arXiv:hep-th/0309113 v4 11 Dec 2003

Preprint typeset in JHEP style - HYPER VERSION

Background Field Method in Stochastic Quantization of N = 1 Supersymmetric Yang-Mills Theory

Naohito Nakazawa

High Energy Accelerator Research Organization (KEK) Tsukuba 305-0801, Japan E-mail: naohito@post.kek.jp

Abstract: In the previous works, we proposed the stochastic quantization method (SQM) approach to N = 1 supersymmetric Yang-Mills theory (SYM). In four dimensions, in particular, we obtained the superfield Langevin equation and the corresponding Fokker-Planck equation which describe the underlying stochastic process manifestly preserving the global supersymmetry as well as the local gauge symmetry. The stochastic gauge fixing procedure was also applied to SYM_4 in the superfield formalism. In this note, we apply the background field methd to SYM_4 in terms of the stochastic action principle in the SQM approach. The one-loop β-function for the gauge coupling agrees with that given by the path-integral approach, thereby confirming that the stochastic gauge fixing procedure with the background local gauge invariant Zwanziger’s gauge fixing functions simulates the contributions from the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost at the one-loop level. We also show the equivalence of the effective stochastic action in the background field method to the standard one in SQM.

Contents

1. Introduction 1

2. Stochastic gauge fixing for SYM_4 3

3. Stochastic action principle 5

4. Background field method (BFM) for SYM_4 in SQM 8

5. One-loop perturbation in the stochastic BFM 14

6. The equivalence of the stochastic BFM to the standard SQM for SYM_4 18

7. BRST symmetry in the SQM approach and the background field independence of the expectation values of observables 22

8. Discussions 28

A. Conventions in the stochastic BFM 29

B. Derivation of the Langevin equation in the stochastic BFM 32

1. Introduction

In the analysis of gauge theories, the background field method (BFM) simplifies the perturbative calculation and the renormalization procedure by respecting the background local gauge invariance[1][2][3][4][5][6][7]. The method is, in particular, a powerful tool for supersymmetric models in the superfield formalism[8][9][10][11]. In the previous works[12][13], we proposed an approach to N = 1 supersymmetric Yang-Mills theory (SYM)[14] via the stochastic quantization method (SQM)[15]. The superfield Langevin equation and the corresponding Fokker-Planck equation describe the underlying stochastic process for SYM_4 manifestly preserving the global supersymmetry as well as the local gauge symmetry[12]. It is the extension of prior works[16][17][18] on the application of SQM to the supersymmetric U(1) gauge theory[19] to SU(N) case. The stochastic gauge fixing procedure for Yang-Mills theory (YM)[20][21][22][23] was also applied to SYM_4 in the superfield formalism[13].

– 1 –

In Ref.[13], it was shown that the stochastic gauge fixing procedure for SYM_4 is equivalent to the Faddeev-Popov prescription in the path-integral method. The renormalizability of SYM_4 in the SQM approach is ensured in terms of the BRST invariant stochastic action principle. For further application of SQM to SYM, such as the evaluation of anomalies[24][25][26][27], we fomulate BFM in this context. In the SQM approach, BFM has been applied to YM_4[28]. The equivalence of the stochastic gauge fixing procedure to the Faddeev-Popov prescription has been established by the explicit calculation up to the two loop order of the perturbation[29]. In SYM_4, in contrast to the standard path-integral for SYM_4[30], the Faddeev-Popov prescription in the conventional BFM requires an extra ghost[9], a Nielsen-Kallosh type ghost[31], in addition to the ordinary Faddeev-Popov ghost. The reason is that the chiral condition on the Nakanishi-Lautrup superfield and the Faddeev-Popov ghost superfield is replaced to the background chiral condition in BFM. This causes a non-trivial contribution of the Nakanishi-Lautrup field. The additional Nielsen-Kallosh ghost is introduced to cancel the contribution[9]. Therefore, it is non-trivial in BFM formulated in the SQM approach whether the stochastic gauge fixing procedure simulates the contributions from both these ghosts. In this note, we apply BFM to SYM_4 in the context of SQM. We show that the one-loop β-function for the gauge coupling obtained by BFM in SQM agrees with the well-known result in N = 1 SYM_4[14]. This indicates that appropriate Zwanziger’s gauge fixing functions, which are chosen to be invariant under the background local gauge transformation, simulates the contributions from the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost. The paper is organized as follows. In §2, we recapitulate the stochastic gauge fixing procedure for SYM_4. In §3, the stochastic action principle[32][33][34][35][36][37] is introduced for the perturbative analysis of SYM_4. In §4, we apply BFM to SYM_4 in SQM. A slightly improved point in comparison with the YM case[28][29] is that we introduce a background superfield for the auxiliary superfield, which is the canonical conjugate momentum of the vector superfield with respect to the stochastic time, in order to define a background local gauge invariant “classical ”stochastic action. In §5, the β-functions are determined in the one-loop level. We use the regularization via the dimensional reduction.[38][39] In §6, we show the equivalence of an effective stochastic action defined by the stochastic BFM, which is a generator of the 1-P-I stochastic vertices, to the standard one in SQM. This explains the reason why BFM in SQM reproduces the contribution of the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost. In §7, we discuss the BRST invariant formulation of SQM. In particular, we complete the proof in §6 on the equivalence of the stochastic BFM to the standard SQM in terms of their BRST invariant formulations. Section 8 is devoted to discussions. In Appendix A, the conventions on BFM is explained. The Langevin equation for BFM is derived in Appendix B. Throughout this note, we call BFM in the SQM approach as “stochastic BFM ”. While we refer to BFM in the path-integral approach as “conventional BFM ”. The adjective “standard ”means

– 2 – that both approaches, SQM and the path-integral approach, are supposed without BFM.

2. Stochastic gauge fixing for SYM_4

In the superfield formalism, without choosing the Wess-Zumino gauge, the action for SYM_4 is non-polynomial. S = − ∫ d^4xd^2θd^2θ̄ 1 4g^2 Tr ( W^αW_αδ^2(θ̄) + W_{α̇}W^{α̇}δ^2(θ) ) . (2.1)

Here

W_α = − 1 8 D^2e^{−2gV} D_αe^{2gV} , W_{α̇} = 1 8 D^2e^{2gV} D_{α̇}e^{−2gV} . (2.2)

We use a notation closely related with that in Ref.[40] by the analytic continuation to the Euclidean space-time, ix^0 ≡ x^4. The superfield V is SU(N) algebra-valued, V ∈ su(N) ; V = V^at_a, [t_a, t_b] = if_{abc}t_c and tr(t_at_b) = kδ_{ab}. For simplicity we use Tr ≡ 1 k tr. In the non-polynomial form of the action (2.1) in the superfield formalism, in particular, our proposal is presented in an analogy to LGT_d in the context of SQM[12][13]. For lattice gauge theories, SQM approach is well-established.[41] Therefore, SQM is applied to SYM_4 with the following dictionary.

dynamical field : U_μ ∈ U(N), link variable

↔ U ≡ e^{2gV} , vector superfield V, V ∈ su(N) . local gauge transf. : U_μ → e^{iΛ(x)}U_μe^{−iΛ(x+μ)}

↔ U → e^{−igΛ†} Ue^{igΛ}, chiral superfields D_{α̇}Λ = D_αΛ^† = 0 . time development : (δU_μ)U^†_μ, Maurer−Cartan form ↔ (δU)U^{−1} . differential operator : E_a, (left) Lie derivative, E_aU_μ = t_aU_μ ↔ Ê_a, analogue of the (left) Lie derivative .

integration measure : dU_μ, Haar measure on U(N) ↔ √ GDV, analogue of the Haar measure .

Although U ≡ e^{2gV} is not a group element, the differential operator Ê_a Ê_a(z)U(z^′) = t_aU(z^′)δ^8(z − z^′) , (2.3)

and the path-integral measure √ GDV are constructed in an analogous manner as those on a group manifold. Here z ≡ (x^m, θ_α, θ̄_{α̇}) denotes the superspace coordinates.

– 3 –

Thanks to the measure introduced with a non-trivial metric, the partial integration with respect to the differential operator holds and the Langevin equation can be translated to the corresponding Fokker-Planck equation. The superfield Langevin equation for SYM_4 is derived by regarding e^{2gV} , instead of V , as a fundamental variable[12] 1 2g ( Δe^{2gV} ) e^{−2gV} (τ, z) = −βΔτ 2gÊ(τ, z)S + Δw(τ, z) , ⟨Δw_{ij} (τ, z)Δw_{kl}(τ, z^′)⟩_{Δwτ} = βΔτ 2k ( δ_{il}δ_{jk} − 1 N δ_{ij} δ_{kl} ) δ^8(z − z^′) . (2.4)

Here Ê(τ, z) ≡ t_aÊ_a(τ, z), and Ê(τ, z)S =^1_{4g2} ( e^{2gLV} D^αW_α + D_{α̇}W^{α̇} ) . The operator L_V is defined by L_V X ≡ [ V, X ] for X in the adjoint representation.[42] The time evolution is described in a discretized notation with respect to the stochastic time τ to allow a clear understanding. ⟨...⟩_{Δwτ} denotes that the expectation value is evaluated by means of the noise correlation at the stochastic time τ . β is introduced as a scaling parameter of the stochastic time, which is necessary for the multiplicative renormalization in SQM. The covariant spinor derivatives are defined by D_α ≡ e^{−2gV} D_αe^{2gV} and D_{α̇} ≡ e^{2gV} D_{α̇}e^{−2gV} . The operations of these covariant spinor derivatives in the adjoint representation are defined as the commutation or anti-commutation relations. This means, for example, that the equations of motion are understood as D^αW_α ≡ { D^α, W_α } , D_{α̇}W^{α̇} ≡ { D_{α̇}, W^{α̇} } . We note that the reality condition[9] implies e^{2gLV} D^αW_α = D_{α̇}W^{α̇}. Therefore, we discard one of them in (2.4) in the perturbative calculation.

By translating the variation Δe^{2gV} to ΔV , the Langevin equation (2.4) reads ΔV (τ, z) = −βΔτ 2gL_V e^{2gLV} − 1 2gL_V 1 − e^{−2gLV} δS δV^t + Δ_wΞ(τ, z) , Δ_wΞ(τ, z) ≡ 2gL_V e^{2gLV} − 1

Δw(τ, z) . (2.5)

Δ_wΞ is a collective noise superfield. This means that we choose the superfield kernel (e^{2gLV} − 1)^{−1}2gL_V (1 − e^{−2gLV} )^{−1}2gL_V for the superfield Langevin equation.

The extended (“extended ”means stochastic time dependent) local gauge invariance is defined as follows. We first introduce auxiliary superfields, Λ and Λ^†, which are chiral and anti-chiral respectively, into the Langevin equation by the (inverse) local gauge transformation, e^{2gV} → e^{igΛ†} e^{2gV} e^{−igΛ}. Then we redefine the auxiliary superfields as

Φ ≡ 1 β i g e^{−igLΛ} − 1 L_Λ

Λ̇ , Φ̄ ≡ 1 β i g e^{−igL}Λ^† − 1 L_Λ†

Λ̇^† . (2.6)

– 4 –

Here we denote Λ̇ ≡ ΔΛ Δτ . Φ and Φ̄ are also chiral and anti-chiral, DΦ = DΦ̄ = 0, respectively. Then we obtain 1 2g ( Δe^{2gV} ) e^{−2gV} + βΔτ i 2 (¯ Φ − e^{2gLV} Φ )

= −βΔτ 1 2g ( e^{2gLV} D^αW_α + D_{α̇}W^{α̇} ) + Δw . (2.7)

The Langevin equation (2.7) is covariantly transformed under the extended local gauge transformation e^{2gV (τ,z)} → e^{−igΣ† (τ,z)}e^{2gV (τ,z)}e^{igΣ(τ,z)} , e^{igΛ(τ,z)} → e^{igΛ(τ,z)}e^{igΣ(τ,z)} . (2.8) In particular, the auxiliary superfields are transformed as Φ → 1 β i g e^{−igLΣ} − 1 L_Σ

Σ̇ + e^{−igL}Σ Φ ,

Φ̄ → 1 β i g e^{−igLΣ†} − 1 L_Σ†

Σ̇^† + e^{−igL}Σ† Φ̄ . (2.9)

In a weak coupling region, (2.9) reads, Φ → Φ + 1 β Σ̇ + ig[Φ, Σ] . This indicates

that the extended local gauge transformation is interpreted as a 5-dimensional local gauge transformation for which the chiral and anti-chiral superfields play a role of the “5-th”component of the gauge field. We note that the stochastic time has a distinct meaning from other 4-dimensional space-time coordinates. Therefore the global supersymmetry is the 4-dimensional one.

