arXiv:hep-th/0309066 v2 2 Dec 2003

The Casimir Effect in the Presence of Compactified Universal Extra Dimensions

Katja Poppenhaeger,^{1, ∗} Sabine Hossenfelder,^1 Stefan Hofmann,^2 and Marcus Bleicher^1 1 Institut für Theoretische Physik J. W. Goethe-Universität Robert-Mayer-Str. 8-10 60054 Frankfurt am Main, Germany 2 Department of Physics Stockholm University SE-106 91 Stockholm, Sweden

The Casimir force in a system consisting of two parallel conducting plates in the presence of compactified universal extra dimensions (UXD) is analyzed. The Casimir force with UXDs differs from the force obtained without extra dimensions. A new power law for the Casimir force is derived. By comparison to experimental data the size R of the universal extra dimensions can be restricted to R ≤ 10 nm for one extra dimension.

The idea that our world has more than three spatial dimensions has been discussed for more than 80 years. Already Kaluza and Klein [1, 2] postulated an additional compactified dimension to unify gravity and classical electrodynamics. Today, there is a large variety of promising models and theories which suggest the existence of more than three spatial dimensions. Most notably, string theory [3, 4] suggests the existence of seven additional spatial dimensions. In string theory (and also in older approaches) one expects that the compactification scale of the extra dimensions is of order M_{Planck} ∼ 10^{19} GeV. Thus, observable effects are shifted into an energy domain out of reach of todays and near future experimental possibilities.

However, recently models with compactification radii up to the mm-scale and with a lowered Planck-Mass (TeV region) have been introduced [5, 6, 7, 8, 9, 10, 11, 12]. In the ADD [7] and RS [10] type of models, the hierarchyproblem is solved or reformulated, resp. in a geometric language. Here, the existence of d compactified large extra dimensions (LXDs, because the size of the additional dimensions can be as large as 100−1000μm) in which only the gravitons can propagate is assumed. The standardmodel particles however, are bound to our 4-dimensional submanifold, often called our 3-brane.

This obvious asymmetry between standard model fields and gravity has given rise to the introduction of universal extra dimensions (UXDs) in which all particle species are allowed to propagate [5, 12]. In this model the present limit on the size of the extra dimensions is R ≤ (300 GeV)^{−1} ≈ 10^{−9} nm due to the non-observation of Kaluza-Klein excitations at Tevatron [12, 13, 14, 15].

Especially the Casimir effect has received great attention and has been extensively studied in a wide variety of topics in those and related scenarios:

• The question how vacuum fluctuations affect the

∗Electronic address: katjap@th.physik.uni-frankfurt.de

stability of extra dimensions has been explored in [16, 17, 18, 19, 20, 21]. Especially the detailed studies in the Randall-Sundrum model have shown the major contribution of the Casimir effect to stabilise the radion [22, 23, 24, 25].

• Cosmological aspects like the cosmological constant as a manifestation of the Casimir energy or effects of Casimir energy during the primordial cosmic inflation have been analyzed [26, 27, 28, 29, 30, 31, 32, 33, 34].

• The Casimir effect in the context of string theory has been investigated in [35, 36, 37, 38].

The commonly known and experimentally accessible Casimir effect [39] has recently gained intense attention. Experimentally [40] the precision of the measurements has been greatly enhanced, while on the theoretical side major progress has been reported (for a review, the reader is referred to [41]). In fact, the Casimir effect has been suggested as an experimentally powerful tool for the investigation of new physics beyond the standard model [42].

In this letter, we scrutinize the Casimir force between two parallel plates to probe the possible existence and size of additional Universal Extra Dimensions (UXDs) [12]. In general and independently from the considered field, zero-point fluctuations of any quantum field give rise to observable Casimir forces if boundaries are present [39]. In this study, the zeta function method as suggested in [43, 44, 45, 46, 47, 48, 49] is applied to renormalize the Casimir energy. For simplicity, we limit ourselves to the exploration of an UXD model with only one extra dimension [12] which is compactified on a S^1/Z_2 orbifold. This restricts the possible vacuum fluctuations of the electromagnetic field to have a wave vector along the extra dimension of the form k_n = n/R, with k_n being the wave vectors in direction of the universal extra dimension, n an integer and R the radius of the extra dimension. Because we study the behaviour of the Casimir energy in a system with parallel conducting plates in the presence of

UXDs, we also need the boundary condition k_N = πN/a, where k_N is the wave vector in the directions restricted by the plates, N an integer and a the distance of the plates.

