I + (k^1 + k^0N_1)P^I_ξ ) − ∂_1vϕ^I − ∂_1 ( k^0(A_0 − N_1A_1)ϕ^I ) + v^′P^I¯_ϕ , δP^I_ϕ = − P^I_ξ ( v^′ + k^0NA_1 ) + ϕ^I ( w_1 − A_1v^′ − k^0NA^2_1 + k^0C_{01} ) − ∂_1 ( u^I − k^0N∂_1ϕ̄^I − (k^1 + k^0N_1)P^I_ϕ + k^0(B^I_0 − N_1B^I_1 ) ) + ( v + k^0(A_0 − N_1A_1) ) ∂_1ξ^I , δP^I_{ϕ̄} = ∂_1 ( k^0N∂_1ϕ^I + (k^1 + k^0N_1)P^I_{ϕ̄} ) . In the construction of Batalin-Fradkin-Vilkovisky formulation [15] a phase space is extended so as to contain ghosts η^A(x) and their canonically conjugate ghost momenta P_A(x) corresponding to constraints G_ηA (x). Then a nilpotent BRST transformation is constructed and a physical phase space is defined as its cohomology which is a set of gauge invariant functions on the constraint surface. The role of the ghost momenta is to exclude functions vanishing on the constraint surface from the cohomology and gauge invariant functions are removed from the cohomology because of the action of the BRST transformation for the ghost.

First of all we separate the variables into dynamical and non-dynamical ones. By adopting gauge conditions N(x) = 1, N_1(x) = 0, A_m(x) = 0, B^I_m(x) = 0 and C_{01}(x) = −Ĉ(x) = −Ĉ_0 (const.), we have a set of dynamical phase space variables ( ξ^I (x), P^J_ξ (x) ) , ( ϕ^I (x), P^J_ϕ (x) ) and ( ϕ̄I (x), P J_{ϕ̄} (x) ) with the first-class constraints (4.4)-(4.10).

Here we rearrange the first-class constraints (4.4)-(4.10) into the following forms,

G_{η0} = 1 2 ( P^I_ξ P_{ξI} + ∂_1ξ^I ∂_1ξ_I ) + P^I¯_ϕ P_{ϕI} + ∂_1ϕ̄^I ∂_1ϕ_I , G_{η1} = P^I_ξ ∂_1ξ_I + P^I¯_ϕ ∂_1ϕ̄_I + P^I_ϕ ∂_1ϕ_I , G_η = ϕ_I ∂_1ξ^I , G_η′ = ϕ_I P^I_ξ , (4.12) G_ηI = ∂_1ϕ^I , G_η′I = P^I¯_ϕ , G_{η̄} = 1 2 ϕ^I ϕ_I , and introduce corresponding canonically conjugate pairs of ghosts and ghost momenta ( η_0(x), P_0(x) ) , ( η_1(x), P_1(x) ) , ( η(x), P(x) ) , ( η^′(x), P^′(x) ) , ( η^I (x), P^J (x) ) , ( η^{′I} (x), P^{′J} (x) ) and ( η̄(x), P̄(x) ) . Though the rearrangement of the constraints is not inevitable, it turns out that to choose these combinations of the constraints is the simplest way to lead to the gauge-fixed action (3.19) in the covariant Hamiltonian formulation.

As we explained in the previous section, the model has the reducible symmetry. Indeed the constraints G_ηI (x) and G_{η̄} (x) are not independent due to the following relation,

G_η′′ ≡ ∂_1G_{η̄} − ϕ_I G_ηI = 0. (4.13)

Therefore it is necessary to introduce one more Grassmann even ghost η^{′′}(x) and its momentum P^{′′}(x) corresponding to this reducibility condition.

After the step by step construction according to the systematic procedure [22], we obtain the following BRST transformations in the extended phase space,

sξ^I = − P^I_ξ η_0 − ∂_1ξ^I η_1 − ϕ^I η^′ − P^I η_0η + P^{′I} η_0η^′, sP^I_ξ = − ∂_1(∂_1ξ^I η_0) − ∂_1(P^I_ξ η_1) − ∂_1(ϕ^I η) + ∂_1(P^{′I} η_0η) − ∂_1(P^I η_0η^′), sϕ^I = − P^I¯_ϕ η_0 − ∂_1ϕ^I η_1, sP^I_ϕ = − ∂_1(∂_1ϕ̄^I η_0) − ∂_1(P^I_ϕ η_1) + P^I_ξ η^′ + ∂_1ξ^I η + ϕ^Iη̄ − ∂_1η^I − P^{′I} η_0η̄ − P^I η^{′′}, sϕ̄^I = − P^I_ϕ η_0 − ∂_1ϕ̄^I η_1 − η^{′I} , sP^I¯_ϕ = − ∂_1(∂_1ϕ^I η_0) − ∂_1(P^I¯_ϕ η_1), sη_0 = − η_0∂_1η_1 − η_1∂_1η_0, sP_0 = − 1 2 P^I_ξ P_{ξI} − 1 2 ∂_1ξ^I ∂_1ξ_I − P^I¯_ϕ P_{ϕI} − ∂_1ϕ̄^I ∂_1ϕ_I + P^I_ξ P_I η − P^I_ξ P^′_I η^′ − ∂_1ξ^I P^′_I η + ∂_1ξ^I P_I η^′ − ϕ^I P^′_Iη̄ + P_0∂_1η_1 + ∂_1(P_0η_1) + P_1∂_1η_0 + ∂_1(P_1η_0) + P^′∂_1η + P∂_1η^′ + P^{′I} ∂_1η_I + P^I ∂_1η^′_I − P^I P^′_I η^{′′} − P^{′′}η∂_1η − P^{′′}η^′∂_1η^′ + P^{′′}η̄∂_1η_0 + ∂_1(P^{′′}η̄η_0), sη_1 = − η_0∂_1η_0 − η_1∂_1η_1, sP_1 = − P^I_ξ ∂_1ξ_I − P^I_ϕ ∂_1ϕ_I − P^I¯_ϕ ∂_1ϕ̄_I

+ P_0∂_1η_0 + ∂_1(P_0η_0) + P_1∂_1η_1 + ∂_1(P_1η_1) + P∂_1η + P^′∂_1η^′ + P^I ∂_1η_I + P^{′I} ∂_1η^′_I − ∂_1P̄η̄ − P^{′′}∂_1η^{′′}, (4.14) sη = − η_0∂_1η^′ − η_1∂_1η, sP = − ϕ_I ∂_1ξ^I − P^I_ξ P_I η_0 + ∂_1ξ^I P^′_I η_0

+ P̄∂_1η^′ + ∂_1(P̄η^′) + ∂_1(P^′η_0) + ∂_1(Pη_1) + P^{′′}η_0∂_1η + ∂_1(P^{′′}η_0η), sη^′ = − η_0∂_1η − η_1∂_1η^′, sP^′ = − ϕ_I P^I_ξ + P^I_ξ P^′_I η_0 − ∂_1ξ^I P_I η_0