The probability distribution, obtained as a stationary solution of the Fokker- Planck equation in a specified stochastic gauge fixing is equivalent to the standard Faddeev-Popov distribution for SYM_4.[13] For the perturbative analysis, we choose the gauge fixing functions in such a way that the Langevin equation reproduces the superpropagator of the vector superfield defined in a one parameter family of covariant gauges in the path-integral approach. The simplest choices of the Zwanziger’s gauge fixing functions, Φ and Φ̄, are given by

Φ = i ξ 4 D^2D^2V, Φ̄ = −i ξ 4 D^2D^2V . (2.10)

This is the supersymmetric extension of the Zwanziger gauge for YM theory. ξ = 1 corresponds to the Feynman gauge.

3. Stochastic action principle

For the perturbative approach in SQM, we introduce an action principle for SYM_4, the so-called stochastic action. We will apply BFM to this stochastic action and

– 5 – demonstrate an explicit one-loop calculation to obtain the β-function for the gauge coupling. The stochastic action is defined by the path-integral representation of the Langevin equation[32][33][34]. Here we consider the continuum limit of the Langevin equation (2.7) by taking Δτ → 0. The noise superfield Δw is replaced to η. The correlation is redefined by ⟨η_{ij} (τ, z)η_{kl}(τ, z^′)⟩_{ητ} = 2kβ ( δ_{il}δ_{jk} − 1 N δ_{ij} δ_{kl} ) δ(τ − τ^′)δ^8(z − z^′) . (3.1)

The integral representation of the noise correlation is given by Z ≡ ∫ Dηexp ( − 1 4β ∫ d^8zdτ Trη(z, τ )^2 ) . (3.2)

Then we insert an unity as a device for the Parisi-Sourlas type supersymmetry[43]. Supposing the Langevin equation of the form, E(V ) = η, where E(V ) is defined by the continuum limit Δτ → 0 of (2.7), the device is written by 1 = ∫√ GDV δ ( E(V ) − η ) det (δE(V ) δV ) . (3.3)

After the integral representation of the δ-functional and integrating out the noise superfield η, we obtain Z ≡ ∫√ GDV DΠexp ( ∫ d^8zdτ Tr ( −βΠ^2 + iΠE(V ) )) det (δE(V ) δV ) . (3.4)

Here Π is an auxiliary superfield introduced for the integral representation of the δfunctional. The factor det (δE(V ) δV ) is expressed as an effective action with auxiliary fermionic vector superfields, Ψ and Ψ, that appears to be non-polynomial. In the Feynman gauge, ξ = 1, the effective action takes the form, ∫ d^8zdτ TrΨ ( d dτ + 2β□ + O(V ) ) Ψ . (3.5)

This implies that the superpropagator of the auxiliary fermionic vecor superfields is a retarded one with respect to the stochastic time. Since it includes a step function θ(τ − τ^′), the contribution may be evaluated with a prescription to specify θ(0) = 1 2 . While (3.5) also includes δ^8(0) in its perturbative expansion with respect to V which vanishes in the regularization via the dimensional reduction.[38][39] Therefore we may discard the contribution, det (δE(V ) δV ) . The integral representation (3.4) reads Z = ∫ √ GDV DΠe^K , K ≡ ∫ d^8zdτ Tr [ − βΠ^2 + iΠ { 1 2g ( d dτ e^{2gV} ) e^{−2gV} + i 2 β (¯ Φ − e^{2gLV} Φ ) + 1 2g β ( e^{2gLV} D^αW_α + D_{α̇}W^{α̇} ) }] . (3.6)

– 6 –

For the extended local gauge invariance of the stochastic action (3.6), the auxiliary superfield Π is transformed as Π → e^{−igΣ†} Πe^{igΣ†} . This means that Π is not a vector superfield. By a field redefinition, Π = 2gL_V 1 − e^{−2gLV} ϖ, we introduce a vector superfield, ϖ = ϖ^†. The stochastic action (3.6) is expressed as Z = ∫ DV Dϖe^K , K ≡ ∫ d^8zdτ [ 1 2κ G^{ab}ϖ_aϖ_a + iϖ_a { V̇^a − i 4κ (Φ̄^bL^a_b − L^a_bΦ^b) − 1 4κg ( L^a_b(D^αW_α)^b + (D_{α̇}W^{α̇})^bL^a_b )}] . (3.7)

Here we have redefined the scaling parameter β ≡ − 1 2κ .[13] L^b_a is the inverse of an analogue of the Maurer-Cartan one-form coefficient defined by

K^b_a (z) ≡ Tr ( t_a · 1 − e^{−2gLV (z)} 2gL_{V (z)} t^b ) , L^b_a (z) ≡ Tr ( t_a · 2gL_{V (z)} 1 − e^{−2gLV (z)} t^b ) . (3.8)

K^c_a L^b_c = L^c_a K^b_c = δ^b_a . We have also introduced a metric G_{ab} = K^c_aK^c_b, G^{ab} ≡ L^a_c L^b_c and G ≡ detG_{ab}. The path-integral measure, √ GDV , is required for the change of the integration variable from (δU)U^{−1} to δV . By the change of the integration variable from Π to ϖ, we also need ( √ G)^{−1}Dϖ. Therefore the non-trivial measure cancels out.

In the last of this section, we comment on the transformation property of the auxiliary field, ϖ, and the extended local gauge invariance of the stochastic action (3.7). The auxiliary superfield, ϖ, is a vector superfield, while its transformation property is complicated. The infinitesimal form of the extended local gauge transformation is given by

δV^a = + i 2 L^a_bΣ^b − i 2 Σ^{†b}L^a_b , δϖ_a = − i 2 ∂_aL^c_bϖ_cΣ^b + i 2 Σ^{†b}∂_aL^c_b ϖ_c ,

δΦ^a = − ( 2κΣ̇^a + gf^{abc}Φ^bΣ^c ) , δΦ̄^a = − ( 2κΣ̇^{†a} + gf^{abc}Φ^{†b}Σ^{†c} ) . (3.9)

Under this extended local gauge transformation, the stochastic action (3.7) is invariant. Once we fix the gauge by specifying the Zwanziger’s gauge fixing functions with (2.10), the extended local gauge invariance is broken. In the gauge fixed stochastic action, it is possible to introduce the BRST symmetry.[13] In fact, the

– 7 – stochastic action (3.7) and the extended local gauge invariance (3.9) are the supersymmetric extension of the YM case where SQM is formulated as a 5-dimensional gauge field theory[34] and the 5-dimensional local gauge invariance leads the BRST symmetry[36][37]. In this note, we mainly consider the stochastic BFM without the BRST symmetry. The perturbative analysis and the renormalization procedure are demonstrated by respecting the background local gauge invariance rather than the BRST symmetry. In §7, we extend the BRST invariant formulation of the standard SQM to the stochastic BFM for the proof of the equivalence of the sothcastic BFM to the standard SQM approach.

4. Background field method (BFM) for SYM_4 in SQM

In this section, we formulate the stochastic BFM and apply it to SYM_4 following two steps. (I): We consider the background-quantum splitting of the original vector superfield V̂ and the auxiliary superfield Π̂. There exist two types of the local gauge transformations, one is the quantum type and the other is the background one. We fix the quantum type and preserve the background one in the stochastic gauge fixing procedure. (II): We expand the non-polynomial stochastic action with respect to the quantum fluctuations by preserving the background local gauge invariance in each order of the quantum fluctuations. The possible counterterms for the stochastic action are obtained by imposing the backgound local gauge invariance. A consequence of the Ward-Takahashi identities is also obtained in this context. In the next section, we demonstrate the one-loop renormalization of the stochastic action in BFM. We also obtain the one-loop β-function for the gauge coupling.

We first splitt the original vector superfield V̂ and the original auxiliary superfield Π̂ in (3.6) into their quantum flactuations, V and ϖ, and their background configurations, Ω, Ω^† and Π respectively, e^{2gV̂} ≡ e^{gΩ}e^{2gV} e^{gΩ†} , Π̂ ≡ e^{gL}Ω Π + e^{gL}Ω 2gL^V 1 − e^{−2gLV} ϖ . (4.1)

The conventions in the stochastic BFM is summarized in Appendix A. The backgroundquantum splitting for the vector superfield is a conventional one.[9] In particular, the background vector superfield V is defined by e^{2gV} ≡ e^{gΩ}e^{gΩ†} . We comment on the background-quantum splitting of the auxiliary superfield, Π̂, which is essentially a canonical conjugate momentum of the vector superfield V̂ with respect to the stochastic time.

Let us consider a background-quantum splitting Π̂ ≡ e^{gLΩ} Π + e^{gLΩ}ϖ̃. Under the local gauge transformation, the quantum vector superfield V and the background superfield Ω, Ω^† are transformed as V → e^{−igK} V e^{igK} ,

– 8 – e^{gΩ} → e^{−igΣ̂†} e^{gΩ}e^{igK} , e^{gΩ†} → e^{−igK} e^{gΩ†} e^{igΣ̂} . (4.2) Here the transformation parameter K is a vector superfield K^† = K. The superfields Σ̂ and Σ̂^† are chiral and anti-chiral, respectively. (4.2) is also expressed as e^{gLΩ} → e^{−igLΣ̂†} e^{gLΩ} e^{igLK} . (See also appendix A.) The original auxiliary superfield Π̂ is transformed as Π̂ → e^{−igΣ̂†}Π̂e^{igΣ̂†} ≡ e^{−igLΣ̂†} Π̂ . Therefore, the background field Π and the quantum fluctuation ϖ̃ are transformed as Π → e^{−igK} Πe^{igK} , ϖ̃ → e^{−igK}ϖ̃e^{igK} , (4.3) under the background local gauge transformation.

Under the quantum local gauge transformation, the quantum vector superfield V is transformed by e^{2gV} → e^{−igΣ†} e^{2gV} e^{igΣ}. Here Σ^† ≡ e^{−gLΩ}Σ̂^† ( Σ ≡ e^{gLΩ†} Σ̂ ) is a background anti-chiral ( chiral ) superfield defined by D_αΣ^† = 0 ( D_{α̇}Σ = 0 ), where D_α and D_{α̇} are the background covariant spinor derivatives defined by (A.6). While the background fields Ω and Ω^† are invariant, which implies Π → e^{−igLΣ†} Π , ϖ̃ → e^{−igLΣ†} ϖ̃ . (4.4) This indicates that the quantum fluctuation ϖ̃ is not a vector superfield.

Since we prefer to choose the quantum fluctuation as a vector superfield which is the canonical conjugate momentum of V , we introduce a vector superfield ϖ by the redefinition, ϖ̃ = 2gL_V 1 − e^{−2gLV} ϖ, as we have done in (3.7). Under the background local gauge transformation, it is transformed as ϖ → e^{−igK} ϖe^{igK} . (4.5) On the other hand, under the quantum local gauge transformation, its transformation property is complicated. In the infinitesimal form, the vector superfields V and ϖ are transformed as

δV^a = + i 2 L^a_bΣ^b − i 2 Σ^{†b}L^a_b , δϖ_a = − i 2 ∂_aL^c_bϖ_cΣ^b + i 2 Σ^{†b}∂_aL^c_b ϖ_c . (4.6)

Here the transformation property is derived from the original transformation given in (3.9). We notice, in (3.9), the transformation is defined for the original superfields, V̂ and ϖ̂, and the transformation parameters must be understood as Σ̂ and Σ̂^† in the notation of this section. Therefore, the background local gauge transformation is given by simply replacing (V̂ , ϖ̂, Σ̂, Σ̂^†) → (V, ϖ, Σ, Σ^†) in (3.9).

As explained in Appendix B, the auxiliary superfields for the Zwanziger’s gauge fixing functions, Φ̂ and ^̄Φ, are also redefined in such a way that they are background covariantly chiral and background covariantly anti-chiral ϕ ≡ e^{gLΩ†} Φ̂ , ϕ̄ ≡ e^{−gLΩ} ^̄Φ . (4.7)

– 9 –

^̄Φ = Φ̂† implies ϕ̄ = ϕ†. These superfields satisfy the backgound chiral and anti-chiral conditions.

D_{α̇}ϕ = D_αϕ̄ = 0 . (4.8)

They are simply transformed under the background local gauge transformation ϕ → e^{−igK} ϕe^{igK} , ϕ̄ → e^{−igK}ϕ̄e^{igK} . (4.9) The transformation property under the quantum local gauge transformation is determined from (3.9) by replacing, (Φ̂, ^̄Φ, Σ̂, Σ̂^†) → (ϕ, ϕ̄, Σ, Σ^†), δϕ^a = − ( 2κD_τ Σ^a + gf^{abc}ϕ^bΣ^c ) , δϕ̄^a = − ( 2κD_τ Σ^{†a} + gf^{abc}ϕ̄^bΣ^{†c} ) . (4.10)

Here we have introduced the background covariant derivatives with respect to the stochastic time, D_τ and D_τ defined by (A.18).