In the case of one extra dimension we find the frequency of the vacuum fluctuations to be

ω_{nN} = c √ k^2_⊥ + n^2 R^2 + ( πN a )_2 , (1)

with k_⊥ = √ (k^2_1 + k^2). k_1 and k_2 are the wave vectors in direction of the unbound space coordinates. Therefore the Casimir energy per unit plate area reads

ε_{nr} = 2 · h̄ 2 ∫ d^2k_⊥ (2π)^2 +∞^′∑

n,N=0 p · ω_{nN} − +∞^′∑

n=0 ω_{n0} (2)

Here, the prime indicates that the term with n = N = 0 has to be skipped. The factor 2 arises from the volume of the orbifold, and the factor p from the possible polarizations of the photon (p = 3 for one UXD). The modes polarized in the direction of our brane, n = 0, cause the additional term which has to be subtracted [52].

Using the Schwinger representation [50] of the square root and the Gauss integral in 2 dimensions one obtains

ε_{nr} = h̄c 4πΓ ( −^1_2 ) ∞∫ 0 dx x x^{−3/2}

× p +∞^′∑

n,N=0 exp ( − n^2 R^2 − ( πN a )_2) x

− +∞^′∑

n=0 exp ( − n^2 R^2 x ) . (3)

With the Gamma-function [51] this yields

ε_{nr} = h̄c 4πΓ ( −^1_2 ) Γ ( − 3 2 )

× p +∞^′∑

n,N=0 ( n^2 R^2 + ( πN a )_2)3/2 − +∞^′∑

n=0 ( n^2 R^2 )_{3/2} .(4)

To use the Epstein zeta function [52] renormalization, the sums are re-written with indices running from −∞ to +∞. For the double sum, one has to take care of the modes where one index equals zero. The resulting energy density reads in terms of the Epstein zeta-function Z:

ε_{nr} = h̄c 4πΓ ( −^1_2 ) Γ ( − 3 2 ) [ p 4 Z_2 ( 1 R , π a , −3 )

+ p − 2 4 Z_1 ( 1 R , −3 ) + p 4 Z_1 (π a , −3 )] . (5)

FIG. 1: Casimir forces with (dashed and dotted lines) and without (full line) UXD as a function of the plate separation. The symbols denote data taken from [56].

The second and the third term are due to the modes with one index equal to zero. According to [52], the reflexion relation of the Epstein zeta function yields the renormalized energy density:

ε_{ren} = − h̄c 16π^5 [ 3 8π p · RaZ_2 ( R, a π , 5 )

+ p − 2 R^3 ζ(4) + p a^3 π^3ζ(4) ] . (6)

Note that this quantity is regularized with respect to 3 + 1-dimensional Minkowski space. To obtain the total energy in the space between the plates, one has to multiply by the surface A of the plates: E(R, a) = ε_{ren} · A.

In an analogous calculation we find the renormalized vacuum energy in the volume between the plates, but plates absent to be

E_{UXD}(R) = − h̄c 16π^5 3 4π p · a 1 R^4 ζ(5) · A . (7)

The quantity of interest for the Casimir effect in the present setting is the energy difference between 3 + 1- dimensional space with plates and 3+1-dimensional space without plates. Thus, in the setting with one compactified universal extra dimension the Casimir energy is

E_{cas}(R, a) = E^{Plates}_{UXD} (R, a) − E_{UXD}(R, a) . (8)

The Casimir force is now given by the derivative of the

Casimir energy E_{cas} with respect to the plate distance a:

F_{cas} = −

∂E_{cas} ∂a = h̄c 16π^5 pA [ 3 8π R · Z_2 ( R, a π , 5 )

− 15 8π^3 a^2R +∞^′∑

n,N=−∞ N^2 [ n^2R^2 + a^2 π^2

N^2

]_− 7_2

− 3π^3ζ(4) 1 a^4 − 3 4π ζ(5) 1 R^4 ] (9) Now we compare the Casimir force in this modified space-time to data and the normal Casimir force F between parallel plates without extra dimensions, given by F = − h̄cπ^2 240 · A a^4

. (10)

It should be noted that the measurement of Casimir forces between parallel plates is experimentally difficult because exact parallelity cannot be obtained easily^1. In spite of this problem, one experiment with relatively high accuracy was done by Sparnaay [56] with chromium plates^2.