+ P̄∂_1η + ∂_1(P̄η) + ∂_1(Pη_0) + ∂_1(P^′η_1) + P^{′′}η_0∂_1η^′ + ∂_1(P^{′′}η_0η^′), sη^I = − η_0∂_1η^{′I} − η_1∂_1η^I − ∂_1ξ^I η_0η^′ − P^I_ξ η_0η − P^{′I} η_0η^{′′} + ϕ^I η^{′′}, sP^I = − ∂_1ϕ^I + ∂_1(P^{′I} η_0) + ∂_1(P^I η_1), sη^{′I} = − η_0∂_1η^I − η_1∂_1η^{′I} + ϕ^I η_0η̄ + P^I_ξ η_0η^′ + ∂_1ξ^I η_0η + P^I η_0η^{′′}, sP^{′I} = − P^I¯_ϕ + ∂_1(P^I η_0) + ∂_1(P^{′I} η_1),

sη̄ = − ∂_1(η_1η̄) − η∂_1η^′ − η^′∂_1η + ∂_1η^{′′}, sP̄ = − 1 2 ϕ^I ϕ_I + ϕ^I P^′_I η_0 + ∂_1P̄η_1 − P^{′′}η_0∂_1η_0, sη^{′′} = − η_1∂_1η^{′′} − η_0η∂_1η − η_0η^′∂_1η^′ − η̄η_0∂_1η_0, sP^{′′} = ∂_1P̄ − ϕ_I P^I − ∂_1(P^{′′}η_1) + P^I P^′_I η_0.

By using the generalized Poisson brackets, a nilpotent BRST charge Ω_{min}, which realizes the BRST transformations sX ≡ {Ω_{min}, X} for any canonical variables X, is defined by

Ω_{min} = ∫ dx^1 { η_0 ( 1 2 ( P^I_ξ P_{ξI} + ∂_1ξ^I ∂_1ξ_I ) + P^I¯_ϕ P_{ϕI} + ∂_1ϕ̄^I ∂_1ϕ̄_I )

+ η_1 ( P^I_ξ ∂_1ξ_I + P^I¯_ϕ ∂_1ϕ̄_I + P^I_ϕ ∂_1ϕ_I )

+ ηϕ_I ∂_1ξ^I + η^′ϕ_I P^I_ξ + η^I ∂_1ϕ_I + η^′_I P^I¯_ϕ + 1 2 η̄ϕ^I ϕ_I +η^{′′} ( ∂_1P̄ − ϕ_I P^I )

+P^I_ξ P_I η_0η − P^I_ξ P^′_I η_0η^′ + ξ^I ∂_1(P^′_I η_0η) − ξ^I ∂_1(P_I η_0η^′) − ϕ^I P^′_I η_0η̄ + P_0 ( η_0∂_1η_1 + η_1∂_1η_0 ) + P_1 ( η_0∂_1η_0 + η_1∂_1η_1 )

+ P ( η_0∂_1η^′ + η_1∂_1η ) + P^′ ( η_0∂_1η + η_1∂_1η^′ )

+ P_I ( η_0∂_1η^{′I} + η_1∂_1η^I ) + P^′_I ( η_0∂_1η^I + η_1∂_1η^{′I} )

+ P̄ ( η^′∂_1η + η∂_1η^′ + ∂_1(η_1η̄) ) + P^I P^′_I η_0η^{′′} + P^{′′} ( η_1∂_1η^{′′} + η_0η∂_1η + η_0η^′∂_1η^′ + η̄η_0∂_1η_0 )} . (4.15)

In order to fix the gauge, we extend the phase space further and introduce sets of canonical variables ( λ̄(x), λ(x) ) and ( ρ̄(x), ρ(x) ) . Their statics are bosonic for ( λ̄(x), λ(x) ) and fermionic for ( ρ̄(x), ρ(x) ) and the canonical structures are defined by {λ̄, λ} = −{λ, λ̄} = 1, {ρ̄, ρ} = {ρ, ρ̄} = −1. (4.16)

BRST transformations are also extended to these variables as sλ̄ = ρ, sρ = 0, sρ̄ = λ, sλ = 0. (4.17)

The corresponding extended BRST charge is given by Ω = Ω_{min} + Ω_{nonmin}, (4.18) Ω_{nonmin} = − ∫ dx^1 λρ. Now the gauge-fixed action is obtained by a Legendre transformation from the Hamiltonian in the extended phase space, S_{gauge}-_{fixed} = ∫ dx^0 { ∫ dx^1 ( ∂_0ξ^I P_{ξI} + ∂_0ϕ̄^I P¯_{ϕI} + ∂_0ϕ^I P_{ϕI} + ∂_0η_0P_0 + ∂_0η_1P_1 + ∂_0ηP + ∂_0η^′P^′ + ∂_0η^I P_I + ∂_0η^{′I} P^′_I + ∂_0η̄P̄ + ∂_0η^{′′}P^{′′} + ∂_0ρ̄ρ + ∂_0λ̄λ ) − H_K } , (4.19) where H_K is a gauge-fixed Hamiltonian expressed by using a gauge-fixing fermion K, H_K = {Ω, K}. (4.20) The gauge-fixed Hamiltonian H_K consists of gauge-fixing terms and ghost parts only since the total Hamiltonian of the system has vanished. There is no systematic way to find K so as to yield a covariant expression. Here, however, we can use the result in the Lagrangian formulation as a clue. Actually we would like to show that the two formulations give an equivalent result. We have found that the following gauge-fixing fermion K works as desired K = ∫ dx^1 ( − P_0 + η̄∂_1λ̄ + ρ̄P^{′′} ) . (4.21) By integrating out the momentum variables P^I_ξ (x), P^I_ϕ (x), P^I_{ϕ̄} (x), P^{′′}(x) and λ(x) with this gauge-fixing fermion, we obtain the following relations, P^I_ξ = ∂_0ξ^I + P^I η − P^{′I} η^′, P^I¯_ϕ = ∂_0ϕ^I , P^I_ϕ = ∂_0ϕ̄^I , (4.22) λ = ∂_0η^{′′} − η_1∂_1ρ̄ + η̄∂_1η_0 − η∂_1η − η^′∂_1η^′, P^{′′} = ∂_0λ̄.

