arXiv:hep-th/0309092 v2 15 Jan 2004

UB-ECM-PF-03/23 IPM/P-2003/058

Self-Gravitational Corrections to the Cardy-Verlinde Formula of Achúcarro-Ortiz Black Hole

Mohammad R. Setare^1 and Elias C. Vagenas^2

1 Physics Dept., Inst. for Studies in Theo. Physics and Mathematics (IPM) P.O. Box 19395-5531, Tehran, Iran rezakord@ipm.ir

2 Departament d’Estructura i Constituents de la Matèria and CER for Astrophysics, Particle Physics and Cosmology Universitat de Barcelona Av. Diagonal 647, E-08028 Barcelona Spain evagenas@ecm.ub.es

Abstract

Recently, it was shown that the entropy of the black hole horizon in the Achúcarro- Ortiz spacetime can be described by the Cardy-Verlinde formula. In this paper, we compute the self-gravitational corrections to the Cardy-Verlinde formula of the twodimensional Achúcarro-Ortiz black hole. These corrections stem from the effect of self-gravitation and they are derived in the context of Keski-Vakkuri, Kraus and Wilczek (KKW) analysis. The black hole under study is therefore treated as a dynamical background. The self-gravitational corrections to the entropy as given by the Cardy-Verlinde formula of Achúcarro-Ortiz black hole, are found to be positive. This result provides evidence in support of the claim that the holographic bound is not universal in the framework of two-dimensional gravity models.

Introduction

In 1992 Bañados, Teitelboim and Zanelli (BTZ) [1, 2] showed that (2 + 1)-dimensional gravity has a black hole solution. This black hole is described by two parameters, its mass M and its angular momentum (spin) J. It is locally anti-de-Sitter space and thus it differs from Schwarzschild and Kerr solutions in that it is asymptotically anti-de-Sitter instead of flat spacetime. Additionally, it has no curvature singularity at the origin. AdS black holes, which are members of the two-parametric family of BTZ black holes, play a central role in AdS/CFT conjecture [3] and also in brane-world scenarios [4, 5]. Specifically AdS(2) black hole is most interesting in the context of string theory and black hole physics [6,7,8].

Concerning the quantum process called Hawking effect [9] much work has been done using a fixed background during the emission process. The idea of Keski-Vakkuri, Kraus and Wilczek (KKW) [10]-[13] is to view the black hole background as dynamical by treating the Hawking radiation as a tunnelling process. The energy conservation is the key to this description. The total (ADM) mass is kept fixed while the mass of the black hole under consideration decreases due to the emitted radiation. The effect of this modification gives rise to additional terms in the formulae concerning the known results for black holes [14]-[20]; a nonthermal partner to the thermal spectrum of the Hawking radiation shows up.

Holography is believed to be one of the fundamental principles of the true quantum theory of gravity [21,22]. An explicitly calculable example of holography is the much–studied anti-de Sitter (AdS)/Conformal Field Theory (CFT) correspondence. More recently, it has been proposed in a manner analogous with the AdS_d/CFT_{d−1} correspondence, that quantum gravity in a de Sitter (dS) space is dual to a certain Euclidean CFT living on a spacelike boundary of the dS space [23] (see also earlier works [24]-[27]). Following this proposal, some investigations on the dS space have been carried out recently [26]-[49].

The Cardy-Verlinde formula recently proposed by Verlinde [50], relates the entropy of a certain CFT to its total energy and Casimir energy in arbitrary dimensions. In the spirit of AdS_d/CFT_{d−1} and dS_d/CFT_{d−1} correspondences, this formula has been shown to hold exactly for the cases of topological dS, Schwarzschild-dS, Reissner-Nordström-dS, Kerr-dS and Kerr-Newman-dS black holes.

Recently, much interest has been taken in computing the quantum corrections to the Bekenstein-Hawking entropy S_{BH} [51, 52, 53]. In a recent work Carlip [54] has deduced the leading order quantum correction to the classical Cardy formula. The Cardy formula follows from a saddle-point approximation of the partition function for a two-dimensional CFT. This leads to the theory’s density of states which is related to the partition function by way of a Fourier transform. In [51], Medved has employed Carlip’s formulation to the case of a generic model of two-dimensional gravity with coupling to a dilaton field. In the present paper we study the semi-classical gravitational corrections to the Cardy-Verlinde formula due to the effect of self-gravitation.

