arXiv:hep-th/0309119 v2 31 Oct 2003

ITP-Budapest Report No. 598

On perturbative quantum field theory with boundary

Z. Bajnok^{1∗}, G. Böhm^2 and G. Takács^{1†} 1HAS Theoretical Physics Research Group, Institute for Theoretical Physics, Eötvös University, H-1117 Budapest Pázmány s. 1/A, Hungary 2Research Institute for Particle Physics, H-1525 Budapest, 114 P.O.B. 49, Hungary

This work is dedicated to Prof. Zalán Horváth on the occasion of his 60th birthday.

October 15, 2003

Abstract Boundary quantum field theory is investigated in the Lagrangian framework. Models are defined perturbatively around the Neumann boundary condition. The analyticity properties of the Green functions are analyzed: Landau equations, Cutkosky rules together with the Coleman-Norton interpretation are derived. Illustrative examples as well as argument for the equivalence with other perturbative expansions are presented.

1 Introduction

In this paper we study quantum field theory with boundary in perturbation theory. The boundary is a flat hypersurface with a space-like normal vector, i.e. in appropriate inertial coordinates it is just given by constraining one coordinate to take a constant value (conveniently chosen to be zero). The motivation for such a study and most of the explicit examples come from 1 + 1 dimensional field theory, but we present the formalism for an arbitrary number of spacetime dimensions to show its generality.

Our main motivation comes from consideration of integrable boundary QFT in 1+1 dimensions, although integrability is not required for the general formalism to work. In such QFT, it is possible to construct exact scattering amplitudes (S matrices and reflection amplitudes) using the bootstrap procedure. The central idea of the bootstrap is that certain poles of scattering amplitudes give rise to new states (bulk particles or excited boundary states) in the theory, which must be treated as fundamental degrees of freedom in their own right (“nuclear democracy”).

∗bajnok@afavant.elte.hu † takacs@ludens.elte.hu

However, in the general case there are poles which are not assigned to any particle. In the case of bulk theories, bootstrap closure (or consistency) means that all poles are explained in terms of intermediate processes involving particles on-mass-shell, and that the residues can be calculated using the on-shell couplings between the particles. In case of poles associated to bound states, the intermediate state is a one-particle state; the more general processes are associated to so-called Coleman-Thun diagrams [1]. Consistency requires that there exists a consistent choice for the on-shell couplings such that the singular contributions at all the poles can be calculated by the Cutkosky rules (in practice one normally looks only at the most singular terms).

For QFT with boundaries, the respective rules for Coleman-Thun diagrams were generalized by analogy in [2, 3], but there has been no systematic derivation of these rules so far. In the bulk, the usual derivation of singularity positions (Landau equations) and Cutkosky rules uses the analytic properties of covariant perturbation theory [4, 5], although the Cutkosky rules can also be understood as a generalization of unitarity [4].

There have been numerous previous works using perturbation theory for boundary QFTs [6]–[14]. Unfortunately these expansions are usually rather difficult to use to explore the analytic structure, because the propagators do not have simple analytic properties if expressed in terms of the momentum (in some cases even that is impossible). Therefore in Section 2 we propose to use a perturbation expansion around the free (Neumann) boundary condition and a constant bulk field configuration. It is not at all evident that this approach is correct in the general case, and the main difficulty comes from the fact that the vacuum of the boundary QFT may be a non-constant field configuration. As we mentioned above, expanding around such a field configuration would make the investigation of the analytic structure hopeless. Using a toy model, we present evidence in appendix A that a re-summation of our perturbation expansion gives the correct results that are expected from the standard approaches and in particular the tadpole contributions reproduce the effect of the nontrivial background field. As a further support for the correctness of the perturbative expansion, in Appendix B we give a systematic derivation of one-loop counter-terms in boundary sine-Gordon theory that have been used in semiclassical calculations in the literature [15, 16, 17].

We also extend the perturbation theory by taking into consideration fields living on the boundary, which is instrumental for the derivation of the boundary Cutkosky rules. We define asymptotic states, and write down the generalization of LSZ reduction formulae for boundary QFT, which were previously derived in a restricted context by us [18].

In Section 3, using the perturbative formulation, we derive the boundary extension of Landau equations and Coleman-Norton interpretation, while in Section 4 we obtain the boundary Cutkosky rules. In Section 5 we present some explicit examples of singularities in the conjectured scattering amplitudes of boundary sine-Gordon theory. The paper ends by a discussion of the results and the outline of some issues that remain to be investigated.

2 Perturbation theory with a boundary

In the course of analyzing of boundary quantum field theories we follow the same line as presented in [5] for bulk theories. Setting the stage by introducing our conventions, we identify and canonically quantize the free theory. The R matrix is defined via asymptotic states and is related to the Green functions using the boundary analogue of the LSZ formula. Then we introduce Feynman rules for the computation of Green functions, both in coordinate and momentum space.

2.1 Conventions The coordinates describing the half space-time are z = (t, ⃗x, y) , ⃗x = ( x^1, . . ., x^{D−1} ) , −∞ < t, x^i < ∞, −∞ < y ≤ 0 We denote the boundary coordinates by x = (t, ⃗x) and use the following abbreviations ∫ d⃗x = D−1∏ i=1 ∫_∞ −∞ dx_i , ∫ dx = ∫ d⃗x ∫_∞ −∞ dt , ∫ dz = ∫ dx ∫_0 −∞ dy ⃗∇ = (∂_{x1} , . . ., ∂_{xD−1} ) Bulk fields are denoted by Φ_α(z), while for boundary fields we use ϕ_a(x). For simplicity, all the fields are supposed to be real scalars (generalizing to other cases is straightforward). The action is S = ∫ dz { 1 2 [ (∂_tΦ_α)^2 − ( ⃗∇Φ_α )_2

− (∂_y Φ_α)^2 − M^2_αΦ^2_α ] − V (Φ_α) }

+ ∫ dx { 1 2 [ (∂_tϕ_a)^2 − ( ⃗∇ϕ_a )_2

− m^2_aϕ^2_a ] − U (ϕ_a, Φ_α (y = 0)) } (2.1)

where V (Φ_α) = ∑ M ≥3 ∑ {α_1,...α_M } v_{α1...αM} Φ_{α1} . . .Φ_{αM} describes the bulk interaction, while

U (Φ_α, ϕ_a) = ∑ M,N ∑ {α_1,...α_M } ∑ {a_1 ,...a_N } u_{α1...αM ;a1...aN} Φ_{α1} . . .Φ_{αM} ϕ_{a1} . . . ϕ_{aN}

contains the bulk-boundary and pure boundary interaction terms (we suppose that it contains no terms with M = 0 and N = 1, 2).