The quantum local gauge invariance, (4.6) and (4.10), is broken by the following background local gauge invariant stochastic gauge fixing procedure. We fix the gauge by specifying the Zwanziger’s gauge fixing functions, ϕ and ϕ̄. They must be invariant under the background local gauge transformation. The possible extension of the standard Zwanziger’s gauge fixing functions (2.10) is almost uniquely determined from the conditions, (4.8) and ϕ̄ ≡ ϕ^†, and the transformation property (4.9), as follows. ϕ = i ξ 4 D^2D^2V , ϕ̄ = −iξ 4 D^2D^2V . (4.11)

Even after the gauge is fixed, i.e. the Zwanziger’s gauge fixing functions are specified by (4.11), the stochastic action is background local gauge invariant, provided that the parameters of the background local gauge transformation are restricted to be stochastic time independent K̇ = ^̇Σ = ^̇Σ† = 0 . (4.12)

The condition also implies D_τ Σ = D_τ Σ^† = 0.

By substituting the definition of the background-quantum splitting (4.1), and using the conventions described in Appendix A, (3.6) reads Z = ∫ DV Dϖe^K ,

– 10 –

K ≡ ∫ d^8zdτ Tr [ 1 2κ ( Π + 2gL_V 1 − e^{−2gLV} ϖ )_2

+i ( Π + 2gL_V 1 − e^{−2gLV} ϖ ) · ( 1 2g ( d dτ e^{2gV} ) e^{−2gV} + 1 2g ( D^′_τ − e^{2gLV} D^′_τ )

− i 4κ (¯ ϕ − e^{2gLV} ϕ ) − 1 4κg ( e^{2gLV} {∇^α, W_α} + {∇_{α̇}, W^{α̇}} ))] . (4.13)

Here we have defined D^′_τ ≡ D_τ − d dτ and D^′_τ ≡ D_τ − d dτ . This is invariant under the stochastic time independent background local gauge transformations (4.2), (4.3), (4.5) and (4.9) with the condition, (4.12). In the following, we only consider the background local gauge invariance in the restricted sense, i.e. the stochastic time independent one (4.12). For the perturbative analysis, we expand the stochastic action (4.13) with respect to the quantum vector superfield V and its canonical conjugate momentum ϖ. The 0-th order terms with respect to ϖ and V provide a “classical ”stochastic action for background fields.

K^{(0)} = ∫ dτ d^8zTr [ 1 2κ Π^2 + i 2g Π ( ( d dτ e^{gΩ†} )e^{−gΩ†} + e^{−gΩ}( d dτ e^{gΩ}) )

− i 4κg Π ( {D^α, W^{(0)}_α } + {D_{α̇}, W^{α̇(0)}} )] . (4.14)

The classical stochastic action is, of course, invariant under the background local gauge transformation. As we discuss later, this classical action defined by the background fields also determines possible counterterms for the renormalization procedure.

The first order terms with respect to ϖ and V may provide the field equations for the background fields Ω, Ω^† and Π in a conventional sense. 1 κ Π + i 2g ( ( d dτ e^{gΩ†} )e^{−gΩ†} + e^{−gΩ}( d dτ e^{gΩ}) )

− i 4κg ( {D^α, W^{(0)}_α } + {D_{α̇}, W^{α̇(0)}} ) = 0 , d dτ Π + [ Π, d dτ (e^{gΩ†} )e^{−gΩ†} ] + ξ 16κ ( D^2D^2 + D^2D^2 ) Π − 1 κ D_{α̇}[ Π, W^{α̇(0)} ] − 1 8κ D_{α̇}D^2D^{α̇}Π = 0 . (4.15)

In the conventional BFM, in particular to discuss the S-matrix in this context, equations of motion are assumed for the background fields[2]. In the stochastic BFM, however, it is difficult to extract the S-matirx from the effective stochastic action which is a generating functional of the 1-P-I vertices of the connected stochastic Feynman diagrams. Therefore, in a precise sense, we do not assume the field equations (4.15) for the background superfields in order to define the generator of the

– 11 –

1-P-I vertices from the connected stochastic Green’s functions in a standard manner. In §6, we define a reduced form of the effective stochastic action Γ̃(Ṽ , ϖ̃, V, Π) in the stochastic BFM by taking the vanishing limit of the expectation values of the quantum superfields, Ṽ = ϖ̃ = 0. It is shown that the effective stochastic action in this limit, Γ̃(0, 0, V, Π), is equivalent to the standard effective stochastic action defined in an unusual stochastic gauge fixing.

The second order terms with respect to ϖ and V provide the kinetic term which defines the superpropagators

K^{(2)}_{free} = ∫ dτ d^8zTr [ 1 2κ ϖ^2 + iϖ { V̇ + 1 8κ D_{α̇}D^2D^{α̇}V − ξ 16κ ( D^2D^2 + D^2D^2 ) V }] , (4.16)

and the interaction terms relevant to the one-loop perturbation,

K^{(2)}_{int} = ∫ dτ d^8zTr [ g κ Π[ V, ϖ ] + igΠ { [ V, V̇ ] − [ V, [ V, D^′_τ ] ] + i 2κ [ V, ϕ ] + 1 κ { [ V, D_{α̇}V ], W^{α̇(0)} } − 1 4κ { D_{α̇}V, D^2D^{α̇}V } + 1 8κ D_{α̇}D^2[ V, D^{α̇}V ] }

+iϖ { − 1 2 [ V, D^′_τ + D^′_τ ] − i 4κ (ϕ̄^′ − ϕ^′) + 1 κ { D^{α̇}V, W^{α̇(0)} } + 1 8κ ( D_{α̇}D^2D^{α̇} − D_{α̇}D^2D^{α̇} ) V + 1 2κ [ V, D_{α̇}W^{α̇(0)} ] }] . (4.17)

Here we have defined ϕ^′ ≡ ϕ − i ξ 4 D^2D^2V and ϕ̄^′ ≡ ϕ̄ + i ξ 4 D^2D^2V .

The kinetic term K^{(2)}_{free} defines the superpropagators

K^{(2)}_{free} = ∫ dτ d^8zTr [ 1 2κ ϖ^2 + iϖ { V̇ − 1 κ □V + 1 − ξ 16κ ( D^2D^2 + D^2D^2 ) V }] .(4.18)

In the Feynman gauge ξ = 1, we obtain the simplest forms of the superpropagators as follows. ⟨ϖ^a(τ, z)ϖ^b(τ^′, z^′)⟩ = 0 , ⟨V^a(τ, z)ϖ^b(τ^′, z^′)⟩ = δ^{ab} i (iω + k^2/κ) δ^2(θ − θ^′)δ^2(θ̄ − θ̄^′) , ⟨V^a(τ, z)V^b(τ^′, z^′)⟩ = − δ^{ab} κ 1 (iω + k^2/κ)(−iω + k^2/κ) δ^2(θ − θ^′)δ^2(θ̄ − θ̄^′).(4.19)

Here we have suppressed the momentum integration, ∫ d^4kdω(2ϖ)^{−5} e^{ik·(x−x′)+iω·(τ −τ ′)} . For the one-loop renormalization in the stochastic BFM, we determin the possible counterterms by the background local gauge invariance and the dimensional analysis. We note

[x^m] = −1, [θ^α] = [θ̄^{α̇}] = − 1 2 , [τ ] = −2, [D_α] = [D_{α̇}] = 1 2 , [D_τ ] = [D_τ ] = 2 ,

[Ω] = [Ω^†] = [V] = 0, [Π] = 2, [W^{(0)}_α ] = [W^{(0)}_{α̇} ] = 3 2 . (4.20)

– 12 –

The derivative with respect to the stochastic time must appear as the covariant derivatives D_τ and D_τ . If we assume in general the possible counterterms as

(Π)^p(D_τ )^q(D_τ )^r(D_α)^s(D_{α̇})^x(W^{(0)}_α )^y(W^{(0)}_{α̇} )^z , (4.21)

we obtain a condition

2(p + q + r) + 1 2 (s + x) + 3 2 (y + z) = 4 . (4.22)

From the retarded nature of the superpropagator, ⟨V ϖ⟩, the relevant stochastic Feynman diagrams include at least one background auxiliary superfield, Π, as the external line. Therefore we have only three cases.

p = 2 , Π^2 , p = 1 , q = 1 (or r = 1) , D_τ Π , D_τ Π , p = 1 , s = y = 1 (or x = z = 1) , ΠD^αW^{(0)}_α , ΠD_{α̇}W^{α̇(0)} . (4.23)

The reality condition indicates that D^αW^{(0)}α = D_{α̇}W^{α̇(0)}. In the case, p = 1 , s = 2 , x = 2, we would have

D^αD^2DΠ , D_{α̇}D^2D^{α̇}Π , D^αD_ȧD_αD^{α̇}Π , D_{α̇}D^αD^{α̇}D_αΠ , D^2D^2Π , D^2D^2Π . (4.24)

However, the covariant spinor derivatives, D_α and D_{α̇}, must appear as D^αW_α, D_{α̇}W^{α̇}, W^αD_αΠ, W_{α̇}D^{α̇}Π and its anti-commutator, D_m, which leads D^mD_mΠ in the perturbative calculation with the covariantized D-algebra[11]. Since D^mD_mΠ must not appear because its leading term is □Π, the remaining terms are reduced to (4.23) by partial integrations. The covariant derivative term with respect to the stochastic time must be (D_τ − D_τ )Π , because d dτ Π does not appear. Finaly we arrive at the following counterterms.

K^{(0)} = ∫ dτ d^8zTr ( c_1Π^2 + ic_2(D_τ − D_τ )Π

+ic_3Π ( {D^α, W^{(0)}_α } + {D_{α̇}, W^{α̇(0)}} )) . (4.25)

We show by the power counting argument that these counterterms are sufficient to cancel the ultra-violet divergences in all order of the perturbation in the last of this section. (4.25) is nothing but the classical stochastic action for the background fields (4.14). By multiplicative renormalizations

V_{bare} = √ Z_V V , Π_{bare} = √ Z_ΠΠ , g_{bare} = Z_gg , κ_{bare} = Z_κκ , (4.26)

– 13 – the classical action for the background fields is redefined as

K^{(0)} = ∫ dτ d^8zTr ( Z^{−1}_κ Z_Π 1 2κ Π^2 + Z^{−1}_g √ Z_Π i 2g Π ( ( d dτ e^{gΩ†} )e^{−gΩ†} + e^{−gΩ}( d dτ e^{gΩ}) )

−Z^{−1}_κ Z^{−1}_g √ Z_ϖ i 4κg Π ( {D^α, W^{(0)}_α } + {D_{α̇}, W^{α̇(0)}} )) .(4.27)

Here we have used the following Ward-Takahashi identity Z_g √ Z_V = 1 , (4.28)

which ensures Ω_{bare} = √ Z_V Ω and Ω^†_{bare} = √ Z_V Ω^†. This is a consequence of the background local gauge invariance of the stochastic action (4.27) and a well-known relation in the path-integral approach. By expanding this classical action with respect to the background fields in the gauge Ω = Ω^† = V, we obtain

K^{(0)} = ∫ dτ d^8zTr ( Z^{−1}_κ Z_Π 1 2κ Π^2 + i √ Z_ΠZ_V ΠV̇

+Z^{−1}_κ √ Z_ΠZ_V i 8κ ΠD^αD^2D_αV + ... ) . (4.29)

The renormalization of the gauge parameter ξ is not necessary for the one-loop perturbation. For higher loop calculation, we introduce the renormalization constant for the gauge parameter ξ_{bare} = Z_ξξ.

5. One-loop perturbation in the stochastic BFM

The perturbative calculation is drastically simplified by the background local gauge invariance. We employ the regularization via the dimensional reduction[38][39] which preserves the global supersymmetry as well as the background local gauge symmetry in the superfield formalism. In the dimensional reduction, the so-called D-algebra is carried out in the four dimensional sense. After reducing the covariant spinor derivatives into their anti-commutator except four spinor derivatives, D_αD_β D_{α̇}D˙_β , which are necessary to eliminate δ^2(θ)δ^2(θ̄), the momentum integration is performed by the analytic continuation to d dimensions. We here use the standard D-algebra[9] in the explicit calculation instead of the covariantized one[11]. There must be at least four covariant spinor derivatives, D_αD_β D_{α̇}D˙_β, for non-vanishing contribution. At first we note that, in the one-loop calculation, the contribution of ⟨K^{(2)}_{int} ⟩ is finite in the regularization via the dimensional reduction. The possible contribution to divergences begins from ⟨K^{(2)}_{int} K^{(2)}_{int} ⟩. In the stochastic BFM, by assuming the background local gauge invariance, it is not necessary to evaluate all the possible diagrams. In order to simplify the calculation, we only pick up the lowest order in the expansion with respect to the background fields. This means that the stochastic Feynman diagrams inlcude at most two background fields as the external lines.