Then, the gauge-fixed action becomes

S_{gauge}-_{fixed} = ∫ d^2x { 1 2 ∂_0ξ^I ∂_0ξ_I − 1 2 ∂_1ξ^I ∂_1ξ_I + ∂_0ϕ̄^I ∂_0ϕ_I − ∂_1ϕ̄^I ∂_1ϕ_I − P_0∂_0η_0 + P_1∂_1η_0 − P_1∂_0η_1 + P_0∂_1η_1 − P∂_0η + P^′∂_1η − P^′∂_0η^′ + P∂_1η^′ − P_I ∂_0η^I + P^′_I ∂_1η^I − P^′_I ∂_0η^{′I} + P_I ∂_1η^{′I} − P̄∂_0η̄ + ρ∂_1η̄ − ρ∂_0ρ̄ + ρ̄∂_1P̄ + ∂_0λ̄∂_0η^{′′} − ∂_1λ̄∂_1η^{′′} + ∂_0ξ^I P_I η − ∂_1ξ^I P^′_I η − ∂_0ξ^I P^′_I η^′ + ∂_1ξ^I P_I η^′ − ϕ^I P^′_Iη̄ + ϕ^I P_Iρ̄ + ∂_1λ̄η∂_1η^′ + ∂_1λ̄η^′∂_1η − ∂_1λ̄∂_1(η̄η_1) − ∂_0λ̄η_1∂_1ρ̄ + ∂_0λ̄η̄∂_1η_0 − ∂_0λ̄η∂_1η − ∂_0λ̄η^′∂_1η^′ − P^I P^′_I η_0ρ̄ + P^I P^′_I ηη^′ − P^I P^′_I η^{′′} } . (4.23)

If we redefine the field variables as:

η_0 → −d^0, P_0 → −d̄_{00} − ĉ^0∂_1f̄ + ĉ^1∂_0f̄, η_1 → −d^1, P_1 → −d̄_{01} + ĉ^1∂_1f̄, η → a, P → â^0 − ∂_1(f̄a) + f̄∂_0a^′ + b̂^0_I ξ^I , η^′ → −a^′, P^′ → −â^1 + ∂_1(f̄a^′) − f̄∂_0a − b̂^1_I ξ^I , η^I → b^I − aξ^I , P^I → b̂^{0I} , η^{′I} → −b^{′I} + a^′ξ^I , P^{′I} → −b̂^{1I} , η̄ → −ĉ^0, P̄ → −c + d^0∂_1f̄ , η^{′′} → f + d^0ĉ^1, λ̄ → f̄, ρ → c^′ + d^0∂_0f̄ + d^1∂_1f̄ , ρ̄ → ĉ^1, the action (4.23) and the BRST transformations (4.14) completely coincide with the gaugefixed action (3.19) and the on-shell BRST transformations (3.20) in the Lagrangian formulation. After these manipulations we also obtain the final form of the BRST charge (4.18), Ω = ∫ dx^1 { −d^0 ( 1 2 ∂_0ξ^I ∂_0ξ_I + 1 2 ∂_1ξ^I ∂_1ξ_I + ∂_0ϕ̄^I ∂_0ϕ_I + ∂_1ϕ̄^I ∂_1ϕ_I − â^1∂_0a^′ + â^0∂_1a^′ − b̂^1_I ∂_0b^{′I} + b̂^0_I ∂_1b^{′I} − ĉ^1∂_0c^′ + ĉ^0∂_1c^′

+∂_0f̄∂_0f + ∂_1f̄ ∂_1f ) −d^1 ( ∂_0ξ^I ∂_1ξ_I + ∂_0ϕ̄^I ∂_1ϕ_I + ∂_1ϕ̄^I ∂_0ϕ_I + â^0∂_0a^′ − â^1∂_1a^′ + b̂^0_I ∂_0b^{′I} − b̂^1_I ∂_1b^{′I} + ĉ^0∂_0c^′ − ĉ^1∂_1c^′ +∂_0f̄∂_1f + ∂_1f̄ ∂_0f ) −d̄_{0n}d^m∂_md^n −a^′(ϕ_I ∂_0ξ^I − ∂_0ϕ_I ξ^I ) + a(ϕ_I ∂_1ξ^I − ∂_1ϕ_I ξ^I ) −b^′_I ∂_0ϕ^I + b_I ∂_1ϕ^I − 1 2 ĉ^0ϕ^I ϕ_I

−c^′(∂_0f + a∂_0a^′ + a^′∂_0a) + c(∂_1f + a∂_1a^′ + a^′∂_1a) − (f + aa^′)b̂^0_I ϕ^I } . 5 Noncovariant quantization in the light-cone gauge formulation

In this section we investigate the dynamics of the model defined by the constraints (4.3) and (4.4)-(4.10) and Hamiltonian (4.11) in noncovariant gauge and obtain the same result of the critical dimension as in the covariant quantization^∗. In addition, we present a massshell relation of the model and give low energy quantum states. According to imposing the noncovariant gauge fixing conditions, we explicitly solve the constraints to some of the variables from the equations of motion.

We begin by considering conditions for the scalar field ϕ^I (τ, σ). It is convenient to introduce Fourier mode expansions of the canonical pair ( ϕ^I (τ, σ), P^J_ϕ (τ, σ) ) , ϕ^I (τ, σ) = ϕ^I (τ ) + 1 √ 2π ∑ m≠0 ϕ^I_m(τ )e^{imσ}, P^I_ϕ (τ, σ) = p^I_ϕ(τ ) 2π + 1 √ 2π ∑ m≠0 p^I_{ϕm}(τ )e^{imσ}. (5.1)

Poisson brackets are defined by {ϕ^I (τ ), p^J_ϕ(τ )} = η^{IJ} , {ϕ^I_m(τ ), p^J_{ϕn}(τ )} = η^{IJ} δ_{m+n}, (5.2) otherwise = 0.

In terms of the Fourier modes, the constraint (4.8) is equivalent to ϕ^I_m(τ ) = 0. We will later adopt a gauge fixing condition for this constraint. On the other hand, the equation of

∗In this section, we use conventions of the world-sheet coordinates as x^0 ≡ τ and x^1 ≡ σ. We also parameterize the spatial coordinate as 0 ≤ σ ≤ 2π and impose the periodical boundary conditions on any fields Φ^A(τ, σ) as Φ^A(τ, σ) = Φ^A(τ, σ + 2π).

motion for ϕ^I (τ, σ) on the constraint surface is ∂_τ ϕ^I (τ, σ) = 0. Together with the constraint ϕ^I_m(τ ) = 0, we then set the configuration of the scalar field as ϕ^I (τ, σ) = ϕ^I (τ ) = ϕ^I (= const.).

As we did in the previous section, by using the gauge parameters k^n(τ, σ) for the general coordinate transformations we first adopt gauge fixing conditions for the constraints P_N (τ, σ) = 0 and P_{N1} (τ, σ) = 0 as the orthonormal gauge N(τ, σ) = 1 and N_1(τ, σ) = 0. The U(1)_V ×U(1)_A gauge parameters v(τ, σ), v^′(τ, σ) and the global parameters α_i can fix to be A_m(τ, σ) = 0 corresponding to the constraints P_{Am} (τ, σ) = 0. However, the system still has residual symmetries concerned with these gauge parameters k^n(τ, σ), v(τ, σ) and v^′(τ, σ). Taking these symmetries into account, we can adopt the following gauge fixing conditions on “two” light-cone coordinates^† of the background spacetime within the gauge N(τ, σ) = 1, N_1(τ, σ) = 0 and A_m(τ, σ) = 0,

ξ^+(τ, σ) = p^+ 2π τ, P^+_ξ (τ, σ) = p^+ 2π , ξ^{^+}(τ, σ) = p^{^+} 2π τ, P^{^+}_ξ (τ, σ) = p^{^+} 2π , (5.3)

where p^+ and p^{^+} are light-cone components of the center of mass momenta. Therefore we can eliminate “two” unphysical components of the coordinates of the background spacetime. Indeed the gauge fixing conditions (5.3) correspond to ones for the first-class constraints (4.4)-(4.7).