The remainder of this paper is organized as follows. In Section 1, we make a short review of the two-dimensional Achúcarro-Ortiz black hole. We present for the aforementioned black hole, expressions for its mass, angular momentum, angular velocity, temperature, area and entropy. In Section 2, we compute the self-gravitational corrections to the entropy of the two-dimensional Achúcarro-Ortiz black hole which is described by the Cardy-Verlinde formula. Finally, in Section 3 we briefly summarize our results and some concluding remarks are made.

1 Achúcarro-Ortiz Black Hole

The black hole solutions of Bañados, Teitelboim and Zanelli [1, 2] in (2 + 1) spacetime dimensions are derived from a three dimensional theory of gravity S = ∫ dx^3 √ −g (^{(3)}R + 2Λ) (1)

with a negative cosmological constant (Λ = 1/l^2 > 0). The corresponding line element is

ds^2 = − ( −M + r^2 l^2 + J^2 4r^2 ) dt^2 + dr^2 ( −M + r^2 l^2 + J^2 4r^2

) + r^2 ( dθ − J 2r^2 dt )_2 (2)

It is obvious that there are many ways to reduce the three dimensional BTZ black hole solutions to the two dimensional charged and uncharged dilatonic black holes [55,56]. The Kaluza-Klein reduction of the (2 + 1)-dimensional metric (2) yields a two-dimensional line element:

ds^2 = −g(r)dt^2 + g(r)^{−1}dr^2 (3) where g(r) = ( −M + r^2 l^2 + J^2 4r^2 ) (4) with M the mass of the two-dimensional Achúcarro-Ortiz black hole, J the angular momentum (spin) of the afore-mentioned black hole and −∞ < t < +∞, 0 ≤ r < +∞, 0 ≤ θ < 2π. The outer and inner horizons, i.e. r_+ (henceforth simply black hole horizon) and r_− respectively, concerning the positive mass black hole spectrum with spin (J ≠ 0) of the line element (2) are given as

r^2_± = l^2 2 M ± √ M^2 −

J^2 l^2 (5) and therefore, in terms of the inner and outer horizons, the black hole mass and the angular momentum are given, respectively, by M = r^2_+ l^2 + J^2 4r^2_+ (6) and J = 2 r_+r_− l (7) with the corresponding angular velocity to be Ω = J 2r^2

. (8)

The Hawking temperature T_H of the black hole horizon is [57]

T_H = 1 2πr_+ ( r^2_+ l^2 + J^2 4r^2_+

)_2 − J^2 l^2 = 1 2πr_+ ( r^2_+ l^2 − J^2 4r^2_+ ) . (9)

The area A_H of the black hole horizon is

A_H = √ 2 πl M + √ M^2 −

J^2 l^2 1/2 (10)

= 2πr_+ (11)

and thus the entropy of the two-dimensional Achúcarro-Ortiz black hole, if we employ the well-known Bekenstein-Hawking area formula (S_{BH} ) for the entropy [58, 59, 60], is given by S_{BH} = 1 4h̄G A_H . (12)

Using the BTZ units where 8h̄G = 1, the entropy of the two-dimensional Achúcarro-Ortiz black hole takes the form S_{BH} = 4πr_+ . (13)

2 Self-gravitational corrections to Cardy-Verlinde formula

In this section we compute the self-gravitational corrections to the entropy of the twodimensional Achúcarro-Ortiz black hole (13) described by the Cardy-Verlinde formula S_{CF T} = 2πR √ ab √ E_C (2E − E_C ) . (14)

The total energy E may be written as the sum of two terms E(S, V ) = E_E(S, V ) + 1 2 E_C (S, V ) (15)

where E_E is the purely extensive part of the total energy E and E_C is the Casimir energy. The Casimir energy is derived by the violation of the Euler relation