– 14 –

By the expansion with respect to the backgound fields, the interaction part of the stochastic action (4.17) is reduced to

K^{(2)} = ∫ dτ d^8z ( i g κ Π · V × ϖ + i g 4κ σ̄^{mβ̇α}ϖ · (∂_m[ D_α, D˙_β ]V) × V +i g 2κ σ̄^{mβ̇α}ϖ · ([ D_α, D˙_β ]V) × ∂_mV − 1 κ ϖ · W^{α(0)} × D_αV + 1 κ ϖ · W^{(0)}_{α̇} × D^{α̇}V −gΠ · V × V̇ + g 8κ Π · V × D^2D^2V + g 4κ Π · D_{α̇}V × D^2D^{α̇}V − g 8κ Π · D_{α̇}D^2(V × D^{α̇}V ) ) . (5.1) Here A · B × C ≡ f^{abc}A^aB^bC^c. Amang the possible stochastic Feynman diagrams, 12 diagrams are non-trivial.

In these non-trivial diagrams, 8 diagrams are found to be finite. Only the remaining 4 diagrams contribute to the ultra-violet divergences. In the dimensional reduction, the regularization of the momentum integration is the same as the conventional dimensional regularization. The typical regularized integrals are evaluated as 1 κ ∫ d^dkdω (2π)^5 1 (iω + k^2/κ)(−iω + k^2/κ) × 1 (i(ω − λ) + (k − q)^2/κ)(−i(ω − λ) + (k − q)^2/κ) k^μk^ν = δ^{μν} 4 I_ϵ , ∫ d^dkdω (2π)^5 −1 (iω + k^2/κ)(−iω + k^2/κ) i (−i(ω − λ) + (k − q)^2/κ) = −iI_ϵ I_ϵ ≡ κ 4 ( 1 4π )^2Γ(ϵ) , (5.2)

where ϵ ≡ 2 − d 2 . We note, in the regularization via the dimensional reduction, the renormalization constants (4.26) are redefined as g_{bare} = μ^{2ϵ}Z_gg and κ_{bare} = Z_κκ. Namely, κ_{bare} is dimensionless.

The result for the one-loop divergences is given by

Γ^{div}(V, Π)

= ⟨K^{(2)}_{int} ⟩ + 1 2 ( ⟨K^{(2)}_{int} K^{(2)}_{int} ⟩ − ⟨K^{(2)}_{int} ⟩^2 )

= ∫ dτ d^8zTr ( 2C_2(G)I_ϵ g^2 κ^2

Π^2 + 4iC_2(G)I_ϵ g κ^2

Π{D_{α̇}, W^{α̇(0)}} ) . (5.3)

The expression may be covariantized to be invariant under the background local gauge transformation

Γ^{div}(V, Π) = ∫ dτ d^8zTr ( 2C_2(G)I_ϵ g^2 κ^2

Π^2 + 4iC_2(G)I_ϵ g κ^2

Π{D_{α̇}, W^{α̇(0)}} ) . (5.4)

– 15 –

A remarkable observation in the one-loop divergence (5.4) is that the derivative term with respect to the stochastic time, ΠV̇, is not renormalized in the one-loop level. By comparing this result to the counterterms in (4.27), the renormalization constants satisfy √ Z_V Z_Π − 1 = 0 ,

Z^{−1}_κ Z_Π − 1 = −4C_2(G)I_ϵ g^2 κ , Z^{−1}_κ √ Z_V Z_Π − 1 = 8C_2(G)I_ϵ g^2 κ . (5.5)

This reads

Z_V = 1 + 3g^2

C_2(G) (4π)^2 1 ϵ , Z_Π = 1 − 3g^2

C_2(G) (4π)^2 1 ϵ , Z_g = 1 − 3 2 g^2

C_2(G) (4π)^2 1 ϵ , Z_κ = 1 − 2g^2

C_2(G) (4π)^2 1 ϵ . (5.6)

The result for the wave function and the gauge coupling constant coincides with that given in the conventional BFM. This leads the well-known one-loop β-function for N = 1 SYM_4 without chiral matter multiplets.[14]

β(g) = −3g^3

C_2(G) (4π)^2

. (5.7)

In addition to this gauge coupling β-function, in SQM, we obtain the other β-function for the scaling parameter of the stochastic time, κ

β_κ(g) = −4g^2

C_2(G) (4π)^2

. (5.8)

We also list the anomalous dimensions of the wave function renormalizations.

γ_V (g) = −3g^2

C_2(G) (4π)^2 , γ_Π(g) = +3g^2

C_2(G) (4π)^2

. (5.9)

In the conventional BFM, the Faddeev-Popov prescription requires a Nielsen- Kallosh type ghost in addition to the Faddeev-Popov ghost. Furthermore, due to the non-renormalization theorem, the vector loop does not contribute to the selfenergy nor to the three-point function of the vector mutiplet in the one-loop level.

– 16 –

Therefore the contribution to the self-energy of the vector multiplet only comes from the Fddeev-Popov and the Nielsen-Kallosh ghosts. In this respect, the stochastic gauge fixing procedure in the stochastic BFM simulates the contribution from both the Faddeev-Popov and the Nielsen-Kallosh ghosts in the one-loop level. On the other hand, in the standard SQM approach, the stochastic gauge fixing procedure for SYM_4 reproduces the Faddeev-Popov probability distribution given in the standard path-integral of SYM_4 for which the Nielsen-Kallosh ghost is not necessary[13]. The stochastic gauge fixing procedure is introduced by adding the generator of the local gauge transformation in the time evolution equation of observables in such a way that the time evolution of the local gauge invariant quantities does not depend on the Zwanziger’s gauge fixing functions. Therefore we expect that the background local gauge invariant choice of the Zwanziger’s gauge fixing functions reproduces the probability distribution given in the conventional BFM which requires the Nielsen- Kallosh ghost. The one-loop result supports this conjecture. To confirm it more precisely, we give a proof in the next section on the equivalence of the stochastic BFM to the standard SQM in terms of the effective stochastic action which is a generator of the 1-P-I vertices. In §7, we also discuss this equivalence in terms of the BRST invariant formulation of SQM. Since the standard SQM is equivalent to the Faddeev-Popov prescription in the standard path-integral approach, the proof may explain the reason why the stochastic BFM reproduces the contribution of the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost in the same reliablility as that the Faddeev-Popov prescription in the conventional BFM is equivalent to the standard Faddeev-Popov prescription.

In the last of this section, we comment on the renormalizability of SYM_4 in the SQM approach. The power counting argument is essentially the same as given in Ref.[13]. The estimation of the divergence of a stochastic Feynman diagram G(V, I, E), which consists of V vertices, I internal lines, E external lines and L ≡ I − V + 1 loops is as follows. Precisely, the stochastic Feynman diagram is specified by the following quantities,

I ≡ I_{V ϖ} + I_{V V} , E ≡ E_Π + E_V.

E_Π : # external lines of Π, E_V : # external lines of V I_{V ϖ} : # internal lines of ⟨V ϖ⟩, I_{V V} : # internal lines of ⟨V V ⟩ V_{1,n} : # vertices with ϖ(or Π) and n V (or V), V_{2,n} : # vertices with two ϖ(or Π) and n V (or V). (5.10)

We have also topological relations ∑ n=2 n(V_{1,n} + V_{2,n}) = 2I_{V V} + I_{V ϖ} + E_V, ∑ n=2 (V_{1,n} + 2V_{2,n}) = I_{V ϖ} + E_Π .(5.11)

– 17 –

The degree of the ultra-violet divergence of the stochastic Feynman diagram G(V, I, E) is given by

4L − 2I_{V V} − 2I + 2( ∑ n=2 V_{1,n}) = 4 − 2E_Π . (5.12)

From the degree of the divergence, the following types of counterterms, which must be invariant under the backgound local gauge transformation, are necessary to cancel the divergences.

E_Π = 2, logarithmic divergences → two Π and infinite number of V; Π^2 .

E_Π = 1, logarithmic divergences → one Π and infinite number of V; (D_τ − D_τ )Π, Π{D^α, [D_{α̇}, {D^{α̇}, D_α}]}, ... E_Π = 0, no relevant stochastic Feynman diagrams.

This power counting argument is consistent to the previous argument based on the dimensional analysis. The symmetry requirements given in the previous section is sufficient to specify the counterterms which cancel these divergences. In particular, for the E_Π = 2 case, the backgound vector superfield V ( or Ω and Ω^† ) must appear as the covariant derivatives D_τ , D_τ , D_α and D_{α̇} in the stochastic BFM. Therefore the possible counterterm for E_Π = 2 is only TrΠ^2 on dimensional ground. The divergence for the E_Π = 1 case is also reduced to the logarithmic one due to the background local gauge invariance. Hence we conclude that SYM_4 in the superfield formalism is renormalizable in the stochastic BFM by means of the stochastic action principle.

6. The equivalence of the stochastic BFM to the standard SQM for SYM_4

In this section, we give a proof on the equivalence of the stochastic BFM for SYM_4 to the standard SQM. The argument here is based on that given in the conventional BFM[3][42]. The relation of the stochastic BFM to the standard SQM is clarified in the Yang-Mills case[28][29]. A slightly improved point of our stochastic BFM formulation in comparison with the Yang-Mills case[28][29] is that we have introduced the backgound superfield Π for the auxiliary superfield ϖ̂ as well as for the vector superfield V̂ . As we have shown in the previous two sections, it is necessary to obtain the manifestly background local gauge invariant counterterms. In terms of Û = e^{2gV̂} , the structure of SYM_4 is similar to that of non-linear σ-models. In applying the stochastic BFM to non-linear σ-models, we also need a background field for the auxiliary field, a canonical conjugate momentum of the dynamical field, to generate general coordinate invariant counterterms for the renormalization of the stochastic action[44].

– 18 –

Let us define a generating functional of connected stochastic Green’s functions in the standard SQM Z(J_{V̂} , J_{ϖ̂}) ≡ e^{W (JV̂ ,Jϖ̂ )} ≡ ∫ DV̂ Dϖ̂e^{K(V̂ ,ϖ̂)+Kex} , K_{ex} ≡ ∫ d^8zdτ Tr(J_{V̂} V̂ + J_{ϖ̂}ϖ̂) . (6.1)

Here the stochastic action K(V̂ , ϖ̂) is defined in (3.7). The one parameter family of covariant gauges is defined in terms of the Zwanziger’s gauge fixing functions (2.10). The effective stochastic action, which is a generator of the 1-P-I vertices in the connected stochastic Feynman diagrams, is defined by Γ(V , ϖ̄) = W − ∫ d^8zdτ Tr(J_{V̂} V + J_{ϖ̂}ϖ̄) , V ≡ δW δJ_{V̂} , ϖ̄ ≡ δW δJ_{ϖ̂} . (6.2)

The stochastic Ward-Takahashi identity is expressed as Γ(V̄ , 0) = 0.[35] It is also possible to derive the Ward-Takahashi identity for the BRST symmetry by introducing the BRST invariant stochastic action and the additional external sources coupled with the variations of the BRST transformation[13] by applying the argument given for the YM case[35].

We also define a generating functional of connected stochastic Green’s functions in the stochastic BFM.

Z̃(J_V , J_ϖ, Ω, Ω^†, Π) ≡ e^{W̃ (J}V^{,J}ϖ^{,Ω,Ω† ,Π)} ≡ ∫ DV Dϖe^{K̃(V,ϖ,Ω,Ω† ,Π)+K̃ex} , K̃_{ex} ≡ ∫ d^8zdτ Tr(J_V V + J_ϖ ϖ) . (6.3)

Here the stochastic action K̃(V, ϖ, Ω, Ω^†, Π) is defined by (4.13). The background local gauge invariant stochastic gauge fixing is given by (4.11). The corresponding effective stochastic action is defined by

Γ̃(Ṽ , ϖ̃, Ω, Ω^†, Π) = W̃ − ∫ d^8zdτ Tr(J_V Ṽ + J_ϖϖ̃) , Ṽ ≡ δW̃ δJ_V , ϖ̃ ≡ δW̃ δJ_ϖ . (6.4)

With these definitions, what we will show in the following is that the effective stochastic action in the stochastic BFM (6.4) is equivalent to the standard definition (6.2),

Γ̃(0, 0, Ω = Ω^† = V, Π) = Γ(V , ϖ) | | | V =V,ϖ= e^{gLV} − e^{−gLV} 2gL_V Π , (6.5)

up to the difference of the Zwanziger’s gauge fixing functions and the redefinition of the background ( or external ) auxiliary superfield. Namely, in the r.h.s. of (6.5), the effective stochastic action is evaluated with the gauge fixing functions different from that given in (2.10).