In order to show how these conditions (5.3) are accomplished, we use Fourier mode expansions of the canonical pair ( ξ^I (τ, σ), P^J_ξ (τ, σ) ) . Under the gauge N(τ, σ) = 1, N_1(τ, σ) = 0 and A_m(τ, σ) = 0, the equations of motion for ξ^I (τ, σ) and P^I_ξ (τ, σ) turn to be free wave equations and their solutions are

ξ^I (τ, σ) = x^I + p^I 2π τ + i 2 √ π ∑ m≠0 1 m ( α^I_me^{−im(τ −σ)} + α̃^I_me^{−im(τ +σ)} ) , P^I_ξ (τ, σ) = p^I 2π + 1 2 √ π ∑ m≠0 ( α^I_me^{−im(τ −σ)} + α̃^I_me^{−im(τ +σ)} ) , (5.4)

and Poisson brackets are given by {x^I , p^J } = η^{IJ} , {α^I_m, α^J_n } = {α̃^I_m, α̃^J_n } = −imη^{IJ} δ_{m+n}, (5.5) otherwise = 0.

†From the definition of the metric (2.1), we denote the light-cone coordinates of the background spacetime as x^I = (x^+, x^−, x^i, x^{^+}, x^{^−}), where x^± ≡^{1√}_2 (x^0 ± x^{D−3}) and x^{^±} ≡^{1√}_2 (x^{^0} ± x^{^1}) and the index i runs through 1, 2, . . . , D − 4.

In terms of the Fourier modes, the constraints (4.4)-(4.7) are equivalent to L_m = L̃_m = 0, (5.6a) ϕ_I α^I_m = ϕ_Iα̃^I_m = 0, (5.6b) where we define the Virasoro generators as L_m ≡ 1 2 ∑ k α^I_{m−k} α_{I k}, L̃_m ≡ 1 2 ∑ k α̃^I_{m−k}α̃_{Ik} , and we denote α^I_0 = α̃^I_0 ≡ p^I /(2 √ π). The gauge fixing conditions (5.3) are equivalent to x^+ = x^{^+} = 0, α^+_m = α^{^+}_m = α̃^+_m = α̃^{^+}_m = 0, (m ≠ 0).

(5.7)

Now let us explain the procedure to obtain the gauge fixing conditions (5.7). Within the orthonormal gauge we can perform changes of the background spacetime coordinates with the gauge parameters k^n(τ, σ) provided that conditions ∂_τ k^τ (τ, σ) = ∂_σk^σ(τ, σ) and ∂_τ k^σ (τ, σ) = ∂_σk^τ (τ, σ) are satisfied. Here we take the following parameterizations of k^n(τ, σ) which satisfy these conditions, k^+(τ, σ) ≡ 1 √ 2 (k^τ + k^σ ) = 1 √ 2 ∑ m k̃_me^{−im(τ +σ)}, k^−(τ, σ) ≡ 1 √ 2 (k^τ − k^σ) = 1 √ 2 ∑ m k_me^{−im(τ −σ)}. In addition to these, the U(1)_V ×U(1)_A gauge parameters v(τ, σ) and v^′(τ, σ) can be also used to perform changes of the coordinates within the gauge A_m(τ, σ) = 0 provided that conditions ∂_τ v^′(τ, σ) = −∂_σv(τ, σ) and ∂_τ v(τ, σ) = −∂_σv^′(τ, σ) are satisfied. We take the following parameterizations of v(τ, σ) and v^′(τ, σ) to realize these conditions, v(τ, σ) = v + i 2 √ π ∑ m≠0 1 m ( v_me^{−im(τ −σ)} − ṽ_me^{−im(τ +σ)} ) , v^′(τ, σ) = v^′ + i 2 √ π ∑ m≠0 1 m ( v_me^{−im(τ −σ)} + ṽ_me^{−im(τ +σ)} ) . The gauge transformations corresponding to these parameters are consistent with the equations of motion for ξ^I (τ, σ) and P^I_ξ (τ, σ). Because, in terms of the Fourier modes, the gauge transformations are given by δx^I = 1 2 √ π ∑ m k_mα^I_{−m} + 1 2 √ π ∑ m k̃_mα̃^I_{−m} + v^′ϕ^I , δp^I = 0, δα^I_m = −im ∑ n k_{m−n} α^I_n + v_mϕ^I , (m ≠ 0), δα̃^I_m = −im ∑ n k̃_{m−n}α̃^I_n + ṽ_mϕ^I , (m ≠ 0).

(5.8)

It is worth to mention that these gauge transformations are the same ones in usual string theories, except for the gauge transformations corresponding to the parameters v^′, v_m and ṽ_m. However, we would like to emphasize that these gauge transformations can be disappear on the following components,

δ(ϕ^{^+}x^+ − ϕ^+x^{^+}) = 1 2 √ π ∑ m ( ϕ^{^+}(k_mα^+_{−m} + k̃_mα̃^+_{−m}) − ϕ^+(k_mα^{^+}_{−m} + k̃_mα̃^{^+}_{−m}) ) , δ(ϕ^{^+}α^+_m − ϕ^+α^{^+}_m) = −im ∑ n k_{m−n}(ϕ^{^+}α^+_n − ϕ^+α^{^+}_n ), (m ≠ 0),

δ(ϕ^{^+}α̃^+_m − ϕ^+α̃^{^+}_m) = −im ∑ n k̃_{m−n}(ϕ^{^+}α̃^+_n − ϕ^+α̃^{^+}_n ), (m ≠ 0).

By using the gauge degrees of freedom for k_m and k̃_m, which is the same manipulation to realize the light-cone gauge fixing condition in usual string theories, we can adopt gauge conditions

ϕ^{^+}x^+ − ϕ^+x^{^+} = 0, ϕ^{^+}α^+_m − ϕ^+α^{^+}_m = 0, (m ≠ 0), (5.9) ϕ^{^+}α̃^+_m − ϕ^+α̃^{^+}_m = 0, (m ≠ 0),

if the following condition is satisfied,

ϕ^{^+}p^+ − ϕ^+p^{^+} ≠ 0. (5.10)

Next we use the gauge degrees of freedom for v^′, v_m and ṽ_m in (5.8). To keep the condition (5.10) both of the scalar fields ϕ^{^+} and ϕ^+ can not be vanish simultaneously. If ϕ^{^+} ≠ 0, we can adopt the following gauge fixing conditions of the ^+ component,

x^{^+} = 0, α^{^+}_m = α̃^{^+}_m = 0, (m ≠ 0),

(5.11)

without spoiling the gauge fixing conditions (5.9). From (5.9) and (5.11) we can then obtain the gauge fixing conditions (5.7). In the similar way, we also conclude the same gauge fixing conditions (5.7), in the case ϕ^+ ≠ 0. Therefore without the loss of the generality we choose the case ϕ^{^+} ≠ 0 throughout the rest of this paper.