2.2 Free fields Here we give a short description of the free theory with U = V = 0. Free bulk fields satisfy the equations of motion ( ∂^2_t − ⃗∇^2 − ∂^2_y + M^2_α ) Φ_α(z) = 0 , ∂_y Φ_α(z)|_{y=0} = 0

The field satisfying the boundary condition can be decomposed as Φ_α (t, ⃗x, y) = ∫_∞ −∞ dκ 2π cos(κy) ∫ d⃗k (2π)^{D−1} exp(i⃗k · ⃗x)Φ̃_α(κ,⃗k, t) Φ̃_α(κ,⃗k, t)^† = Φ̃_α(κ, −⃗k, t) , Φ̃_α(κ,⃗k, t) = Φ̃_α(−κ,⃗k, t)

Similar decomposition is valid for the canonical momentum Π_α(z) = ∂_tΦ(z). The commutation relations are [ Φ_α(t, ⃗x, y), Π_β(t, ⃗x^′, y^′) ] = iδ_{αβ}δ(⃗x − ⃗x^′) ( δ(y − y^′) + δ(y + y^′) ) due to the Neumann boundary condition. We can introduce the bulk creation/annihilation operators A_α(κ,⃗k, t) = iΠ̃_α(κ,⃗k, t) + Ω_α(κ,⃗k)Φ̃_α(κ,⃗k, t) A_α(κ,⃗k, t)^† = −iΠ̃_α(κ,⃗k, t) + Ω_α(κ,⃗k)Φ̃_α(κ,⃗k, t) Ω_α(κ,⃗k) = √ κ^2 + ⃗k^2 + M^2_α

that satisfy [ A_α(κ,⃗k, t), A_β (κ^′,⃗k^′, t)^† ] = (2π)^D 2Ω_α(κ,⃗k)δ_{αβ}δ(⃗k − ⃗k^′) ( δ(κ − κ^′) + δ(κ + κ^′) ) The boundary fields can be quantized in the usual way as free fields living in D dimensional spacetime:

ϕ_a(x) = ∫ d⃗k (2π)^{D−1} exp(i⃗k · ⃗x)ϕ̃_a(⃗k, t) , ϕ̃_a(⃗k, t)^† = ϕ̃_a(−⃗k, t) π_a = ∂_tϕ_a , [ ϕ_a(t, ⃗x), π_b(t, ⃗x^′) ] = iδ_{ab}δ(⃗x − ⃗x^′) a_b(⃗k, t) = iπ̃_b(⃗k, t) + ω_b(⃗k)ϕ̃_b(⃗k, t) , ω_b(⃗k) = √ ⃗k2 + m2_b [ a_b(⃗k, t), a_c(⃗k^′, t)^† ] = (2π)^{D−1} 2ω_b(⃗k)δ_{bc}δ(⃗k − ⃗k^′) The (normal ordered) free Hamiltonian can be written as H = 1 2 ∫_∞ −∞ dκ 2π ∫ d⃗k (2π)^{D−1} A_α(κ,⃗k, t)^†A_α(κ,⃗k, t) + ∫ d⃗k (2π)^{D−1} a_b(⃗k, t)^†a_b(⃗k, t) and the time development of the modes can be calculated as A_α(κ,⃗k, t) = e^{−iΩα (κ,⃗k)t}A_α(κ,⃗k) , a_b(⃗k, t) = e^{−iωb (κ,⃗k)t}a_b(⃗k) The Fock space of free fields can be introduced in the standard way. The vacuum satisfies A_α(κ,⃗k) |0⟩ = 0 = a_b(⃗k) |0⟩ and the space is spanned by the states

A_{α1} (κ_1,⃗k_1)^† . . .A_{αM} (κ_M ,⃗k_M )^†a_{b1} (⃗k^′_1)^† . . .a_{bN} (⃗k^′_N )^† |0⟩

Due to the symmetry A_α(κ,⃗k) = A_α(−κ,⃗k) we could constrain κ ≥ 0. However, it turns out to be simpler to let κ take general real values, and impose the former symmetry property to account for the presence of the boundary.

The free propagators are g_{ab}(x, x^′) = ⟨0| T ϕ_a(x)ϕ_b(x^′) |0⟩ = iδ_{ab} ∫ dk (2π)^D e^{−ik·(x−x′ )} k^2 − m^2_a + iε where k = (k_0,⃗k), ∫ dk = ∫ dk_0 ∫ d⃗k, and G_{αβ}(z, z^′) = ⟨0| T Φ_α(z)Φ_β(z^′) |0⟩ = iδ_{αβ} ∫_∞ −∞ dκ 2π ∫ dk (2π)^D e^{−ik·(x−x′ )} k^2 − κ^2 − M^2_α + iε ( e^{iκ(y−y′ )} + e^{iκ(y+y′ )} )

The bulk propagator contains two terms: the first one describes the direct propagation of the fields, while the other corresponds to reflection on the free boundary. This can also be interpreted as a propagation to the mirror image point at −y^′, and will play an important role in the formulation of the Feynman rules later.

2.3 Asymptotic states, R matrix and reduction formulae We proceed with the usual assumptions: the interaction is switched off adiabatically as t → ±∞. The asymptotic fields are then defined to be free fields Φ^{as}_α and ϕ^{as}_a (as = in, out), satisfying lim t→∓∞ Φ_α(t, ⃗x, y) − Z_αΦ^{in/out}_α (t, ⃗x, y) = 0 lim t→∓∞ ϕ_a(t, ⃗x) − Z_aϕ^{in/out}_a (t, ⃗x) = 0 where the Z coefficients, as usual, take care of the canonical normalization of the fields, and the limits are understood in the weak sense (i.e. for any matrix element of the fields).