– 19 –

The stochastic action (4.13) in the stochastic BFM is obtained from the original stochastic action (3.6) except the Zwanziger’s gauge fixing functions K̃ ( V, ϖ, Ω, Ω^†, Π ) = K ( e^{2gV̂} , Π̂ ≡ 2gL_{V̂} 1 − e^{−2gLV̂} ϖ̂ ) , e^{2gV̂} ≡ e^{gΩ}e^{2gV} e^{gΩ†} , 2gL_{V̂} 1 − e^{−2gLV̂} ϖ̂ ≡ e^{gLΩ} Π + e^{gLΩ} 2gL_V 1 − e^{−2gLV} ϖ . (6.6)

We write the non-linear transformations (6.6) from the original superfields to those in the stochastic BFM as V̂ ≡ f(V, V) = V + V + ... , ϖ̂ ≡ h(ϖ, V, Π, V) = ϖ + Π + ... . (6.7)

Here we have chosen the gauge Ω = Ω^† = V. We note that the functions, f and h, satisfy

f(0, V) = V, f(V, 0) = V

h(0, 0, Π, V) = e^{gLV} − e^{−gLV} 2gL_V Π, h(ϖ, V, 0, 0) = ϖ . (6.8)

To show the equivalence, we introduce external source terms K̃^′_{ex} ≡ ∫ d^8zdτ Tr ( J_V (f(V, V) − f(0, V)) +J_ϖ(h(ϖ, V, Π, V) − h(0, 0, Π, V)) ) , (6.9)

and redefine the generating functional for the stochastic BFM

Z̃^′(J_V , J_ϖ, V, Π) ≡ e^{W̃ ′(J}V^{,J}ϖ^{,V,Π)} ≡ ∫ DV Dϖe^{K̃(V,ϖ,Ω=Ω† =V,Π)+K̃′ex} . (6.10) By changing the integration variables with the inverse transformations of f and h, V = f^{−1}(V̂ , V) and ϖ = h^{−1}(ϖ̂, V = f^{−1}(V̂ , V), Π, V) respectively, the stochastic action K̃(V, ϖ, Ω = Ω^† = V, Π) becomes the original one K(V̂ , ϖ̂) except the Zwanziger’s gauge fixing functions. The Jacobian due to the changes of the integration variables is trivial[42]. The change of the integration variable may induce the following Zwanziger’s gauge fixing functions in K(V̂ , ϖ̂) instead of the standard one (2.10) Φ̂ ≡ iξ 4 e^{−gLΩ†} D^2D^2f^{−1}(V̂ , V) = i ξ 4 e^{−gLΩ†} D^2D^2(V̂ − V + ...) , Φ̂ ≡ −iξ 4 e^{gLΩ} D^2D^2f^{−1}(V̂ , V) = −i ξ 4 e^{gLΩ} D^2D^2(V̂ − V + ...). (6.11)

Since the time evolution of the local gauge invariant observables does not depend on the choice of the Zwanziger’s gauge fixing functions in the standard description

– 20 – in (6.1) and (6.2), it may be safe to say that the expectation values of the local gauge invariant observables evaluated with these unusual Zwanziger’s gauge fixing functions (6.11) are equivalent to those in the standard one (2.10). This means that the expectation values evaluated in (6.1) with (6.11) is independent from the background fields.

Under the change of the integration variables, the external source term is simply reduced to K̃^′_{ex} ≡ ∫ d^8zdτ Tr ( J_V (V̂ − V) + J_ϖ(ϖ̂ − e^{gLV} − e^{−gLV} 2gL_V Π) ) . (6.12)

In the limit of the vanishing external sources J_V = J_ϖ = 0, we find Z̃^′ → Z̃. This means that the expectation values of local gauge invariant observables evaluated in Z̃(0, 0, V, Π) in the stochastic BFM must be the same as those given by Z(0, 0) with (6.11), where Z(0, 0) depends on the background fields only through the Zwanziger’s gauge fixing functions (6.11) which does not affect to the expectation values of the local gauge invariant observables.

For Z̃^′, we also introduce the effective stochastic action

Γ̃^′(Ṽ^′, ϖ̃^′, V, Π) = W̃^′ − ∫ d^8zdτ Tr(J_V Ṽ^′ + J_ϖϖ̃^′) , Ṽ^′ ≡ δW̃^′ δJ_V , ϖ̃^′ ≡ δW̃^′ δJ_ϖ .(6.13)

By definition, we obtain Ṽ^′ = f(Ṽ , V) − V , ϖ̃^′ = h(ϖ̃, Ṽ , Π, V) − e^{gLV} − e^{−gLV} 2gL_V Π . Therefore Ṽ = ϖ̃ = 0 implies Ṽ^′ = ϖ̃^′ = 0. While, keeping in mind the equivalence of Z̃^′ to Z with (6.11), we find V = f(Ṽ , V) , ϖ̄ = h(ϖ̃, Ṽ , Π, V) . (6.14)

Here we also note that V and ϖ̄ are defined in (6.2) with (6.11). Therefore, in the limit Ṽ = ϖ̃ = 0, we have Γ̃^′(0, 0, V, Π) = Γ̃(0, 0, V, Π), and

Γ̃^′(0, 0, V, Π) = W − ∫ d^8zdτ Tr ( J_V V + J_ϖ e^{gLV} − e^{−gLV} 2gL_V Π ) , = Γ(V , ϖ̄) | | | V =V, ϖ̄= e^{gLV} − e^{−gLV} 2gL_V Π . (6.15)

This shows the equivalence of the effective stochastic action in the stochastic BFM to the standard one with the gauge (6.11) up to the redefinition of the external auxiliary superfield, ϖ̄ = e^{gLV} − e^{−gLV} 2gL_V Π. We note that, in this redefinition of the background auxiliary superfield, the difference of a factor e^{gLV} in comparison with (6.6) comes from the choice of the gauge Ω = Ω^† = V as shown in (A.17) and (A.20).

– 21 –

Here we have shown that the stochastic BFM in (6.3) is equivalent to the standard SQM (6.1) with the unusual gauge fixing (6.11). In (6.1), the probability distribution reproduces the standard Faddeev-Popov distribution in the equilibrium limit. On the other hand, the conventional BFM for SYM_4 is equivalent to standard path-integral method. Therefore the proof explains the reason why the background covariant choice of the Zwanziger’s gauge fixing functions (4.11) simulates the contributions of the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost introduced in the conventional BFM.

In the proof of the equivalence in this section, we have used the fact that the time evolution of the local gauge invariant observables does not depend on the stochastic gauge fixing procedure which implies that the expectation values of such observables evaluated in (6.1) with (6.11) are independent from the background field, because the background field dependence appears only in the stochastic gauge fixing functions (6.11). One might suspect that the background field dependence of the stochastic gauge fixing procedure causes non-trivial background field dependence on the expectation values. In order to confirm the background field independence, in the next section, we discuss this issue in view of the BRST invariant formulation of the SQM approach.

7. BRST symmetry in the SQM approach and the background field independence of the expectation values of observables

In the last of this note, we add a brief discussion on the BRST symmetry in the stochastic BFM. At first, we recall the following fact. In the standard path-integral approach, the existence of the BRST symmetry is necessary in a gauge theory for its unitarity of the S-matrix as well as its renormalizability, though it is not a sufficient condition. This is also true for the conventional BFM. The S-matrix elements can be constructed from the effective action (i.e., the generator of the 1-P-I vertices) in the conventional BFM.[5][6][7] The BRST symmetry is also useful to prove the renormalizability[45] and the background gauge equivalence[46] of the effective action rigorously in this context. By contrast, in the standard SQM applied to the gauge theory, the stochastic action K and the effective stochastic action Γ defined in (6.2) are not directly related to the S-matrix. The BRST symmetry in terms of the stochastic action ensures its renormalizability, however, the unitarity is not directly related with the BRST symmetry of the stochastic action. It is the stochastic gauge fixing procedure that assures the unitarity.[20][21][22][23] In a perturbative sense, this comes from the decoupling of the FP ghost, which is introduced in the BRST invariant formulation of the standard SQM approach, generally occured in the socalled “flow gauges”that is a non-covariant gauge in the sense of the 5-dimensional “Lorentz covariance”.[34][35][37] The FP ghost does not contribute to the renormal-

– 22 – ization of the gauge field sector. In spite of this decoupling of the FP ghost, the BRST symmetry is useful in applying the field theoretical techniques, such as the arguments in terms of the Ward-Takahashi identities, to the SQM approach.[35] In this respect, although it is convenient to respect the background local gauge invariance in the stochastic BFM for the perturbative analysis of SYM_4, it is worthwhile to discuss the BRST symmetry in this context.

For YM case, the BRST invariant formulation of SQM[35][36][37] has been used in Ref.[29] to prove the equivalence of the stochastic BFM to the standard one. We extend this argument to SYM_4 and verify the background field independence of the correlation functions or expectation values of local gauge invariant observables evaluated in the standard SQM approach with the unusual gauge fixing (6.11) in the BRST invariant formulation. It is shown that the partition function defined in the stochastic BFM for SYM_4 is equivalent to the standard one up to a BRST exact term in view of their BRST invariant formulations. This also completes the proof given in the previous section.

In the SQM approach for SYM_4, the BRST symmetry is defined from the 5- dimensional local gauge symmetry (3.9).[13] The consistent truncation of this 5- dimensional BRST symmetry is carried out by integrating the auxiliary superfields, Φ and Φ̄, and Nakanishi-Lautrup superfields. Then, we obtain a truncated BRST symmetry in an extended phase space { (V̂^a, ϖ̂_a), (ĉ^a, ĉ^{′a}), (^̄c^a, ^̄c^{′a}) } . It is defined by

δ̂_{BRST}V̂^a = −λ i 2 L̂^a_bĉ^b + λ i 2 ^̄c^bL̂^a_b ,

δ̂_{BRST}ϖ̂_a = λ i 2 ∂_aL̂^c_bϖ̂_cĉ^b − λ i 2 ^̄c^b∂_aL̂^c_b ϖ̂_c ,

δ̂_{BRST}ĉ^a = −λg 2 [ĉ × ĉ]^a , δ̂_{BRST}^̄c^a = −λg 2 [^̄c × ^̄c]^a , δ̂_{BRST}ĉ^′_a = λ(−1 4 D̄^2)( i 2 ϖ̂_bL̂^b_a) − λg[ĉ × ĉ^′]_a ,

δ̂_{BRST}^̄c^′_a = −λ(−1 4 D^2)( i 2 L̂^b_a ϖ̂_b) − λg[^̄c × ^̄c^′]_a . (7.1)

We note that this truncated BRST transformation is nilpotent. It preserves the chirality of the superfields: D̄ĉ = D̄ĉ^′ = D^̄c = D^̄c^′ = 0. The truncated BRST invariant stochastic action is reduced from the 5-dimensional extended one as

Z_{BRST} = ∫ DV̂ Dϖ̂DĉDĉ^′D^̄cD^̄c^′e^{KBRST} , K_{BRST} ≡ K_0 + i ∫ d^6zdτ ĉ^′_a^̇c^a + i ∫ d^6z̄dτ^̄c^′_a^̇c̄^a + ξ 2κ ∫ d^8zdτ δ̂^′_{BRST}(−^̄c^′_aD̄^2V̂^a + ĉ^′_aD^2V̂^a) . (7.2)

– 23 –

Here δ̂_{BRST} ≡ λδ̂^′_{BRST}, d^6z = d^4xd^2θ and d^6z̄ = d^4xd^2θ̄. K_0 is defined by the stochastic action (3.7) except the stochastic gauge fixing term, which is included in the BRST exact part in (7.2). The BRST invariance of this truncated stochastic action K_{BRST} is manifest because of the invariance of the derivative terms with repect to the stochastic time: δ_{BRST} { ∫ d^8zdτ ϖ̂_a ^̇V^a + ∫ d^6zdτ ĉ^′_a^̇c^a + ∫ d^6z̄dτ^̄c^′_a^̇c̄^a } = 0. Since (7.2) can be regarded as a Legendre transformation, the canonical conjugate momentum of the FP ghost ĉ (^̄c) with respect to the stochastic time is ĉ^′ (^̄c^′).

The expression (7.2) is useful to discuss the possibility of another choice of the Zwanziger’s gauge fixing functions. For example, we may choose the gauge fixing functions, Φ̂ = i^ξ_4 D^2D̂^2V̂ and ^̄Φ = −i^ξ_4 D^2D̂^2V̂ , which are allowed on dimensional ground. Furthermore, the weak coupling limit g → 0 is equivalent to (2.10). For these gauge fixing functions, the BRST exact term in (7.2) becomes ξ 2κ ∫ d^8zdτ δ̂^′_{BRST}(−^̄c^′_a ^̄D^2V̂^a + ĉ^′_aD̂^2V̂^a) . Therefore, though the gauge fixing term generates the new interactions, we conclude that the correlation functions of the local gauge invariant (i.e., BRST invariant) observables are the same as those evaluated in (2.10).