E_C = 2E − T_H S_{BH} − Ω_+J (16)

which now will be modified due to the self-gravitation effect as

E_C = 2E − T_{bh}S_{bh} − Ω_{bh}J_{bh} . (17)

In the context of KKW analysis, it is easily seen that^1

T_{bh}S_{bh} = T_H S_{BH} 1 − ω M 2 √ M^2 −

J^2 l^2 M + √ M^2 −

J^2 l^2

(18)

= T_H S_{BH} ( 1 − ω Ml^4 4r^2_+ (r^2_+ − r^2_−) ) (19)

where ω is the emitted shell of energy radiated outwards the black hole horizon. Thus, the second term in (17) can be written as T_{bh}S_{bh} = T_H S_{BH} − ω M M + √ M^2 −

J^2 l^2

(20)

where T_H S_{BH} = 2 ( r^2_+ l^2 − J^2 4r^2_+ ) . (21)

Additionally, one can easily check that in the context of KKW analysis the modified angular momentum (computed up to first order in ω) is given as

J_{bh} = J (1 − ϵ_1ω) (22)

where ϵ_1 is a parameter^2

ϵ_1 = 1 2 √ M^2 −

J^2 l^2

(23)

= l^2 2 (r^2_+ − r^2_−)

. (24)

1For the explicit computation of the modified thermodynamical quantities see [18] 2This parameter is small for sufficiently large mass of the two-dimensional Achúcarro-Ortiz black hole (as it is expected for such a semiclassical analysis here employed since the radiating matter is viewed as point particles).

The modified angular velocity on the black hole horizon (computed also up to first order in ω) is Ω_{bh} =

Ω_+ (1 − ϵ_1ω)

(25)

where Ω_+ is the angular velocity evaluated on the black hole horizon

Ω_+ = J 2r^2_+

. (26)

Therefore, the third term in (17) is given as

Ω_{bh}J_{bh} = Ω_+J (27)

where Ω_+J =

J^2 2r^2_+

. (28)

At this point it is necessary to stress that we shall consider no self-gravitational corrections to the total energy E of the system under study as well as to the radius which takes the form [61] R = 2r_+ ( l J ) √ ab . (29) The Casimir energy, substituting (20) and (27) in (17), is given as

E_C =

J^2 2r^2_+ + ω M M + √ M^2 −

J^2 l^2

(30)

= J^2 2r^2_+

+ 2ϵ_2M ω (31)

where ϵ_2 is a parameter given by^3

ϵ_2 = 1 2 M + √ M^2 −

J^2 l^2

(32)

= l^2 4r^2_+

. (33)

Additionally, it is evident that the quantity 2E − E_C is given, by substituting again equations (20) and (27) in (17), as

2E − E_C = 2 r^2_+ l^2 − ω M M + √ M^2 −

J^2 l^2

(34)

= 2 r^2_+ l^2

− 2ϵ_2M ω . (35)

3This is also a small parameter for sufficiently large mass of the two-dimensional Achúcarro-Ortiz black hole.

Apart from the Casimir energy, the purely extensive part of the total energy E_E will also be modified due to the effect of self-gravitation. Thus, it takes the form

E_E = r^2_+ l^2 − ω M 2 M + √ M^2 −

J^2 l^2

(36)

= r^2_+ l^2

− ϵ_2M ω (37)

whilst it can also be written as [61]

E_E = a 4πR S^2_{bh} (38) = 4πa R r^2_{out} (39) = 4πa R r^2_+(1 − 2ϵ_1ω) . (40)

We substitute expressions (29), (31) and (35) which were computed to first order in ω (in the framework of KKW analysis) in the Cardy-Verlinde formula in order that selfgravitational corrections to be considered, S_{CF T} = 2π √ ab 2r_+ ( l J √ ab ) ( J^2 2r^2_+

+ 2ϵ_2M ω ) ( 2r^2_+ l^2 − 2ϵ_2M ω ) (41)

and consequently, the first-order self-gravitationally corrected Cardy-Verlinde formula of the two-dimensional Achúcarro-Ortiz black hole takes the form S_{CF T} = S_{BH} √ 1 + ϵ_3ω . (42)

where

ϵ_3 = 4 Ml^2 J^2 ( r^2_+ l^2 − J^2 4r^2_+ ) ϵ_2 (43)

= 2M ( 2πl^2 J )_2 T_H S_{BH} (44)

It is easily seen that the parameter ϵ_3 is positive and therefore the self-gravitational corrections are also positive.