We next adopt the gauge fixing condition C_{τ σ}(τ, σ) = −Ĉ(τ, σ) = −Ĉ_0 (const.) with respect to constraints P_{Cτ σ} (τ, σ) = 0, by using the gauge parameter w_m(τ, σ). Within this gauge we also have a residual gauge symmetry corresponding to the gauge parameter w_m(= const.) which will be used later.

Using the remaining gauge parameters u^I (τ, σ) and u^{′I} (τ, σ), we can further impose gauge fixing conditions for the constraints P^I_{ϕ̄} (τ, σ) = 0, P^I_{Bm} (τ, σ) = 0 and ∂_σ ϕ^I (τ, σ) = 0. In order to specify the gauge fixing condition it is also convenient to introduce Fourier mode expansions. We list below these for the canonical pairs ( ϕ̄I (τ, σ), P J_{ϕ̄} (τ, σ) ) and ( B^I_m(τ, σ), P^J_{Bm} (τ, σ) ) and their Poisson brackets:

• (ϕ̄^I , P^J_{ϕ̄} ) sector: ϕ̄I (τ, σ) = ϕ̄^I (τ ) + 1√ 2π ∑ m≠0 ϕ̄^I_m(τ )e^{imσ}, P^I_{ϕ̄} (τ, σ) = p^I_{ϕ̄}(τ ) 2π + 1 √ 2π ∑ m≠0 p^I¯_{ϕm}(τ )e^{imσ}, (5.12)

and Poisson brackets, {ϕ̄^I (τ ), p^J¯_ϕ(τ )} = η^{IJ} , {ϕ̄^I_m(τ ), p^J_{ϕ̄n}(τ )} = η^{IJ} δ_{m+n}, (5.13) otherwise = 0.

• (B^I_τ , P^J_{Bτ} ) sector:

B^I_τ (τ, σ) = B^I_τ (τ ) + 1 √ 2π ∑ m≠0 B^I_{τ m}(τ )e^{imσ}, P^I_{Bτ} (τ, σ) = p^I_{Bτ} (τ ) 2π + 1 √ 2π ∑ m≠0 p^I_{Bτ m}(τ )e^{imσ}, (5.14)

and Poisson brackets, {B^I_τ (τ ), p^J_{Bτ} (τ )} = η^{IJ} , {B^I_{τ m}(τ ), p^J_{Bτ n}(τ )} = η^{IJ} δ_{m+n}, (5.15) otherwise = 0, and the similar relations for (B^I_σ, P^J_{Bσ} ).

Then, equations of motion for ϕ̄^I (τ, σ) and P^I_ϕ (τ, σ), ∂_τ ϕ̄^I (τ, σ) = P^I_ϕ (τ, σ) + B^I_σ(τ, σ), ∂_τ P^I_ϕ (τ, σ) = ∂^2_σϕ̄^I (τ, σ) − ∂_σB^I_τ (τ, σ) − Ĉ_0ϕ^I ,

(5.16)

are expressed by the Fourier modes,

∂_τ ϕ̄^I (τ ) = p^I_ϕ(τ ) 2π + B^I_σ(τ ), (5.17a)

∂_τϕ̄^I_m(τ ) = p^I_{ϕm}(τ ) + B^I_{σm}(τ ), (5.17b) ∂_τ p^I_ϕ(τ ) = −2πĈ_0ϕ^I , (5.17c) ∂_τ p^I_{ϕm}(τ ) = −m^2ϕ̄^I_m(τ ) − imB^I_{τ m}(τ ). (5.17d) The equation of motion (5.17c) for the non-oscillator mode of P^I_ϕ (τ, σ) can be solved as

p^I_ϕ(τ ) = p^I_ϕ − 2πĈ_0ϕ^I τ, (5.18)

where p^I_ϕ is a zero-mode and Poisson bracket is defined by

{ϕ^I , p^J_ϕ } = η^{IJ} . (5.19)

On the Fourier components, the constraints P^I_{ϕ̄} (τ, σ) = 0, P^I_{Bm} (τ, σ) = 0 and ∂_σϕ^I (τ, σ) = 0 are equivalent to p^I_{ϕ̄}(τ ) = p^I_{ϕ̄m}(τ ) = 0, p^I_{Bτ} (τ ) = p^I_{Bτ m}(τ ) = 0, p^I_{Bσ} (τ ) = p^I_{Bσ m}(τ ) = 0,

ϕ^I_m(τ ) = 0.

(5.20)

Now we impose gauge fixing conditions corresponding to the constraints (5.20). The gauge fixing conditions are determined so as to be compatible with the equations of motion (5.17a)-(5.17d). By making the gauge transformations δϕ̄^I = u^{′I} , δB^I_τ = ∂_τ u^I + ∂_σu^{′I} , δB^I_σ = ∂_τ u^{′I} + ∂_σ u^I , δP^I_ϕ = −∂_σu^I , with gauge parameters u^I (τ, σ) = − ∫_τ dτ^′B^I_τ (τ^′) − i √ 2π ∑ m≠0 1 m p^I_{ϕm}(τ )e^{imσ}, u^{′I} (τ, σ) = − ϕ̄^I (τ ) − 1 √ 2π ∑ m≠0 ϕ̄^I_m(τ )e^{imσ},

and the equations of motion (5.17a)-(5.17d), we obtain the following gauge fixing conditions, ϕ̄I (τ ) = ϕ̄I_m(τ ) = 0, B^I_τ (τ ) = B^I_{τ m}(τ ) = 0, B^I_σ(τ ) = − p^I_ϕ(τ ) 2π , B^I_{σm}(τ ) = 0, p^I_{ϕm}(τ ) = 0.