The superpropagators for vector superfields V̂ and ϖ̂ are given in (4.19). For the Faddeev-Popov ghosts, we obtain ⟨ĉ^a(τ, z)ĉ^{′b}(τ^′, z^′)⟩ = −i 1 (iω + k^2/κ) (− 1 4 ~D̄^2)δ2(θ − θ′)δ2(θ̄ − θ̄′) , ⟨^̄c^a(τ, z)^̄c^{′b}(τ^′, z^′)⟩ = −i 1 (iω + k^2/κ) (− 1 4 D̃^2)δ^2(θ − θ^′)δ^2(θ̄ − θ̄^′) . (7.3)

Here, we have suppressed the momentum integration ∫ d^4kdω(2π)^{−5}e^{ik·(x−x′)+iω(τ −τ ′)}. We have also defined the covariant derivatives D̃_α ≡ ∂_α − σ^m_{αα̇}θ^{α̇}k_m and ~D̄_{α̇} ≡ − ¯∂_{α̇} + θ_ασ^m_{αα̇}k_m. We note that the superpropagators for FP ghosts are retarded one. In the perturbative analysis, as we have already mentioned on the FP ghost decoupling in the stochastic gauge fixing procedure, this means that the FP ghost loops do not contribute to the renormalization of the vector superfields sector, K_0 in (7.2).

The BRST invariant formulation in terms of the stochastic action principle is renormalizable which can be shown by the arguments based on the power counting and the Ward-Takahashi identities, which are derived from the Parisi-Sourlas type hidden supersymmetry in (3.4), the BRST symmetry (7.1) and the scale invariance of the FP ghosts ĉ → e^ρĉ , ĉ^′ → e^{−ρ}ĉ^′, ^̄c → e^ρ^̄c , ^̄c^′ → e^{−ρ}^̄c^′. (7.4)

The power counting of the stochastic Feynman diagrams generated by (7.2) is similar to what we have explained in (5.12). The degree of the divergence is given by

4 − 2E_ϖ − 3 2 (E_c + E_c′ + E_{c̄} + E_{c̄}′ ) , (7.5)

– 24 – where E_ϖ, E_c, E_c′ , E_{c̄} and E_{c̄}′ are the numbers of the external auxiliary vector superfield and the FP ghosts: ϖ, c, c^′, c̄ and c̄^′, respectively. Therefore, the stochastic action (7.2) is multiplicatively renormalizable by the renormalizations of the wave functions and the coupling constants, g and κ.[13]

It is straightforward to define the BRST symmetry in the stochastic BFM. We make changes of the integration variables in (7.2) by (6.7) (or equivalently, (6.6)) for V̂ and ϖ̂. The changes of the integration variables for the FP ghosts in (7.2) are also carried out by ĉ → e^{−gΩ†} ce^{gΩ†} , ^̄c → e^{gΩ}c̄e^{−gΩ} , ĉ^′ → e^{−gΩ†} c^′e^{gΩ†} , ^̄c^′ → e^{gΩ}c̄^′e^{−gΩ} . (7.6)

Namely, the chiral FP ghost superfields ĉ and ĉ^′ are replaced to the background chiral superfields c and c^′, and the anti-chiral FP ghost superfields ^̄c and ^̄c^′ are replaced to the background anti-chiral superfields c̄ and c̄^′. This is a consequence of the quantum local gauge transformation (4.6). We also note that we do not consider the background fields for the FP ghosts, ĉ, ĉ^′, ^̄c and ^̄c^′. For the definition of the stochastic BFM, in addition to these changes of the integration variables, the stochastic gauge fixing term must be specified so as to be invariant under the background local gauge transformation.

The BRST transformation for the stochastic BFM is defined by

δ_{BRST}V^a = −λ i 2 L^a_bc^b + λ i 2 c̄^bL^a_b ,

δ_{BRST}ϖ_a = λ i 2 ∂_aL^c_bϖ_cc^b − λ i 2 c̄^b∂_aL^c_b ϖ_c ,

δ_{BRST}c^a = −λ g 2 [c × c]^a , δ_{BRST}c̄^a = −λ g 2 [c̄ × c̄]^a , δ_{BRST}c^′_a = λ(− 1 4 D̄^2) i 2 ( (e^{−2gLV} Π)_a + ϖ_bL^b_a ) − λg[c × c^′]_a , δ_{BRST}c̄^′_a = −λ(− 1 4 D^2) i 2 (Π_a + L^b_a ϖ_b) − λg[c̄ × c̄^′]_a . (7.7)

This is deduced from the 5-dimensional BRST transformation by the consistent truncation with the background-quantum splitting in the stochastic BFM. We also define the BRST transformation of the background fields. The background fields Ω and Ω^† are invariant while Π is transformed as an adjoint matter by (4.4) under the quantum type local gauge transformation. Thus we define

δ_{BRST}Ω_a = δ_{BRST}Ω^†_a = 0 , δ_{BRST}Π_a = −λg[c̄ × Π]_a . (7.8)

The BRST transformation, (7.7) and (7.8), is also nilpotent. It preserves the chirality of the superfields with respect to the background field: D̄c = D̄c^′ = Dc̄ = Dc̄^′ = 0.

– 25 –

The corresponding BRST invariant stochastic action is given by

Z̃_{BRST} = ∫ DV DϖDcDc^′ Dc̄Dc̄^′e^{K̃BRST} , K̃_{BRST} ≡ K̃_0 + i ∫ d^6zdτ c^′_aD̄_τ c^a + i ∫ d^6z̄dτ c̄^′_aD_τ c̄^a + ξ 2κ ∫ d^8zdτ δ^′_{BRST}(−c̄^′_aD̄^2V^a + c^′_aD^2V^a) . (7.9)

Here δ_{BRST} ≡ λδ^′_{BRST}. K̃_0 is defined by (4.13) except the stochastic gauge fixing term, which is included in the BRST exact term in (7.9). For the BRST invariance of K̃_{BRST} in (7.9), we note

δ_{BRST} { ∫ d^8zdτ (K^b_a Π_b + ϖ_a) ( V̇^a + 1 2g L^a_b D^{′ b}_τ − 1 2g L^a_bD̄^{′ b}_τ )

+ ∫ d^6zdτ c^′_aD̄_τ c^a + ∫ d^6z̄dτ c̄^′_aD_τ c̄^a } = 0 . (7.10)

The BRST exact part in (7.9) is decomposed as ξ 2κ ∫ d^8zdτ δ^′_{BRST}(−c̄^′_aD̄^2V^a + c^′_aD^2V^a) = −i ξ 16κ ∫ d^8zdτ ϖ_a ( L^a_b D^2D̄^2V^b + L^a_bD̄^2D^2V^b )

−i ξ 16κ ∫ d^8zdτ Π_a ( D^2D̄^2V^a + (e^{2gLV} D̄^2D^2V )^a )

+ ξ 2κ ∫ d^8zdτ { − i 2 (c̄^′_aD̄^2 − c^′_aD^2)(L^a_bc^b − c̄^bL^a_b )

+g[c̄ × c̄^′]_aD̄^2V^a − g[c × c^′]_aD^2V^a } . (7.11)

The first and the second terms in the r.h.s. of this expression reproduce the background local gauge invariant stochastic gauge fixing terms in (4.13) with (4.11). The third term describes the interactions between the vector superfield and the FP ghosts. The interaction terms in the BRST exact part do not contribute to the renormalization of the vector superfields sector, while these terms are renormalized by the perturbative correction due to the vector superfields. The power counting argument is essentially the same as (7.5) which assures the renormalizability of the BRST invariant formulation of the stochastic BFM. We comment on the difference between the stochastic BFM and the conventional BFM. In the conventional BFM, we need the Nielsen-Kallosh ghost. By contrast, in the stochastic BFM in the BRST invariant formulation, it is not necessary to introduce an additional ghost corresponding to the Nielsen-Kallosh ghost. This results from that we do not introduce a device such as the quadratic term of the Nakanishi-Lautrup fields, which are chiral and anti-chiral, in defining the stochastic gauge fixing term in (7.2) and also in (7.9).

– 26 –

We also comment that the Jacobian under the changes of the integration variables to define the stochastic BFM, (6.7) and (7.6), is trivial. We have already mentioned this fact for the vector superfields V and ϖ in the previous section. For the FPghosts, it is a consequence of the retarded nature of the superpropagators of the FP ghosts. Their superpropagators in the Feynman gauge are given by ⟨c^a(τ, z)c^{′b}(τ^′, z^′)⟩ = −i ( D̄_τ − D̄2D2 16κ )_{−1} (− 1 4 D̄^2)δ^8(z − z^′)δ(τ − τ^′) , ⟨c̄^a(τ, z)c̄^{′b}(τ^′, z^′)⟩ = −i ( D_τ − D^2D̄^2 16κ )_{−1} (− 1 4 D^2)δ^8(z − z^′)δ(τ − τ^′) , (7.12)

in the vanishing limit of the quantum vector superfield V → 0. Because of the retarded nature of these superpropagators, the FP-ghost loops do not contribute to relevant stochastic Feynman diagrams. This means that the Jacobian of the changes of the integration variables for the FP ghosts, (7.6), is trivial, even if it could be evaluated by, for example, a gaussian cut off regulator with the differential operators in (7.12).

Now we discuss the equivalence of the stochastic BFM (7.9) to the standard SQM (7.2) in the context of the BRST invariant formulations. Let us consider the partition function which is defined by the changes of the integration variables in Z̃_{BRST} in (7.9) by the inverse transformations of (6.7) and (7.6). This procedure yields a relation between Z̃_{BRST} and Z_{BRST} in (7.2). By definition Z_{BRST} is background field independent. The possible background field dependence in Z̃_{BRST}, after the changes of the integration variables may come from the background local gauge invariant stochastic gauge fixing procedure, since the Jacobian of these changes of the integration variables is trivial. The BRST transformation (7.7) is also converted to the orginal one (7.1). As we have already studied, we obtain the unusual stochastic gauge fixing term (6.11). Therefore, after the changes of the integration variables, Z̃_{BRST} becomes Z̃ ′_{BRST},

Z̃^′_{BRST} ≡ ∫ DV̂ Dϖ̂DĉDĉ^′D^̄cD^̄c^′e^{K̃′BRST} , K̃^′_{BRST} ≡ K_0(V̂ , ϖ̂) + i ∫ d^6zdτ ĉ^′_a^̇c^a + i ∫ d^6z̄dτ^̄c^′_a^̇c̄^a + δ̂^′_{BRST}X , X = ξ 2κ Tr ∫ d^8zdτ { ĉ^′e^{−gLΩ†} ( D^2f^{−1}(V̂ , V) ) − ^̄c^′e^{gLΩ} ( D̄^2f^{−1}(V̂ , V) )} .(7.13)

Here, K̃^′_{BRST} includes the unusual stochastic gauge fixing (6.11) in its BRST exact part and the difference of K̃^′_{BRST} from the standard K_{BRST} is BRST exact. This implies the equivalence of the stochastic BFM to the standard SQM up to a BRST exact term in these BRST invariant formulations. Clearly, the background field dependence of Z̃^′_{BRST} takes a BRST exact form. This indicates that Z̃^′_{BRST} reproduces the background field independent expectation values for the local gauge invariant

– 27 –

(i.e., BRST invariant) observables. The generating functional of the correlation functions of a composite opetator O may be defined by

Z̃^′_{BRST}(J, I, J , I; Ω, Ω^†) = ∫ DQe^{K̃′BRST+Ksource} ,

K_{source} = ∫ d^8zdτ Tr { ∑ M ( J_M Q^M + I_M (δ̂^′_{BRST}Q^M ) )

+J O + I(δ̂^′_{BRST} O) } . (7.14)

Here Q^M denotes all the superfields, Q^M ≡ (V̂ , ϖ̂, ĉ, ĉ^′, ^̄c, ^̄c^′). J_M denotes the corresponding external source currents. Since the background field dependence of K̃^′_{BRST} is BRST exact, the variation with respect to the background fields is given by

δ_{Ω,Ω}†Z̃^′_{BRST} = ∫ DQ { δ̂^′_{BRST}(δ_{Ω,Ω†} X) } e^{K̃′BRST+Ksource} = ∫ DQ(δ_{Ω,Ω}† X) ∫ d^8zdτ ∑ M (δ̂^′_{BRST}Q^M ) δe^{K̃′BRST+Ksource} δQ^M (τ, z) = ∫ d^8zdτ { ∑ M J_M δ δI_M + J δ δI }∫ DQ(δ_{Ω,Ω}† X)e^{K̃′BRST+Ksource} , (7.15)

thereby vanishing in the limit J_M → 0 for the local gauge invariant (i.e. BRST invariant) observable δ̂^′_{BRST}O = 0. Therefore Z̃^′_{BRST}, in fact, generates the background field independent correlation functions for the local gauge invariant observables. This completes the proof given in the previous section.