It should be pointed out that in the context of KKW analysis the self-gravitational corrections to the entropy as described by the Cardy-Verlinde formula (S_{CF T} ) of the twodimensional Achúcarro-Ortiz black hole are different from the ones to the corresponding Bekenstein-Hawking entropy (S_{BH} ). This is expected since in order to evaluate the corrections to the entropy as described by the Cardy-Verlinde formula (S_{CF T} ), we have taken into account not only corrections to the Bekenstein-Hawking entropy but also to all quantities appearing in the Cardy-Verlinde formula, i.e. the Hawking temperature (T_H ), the angular momentum (J) and the corresponding angular velocity (Ω_+). Furthermore, the entropy of the two-dimensional Achúcarro-Ortiz black hole (S_{CF T} ) described in the context of KKW analysis by the semiclassically corrected Cardy-Verlinde formula violates the holographic bound [21], i.e. S_{CF T} > S_{BH} > S_{bh} . (45) 3 Conclusions

In this work we have evaluated the semiclassical corrections to the entropy of twodimensional Achúcarro-Ortiz black hole as described by the Cardy-Verlinde formula. These corrections are due to the self-gravitation effect. They are derived in the context of KKW analysis and we have kept up to linear terms in the energy of the emitted massless particle. The afore-mentioned gravitational background is treated as a dynamical one and the self-gravitational corrections to its entropy are found to be positive. This result is a direct violation to the holographic bound.

A couple of comments are in order concerning this violation. Firstly, it is known that the entropy of BTZ black hole does not violate the entropy bounds. Thus, it is expected that the Achúcarro-Ortiz black hole which is derived by a dimensional reduction of the BTZ black hole and shares the same thermodynamical formulas with BTZ black hole, will also respect the entropy bounds. On the contrary, in the context of KKW analysis it was proven^4 that the modified entropy of Achúcarro-Ortiz black hole is different even to first order from the corresponding modified entropy of BTZ black hole. Secondly, Mignemi recently claimed [62] that the existence of a holographic bound depends on the dynamics of the specific model of gravity in contrast to the Bekenstein bound which is inherent to the definition of black hole thermodynamics in any metric theory of gravity. Therefore, our result provides evidence in support of the claim that the holographic bound is not universal for 2D gravity models.

4 Acknowledgments

The work of E.C.V. has been supported by the European Research and Training Network “EUROGRID-Discrete Random Geometries: from Solid State Physics to Quantum Gravity” (HPRN-CT-1999-00161).

4Compare results in [18] with the corresponding ones in [19].

References

[1] M. Bañados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849 [arXiv:

hep-th/9204099].

[2] M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev. D48 (1993) 1506 [arXiv: gr-qc/9302012].

[3] J. Maldacena, Adv. Theo. Math. Phys. 2 (1998) 231 [arXiv: hep-th/9711200]. [4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370 [arXiv:

hep-ph/9905221].

[5] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690 [arXiv:

hep-ph/9906064].

[6] D. Birmingham, I. Sachs and S. Sen, Phys. Lett. B413 (1997) 281 [arXiv:

hep-th/9707188].

[7] J. Maldacena, J. Michelson and A. Strominger, JHEP 9902 (1999) 011 [arXiv:

hep-th/9812073].

[8] M. Spradlin and A. Strominger, JHEP 9911 (1999) 021 [arXiv: hep-th/9904143]. [9] S.W. Hawking, Commun. Math. Phys. 43 (1975) 199.

[10] E. Keski-Vakkuri and P. Kraus, Phys. Rev. D54 (1996) 7407 [arXiv: hep-th/9604151]. [11] P. Kraus and F. Wilczek, Nucl. Phys. B433 (1995) 403 [arXiv: gr-qc/9408003]. [12] P. Kraus and F. Wilczek, Nucl. Phys. B437 (1995) 231 [arXiv: hep-th/9411219]. [13] E. Keski-Vakkuri and P. Kraus, Nucl. Phys. B491 (1997) 249 [arXiv:

hep-th/9610045].