(5.21)

Finally we consider the constraint 1 2 ϕ^I ϕ_I = 0. (5.22) As we explained, the model has still residual gauge symmetry w_σ(= const.) within the gauge C_{τ σ}(τ, σ) = −Ĉ_0. Using this symmetry δP^I_ϕ = ϕ^I w_σ, we can make the one of the zero-mode components of P^I_ϕ (τ, σ) to be vanish. By taking the case ϕ^{^+} ≠ 0 and choosing the gauge parameter w_σ as w_σ = − p^{^+}_ϕ 2πϕ^{^+} , we impose a gauge fixing condition p^{^+}_ϕ = 0. (5.23) We shall here summarize the correspondence between the constraints (5.6a), (5.6b), (5.20) and (5.22) and the gauge fixing conditions (5.7), (5.21) and (5.23) obtained from the above manipulation within the gauge N(τ, σ) = 1, N_1(τ, σ) = 0, A_m(τ, σ) = 0 and C_{τ σ}(τ, σ) = −Ĉ_0:

constraints gauge fixing conditions L_0 + L̃_0 = 0, x^+ = 0, L_m = L̃_m = 0, α^+_m = α̃^+_m = 0, (m ≠ 0), ϕ_I p^I = 0, x^{^+} = 0, ϕ_I α^I_m = ϕ_Iα̃^I_m = 0, α^{^+}_m = α̃^{^+}_m = 0, (m ≠ 0), p^I_{ϕ̄}(τ ) = p^I_{ϕ̄m}(τ ) = 0, ϕ̄^I (τ ) = ϕ̄^I_m(τ ) = 0, p^I_{Bτ} (τ ) = p^I_{Bτ m}(τ ) = 0, B^I_τ (τ ) = B^I_{τ m}(τ ) = 0, p^I_{Bσ} (τ ) = p^I_{Bσ m}(τ ) = 0, B^I_σ (τ ) = − p^I_ϕ(τ ) 2π , B^I_{σm}(τ ) = 0, ϕ^I_m(τ ) = 0, p^I_{ϕm}(τ ) = 0, 1 2 ϕ^I ϕ_I = 0, p^{^+}_ϕ = 0.

Under these gauge fixing conditions, the dynamics of the model is described by the zeromodes and the oscillator modes of the transverse string coordinates ξ^i(τ, σ), the zero-modes of light-cone coordinates ξ^{^±}(τ, σ) and ξ^±(τ, σ) and the zero-modes of the fields ϕ^I (τ, σ) and P^I_ϕ (τ, σ) ( = −B^I_σ(τ, σ) ) . In fact these gauge conditions completely fix the gauge degrees of freedom and these are consistent with the equations of motion. As the constraints are quadratic in the Fourier modes, we can solve the constraints directly and the dependent variables are expressed in terms of the independent variables. Here are the independent canonical variables

{x^−, p^+} = {x^{^−}, p^{^+}} = −1, {x^i, p^j } = δ^{ij}, {α^i_m, α^j_n} = {α̃^i_m, α̃^j_n} = −imδ^{ij}δ_{m+n}, (5.24) {ϕ^+, p^−_ϕ } = {ϕ^−, p^+_ϕ } = {ϕ^{^+}, p^{^−}_ϕ } = −1, {ϕ^i, p^j_ϕ} = δ^{ij}, and the remaining non-vanishing dependent variables are

p^− = −1 ϕ^{^+}p^+ − ϕ^+p^{^+}

{ p^{^+}p^{^+}

ϕ^{^+} ( ϕ^+ϕ^− − 1 2 ϕ^iϕ_i )

−p^{^+} ( ϕ^−p^+ − ϕ^ip_i ) − 2πϕ^{^+} ( L^{tr}_0 + L̃^{tr}_0 )} , α^−_m = −1 ϕ^{^+}p^+ − ϕ^+p^{^+} ( p^{^+}ϕ^iα_{mi} − 2 √ πϕ^{^+}L^{tr}_m ) , (m ≠ 0), α̃^−_m = −1 ϕ^{^+}p^+ − ϕ^+p^{^+} ( p^{^+}ϕ^iα̃_{mi} − 2 √ πϕ^{^+}L̃^{tr}_m ) , (m ≠ 0), p^{^−} = 1 ϕ^{^+}p^+ − ϕ^+p^{^+}

{ p^{^+}p^+

ϕ^{^+} ( ϕ^+ϕ^− − 1 2 ϕ^iϕ_i ) (5.25) −p^+ ( ϕ^−p^+ − ϕ^ip_i ) − 2πϕ^+ ( L^{tr}_0 + L̃^{tr}_0 )} , α^{^−}_m = 1 ϕ^{^+}p^+ − ϕ^+p^{^+} ( p^+ϕ^iα_{mi} − 2 √ πϕ^+L^{tr}_m ) , (m ≠ 0), α̃^{^−}_m = 1 ϕ^{^+}p^+ − ϕ^+p^{^+} ( p^+ϕ^iα̃_{mi} − 2 √ πϕ^+L̃^{tr}_m ) , (m ≠ 0), ϕ^{^−} = − 1 ϕ^{^+} ( ϕ^+ϕ^− − 1 2 ϕ^iϕ_i ) , where the transverse parts of the Virasoro generators L^{tr}_m and L̃^{tr}_m are defined by

L^{tr}_m ≡ 1 2 ∑ k α^i_{m−k} α_{ik}, L̃^{tr}_m ≡ 1 2 ∑ k α̃^i_{m−k}α̃_{ik} .

Now let us investigate the symmetry of the D-dimensional background spacetime. The translation and the Lorentz transformation generators derived from the classical action (2.12) are given by P^I ≡ ∫_{2π} 0 dσ P^I_ξ = p^I , (5.26a) M^{IJ} ≡ ∫_{2π} 0 dσ ( ξ^I P^J_ξ + ϕ^I P^J_ϕ + ϕ̄^I P^J¯_ϕ + B^I_τ P^J_{Bτ} + B^I_σP^J_{Bσ} − (I ↔ J) )

= x^I p^J − i 2 ∑ m≠0 1 m ( α^I_{−m}α^J_m + α̃^I_{−m}α̃^J_m ) + ϕ^I p^J_ϕ − (I ↔ J). (5.26b)

Using the independent canonical variables (5.24), the Poincaré algebra ISO(D − 2, 2) is satisfied,

{P^I , P^J } = 0, {M^{IJ} , P^K } = η^{IK} P^J − η^{JK} P^I , (5.27) {M^{IJ} , M^{KL}} = η^{IK} M^{JL} − η^{JK} M^{IL} − η^{IL}M^{JK} + η^{JL}M^{IK} , if the level matching condition L^{tr}_0 = L̃^{tr}_0 is imposed. Conversely, the gauge fixing procedure we considered is the way to preserve the full D-dimensional Poincaré symmetry.