8. Discussions

In this note, we have applied the stochastic BFM to SYM_4. By the explicit one-loop calculation, we obtain the one-loop β-function for the gauge coupling constant. The β-function agrees with that given in the conventional approach. Therefore we have confirmed by the explicit one-loop calculation that the stochastic gauge fixing procedure for SYM_4 is equivalent to the Faddeev-Popov prescription in the path-integral method. This is consistent to our previous formal proof on this equivalence[13] in the following sense.

In the standard SQM approach to SYM_4, the stochastic gauge fixing procedure is equivalent to the Faddeev-Popov prescription in the superfield formalism. In this case, the necessary ghost is only the Faddeev-Popov ghost in the path-integral approach. The BRST invariant structure is also introduced in the standard stochastic action[13] which ensures the perturbative renormalizability of SYM_4 in SQM.

In contrast, the Faddeev-Popov prescription in the conventional BFM requires the Nielsen-Kallosh type ghost in addition to the Faddeev-Popov ghost in the superfield formalism. This is the particular feature of the conventional BFM in the

– 28 – superfield formalism. Our proposal for the stochastic gauge fixing procedure in the stochastic BFM is to choose the Zwanziger’s gauge fixing functions to be invariant under the background local gauge transformation. The one-loop calculation in the stochastic BFM agrees with that in the conventional approach which supports that the backgound local gauge invariant stochastic gauge fixing procedure simulates the contributions of the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost.

We have given a proof on the equivalence of the stochastic BFM to the standard one in the context of SQM by mapping the stochastic gauge fixing procedure defined in BFM into the standard SQM. In particular, the background field independence has been verified for the expectation values of the local gauge invariant observables, evaluated in an unusual background field dependent stochastic gauge fixing, in terms of the BRST invariant formulation of SQM. An important check on the equivalence may be the calculation of anomalies in SYM_4. For example, the superconformal anomaly in SYM_4 is known to be proportional to the β-function of the gauge coupling[25][26][27]. By deriving such an anomaly without using the relation to the β-function, we can also check that the stochastic BFM reproduces the contribution of both ghosts in the conventional BFM.

In the context of the stochastic BFM, the superfield Langevin equation is given by d dτ V^a − i 4κ (¯ ϕ^bL^a_b − L^a_bϕ^b ) + (D^′_τ )^b (L^a_b − δ^a_b ) − (L^a_b − δ^a_b) (D^′_τ )^β = 1 4κg ( L^a_b{∇^α, W_α}^{′b} + {∇_{α̇}, W^{α̇}}^{′b}L^a_b ) + η̃^bL^a_b , (8.1)

as shown in (B.9). Although we have worked in the stochastic action principle for the one-loop renormalization procedure, this form of the superfield Langevin equation in the stochastic BFM may be useful to evaluate anomalies. The analysis will be reported elsewhere.

Acknowledgements

The author would like to thank M. B. Halpern and H. Suzuki for valuable comments.

A. Conventions in the stochastic BFM

A backgound superfield Ω, Ω^† and a quantum superfield V are introduced by the following definition.[9]

e^{2gV̂} ≡ e^{gΩ}e^{2gV} e^{gΩ†} . (A.1)

Here we have denoted the original vector superfield as V̂ . In this note except §2 and §3, “Ô ”indicates that the quantity O such as a covariant derivative is evaluated

– 29 – with respect to the original vector superfield V̂ or the quantity is defined in relation to the original vector superfield. We note that the quantum fluctuation V is a vector superfield, while the background fields, Ω and Ω^†, are not. There are two types of local gauge transformations. One is the background type e^{2gV̂} → (e^{−igΣ̂†} e^{gΩ}e^{igK} )e^{−igK} e^{2gV} e^{igK} (e^{−igK} e^{gΩ†} e^{igΣ̂}) , e^{igΛ̂} → e^{igΛ̂}e^{igΣ̂} , (A.2)

where K is a vector superfield, K^† = K. The superfields Σ̂ and Σ̂^† are chiral and anti-chiral, D_{α̇}Σ̂ = D_αΣ̂^† = 0, respectively. The background vector superfield is defined by e^{2gV} ≡ e^{gΩ}e^{gΩ†} which is transformed as

e^{2gV} → e^{−igΣ̂†} e^{2gV}e^{igΣ̂} , (A.3)

under the background local gauge transformation. By using the gauge degrees of freedom of K, we can choose the gauge Ω = Ω^† = V.[42] In this gauge, the residual background local gauge transformation is (A.3).

The other is the quantum type local gauge transformation, e^{2gV̂} → e^{gΩ}(e^{−gΩ}e^{−igΣ̂†} e^{gΩ})e^{2gV} (e^{gΩ†} e^{igΣ̂}e^{−gΩ†} )e^{gΩ†} , e^{igΛ̂} → e^{igΛ̂}e^{igΣ̂} . (A.4)

The quantum type is generated by the superfield Σ ≡ e^{gΩ†}Σ̂e^{−gΩ†} and its hermitian conjugate Σ^†. They are background covariantly chiral and background covariantly anti-chiral, satisfying

D_{α̇}Σ ≡ [D_{α̇}, Σ] = 0 , D_αΣ^† ≡ [D_α, Σ^†] = 0 . (A.5)

Here the background covariant spinor derivatives are defined by

D_α ≡ e^{−gΩ}D_αe^{gΩ} = e^{−gLΩ} D_α, D_{α̇} ≡ e^{gΩ†} D_{α̇}e^{−gΩ†} = e^{gL†Ω} D_{α̇}, (A.6)

The background covariant spinor derivatives are transformed as D_α → e^{−igK} D_αe^{igK} , D_{α̇} → e^{−igK} D_{α̇}e^{igK} , (A.7) under the background local gauge transformation. We also introduce a background covariant space-time derivative D_m { D_α, D_{α̇} } = −2iσ^m_{αα̇}D_m . (A.8)

The superfield strength, W_α, is expanded with respect to the quantum field V in the following way. The original covariant derivative, D̂_α ≡ e^{−2gV̂} D_αe^{2gV̂} = e^{−2gLV̂} D_α, satisfies a covariant commutation relation with D_{α̇} { D̂_α, D_{α̇} } = −2iσ^m_{αα̇}D̂_m , (A.9)

– 30 – where { e^{−2gV̂} (D_αe^{2gV̂} ), D_{α̇} } ≡ 2σ^m_{αα̇}Γ̂_m and D̂_m ≡ ∂_m + iΓ̂_m. It is more convenient to introduce a chiral representation by a similarity transformation, (∇_α, D_{α̇}, ∇_m) ≡ (e^{gL†Ω}D̂_α, e^{gL†Ω} D_{α̇}, e^{gL†Ω}D̂_m). (A.10) “∇ ”denotes that the covariant derivative includes the quantum vector superfield V . For the other chiral representation of covariant derivatives D̂_{α̇} ≡ e^{2gV̂} D_{α̇}e^{−2gV̂} = e^{2gLV̂} D_{α̇} and D_α, which satisfy {^ D^{α̇}, D^α } = −2iσ^{α̇α}_m D̂^m , (A.11)

we introduce, (D^α, ∇^{α̇}, ∇_m) ≡ (e^{−gLΩ} D^α, e^{−gLΩ} ^ D^{α̇}, e^{−gLΩ}D̂_m). (A.12) Superfield strengthes and their covariant derivatives are also expressed with these covariant derivatives by the similarity transformation, (W_α, {∇^β, W_β}) ≡ (e^{gL†Ω}Ŵ_α, e^{gL†Ω} {D̂^β , Ŵ_β}) , (W_{α̇}, {∇˙_β , W^{β̇}}) ≡ (e^{−gLΩ}Ŵ_{α̇}, e^{−gLΩ} {D̂˙_β, Ŵ β̇ }) , (A.13) where W_α = − 1 8 [D˙_β , {D^{β̇}, ∇_α}] , W_{α̇} = 1 8 [D^β , {D_β , ∇_{α̇}}] . (A.14)

We also note the reality condition. In its original form, it is given by e^{2gLV̂} {D̂^α, Ŵ_α} = {D̂_{α̇}, Ŵ^{α̇}}. This reads e^{2gLV} {∇^α, W_α} = {∇_{α̇}, W^{α̇}} , (A.15) that holds in each order of V .

These formulaue are expressed by the background vector superfield V defined by e^{2gV} ≡ e^{gΩ}e^{gΩ†} and the background covariant derivatives D_α ≡ e^{−2gV}D_αe^{2gV} , D_{α̇} ≡ e^{2gV}D_{α̇}e^{−2gV} . (A.16) The corresponding superfield strengthes, W_α and W_{α̇}, are also introduced by replacing D_α and D_{α̇} to D and D_{α̇}, respectively, in their original definition (2.2). In this note, we use the relations in the gauge Ω = Ω^† = V W_α = e^{−gLΩ†} W^{(0)}_α , W_{α̇} = e^{gLΩ} W^{(0)}_{α̇} , e.t.c. (A.17)

– 31 –

Here W^{(0)}α ≡ W_α | | |_{V =0} and W^{(0)}_{α̇} ≡ W α̇ | | |_{V =0}.

After the background local gauge invariant gauge fixing procedure, the stochastic BFM respects the invariance under the stochastic time independent backgound local gauge transformation for which the transformation parameters are stochastic time independent, d dt Σ̂ = d dt Σ̂^† = 0 and d dt K = 0. This is because the stochastic gauge fixing procedure breaks the invariance under the stochastic time dependent local gauge transformation. For the stochastic time independent background local gauge transformation, we introduce the background covariant derivative with respect to the stochastic time D_τ = e^{−gΩ} d dτ e^{gΩ} , D_τ = e^{gΩ†} d dτ e^{−gΩ†} , (A.18)

which are transformed as D_τ → e^{−igK} D_τ e^{igK} , D_τ → e^{−igK} D_τ e^{igK} . Corresponding to this definition, the stochastic time independence is expressed as the background covariant stochastic time independence, which means that the transformation parameters satisfy

D_τ Σ = D_τ Σ^† = 0 . (A.19)

The covariant derivatives (A.18) are also expressed with the background vector superfield as D_τ ≡ e^{2gV} d dτ e^{−2gV} . This reads

D_τ = e^{gLΩ} D_τ = d dτ + e^{gLΩ} (D^′_τ − D^′_τ ) . (A.20)

Here D^′_τ ≡ D_τ − d dτ and D^′_τ ≡ D_τ − d dτ . We note that this simply indicates that the derivative with respect to the stochastic time must appear in the effective stochastic action in the combination D^′_τ − D^′_τ .

B. Derivation of the Langevin equation in the stochastic BFM

In this note, we work in the stochastic action principle for the perturbative analysis and do not use the Langevin equation, explicitly. In the stochastic BFM, the Langevin equation is useful for the evaluation of anomalies. For further application of the stochastic BFM, we derive the Langevin equation in this appendix. we consider the continuum limit of the Langevin equation (2.7) by taking the limit Δτ → 0. The noise superfield Δw is replaced to η. The correlation of η is defined in (3.1). We assume that the background fields depend on the stochastic time.

The auxiliary chiral and anti-chiral superfields for the gauge fixing functions , Φ̂ and ^̄Φ are now the background covariantly chiral and the background covarianly

– 32 – anti-chiral. Namely, we have redefined ϕ ≡ e^{gLΩ†} Φ̂ and ϕ̄ ≡ e^{−gLΩ} ^̄Φ in (4.7). ^̄Φ = Φ̂^† implies ϕ̄ = ϕ^†. These superfields satisfy, D_{α̇}ϕ = D_αϕ̄ = 0 . By the definitions of the background covariant derivatives and their chiral representation, we obtain 1 2g { e2gL_V − 1 L_V d dτ V + e^{2gLV} ( ( d dτ e^{gΩ†} )e^{−gΩ†} ) − ( d dτ e^{−gΩ})e^{gΩ} }

= + i 4κ (ϕ̄ − e^{2gLV} ϕ) + 1 4κg ( e^{2gLV} {∇^α, W_α} + {∇_{α̇}, W^{α̇}} ) + e^{−gLΩ} η . (B.1)

Under the stochastic time independent background local gauge transformation, the l.h.s. is transformed as ( d dτ e^{2gV} )e^{−2gV} → e^{−igK} ( d dτ e^{2gV} )e^{−2gV} e^{igK} , thereby ensuring the covariance of the Langevin equation under the stochastic time independent background local gauge transformation.