Figure 1 depicts the dependence of the Casimir force between two parallel plates on the radius of the extra dimension (dashed and dotted lines) and the distance of the plates. One clearly observes that the data can be reproduced either by a calculation without UXDs (full line) or by a calculation with one UXD of small size. In the present setting with one universal extra dimension, good agreement with the data can only be obtained if the radius of the UXD is smaller than ∼ 10nm. Similar results are obtained for more than one Universal Extra Dimension.

In conclusion, the Casimir force between two conducting plates in the presence of UXDs is studied. For UXD sizes previously discussed in the literature [12, 13, 14], R ≈ (300 GeV)^{−1} ≈ 10^{−9} nm, the Casimir force is in line with the measured data. The present study of the Casimir force with one UXD yields an upper limit of R ≤ 10 nm on the extension of UXDs.

Acknowledgement The authors thank T. Bringmann, E. Ponton and H. Stöcker for fruitful discussions. This work has been supported by the German BMBF, GSI and DFG. S. Hofmann acknowledges financial support from the Wenner- Gren Foundation. S. Hossenfelder wants to thank the Land Hessen for financial support. K. Poppenhaeger acknowledges support from the Studienstiftung des deutschen Volkes (German national merit foundation).

1 Today, Casimir forces are mostly measured in settings with a plate and a sphere because one has not to deal with the problem of parallelity. The first high-precision experiment with platesphere setting is given in [40]. For newer results the reader is referred to [53, 54, 55].

2 Unfortunately, Sparnaay’s measurement with other metals showed partly repulsive instead of attractive forces, so the present experimental results should be handled with care.

[1] T. Kaluza, Sitz. Preuss. Akad. Wiss. Phys. Math. K1 (1921) 966 [2] O. Klein, Zeitschr. Phys. 37 (1926) 895 [3] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory. Vol. 1, 2” [4] P. Horava and E. Witten, Nucl. Phys. B 460, 506 (1996) [arXiv:hep-th/9510209].

[5] I. Antoniadis, Phys. Lett. B 246, 377 (1990). [6] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398].

[7] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.

Rev. D 59, 086004 (1999) [arXiv:hep-ph/9807344]. [8] Z. Kakushadze and S. H. Tye, Nucl. Phys. B 548, 180 (1999) [arXiv:hep-th/9809147].

[9] K. R. Dienes, E. Dudas and T. Gherghetta, arXiv:hep-ph/9807522.

[10] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[11] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221].

[12] T. Appelquist, H. C. Cheng and B. A. Dobrescu, Phys.

Rev. D 64, 035002 (2001) [arXiv:hep-ph/0012100].

[13] C. Macesanu, C. D. McMullen and S. Nandi, Phys. Lett.

B 546, 253 (2002) [arXiv:hep-ph/0207269].

[14] T. G. Rizzo, Phys. Rev. D 64, 095010 (2001) [arXiv:hep-ph/0106336].

[15] J. D. Wells, arXiv:hep-ph/0205328.

[16] E. Ponton and E. Poppitz, JHEP 0106 (2001) 019 [arXiv:hep-ph/0105021].

[17] R. Hofmann, P. Kanti and M. Pospelov, Phys. Rev. D 63, 124020 (2001) [arXiv:hep-ph/0012213].

[18] W. H. Huang, Phys. Lett. B 497, 317 (2001) [arXiv:hep-th/0010160].

[19] N. Graham, R. L. Jaffe, V. Khemani, M. Quandt, M. Scandurra and H. Weigel, Nucl. Phys. B 645, 49 (2002) [arXiv:hep-th/0207120].

[20] A. A. Saharian and M. R. Setare, Phys. Lett. B 552, 119 (2003) [arXiv:hep-th/0207138].

[21] E. Elizalde, S. Nojiri, S. D. Odintsov and S. Ogushi, Phys. Rev. D 67 (2003) 063515 [arXiv:hep-th/0209242].

[22] J. Garriga and A. Pomarol, Phys. Lett. B 560, 91 (2003) [arXiv:hep-th/0212227].