According to the ordinary string theories in the light-cone gauge, we have to examine Poincaré algebra (5.27) in the quantum theory [21]. The checking of the Poincaré algebra is again straightforward, except for commutation relations [M^{i−}, M^{j−}], [M^{i ^−}, M^{j ^−}], and [M^{i−}, M^{j ^−}]. After lengthy computation, we can obtain the following results,

[M^{i−}, M^{j−}] =

4πϕ^{^+2} (ϕ^{^+}p^+ − ϕ^+p^{^+})^2 A^{ij} , [M^{i ^−}, M^{j ^−}] =

4πϕ^{+2} (ϕ^{^+}p^+ − ϕ^+p^{^+})^2

A^{ij} , (5.28) [M^{i−}, M^{j ^−}] = iδ^{ij}M^{− ^−} − 4πϕ^{^+}ϕ^+ (ϕ^{^+}p^+ − ϕ^+p^{^+})^2 A^{ij} . An anomalous term A^{ij} is A^{ij} = −2 ( 1 − D − 4 24 )^∞∑ m=1 m ( α^i_{−m}α^j_m + α̃^i_{−m}α̃^j_m − (i ↔ j) )

+ ( a_0 − D − 4 12 )^∞∑ m=1 1 m ( α^i_{−m}α^j_m + α̃^i_{−m}α̃^j_m − (i ↔ j) ) , where the constant a_0 denotes the ordering ambiguity of the sum L^{tr}_0 + L̃^{tr}_0 in (5.25) by adopting the normal-ordering prescription. The anomalous term A^{ij} vanishes if and only if D = 28, a_0 = 2. (5.29) Then, the Poincaré algebra ISO(26, 2) is satisfied in the quantum theory.

A mass-shell relation of this string model is given by

m^2 = −P^I P_I

= 4π ( N + Ñ − a_0 ) , (5.30)

where level operators N and Ñ are defined by N ≡ ∞∑ m=1 α^i_{−m}α_{im}, Ñ ≡ ∞∑ m=1 α̃^i_{−m}α̃_{im}. The level matching condition L^{tr}_0 = L̃^{tr}_0 is then expressed as N = Ñ. Therefore, this closed bosonic string model also involves tachyon in the ground state and graviton g_{IJ} (ξ), two-form field B_{IJ} (ξ) and dilaton ϕ(ξ) in the first excited massless state.

6 Conclusions and discussions

We have investigated the quantization of the U(1)_V ×U(1)_A bosonic string model in twodimensional quantum field theory. Even though the system has reducible and open gauge symmetries, we have shown that the covariant quantization has been successfully carried out in the Lagrangian formulation á la Batalin and Vilkovisky. In the covariant Batalin- Fradkin-Vilkovisky Hamiltonian formulation, we have considered the first-class constraints and the constraint algebra corresponding to the gauge symmetries and led to the same gauge-fixed action and BRST transformation as those of the Lagrangian formulation under the proper choice of the gauge-fermion and the identification of the fields. In addition we have obtained the BRST charge which generates the BRST transformations. Furthermore we have presented the noncovariant light-cone gauge formulation and investigated the symmetry of the background spacetime. With careful considerations of residual gauge symmetries, we have specified the gauge fixing conditions corresponding to the first-class constraints. Under these suitable conditions, we have been able to clarify dynamical independent variables and solve the first-class constraints explicitly. Although manifest covariance has been lost, we have confirmed the full D-dimensional Poincaré algebra of the background spacetime by direct computation.

Since the quantizations of the model have been successfully carried out, we can argue the critical dimension of the string model. In our case, it turns to be 26+2. This means the background spacetime involves two time-like coordinates. Conversely, the requirement of two negative signatures in the background metric is natural one due to the gauge invariance of our model. The critical dimension has been obtained from both the BRST Ward identity in the BRST formulation and the D-dimensional quantum Poincaré algebra in the noncovariant light-cone gauge formulation. Therefore, we have concluded a consistent quantum theory of our U(1)_V ×U(1)_A string model has only been formulated in 26+2-dimensional background spacetime. We have also considered the quantum states from the mass-shell relation. Contributions toward the mass-shell relation from zero-modes of the scalar field ϕ^I (x) are completely canceled, so that our closed bosonic string model possesses the same spectra as usual string theories.

We propose the quantum U(1)_V×U(1)_A string model as a device to formulate the physics involving two time coordinates. In the formulation, the generalized Chern-Simons action has played an important role. From this viewpoint, it would be interesting to consider a low energy effective action which might be derived from our formulation of string theory. If we consider a background gauge field A_I (ξ) which could be obtained from our open string or superstring model, it should have an additional gauge symmetry δA_I (ξ) = ϕ_I Ω(ξ), where Ω(ξ) is a gauge parameter and ϕ_I is a constant null field, corresponding to the constraints (5.6b). Such a gauge symmetry has been discussed in the formulation of 10+2- dimensional supersymmetric Yang-Mills theory [3]. In this context, the generalized Chern- Simons action [12] which can be formulated in arbitrary dimensions is also supposed to be useful for constructing the low energy effective action.

The form of the classical action (2.12) suggests that this model should be more naturally defined in higher-dimensional field theories, namely, that membranes or p-branes are more fundamental than strings in our formulation. Actually, the action (2.12) is derived from a membrane action by adopting a compactification prescription. The U(1)_V ×U(1)_A string model might be the first useful example which suggests higher-dimensional object like membrane or p-brane in the framework of perturbative field theory without using the concept of “string duality”.

Acknowledgments

We wish to thank J. Ambjørn, N. Kawamoto, H.B. Nielsen, K. Takenaga and H. Umetsu for interesting comments and discussions. We would like to thank Niels Bohr Institute for warm hospitality during the final stage of this work. We would also like to thank Dublin Institute for Advanced Studies for warm hospitality. The research of T.T. was partially supported by the Danish Rectors’ Conference.

Appendix A. Two-dimensional world-sheet

The two-dimensional spacetime coordinates are denoted by x^m(= (τ, σ)). The twodimensional flat metric η_{mn} and Levi-Civitá symbol ε_{mn} are given by

η_{mn} = η^{mn} = ( −1 0 0 1 ) , ε_{mn} = −ε^{mn} = ( 0 1 −1 0 ) . In the curved two-dimensional spacetime, the metric is given by g_{mn} (x) and the covariant

derivative ∇_m operates to fields as

∇_mV_n = ∂_mV_n − Γ^l_{mn}V_l, ∇_mV^n = ∂_mV^n + Γ^n_{ml}V^l,

where Γ^l_{mn} is the Christoffel symbol defined by Γ^l_{mn} =^1_2 g^{lk}(∂_mg_{kn} + ∂_ng_{mk} − ∂_kg_{mn} ).

The functional derivative with respect to a symmetric tensor V^{mn}(x) = V^{nm}(x) is δV^{mn}(x) δV^{kl}(y) = (δ^m_k δ^n_l + δ^m_l δ^n_k ) δ(x − y).

Then, the antibracket (3.3) is explicitly written as (X, Y ) = δ_RX δξ^∗_I δ_LY δξ^I + δ_RX δÂ^∗_m δ_LY δÂ^m + 1 2 δ_RX δĝ^∗_{mn} δ_LY δĝ^{mn} + . . . .