In a standard analysis of SYM_4 in SQM, the Zwanziger’s gauge fixing functions have been chosen as Φ̂ = i^ξ_4 D^2D^2V̂ and ^̄Φ = −i^ξ_4 D^2D^2V̂ in (2.10). In the stochastic BFM , for the covariance of the gauge fixing functions under the background local gauge transformation, they are determined on dimensional ground as ϕ = i^ξ_4 D^2D^2V and ϕ̄ = −i^ξ_4 D^2D^2V in (4.11). This choice satisfies the background chiral and anti-chiral conditions on the gauge fixing functions and conincides with the original gauge fixing functions in the weak background field limit. For the quantum vector superfield V , (B.2) reads { d dτ V + 1 2g L^a_b ( ( d dτ e^{gΩ†} )e^{−gΩ†} )_b − 1 2g ( ( d dτ e^{−gΩ})e^{gΩ} )_b L^a_b } − i 4κ (ϕ̄^bL^a_b − L^a_bϕ^b) = 1 4κg ( L^a_b{∇^α, W_α}^b + {∇_{α̇}, W^{α̇}}^bL^a_b ) + (e^{−gLΩ} η)^bL^a_b . (B.2)

The stochastic action in the stochastic BFM can be directly obtained from the integral representation of this expression.

We note that one might suspect that the noise superfield η̃ ≡ e^{−gLΩ} η in (B.2) depends on the background field Ω and Ω^†, however, this is not the case. In fact, by definition, the noise superfield, η̃, satisfies the correlation (3.1). The hermiticity condition on the noise superfield, η^† = e^{−2gLV̂} η, is reduced to

η̃^† = e^{−2gLV} η̃ , (B.3)

for η̃. From (B.3), η̃^† also satisfies the correlation (3.1). The correlation between η̃ and η̃^† is given by ⟨η̃_{ij} (τ, z)η̃^†(τ^′, z^′)⟩_{η̃τ} = 2βk ( (e^{2gV} )_{il}(e^{−2gV} )_{kj} − 1 N δ_{ij} δ_{kl} ) δ^8(z − z^′)δ(τ − τ^′) .(B.4)

Here, the r.h.s. is not the expectation value in Itō calculus. Therefore, η̃ has no dependence on the background fields. The components of η̃^† are determined by

– 33 –

(B.3). The condition (B.3) means that the noise superfield η̃ (also η) is not a vector superfield. This is the price we have paid for the covariance of the superfield Langevin equation. We emphasize that, although the noise superfield is not a vector superfield, the time evolution of the vector superfield V preserves its hermiticity V^† = V . This can be seen as follows. (B.3) reads

η̃ = { 1 + tanh(gL_V ) }1 2 (η̃ + η̃^†) . (B.5)

The second term represents the imaginary part of the complex noise superfield η̃. On the other hand, the time evolution equation of the vector superfield V in (B.2) is described by the collective noise Ξ̃_{η̃} ≡ η̃^bL^a_b . In the matrix representation, as given in (2.5) for the time evolution of V̂ before taking the continuum limit, this is expressed as

Ξ̃_{η̃} = 2gL^V e^{2gLV} − 1 η̃ , = { coth(gL_V ) − tanh(gL_V ) } gL_V 1 2 (η̃ + η̃^†) . (B.6)

As is clear from the expression, the collective noise is a vector superfield, Ξ̃^†_{η̃} = Ξ̃_{η̃}. This ensures that the time evolution of the vector superfield V preserves its hermiticity V^† = V . The relations we have explained for the noise superfields in the stochastic BFM also hold in the standard SQM approach.[12][13]

In the Langevin equation (B.2), we discard the “classical ”field equations for the background fields. It is given by ( ( d dτ e^{gΩ†} )e^{−gΩ†} + e^{−gΩ}( d dτ e^{gΩ}) ) − 1 2κ ( {D^α, W^{(0)}_α } + {D_{α̇}, W^{α̇(0)}} ) = 0 . (B.7)

The classical backgound field equation is written by Ω and Ω^†. By the definitions of the covariant derivatives with respect to V, it reads

D^′_τ + 1 2κ ( e^{2gLV} {D^α, W_α} + {D_{α̇}, W^{α̇}} ) = 0 . (B.8)

Substituting the classical field equation (B.7) into the Langevin equation (B.2), we obtain d dτ V^a − i 4κ (¯ ϕ^bL^a_b − L^a_bϕ^b ) + (D^′_τ )^b (L^a_b − δ^a_b ) − (L^a_b − δ^a_b) (D^′_τ )^β = 1 4κg ( L^a_b{∇^α, W_α}^{′b} + {∇_{α̇}, W^{α̇}}^{′b}L^a_b ) + η̃^bL^a_b . (B.9) Here {∇^α, W_α}^′ = {∇^α, W_α}−{D^α, W_α} , and {∇_{α̇}, W^{α̇}}^′ = {∇_{α̇}, W^{α̇}}−{D_{α̇}, W^{α̇}} . This is the basic Langevin equation for the stochastic BFM. In the Feynman gauge

– 34 – ξ = 1, the expression becomes d dτ V − 1 2 [ V, D^′_τ + D^′_τ ]

= 1 κ ( D^mD_m − W^{α(0)}D_α + W^{(0)}_{α̇} D^{α̇} ) V + O(V^n, n ≥ 2) + η , O(V^n, n ≥ 2) = − i 4κ g[ V, ϕ^† + ϕ ] + 1 κ ( − g{ [ V, D_{α̇}V ], W^{ȧ(0)} } + g 4 { D_{α̇}V, D^2D^ȧV } − g 8 D_{α̇}D^2[ V, D^{α̇} ] + g[ V, { D_{α̇}V, W^{ȧ(0)} } ] + g 8 [ V, D_{α̇}D^2D^ȧV ] )

− g 6 [ V, [ V, D^′_τ − D^′_τ − 1 κ D_{α̇}W^{ȧ(0)} ] ] + O(V^{n′} , n^′ ≥ 3) − g[ V, η̃ ] . (B.10)

Here, for the one-loop analysis, the interaction terms are necessary up to the second order of the quantum fluctuation, V . In order to derive the expression, we have used the reality condition and the following relations

D^αD^2D_α − 1 2 (D^2D^2 + D^2D^2) = −8 ( D^mD_m + W^{(0)}_{α̇} D^{α̇} + 1 2 D^αW^{(0)}_α ) , D_{α̇}D^2D^{α̇} − 1 2 (D^2D^2 + D^2D^2) = −8 ( D^mD_m − W^{α (0)}D_α − 1 2 D_{α̇}W^{α̇(0)} ) .(B.11)

References

[1] B. DeWitt, Phys. Rev. 162 (1967) 1195;Phys. Rev. 162 (1967) 1239.

J. Honerkamp, Nucl. Phys. B 48 (1972) 269.

[2] G. ’t Hooft, Nucl. Phys. B 62 (1973) 444.

[3] L. F. Abbott Nucl. Phys. B 185 (1981) 189; Acta P hys. P olon. B13(1982)33.

[4] S. Ichinose and M. Omote, Nucl. Phys. B 203 (1982) 221.

D. M. Capper, A. MacLean, Nucl. Phys. B 203 (1982) 413. I. Jack and H. Osborn, Nucl. Phys. B 207 (1982) 474.

[5] D. G. Boulware, Phys. Rev. D 23 (1981) 389.

[6] C. F. Hart Phys. Rev. D 28 (1983) 1993.

[7] L. F. Abbott, M. T. Gurisaru and R. K. Schaefer, Nucl. Phys. B 229 (1983) 372.

[8] J. Honerkamp, M. Schlindwein, F. Krause and M. Scheunert, Nucl. Phys. B 95 (1975) 397.

[9] M. T. Grisaru, W. Siegel and M. Rocek, Nucl. Phys. B 159 (1979) 429.

[10] M. T. Grisaru, W. Siegel, Nucl. Phys. B 187 (1981) 149; Nucl. Phys. B 201 (1982) 292.

– 35 –

[11] M. T. Grisaru and D. Zanon, Phys. Lett. B 142 (1984) 359; Nucl. Phys. B 252 (1985) 578.

[12] N. Nakazawa, hep-th/0302138, Prog. Theor. Phys. 110 (2003) 1117. [13] N. Nakazawa, hep-th/0308081, to appear in P rog. T heor. P hys. . [14] S. Ferrara and B. Zumino, Nucl. Phys. B 79 (1974) 413.

A. Salam and J. Strathdee, Phys. Lett. B 51 (1974) 353. [15] G. Parisi and Y. Wu, Sci. Sin. 24(1981) 483.

[16] J. Breit, S. Gupta and A. Zaks, Nucl. Phys. B 233 (1984) 61. [17] K. Ishikawa, Nucl. Phys. B 241 (1984) 589. [18] N. Kalivas, Phys. Rev. D 36 (1987) 1210. [19] J. Wess and B. Zumino, Nucl. Phys. B 78 (1974) 1. [20] D. Zwanziger, Nucl. Phys. B 192 (1981) 259. [21] L. Baulieu and D. Zwanziger, Nucl. Phys. B 193 (1981) 163.

M. Horibe, A. Hosoya and J. Sakamoto, Prog. Theor. Phys. 70 (1983) 1636. [22] M. Namiki, I. Ohba, K. Okano and Y. Yamanaka Prog. Theor. Phys. 69 (1983) 1580.

[23] Z. Bern, M. B. Halpern, L. Sadun and C. Taubes, Phys. Lett. B 165 (1985) 151;

Nucl. Phys. B 284 (1987) 35.

Z. Bern, M. B. Halpern and L. Sadun, Nucl. Phys. B 284 (1987) 92. [24] L. Abbott, M. Grisaru and H. Schnitzer, Phys. Rev. D 16 (1977) 2995.

T. Curtright, Phys. Lett. B 71 (1977) 185.

[25] T. E. Clark, O. Piguet and K. Sibold, Nucl. Phys. B 143 (1978) 445. [26] O. Piguet and K. Sibold, Nucl. Phys. B 196 (1982) 428; Nucl. Phys. B 196 (1982) 447; Nucl. Phys. B 247 (1984) 484.

[27] M. T. Grisaru, P. C. West, Nucl. Phys. B 254 (1985) 249.

M. T. Grisaru, B. Milewski and D. Zanon, Phys. Lett. B 157 (1985) 174; Nucl. Phys. B 266 (1986) 589.

[28] K. Okano, Nucl. Phys. B 289 (1987) 109.

[29] S. Marculescu, K. Okano, L. Schulke and B. Zheng, Nucl. Phys. B 417 (1994) 579. [30] S. Ferrara and O. Piguet, Nucl. Phys. B 93 (1975) 261. [31] N. K. Nielsen, Nucl. Phys. B 140 (1978) 499.

R. E. Kallosh, Nucl. Phys. B 141 (1978) 141.

– 36 –

[32] E. Gozzi, Phys. Rev. D 28 (1983) 1922.

[33] M. Namiki and Y. Yamanaka, Hadronic J. 7(1984)594; Prog. Theor. Phys. 69 (1983) 1764.

[34] H. S. Chan and M. B. Halpern, Phys. Rev. D 33 (1986) 540. [35] J. Zinn-Justin and D. Zwanziger, Nucl. Phys. B 295 (1988) 297. [36] A. Kapoor, H. Ohba and S. Tanaka, Phys. Lett. B 221 (1989) 125. [37] N. Nakazawa, Nucl. Phys. B 335 (1990) 546. [38] W. Siegel, Phys. Lett. B 84 (1979) 193.

[39] D. M. Capper, D. R. T. Jones and P. van Nieuwenhuizen, Nucl. Phys. B 167 (1980) 479.

[40] J. Wess and J. Bagger, “supersymmetry and Supergravity ”( Princeton Univ. Press, Princeton, 1982 ).

[41] I. T. Drummond, S, Duane and R. R. Horgan, Nucl. Phys. B 220 (1983) 119.

A. Guha and S. C. Lee, Phys. Rev. D 27 (1983) 2412; Phys. Lett. B 134 (1984) 216.

M. B. Halpern, Nucl. Phys. B 228 (1983) 173 B. Sakita, Proceedings of the 7th Johns Hopkins Workshop, ed. G. Domokos and S. Kovesi-Domkos, ( World Scientific, Singapore, 1983) 115. N. Nakazawa, Prog. Theor. Phys. 110 (2003) 393.

[42] S. J. Gates, M. T. Grisaru, M. Rocek. and W. Siegel,

“Superspace ”( Benjamin/Cummings Pub. Co., Massachusetts, 1983). [43] G. Parisi and N. Sourlas, Nucl. Phys. B 206 (1982) 321.

[44] N. Nakazawa and D. Ennyu, Nucl. Phys. B 305 (1988) 516; Phys. Lett. B 222 (1989) 247.

N. Nakazawa, Mod. Phys. Lett. A 4 (1989) 569. [45] P. A. Grassi, Nucl. Phys. B 462 (1996) 524. [46] C. Bcchi and R. Collina, Nucl. Phys. B 562 (1999) 412.

– 37 –