The modes of the asymptotic fields, which are obtained using the free field mode expansions A^{as}_α (κ,⃗k) = 2i ∫_0 −∞ dy ∫ d⃗x cos(κy)e^{i(Ωα(κ,⃗k)t−⃗k·⃗x)} ←→ ∂_t Φ^{as}_α (t, ⃗x, y) A^{as}_α (κ,⃗k)^† = −2i ∫_0 −∞ dy ∫ d⃗x cos(κy)e^{−i(Ωα (κ,⃗k)t−⃗k·⃗x)} ←→ ∂_t Φ^{as}_α (t, ⃗x, y) a^{as}_b (⃗k) = i ∫ d⃗xe^{i(ωb(⃗k)t−⃗k·⃗x)} ←→ ∂_t ϕ^{as}_b (t, ⃗x) a^{as}_b (⃗k)^† = −i ∫ d⃗xe^{−i(ωb(⃗k)t−⃗k·⃗x)} ←→ ∂_t ϕ^{as}_b (t, ⃗x) create asymptotic states as follows: | |κ1,⃗k1, α1; . . .; κM ,⃗kM , αM ;⃗k1, b1; . . .;⃗kN , bN ⟩ as = A^{as}_{α1} (κ_1, ⃗k_1)^† . . . A^{as}_{αM} (κ_M , ⃗k_M )^†a^{as}_{b1} ( ⃗k_1)^† . . . a^{as}_{bN} ( ⃗k_N )^† |0⟩ .

We assume asymptotic completeness: both the in and the out states form a complete basis. The unitary transformation between the two is what we call the reflection matrix R (in the usual terminology, reflection matrix means the matrix element of R between a bulk one-particle in and a bulk one-particle out state). For any given initial and final state, the corresponding matrix element of the R matrix (more precisely: R operator) gives the probability amplitude for the evolution of the initial state |i⟩ at t = −∞ into the final state |f⟩ at t = +∞: R_{f i} =_{out} ⟨f | i⟩_{in}

Now one can proceed to deduce reduction formulae for the matrix elements between asymptotic states. The derivation is essentially the same as in [18], so we only write down two examples of the resulting formulae. Applying the formalism to an incoming bulk particle gives out ⟨A| O|κ,⃗k, α; B⟩_{in} =_{out} ⟨A| OA^{in}_α (κ,⃗k)^†|B⟩_{in} = = disconnected part + 2iZ^{−1/2}_α

∫_0 −∞ dy ∫ dx cos(κy)e^{−i(Ωα (κ,⃗k)t−⃗k·⃗x)} × { ∂^2_t − ∂^2_y − ⃗∇^2 + M^2_α + δ(y)∂_y } out ⟨A| T OΦ_α(t, ⃗x, y)|B⟩_{in} where O denotes a general T product of local operators. The reduction formula for an incoming boundary particle created by the a modes are identical to the usual reduction formulae in D space-time dimensions without boundary: out ⟨A| O|⃗k, b; B⟩_{in} =_{out} ⟨A| Oa^{in}_b (⃗k)^†|B⟩_{in} = = disconnected part + iZ^{−1/2}_a ∫ dxe^{−i(ωα(⃗k)t−⃗k·⃗x)} × { ∂^2_t − ⃗∇^2 + m^2_a } out ⟨A| T Oϕ_a(t, ⃗x)|B⟩_{in} Formulae for outgoing particles can be written in a very similar form.

2.4 Feynman rules in coordinate space In the interaction picture, the time evolution of the system can be described by the operator

U(t) = T exp { −i ∫_t −∞ dτH_{int} (τ) }

H_{int} (τ) = ∫_0 −∞ dy ∫ d⃗xV ( Φ^{in}_α (τ, ⃗x, y) ) + ∫ d⃗xU ( Φ^{in}_α (τ, ⃗x, y = 0), ϕ^{in}_a (t, ⃗x) )

The R matrix can be expressed as

R = U(∞) = T exp { −i ∫_∞ −∞ dτH_{int} (τ) }

and the interacting fields take the form Φ_α(t, ⃗x, y) = U(t)^{−1}Φ^{in}_α (t, ⃗x, y)U(t) ϕ_a(t, ⃗x) = U(t)^{−1}ϕ^{in}_a (t, ⃗x)U(t) Using the free field formulae and Wick’s theorem, one can readily derive the Feynman rules in coordinate space for the Green’s functions G^{m,n}_{α1...αm;a1...an} ( ⃗x_1, y_1, t_1 . . . , ⃗x_m, y_m, t_m; ⃗x^′_1, t^′_1, . . .⃗x^′_n, t^′_n ) = ⟨0| T Φ_{α1} (⃗x_1, y_1, t_1) . . .Φ_{αm} (⃗x_m, y_m, t_m)ϕ_{a1} (⃗x^′_1, t^′_1) . . .ϕ_{an} (⃗x^′_n, t^′_n) |0⟩

from which the rules for the R matrix can be obtained by applying the reduction formulae. The resulting diagrams contain the following ingredients:

1. Boundary propagator:

t, ⃗x a b t^′, ⃗x^′ = iδ_{ab} ∫ dk (2π)^D e^{−ik·(x−x′)} k^2 − m^2_a + iε

2. Direct bulk propagator

t, y, ⃗x α β t^′, y^′, ⃗x^′ = iδ_{αβ} ∫_∞ −∞ dκ 2π ∫ dk (2π)^D e^{−ik·(x−x′ )} k^2 − κ^2 − M^2_α + iε e^{iκ(y−y′ )} 3. Reflected bulk propagator

t, y, ⃗x α β t^′, y^′, ⃗x^′ = iδ_{αβ} ∫_∞ −∞ dκ 2π ∫ dk (2π)^D e^{−ik·(x−x′)} k^2 − κ^2 − m^2_a + iε e^{iκ(y+y′ )} 4. Bulk vertex (it doesn’t make a difference whether a leg comes from a direct or reflected bulk propagator)

α_1 α2 α_3

α_4 α_M = −iv_{α1...αM}

5. Boundary vertex (once again, no distinction between the types of bulk legs)

α_1 α_2 α_M a_1

a_N = −iu_{α1...αM ;a1...aN}

The vertex positions must be integrated over, for bulk vertices over the bulk (half) space, while for boundary vertices over the boundary. There are also combinatorial factors that follow straightforwardly from counting the number of ways the particular Wick contractions can be made. One has to take care to draw all possible diagrams obtained by putting both the direct and the reflected propagators for each bulk leg or line. In fact, for coordinate space rules we could have used one type of bulk propagator as well: G_{αβ}(z, z^′), which consists of the sum of the two pieces. The separation of the bulk propagator into two pieces, however, makes the momentum space formulation much easier.