Appendix B. Generalized Poisson bracket

A generalized Poisson bracket [22] is defined by {F, G} ≡ ( δ_LF δφ^i δ_LG δP_φi − δ_LF δP_φi δ_LG δφ^i ) + (−)^{|F |} (δ_LF δθ^α δ_LG δP_θα + δ_LF δP_θα δ_LG δθ^α ) , where canonical variables φ^i and P_φi are bosonic, and θ^α and P_θα are fermionic. In the above definition the contraction of the indices contains the integration of space or spacetime and |F | is the Grassmann parity of F . This generalized Poisson bracket will be replaced by the graded commutation relation multiplied by −i upon quantization, as usual. The explicit forms of the basic Poisson brackets are given by {φ^i, P_φj } = −{P_φj , φ^i} = δ^i_j , {θ^α, P_θβ } = {P_θβ , θ^α} = −δ^α_β . The algebraic properties of the Poisson bracket are as follows: {F, G} = −(−)^{|F ||G|}{G, F }, {F_1F_2, G} = F_1{F_2, G} + (−)^{|G||F2|}{F_1, G}F_2.

Appendix C. BRST formulation of U(1)_V × U(1)_A model without two-dimensional gravity

In this appendix we summarize the Lagrangian BRST quantization of U(1)_V ×U(1)_A model without two-dimensional gravity. Since the quantization of this model is much simpler than that of the model coupled with two-dimensional gravity we have investigated throughout this paper, the following result might be helpful to understand the quantization of the U(1)_V ×U(1)_A gauge structure.

The action of U(1)_V ×U(1)_A model without two-dimensional gravity is S = ∫ d^2x ( − 1 2 η^{mn}∂_mξ^I ∂_nξ_I − η^{mn}∂_mϕ̄^I ∂_nϕ_I + Ã^mϕ_I ∂_mξ^I + B̃^{mI} ∂_mϕ_I − 1 2 C̃ϕ^I ϕ_I ) , (C.1) which is invariant under the following local gauge transformation, δξ^I = v^′ϕ^I , δϕ^I = 0, δϕ̄^I = u^{′I} , δÃ^m = ε^{mn}∂_nv + η^{mn}∂_nv^′, δB̃^{mI} = ε^{mn}∂_nu^I + η^{mn}∂_nu^{′I} − vε^{mn}∂_nξ^I + v^′η^{mn}∂_nξ^I − w̃^mϕ^I , δC̃ = ∂_mw̃^m + ∂_mv^′Ã^m − v^′∂_mÃ^m.

(C.2)

After performing the BRST formulation, one obtains the following gauge-fixed action S_{gauge}-_{fixed} = ∫ d^2x { − 1 2 η^{mn}∂_mξ^I ∂_nξ_I − η^{mn}∂_mϕ̄^I ∂_nϕ_I − η^{mn}∂_mf̄ ∂_nf

− â^m(∂_ma + ε_m^n∂_na^′) − b̂^m_I (∂_mb^I + ε_m^n∂_nb^{′I} ) − ĉ^m(∂_mc + ε_m^n∂_nc^′) − 2ab̂^m_I ∂_mξ^I + ε_{mn}b̂^m_I ĉ^nϕ^I + 1 2 (f + aa^′)ε_{mn}b̂^m_I b̂^{nI} } . (C.3)

The action (C.3) is invariant under the nilpotent BRST transformations sξ^I = a^′ϕ^I , sϕ^I = 0, sϕ̄^I = b^{′I} − a^′ξ^I , sf = 0, sf̄ = c^′, sa = 0, sa^′ = 0, sb^I = (f − aa^′)ϕ^I , (C.4) sb^{′I} = 0, sc = 1 2 ϕ^I ϕ_I , sc^′ = 0, sâ^m = ε^{mn}(ϕ_I ∂_nξ^I − ∂_nϕ_I ξ^I ) − a^′b̂^m_I ϕ^I − (ε^{mn}c − η^{mn}c^′)∂_na^′ − ε^{mn}∂_n(ca^′ + c^′a), sb̂^m_I = ε^{mn}∂_nϕ_I , sĉ^m = (ε^{mn}a − η^{mn}a^′)∂_na^′ + ε^{mn}∂_nf. References

[1] C. Vafa, Nucl. Phys. B469 (1996) 403.

[2] I. Bars, Phys. Rev. D54 (1996) 5203; Duality and hidden dimensions Proc. Conf. in Frontiers in Quantum Field Theory (Toyonaka, Japan, 1995), ed. H. Itoyama et al (World Scientific, 1996).

[3] H. Nishino and E. Sezgin, Phys. Lett. B388 (1996) 569. [4] S. Hewson and M. Perry, Nucl. Phys. B492 (1997) 249.

[5] For a review, see I. Bars, Class. Quantum Grav. 18 (2001) 3113. [6] I. Bars and C. Kounnas, Phys. Rev. D56 (1997) 3664.

I. Bars and C. Deliduman, Phys. Rev. D56 (1997) 6579.

[7] Y. Watabiki, Phys. Rev. Lett. 62 (1989) 2907; Phys. Rev. D40 (1989) 1229. [8] Y. Watabiki, Mod. Phys. Lett. A6 (1991) 1291. [9] Y. Watabiki, JHEP05 (2003) 001.

[10] T. Tsukioka and Y. Watabiki, in preparation. [11] A.A. Deriglazov, Phys. Lett. B486 (2000) 218.

[12] N. Kawamoto and Y. Watabiki, Commun. Math. Phys. 144 (1992) 641; Mod. Phys.

Lett. A7 (1992) 1137.

[13] N. Kawamoto, E. Ozawa and K. Suehiro, Mod. Phys. Lett. A12 (1997) 219.

N. Kawamoto, K. Suehiro, T. Tsukioka and H. Umetsu, Commun. Math. Phys. 195 (1998) 233; Nucl. Phys. B532 (1998) 429.

[14] I.A. Batalin and G.A. Vilkovisky, Phys. Lett. 102B (1981) 27; Phys. Rev. D28 (1983) 2567; Errata: D30 (1984) 508.

[15] E.S. Fradkin and G.A. Vilkovisky, Phys. Lett. 55B (1975) 224.

I.A. Batalin and G.A. Vilkovisky, Phys. Lett. 69B (1977) 309. E.S. Fradkin and T.E. Fradkina, Phys. Lett. 72B (1978) 343.

I.A. Batalin and E.S. Fradkin, Phys. Lett. 122B (1983) 157, Phys. Lett. 128B (1983) 303.

[16] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory (Cambridge University Press, Cambridge, 1987).

[17] L. Brink and M. Henneaux, Principle of String Theory (Plenum Press, New York and London, 1988).

[18] J. Polchinski, String Theory (Cambridge University Press, Cambridge, 1998). [19] M. Kato and K. Ogawa, Nucl. Phys. B212 (1983) 443.

[20] S. Hwang, Phys. Rev. D28 (1983) 2614.

[21] P. Goddard, J. Goldstone, C. Rebbi and C.B. Thorn, Nucl. Phys. B56 (1973) 109. [22] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton, 1992), and references therein.

[23] J. Gomis, J. Paris and S. Samuel, Phys. Rep. 259 (1995) 1, and references therein.