[14] M.K. Parikh and F. Wilczek, Phys. Rev. Lett. 85 (2000) 5042 [arXiv:

hep-th/9907001].

[15] Y. Kwon, Il Nuovo Cimento B115 (2000) 469.

[16] S. Hemming and E. Keski-Vakkuri, Phys. Rev. D64 (2001) 044006 [arXiv:

hep-th/0110252].

[17] E.C. Vagenas, Phys. Lett. B503 (2001) 399 [arXiv: hep-th/0012134]. [18] E. C. Vagenas, Mod. Phys. Lett. A 17 (2002) 609 [arXiv: hep-th/0108147].

[19] E.C. Vagenas, Phys. Lett. B 533 (2002) 302 [arXiv: hep-th/0109108].

[20] E.C. Vagenas, Phys. Lett. B 559 (2003) 65 [arXiv: hep-th/0209185].

[21] G. ’t Hooft, Dimensional Reduction in Quantum Gravity, arXiv: gr-qc/9310026; L.

Susskind, J. Math. Phys. 36 (1995) 6377 [arXiv: hep-th/9409089].

[22] R. Bousso, JHEP 9907 (1999) 004 [arXiv: hep-th/9905177]; ibid. 9906 (1999) 028 [arXiv: hep-th/9906022]; ibid. 0104 (2001) 035 [arXiv: hep-th/0012052].

[23] A. Strominger, JHEP 0110 (2001) 034 [arXiv: hep-th/0106113]; M. Spradlin, A.

Strominger and A. Volovich, Les Houches Lectures on De Sitter Space, arXiv: hep-th/0110007.

[24] M.-I. Park, Phys. Lett. B 440 (1998) 275 [arXiv: hep-th/9806119].

[25] C.M. Hull, JHEP 9807 (1998) 021 [arXiv: hep-th/9806146]; ibid. 9811 (1998) 017 [arXiv: hep-th/9807127]; C.M. Hull and R.R. Khuri, Nucl. Phys. B 536 (1998) 219 [arXiv: hep-th/9808069]; ibid. Nucl. Phys. B 575 (2000) 231 [arXiv: hep-th/9911082].

[26] P.O. Mazur and E. Mottola, Phys. Rev. D 64 (2001) 104022 [arXiv: hep-th/0106151].

[27] V. Balasubramanian, P. Horava and D. Minic, JHEP 0105 (2001) 043 [arXiv:

hep-th/0103171].

[28] M.-I. Park, Nucl. Phys. B 544 (1999) 377 [arXiv: hep-th/9811033].

[29] M. Li, JHEP 0204 (2002) 005 [arXiv: hep-th/0106184].

[30] S. Nojiri and S.D. Odintsov, Phys. Lett. B 519 (2001) 145 [arXiv: hep-th/0106191];

S. Nojiri and S.D. Odintsov, JHEP 0112 (2001) 033 [arXiv: hep-th/0107134]; S. Nojiri, S.D. Odintsov and S. Ogushi, Phys. Rev. D 65 (2002) 023521 [arXiv: hep-th/0108172]; S. Nojiri, S.D. Odintsov and S. Ogushi, Int. J. Mod. Phys. A 17 (2002) 4809 [arXiv: hep-th/0205187].

[31] D. Klemm, A.C. Petkou and G. Siopsis, Nucl. Phys. B 601 (2001) 380 [arXiv:

hep-th/0101076]; D. Klemm, Nucl. Phys. B 625 (2002) 295 [arXiv: hep-th/0106247]; S. Cacciatori and D. Klemm, Class. Quant. Grav. 19 (2002) 579 [arXiv: hep-th/0110031].

[32] Y.-h. Gao, Symmetries, Matrices, and de Sitter Gravity, arXiv: hep-th/0107067.

[33] J. Bros, H. Epstein and U. Moschella, Phys. Rev. D 65 (2002) 84012 [arXiv:

hep-th/0107091].