2.5 Feynman rules in momentum space We can give the Feynman rules in momentum space by taking a simple Fourier transform of the Green’s functions: G^{m,n}_{α1...αm;a1...an} ( ⃗k_1, κ_1, ω_1 . . . ,⃗k_m, κ_m, ω_m;⃗k^′_1, ω^′_1, . . .⃗k^′_n, ω^′_n ) = m∏ i=1 (∫_{+∞} −∞ dy_i ∫ dt_id⃗x_ie^{i(ωiti−⃗ki ·⃗xi−κi yi )} )_n∏ j=1 (∫ dt_j d⃗x_j e^{i(ω′j t′j −⃗k′j ·⃗x′j )} ) × G^{m,n}_{α1...αm;a1...an} ( ⃗x_1, y_1, t_1 . . . , ⃗x_m, y_m, t_m; ⃗x^′_1, t^′_1, . . .⃗x^′_n, t^′_n )

(the y integrals are defined by a simple extension of the Green’s functions as even functions of y).

1. Boundary propagator: a b ω, ⃗k = iδ_{ab} ω^2 − ⃗k^2 − m^2_a + iε

2. Direct bulk propagator

Ω, κ, ⃗k α β = iδ_{αβ} Ω^2 − ⃗k^2 − κ^2 − M^2_α + iε

3. Reflected bulk propagator

Ω, κ, ⃗k α β = iδ_{αβ} Ω^2 − ⃗k^2 − κ^2 − M^2_α + iε

4. Bulk vertex

α_1 α2 α_3

α_4 α_M = −iv_{α1...αM} (2π)^Dδ^{(D)}( ∑ k)πδ( ∑_′ κ) The momentum conservation for the D-momenta k is the usual one, but for the κ component, the prime indicates that if two vertices are connected by a reflected bulk propagator, the corresponding κ must be oriented either outgoing or incoming at both vertices. For direct bulk propagators, momentum is conserved as usual: all D + 1 components of the momentum are oriented as outgoing at one end and incoming at the other one.

5. Boundary vertex

α_1 α_2 α_M a_1

a_N = −iu_{α1...αM ;a1...aN} (2π)^Dδ^{(D)}( ∑ k) There is no conservation law for the component κ, since the position of boundary vertices is only integrated over along the boundary.

There is also an integration over the momentum of each internal line.

As a result of the above rules, the presence of reflected bulk propagators and boundary vertices breaks κ conservation, as expected from the absence of translational invariance in the direction perpendicular to the boundary.

3 Landau equations

The analyticity properties of the Green functions can be analyzed in the perturbative framework. The Landau equations describe the singularity structure of the various Feynman diagrams which we are going to derive for the boundary theory.

3.1 Derivation of the Landau equations

Consider a Feynman diagram in our generic scalar theory (2.1) with N outer bulk legs with momenta (k_i, κ_i) , i = 1, . . ., N and M outer boundary legs with momenta k_i , i = N + 1, . . ., M + N, where k_i are the components of the momenta parallel to the boundary and κ_i are the transverse components (only for bulk legs). Using the fact that D-dimensional Poincare invariance (parallel to the boundary) is unbroken, the resulting amplitude depends only on the invariants k_i · k_j and κ_i. The general Feynman integral can be written G = ∫ L∏ i=1 d^Dq_i (2π)^D K∏ j=1 dχ_j 2π I∏ r=1 (p^2_r − π^2_r − M^2_r + iϵ)^{−1} I+J∏ s=I+1 (p^2_s − m^2_s + iϵ)^{−1} (3.1)

where q_i denote D-dimensional loop momenta for L loops in total, χ_j are the transverse “loop” momenta (see later), (p_r, π_r) are the D + 1-momenta of I internal bulk lines, while p_s are the D-momenta of J internal boundary lines. Momentum conservation can be used to expressed p and π in terms of q, χ, k and κ (taking into account that a reflected bulk propagator reverses transverse momentum).

We can then introduce Feynman’s parameterization in the usual way G = ∫ L∏ i=1 d^Dq_i (2π)^D K∏ j=1 dχ_j 2π I+J∏ r=1 ∫_1 0 dα_iδ (∑ α_i − 1 ) ψ(k, κ, q, χ, α)^{−I−J}

ψ(k, κ, q, χ, α) = I∑ r=1 α_r(p^2_r − π^2_r − M^2_r + iϵ) + I+J∑ s=I+1 α_s(p^2_s − m^2_s + iϵ)

and integrating out the loop momenta q, χ (these integrals are – apart from UV divergences taken care by counter-terms – nonsingular in general, just as in the case of bulk diagrams), we are left with a multiple integral over the α, which can be considered as a function of the invariants k_i · k_j and κ_i.

Following the usual argument, a singularity can occur (in the limit ϵ → 0) when the hypercontour in α space is trapped between two singularities of the integrand, or a singularity of the integrand takes place at the boundary of integration. The integrand is singular if

α_r = 0 or p^2_r − π^2_r − M^2_r = 0 , r = 1, . . ., I α_s = 0 or p^2_s − M^2_s = 0 , s = I + 1, . . ., I + J (3.2)

which are nothing other but straightforward generalizations of the usual Landau equations. Reduced diagrams are defined by shrinking internal lines with α_i = 0 to a point, and the remaining lines must be on the mass-shell. A further requirement is that ∂ ∂q_i (_I ∑ r=1 α_r(p^2_r − π^2_r − M^2_r + iϵ) + I+J∑ s=I+1 α_s(p^2_s − m^2_s + iϵ) ) = 0 (3.3) and ∂ ∂χ_i (_I ∑ r=1 α_r(p^2_r − π^2_r − M^2_r + iϵ) + I+J∑ s=I+1 α_s(p^2_s − m^2_s + iϵ) )