[23] O. Pujolas, Int. J. Theor. Phys. 40, 2131 (2001) [arXiv:hep-th/0103193].

[24] A. Flachi and D. J. Toms, Nucl. Phys. B 610, 144 (2001)

[arXiv:hep-th/0103077].

[25] W. D. Goldberger and I. Z. Rothstein, Phys. Lett. B 491 (2000) 339 [arXiv:hep-th/0007065].

[26] M. Peloso and E. Poppitz, arXiv:hep-ph/0307379. [27] E. Elizalde, Phys. Lett. B 516 (2001) 143 [arXiv:hep-th/0007094].

[28] M. Pietroni, Phys. Rev. D 67, 103523 (2003) [arXiv:hep-ph/0203085].

[29] M. R. Setare, arXiv:hep-th/0308109. [30] A. C. Melissinos, arXiv:hep-ph/0112266.

[31] C. L. Gardner, Phys. Lett. B 524, 21 (2002) [arXiv:hep-th/0105295].

[32] K. A. Milton, R. Kantowski, C. Kao and Y. Wang, Mod.

Phys. Lett. A 16, 2281 (2001) [arXiv:hep-ph/0105250]. [33] E. Carugno, M. Litterio, F. Occhionero and G. Pollifrone, Phys. Rev. D 53, 6863 (1996) [arXiv:gr-qc/9510066].

[34] W. Naylor and M. Sasaki, Phys. Lett. B 542 (2002) 289 [arXiv:hep-th/0205277].

[35] M. Fabinger and P. Horava, Nucl. Phys. B 580, 243 (2000) [arXiv:hep-th/0002073].

[36] H. Gies, K. Langfeld and L. Moyaerts, JHEP 0306, 018 (2003) [arXiv:hep-th/0303264].

[37] I. Brevik and A. A. Bytsenko, arXiv:hep-th/0002064. [38] L. Hadasz, G. Lambiase and V. V. Nesterenko, Phys.

Rev. D 62, 025011 (2000) [arXiv:hep-th/9911248]. [39] H. B. Casimir, Kon. Ned. Akad. Wetensch. Proc. 51, 793 (1948).

[40] S. K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997). [41] M. Bordag, U. Mohideen and V. M. Mostepanenko, Phys.

Rept. 353, 1 (2001) [arXiv:quant-ph/0106045].

[42] D. E. Krause and E. Fischbach, Lect. Notes Phys. 562, 292 (2001) [arXiv:hep-ph/9912276].

[43] C. G. Beneventano and E. M. Santangelo, Int. J. Mod.

Phys. A 11, 2871 (1996) [arXiv:hep-th/9501122]. [44] N. F. Svaiter and B. F. Svaiter, J. Phys. A 25, 979 (1992). [45] P. Gosdzinsky and A. Romeo, Phys. Lett. B 441, 265 (1998) [arXiv:hep-th/9809199].

[46] S. Leseduarte and A. Romeo, Annals Phys. 250, 448 (1996) [arXiv:hep-th/9605022].

[47] G. Cognola, E. Elizalde and K. Kirsten, J. Phys. A 34, 7311 (2001) [arXiv:hep-th/9906228].

[48] X. z. Li and X. h. Zhai, J. Phys. A , A34,11053 (2001) [arXiv:hep-th/0205225].

[49] M. Bordag, B. Geyer, K. Kirsten and E. Elizalde, Commun. Math. Phys. 179 (1996) 215 [arXiv:hep-th/9505157].

[50] J. S. Schwinger, Phys. Rev. 82, 664 (1951). [51] Abramowitz and Stegun, Handbook of Mathematical Functions, with Formulas, Graphs and Mathematical Tables, Dover Publications, Inc., New York (1972) [52] J. Ambjorn and S. Wolfram, Annals Phys. 147, 1 (1983). [53] U. Mohideen and A. Roy, Phys. Rev. Lett. 81, 4549 (1998) [arXiv:physics/9805038].

[54] A. Roy, C. Y. Lin and U. Mohideen, Phys. Rev. D 60, 111101 (1999) [arXiv:quant-ph/9906062].

[55] G. Bressi, G. Carugno, R. Onofrio and G. Ruoso, Phys.

Rev. Lett. 88, 041804 (2002) [arXiv:quant-ph/0203002]. [56] M. J. Sparnaay, Physica 24, 751 (1958).