[34] E. Halyo, De Sitter Entropy and Strings, arXiv: hep-th/0107169. [35] A.J. Tolley and N. Turok, Quantization of the massless minimally coupled scalar field and the dS/CFT correspondence, arXiv: hep-th/0108119.

[36] T. Shiromizu, D. Ida and T. Torii, JHEP 0111 (2001) 010 [arXiv: hep-th/0109057]. [37] B. McInnes, Nucl. Phys. B 627 (2002) 311 [arXiv: hep-th/0110061]. [38] A. Strominger, JHEP 0111 (2001) 049 [arXiv: hep-th/0110087]. [39] V. Balasubramanian, J. de Boer and D. Minic, Phys. Rev. D 65 (2002) 123508 [arXiv:

hep-th/0110108].

[40] Y. S. Myung, Mod. Phys. Lett. A 16 (2001) 2353 [arXiv: hep-th/0110123]. [41] B. Carneiro da Cunha, Phys. Rev. D 65 (2002) 104025 [arXiv: hep-th/0110169]. [42] R.G. Cai, Y.S. Myung and Y.Z. Zhang, Phys. Rev. D 65 (2002) 084019 [arXiv:

hep-th/0110234].

[43] U.H. Danielsson, JHEP 0203 (2002) 020 [arXiv: hep-th/0110265]. [44] A.M. Ghezelbash and R.B. Mann, JHEP 0201 (2002) 005 [arXiv: hep-th/0111217];

A.M. Ghezelbash, D. Ida, R.B. Mann and T. Shiromizu, Phys. Lett. B 535 (2002) 315 [arXiv: hep-th/0201004].

[45] M.H. Dehghani, Phys. Rev. D 66 (2002) 044006 [arXiv: hep-th/0205129]; ibid.

D 65 (2002) 104030 [arXiv: hep-th/0201128]; ibid. D 65 (2002) 104003 [arXiv: hep-th/0112002].

[46] S. Ogushi, Mod. Phys. Lett. A 17(2002) 51 [arXiv: hep-th/0111008]. [47] M.R. Setare, Mod. Phys. Lett. A 17 (2002) 2089 [arXiv: hep-th/0210187]. [48] M. R. Setare and R. Mansouri, Int. J. Mod. Phys. A 18 (2003) 4443 [arXiv:

hep-th/0210252].

[49] M.R. Setare and M.B. Altaie, The Cardy-Verlinde formula and entropy of Topological Kerr-Newman black holes in de Sitter spaces, to appear in Eur. Phys. J. C (2003), arXiv: hep-th/0304072.

[50] E. Verlinde, On the Holographic Principle in a Radiation Dominated Universe, arXiv:

hep-th/0008140.

[51] A.J.M. Medved, Class. Quant. Grav. 19 (2002) 2503 [arXiv: hep-th/0201079].

[52] S. Mukherji and S.S. Pal, JHEP 0205 (2002) 026 [arXiv: hep-th/0205164]. [53] J.E. Lidsey, S. Nojiri, S.D. Odintsov and S. Ogushi, Phys. Lett. B 544 (2002) 337 [arXive: hep-th/0207009].

[54] S. Carlip, Class. Quant. Grav. 17 (2000) 4175 [arXiv: gr-qc/0005017]. [55] A. Achúcarro and M.E. Ortiz, Phys. Rev. D 48 (1993) 3600 [arXiv: hep-th/9304068]. [56] D.A. Lowe and A. Strominger, Phys. Rev. Lett. 73 (1994) 1468 [arXiv:

hep-th/9403186].

[57] A. Kumar and K. Ray, Phys. Lett. B 351 (1995) 431 [arXiv: hep-th/9410068]. [58] J.D. Bekenstein, Phys. Rev. D 7 (1973) 2333. [59] J.D. Bekenstein, Phys. Rev. D 9 (1974) 3292. [60] S.W. Hawking, Phys. Rev. D 13 (1976) 191.

[61] M.R. Setare and E.C. Vagenas, Phys. Rev. D 68 (2003) 064014 [arXiv:

hep-th/0304060].

[62] S. Mignemi, Entropy bounds in two dimensions, arXiv: hep-th/0307205.