= − ∂ ∂χ_i (_I ∑ r=1 α_rπ^2_r ) = 0 . (3.4)

Figure 3.1: Generic form of a closed loop

These equations can be brought into a more elegant form. First concentrate on equation (3.3) that is on the Lorentz invariant part. Consider a closed loop in the Feynman diagram (Fig. 3.1) where the internal momenta are relabeled, the vertices can be of boundary or of bulk type and the various l-s collect all the outer momenta from the loop point of view, but in principle they can be outer (k) or inner (p) or their sums. Using momentum conservation the momentum integration can be evaluated. As a result every p_i , i = 2 . . .A can be expressed in terms of p_1 (which serves as the loop variable) as follows

p_2 = p_1 + l_1 ; p_3 = p_2 + l_2 = p_1 + l_1 + l_2 ; . . . p_A = p_1 + A−1∑ j=1 l_j (3.5)

and the overall momentum conservation ∑ i l_i = 0 must hold. Substituting (3.5) into (3.3) for q_i = p_1 we obtain ∑

each loop

α_ip_i = 0 (3.6)

This argument is valid for a D dimensional bulk theory as well as for the D non-transverse component of the momenta in a boundary theory.

Now lets focus on the transverse momentum, that is on (3.4). Consider a loop as before but with bulk vertices only (Fig. 3.2). For bulk propagators we take ϵ = 1 while for the reflected one ϵ = −1. Using momentum conservation the momentum integration can be eliminated successively giving rise to

π_2 = ϵ_1π_1 + l_1 ; π_3 = ϵ_2π_2 + l_2 = ϵ_1ϵ_2π_1 + ϵ_2l_1 + l_2 ; . . .

and in general

π_i = i∏ j=1 ϵ_j π_1 + i∏ j=2 ϵ_j l_1 + · · · + i∏ j=k+1 ϵ_j l_k + · · · + l_i

The delta function δ (ϵ_Aπ_A + l_A − π_1) gives π_1 = μ_Aπ_1 + . . . , where we have introduced μ_i = ∏_i j=1 ϵ_j to encode the parity of the momentum change caused by reflected propagators.

Figure 3.2: Generic form of a closed loop with bulk vertices only

Figure 3.3: Path starting from and ending at a boundary vertex

Clearly if μ_A = −1, that is the loop contains odd number of reflected propagators the delta function eliminates the last integration determining π_1 in terms of the l-s. In this case there is no singularity. If, however, μ_A = 1 (loops with even number of reflected propagator) π_1 is not determined, we have to integrate over it (π_1 = χ_1) and we obtain the Landau equation: ∑ each loop

μ_iα_iπ_i = 0 (3.7)

Now consider a path in the Feynman graph starting and ending with boundary vertices but containing bulk vertices only (Fig. 3.3). Using the previous calculation π_A can be expressed in terms of π_1as before π_A = μ_{A−1}π_1 +. . . but now there is no more delta function so π_1 serves as a “loop” variable, χ_1, for which integration has to be performed. As a result we obtain the following Landau equation: ∑

each path

μ_iα_iπ_i = 0 (3.8)

There is an interpretation of equation (3.6) in the bulk theory in terms of electric network: it is just translated to the usual Kirchoff laws for the D-momenta of the reduced diagram with “resistances” α_r and “currents” p_r so the “voltage drops” are α_rp_r. The generalization for the boundary case: equation (3.7) means that α_r-s are the “resistances” and the π_r-s are the “currents”. Note that there is one current for every component of the D + 1 dimensional energy-momentum vector and so for every loop and vertex there are D+1 independent Kirchoff laws to write down.

The signs introduced by the reflected propagators can be traced as follows: every reflected propagator carries an “inverter” device that changes the sign of the transverse momentum current, so μ_r keeps track of the actual sign of the current and μ_rα_rπ_r are the “voltage drops”. Equation (3.8) means that as far as the transverse momentum current is concerned, all the boundary vertices are on an equipotential surface, which can be considered as the reference point (“earth”). For the components of the energy-momentum that are parallel to the boundary, the Kirchoff laws take the usual form as in the bulk theory.

3.2 Coleman-Norton interpretation

The Landau equations for a generic Feynman graph in the bulk theory are those we have in equation (3.2) and (3.6). Their physical region singularities have α_i ≥ 0 and contain real momenta p_i. Following Coleman and Norton [19], these equations can be interpreted as the existence of a space-time graph of a process involving classical particles all on the mass shell, all moving forward in time, and interacting only through energy and momentum conserving interactions localized at space-time points. The correspondence is one-to-one and goes as follows: for each internal line draw a vector α_rp_r, of length α_rM_r . (Lines with α_r = 0 are shrunk to a point). For each vertex in the graph a space-time point is associated where the momentum conserving interaction occurs. The consistency of this picture means, that two different paths leading to the same vertex in the Feynman graph define the same space-time point, which is nothing but the equation (3.6).

The Coleman-Norton type interpretation of the boundary Landau equations is the same as in the bulk case: the existence of a space-time graph of a process involving particles all on the mass shell, all moving forward in time, and interacting only through local interactions localized at space-time points where now particles can scatter on the boundary, which reverse the sign of the momenta. The correspondence goes as follows: For each internal bulk line draw a vector (α_rp_r, α_rπ_r) with length α_rM_r (reflected line in the case of a reflected propagator), while for boundary lines a vector (α_sp_s) of length α_sm_s (lying in the boundary). Bulk vertices are located at space-time bulk points where the momentum preserving interaction occurs. Boundary vertices are located at the boundary points with interactions where the transverse component of the momentum is not conserved. To see that for a space-time diagram the Landau equations are satisfied consider the diagram in Fig. 3.4.

On the left side of the boundary is the real space-time picture of some process, while on the right hand side is its mirror image with respect to the boundary, which is necessary to introduce in order to interpret it in terms of the Landau equations. Instead of drawing a reflected line for a reflected propagator (e.g. from 1 to 2) we consider a straight line from the real world to the mirror one (from 1 to 2^′) or vice versa. The variable μ keeps track on which side of the boundary we are and to which “world” (real or mirror image) the next line is directed. Consistency of the Coleman-Norton picture means that for two different paths between two interaction point the displacement vectors must sum up to the same value, which is ensured by equation (3.7). Evidently we compare only points that are both on the “real” side of the boundary so it is sufficient to consider loops with even number of reflected propagators.

Figure 3.4: Space time diagram of a general on-shell process using the method of images

Another consistency condition is that all the boundary vertices must have the same transverse coordinate, which translates into equation (3.8).

In order to reverse the above argument, we must show that to any solution of the Landau equations, a space-time diagram can be associated. This can be done by drawing the extended diagram first, similarly as we would draw in a bulk theory, then choosing a loop with odd number of reflected propagator and determining the location of the boundary by identifying the endpoints of the closed loop as the mirror image of each other. Clearly such a loop is not closed in the transverse coordinate. Now the Landau equations for the loops with even number of reflected propagators ensure that the location of the boundary does not depend on the choice of the loop with odd number of reflected propagators.

4 Cutkosky rules

4.1 Derivation

A further important ingredient is provided by the boundary analogue of Cutkosky rules to calculate discontinuities across the cuts in the physical region determined by the solutions of the Landau equations. To give the boundary generalization of Cutkosky rules we need a further definition. Note that if we write down a Feynman integral G of the form (3.1) with I bulk internal lines, each bulk line corresponds to either a direct or a reflected propagator so there are actually 2^I distinct diagrams that differ only which bulk lines are taken to be direct or reflected (represented by continuous resp. dashed lines in the associated Feynman diagram). Let C(G) denote the sum of terms the possible assignments of direct/reflected bulk lines. Each individual term can be written in the form (3.1), the difference being the expression of the loop momenta χ in terms of the internal momenta κ due to the different conservation laws obeyed by the two different types of bulk lines.

It is clear that C(G) can have a singularity at a given value of external momenta only if some individual term in the sum does. For an integral of the form (3.1), every singularity corresponds to a solution of the Landau equations (3.2,3.3,3.4). In such a solution there are internal lines which have a corresponding α_r that is nonzero (and so are on the mass shell); these are the ones that make up the reduced diagram corresponding to the given singularity. We remark that since the momentum conservation conditions (3.4) are different for each individual term in the sum C(G), in general only a few terms give a nonzero contribution to a given singularity.

Let us denote the set of lines which are on-mass-shell at the singularity by G_0. We restrict ourselves to cases when the graph G\G_0, obtained by severing the lines on-mass-shell separates into two disconnected graphs G_1 and G_2 (in the bulk the corresponding singularities are called “normal thresholds”).

Then the rules are that the discontinuity of C(G) (3.1) across the cut corresponding to the singularity can be evaluated by substituting the propagators of the internal lines for which α_r ≠ 0 as follows: 1 p^2_r − π^2_r − M^2_r + iϵ → −2πiδ^{(+)} ( p^2_r − π^2_r − M^2_r ) 1 p^2_r − m^2_r + iϵ → −2πiδ^{(+)} ( p^2_r − m^2_r )

change ϵ → −ϵ for internal lines in one of the components (say G_2, the other choice just gives the jump in the opposite direction across the cut), and then perform the integration in (3.1). Here δ^{(+)} denotes a delta function where only the root p_0 = + √ ⃗p^2_r + π^2_r + M^2_r or + √ ⃗p^2_r + m^2_r is taken into account.

To show this, we generalize a very elegant proof for the bulk Cutkosky rules, originally due to Nakanishi. The bulk proof is spelled out in detail in [5], so we only give the details necessary for its extension to the boundary case. We construct an auxiliary field theory to any given diagram class C(G) in the following way. To each internal bulk line of the diagram we associate a different species of bulk field Φ_r of mass M_r (r = 1, . . ., I), similarly to each internal boundary line a boundary field ϕ_s of mass m_s (s = 1, . . ., J). To every bulk vertex v with some external bulk line we attach a field Φ̃_v of mass M̃_v, where M̃^2_v = P^2_v , P_v is the total (D + 1)-momentum entering the given vertex from its external legs. Similarly to every boundary vertex u we attach a boundary field ϕ̃_u of appropriate mass m̃_u, m̃^2_u = p^2_u where p_u is the total D-momentum entering the vertex from external bulk and boundary lines. The auxiliary action corresponding to C(G) is defined as

A_G = ∫ dz I∑ r=1 1 2 [ (∂Φ_r)^2 − M^2_r Φ^2_r ] + ∑ v ′ 1 2 [( ∂Φ̃_v )_2

− M̃^2_v Φ̃^2_v ] + ∑ v Φ̃_v ∏ r→v Φ_r + ∫ dx J∑ s=1 1 2 [ (∂ϕ_s)^2 − m^2_sϕ^2_s ] + ∑ u ′ 1 2 [( ∂ϕ̃_u )_2 − m̃^2_uϕ̃^2_u ] + ∑ u ϕ̃_u ∏ r→u Φ_r ∏ s→u ϕ_s

where ∑_′ v and ∑_′ u mean that the sum goes only for bulk/boundary vertices that have external lines entering them, Φ̃_v and ϕ̃_u must be put equal to 1 for vertices which connect only to internal lines, and expressions of the type r → u means taking product over internal lines r that connect to vertex u.

The crucial point is that C(G) gives the lowest order contribution to the scattering amplitude with the given external momenta in the auxiliary theory. Let i denote the initial state of this scattering and f the final one (external lines attached to G_1 and G_2, respectively). Then the transition amplitude for this process can be written T_{f i} = C(G)

However, on-shell processes are unitary, thus we have T_{f i} − T^∗_{if} = ∑ G_0

C (G_1) C (G_2)^∗

where ∑ G_0 means a phase space summation over the lines involved in G0. Following a similar

reasoning as in [5] yields exactly the rules spelled out above.

4.2 Comments on the general case

For different topologies, we expect that similar rules hold. The reason is simple: the Cutkosky rules themselves depend only on the analytic structure of propagators. In the perturbation theory around the free (Neumann) boundary conditions we see that the momentum space form of propagators is just the same as in the bulk theory, the only difference comes from the momentum conservation rules which express the internal momenta in terms of the external and loop momenta and from the fact that boundary propagators have vanishing transverse momentum. However, insofar as these expressions are linear (which is true even in the boundary situation), neither the precise form of the conservation rules enters in any derivation of the Cutkosky rules, nor the constraint on the transverse momentum for boundary lines (which is also linear) is relevant. Therefore we can see that the boundary Cutkosky rules given above can be derived for any topology for which a derivation is given in the bulk (e.g. the wellknown triangle anomalous threshold diagram, which is not in the class covered by Nakanishi’s derivation).

In the above derivation we also supposed that M̃^2_v and m̃^2_u are positive, which corresponds to singularities in the physical region. Beyond the physical region nontrivial analytic continuation is required similarly to the bulk case. Extension of Cutkosky rules to such singularities is a very complicated issue, tantamount to a generalization of unitarity. In this paper we do not enter into further discussion of singularities in the non-physical region, but simply suppose that an extension of these rules can be worked out.

Finally we note that singular contributions corresponding to the same reduced diagram can be summed up, giving the familiar result that the total contribution (to all orders of perturbation theory) can be obtained by substituting the exact vertex functions for the vertices in the reduced diagram characterizing the singularity (see e.g. Section 2.9. of [4]).

One has to be very careful in deducing the singularities of the Green functions from the analyzis of the perturbative series. Sometimes individual terms may have singularities that are cancelled when a sum of terms is taken. Some other times individual terms do not yield the correct singularities at all. It happens when some nonperturbative dynamical property, such as formation of a bound state, is involved. To handle these situations a complete or a partial summation of the perturbative series has to be performed.

4.3 Infrared divergences

As shown in appendix A.2, perturbation theory around the Neumann boundary condition has infrared divergences. These arise from on-shell bulk particles propagating along the boundary as expected from the Landau equations and correspond to a boundary bound state.

However, if there is a quadratic term of the form λΦ(y = 0)^2/2 for the corresponding bulk field Φ in the boundary potential V (which is the case in general), then the infrared divergence is nonphysical. There are infinitely many infrared divergent terms with different

Figure 5.1: Diagram corresponding to an on-shell boundary state

degree of singularity and resummation in the coupling λ shifts the singularity from k = 0 to k = −iλ, and it does not affect the derivation of the physical region Cutkosky rules presented above.

For λ > 0 the singularity is shifted to the unphysical sheet of the scattering amplitude, so it is physically irrelevant. For −m < λ < 0, the pole is again shifted away from the region of physical values of the incoming momentum, however, it remains on the physical sheet and appears as a boundary bound state (see A.2). Note that the derivation of the Cutkosky rules given above is perturbative, but as it rests on general principles such as analiticity and unitarity, we expect the rules to extend to singularities corresponding to such nonperturbative intermediate states as well, just as in bulk theories. In fact, the applications presented in the next Section require such an extension of Cutkosky rules to singularities with complex values of incoming momenta, but still in the physical sheet.

Finally, let us remark that the derivation of the Landau equations and the Nakanishi proof for the Cutkosky rules for physical region singularities can be performed in a perturbation theory that starts around a nonzero value of λ. In this case the reflected bulk propagator must be changed to i k^2_r − κ^2_r − M^2_r + iϵ κ_r − i λ κ_r + iλ For amplitudes in the physical region, the last factor is just a nonsingular (phase-valued) expression, and so does not affect the derivations in any essential way.

5 Applications

In the following we restrict ourselves to 1 + 1 spacetime dimensions, since the example theory we use is sine-Gordon theory with integrable boundary conditions. The above formalism is of course more general, however, integrable field theories make possible an exact and nonperturbative verification of the general scheme.

5.1 Boundary bound state poles

The simplest application of the Cutkosky rules is when there is a single intermediate line on-shell. If that is a bulk line, then we get back the well-known result for a first order pole corresponding to an intermediate particle in the bulk. If the line in question is a boundary line, we get a discontinuity of the form

2πg_1g^∗_2δ^{(+)} ( E^2 − m^2 ) corresponding to the diagram Fig. 5.1, where E = M cosh ϑ and m = M cos u for a pole at imaginary rapidity ϑ = iu.

This reproduces the result of Ghoshal and Zamolodchikov [20], which states that an intermediate on-shell boundary state produces a pole in the reflection factor R (ϑ) of the form R (ϑ) ∼ 1 2 if_1f^∗_2 ϑ − iu where the dimensionless couplings f_{1,2} are related to g_{1,2} by some normalization factors, coming partially from converting the δ^{(+)} to a function of ϑ and also from relating the reflection factor in terms of the Feynman amplitude, but the precise form of this relation is not important for us here.

5.2 Coleman-Thun diagrams

We present some examples for more complicated intermediate diagrams following Coleman and Thun [1] (see also [2, 3, 22] for the boundary case). To be specific, we consider sine-Gordon theory with integrable boundary conditions. The groundwork for determining its spectrum and scattering amplitudes was laid down in [20, 21], while the bootstrap closure of this theory for general boundary conditions was obtained in [22], following the work in [3].

Before proceeding to the examples, we introduce a useful notation. Let f(ϑ) be a meromorphic function of one complex variable ϑ. Let us suppose that the Laurent expansion of f around ϑ = ϑ_0 takes the form

f(ϑ) = A (ϑ − ϑ_0)^n + ∑ k>n b_k (ϑ − ϑ_0)^k , A ≠ 0 .

We then define f [ϑ_0] = A.

If ϑ_0 is not a pole or a zero of f, then this is just the value of the function. If ϑ_0 is a first order pole, then this is just the residue, while for a first order zero it is the derivative of f at ϑ_0.

The first family we consider are first order poles independent of the boundary conditions and occur in reflection factors of breathers on any boundary state (ground state and excited states alike). Let us denote the reflection factor of a breather B^k with rapidity ϑ by R^{(k)} (ϑ) (we omit the specification of the boundary state, as the argument does not depend on it). Then R^{(k)} has a pole at ϑ = inπ/2λ , n = 1, . . ., k − 1. We pick a pole with a given n and write k = m + n. Following [22] this pole can be associated with the scattering process in diagram 5.2 (we recall that an imaginary rapidity difference ϑ = iu corresponds to a Euclidean angle u in the plane). The diagram obviously gives a first-order pole, since it has 3 propagators (one

Figure 5.2: Coleman-Thun graph for a boundary-independent pole in the breather reflection factor. The angles are u_0 = u_1 = nπ/2λ and u_2 = mπ/2λ.

(a) u ≠ u0 (b) u → u0 limit

Figure 5.3: Calculating the contribution of the triangle graph using the bootstrap

Figure 5.4: Bootstrap relation for R^{(m+n)}

δ^{(+)} factors each), and a loop integral which means 2 integrations, leaving us with a single δ function in the discontinuity which is characteristic of a first order pole.

To establish that this process explains the pole of the reflection factor, we need to calculate its contribution to the residue. The straightforward method would be to write down the Cutkosky rules directly and calculate the integrals, which do give a contribution of the right form. However, the exact coefficient is not easy to obtain as one needs to ensure the right normalization of the reflection amplitude first, and then also extract the breather-breather fusion coupling g^{n+m}_{nm} from the S matrix, once again taking care of all details of normalization.

Instead, we can follow a simpler route, noting that the S matrices and the reflection amplitudes satisfy the bootstrap which entails a vast number of identities. We can tune the incoming rapidity away from ϑ = iu_0, obtaining the process in Fig. 5.3 (a), which, by virtue of factorized scattering, has the amplitude

g^{n+m}_{nm} R^{(n)} (ϑ + iu_1) R^{(m)} (ϑ − iu_2) S (2ϑ + i (u_1 − u_2)) , ϑ = iu

Taking ϑ → iu_2 we hit a pole in the S matrix. The contribution of this pole reads

g^{n+m}_{nm} R^{(n)} (i(u_2 + u_1)) (−1) 1 2 S [i (u_1 + u_2)]

On the other hand, in the same limit the diagram in Fig. 5.3 (a) becomes the one drawn in Fig. 5.3 (b), from which amplitude of the triangle graph Fig. 5.2 can be obtained by dividing with the breather fusion coupling g^{n+m}_{nm} . This means that to explain the pole in the reflection factor of B^{m+n}, the following identity must hold:

R^{(m+n)} [iu_2] = − 1 2 R^{(n)} (i(u_2 + u_1)) S [i (u_1 + u_2)]

which can be verified by direct substitution.

It is very interesting to note that this identity is guaranteed by the bootstrap construction of the reflection factor R^{(m+n)}, using the relation drawn in Fig. 5.4.

We have also considered two other classes of Coleman-Thun diagrams, using similar arguments. Fig. 5.5 (a) shows a process where an incoming breather splits into two breathers of

(a) Breather direct (b) Breather decay

Figure 5.5: Coleman-Thun explanation for boundary dependent poles in breather reflection factors

lower index, one of which excites the boundary state on which the other gets reflected. The process in Fig. 5.5 (b) describes an incoming boundary state decaying by the emission of a breather that fuses with the incoming breather to a higher one, which in turn gets reflected from the boundary. The notations for the boundary states |n⟩ and the fusing angles ν_k , w_l are explained in [18].

Naively, these diagrams would give a second order pole since the number of propagators is 6 (including propagators for boundary states as dictated by the Cutkosky rules), while there are two loop integrals which give the order 6 − 2 × 2 = 2. However, the reflection at the middle of these diagrams takes place at a rapidity at which the corresponding amplitude has a first-order zero, which results in a first-order contribution.

Straightforward application of bootstrap principles shows that the contribution of these diagrams to the given residues can be written as (a) : −R^{(n−l−k)}_{|k⟩} [(w_{−k} − ν_{n−l} ) /2] R^{(l+k)}_{|n−l⟩} [(w_l − ν_k) /2] S^{n−l−k,l+k} [nπ/2λ] (b) : −R^{(k−l)}_{|k⟩} [(w_{−l} − ν_k ) /2] R^{(n+k−l)}_{|l⟩} [(ν_{k−n} − w_{−l}) /2] S^{n,k−l} [(n + k − l)π/2λ] If these diagrams are to explain the residues, then the above expressions must be equal to

(a) : R^{(n)}_{|k⟩} [(w_l − ν_{n−l} ) /2]

(b) : R^{(n)}_{|k⟩} [(ν_l − w_{n−l}) /2]

We checked these equalities by direct evaluation. As before, they are also a consequence of the bootstrap relations between the reflection factors and S matrices.

It is quite remarkable that the identities necessary for the diagrams to explain the residues of the pole hold by the bootstrap. This seems to be the case for breather reflection factors in sine-Gordon theory for generic values of the boundary parameters; although we could not check it for all the poles in the reflection factors of all the breathers on generic excited boundary states due to the very tedious details, it was nevertheless true in each case we examined. For solitons, one does not expect this to be the case as in some diagrams the order of the pole is reduced by a cancellation between pairs of diagrams that are charge conjugate (in terms of soliton charge) analogous to the bulk Coleman-Thun diagrams, and so only the sub-leading term survives, which cannot be calculated so simply as above (in fact, such sub-leading terms have never been calculated in the literature, at least to our knowledge).

There are also known cases when a certain pole in the reflection factor needs a combined explanation in terms of a sum of a Coleman-Thun diagram and a boundary bound state at the same time. For an example in the scaling Lee-Yang model cf. [2]. Such a situation also occurs in boundary sine-Gordon theory with Neumann boundary conditions, where it results from the confluence of two poles and a zero in the appropriate reflection factor as the boundary parameters are tuned to their value at the Neumann boundary condition, and has already been treated in detail in [23].

6 Conclusions

The perturbative approach to boundary QFT around the Neumann boundary condition has some distinct advantages. It is very well suited for investigation of principles of boundary QFT, and for the extension of bulk results like LSZ reduction formulae, Landau equations and Cutkosky rules. For many applications it may be more convenient to start from a different boundary condition (as is usually done in the literature), because that may reduce the number of diagrams (representing a partial re-summation of the perturbative series around the Neumann boundary condition) or eliminate tadpoles in case of a nontrivial vacuum field configuration (see Appendix A).

The main result of this paper is the derivation of the Coleman-Norton interpretation, Cutkosky rules and their application to the boundary bootstrap. Although the rules are derived from perturbation theory, they are actually dependent only on some analyticity properties and unitarity (this is especially obvious for Cutkosky rules, where the proof explicitly relies on unitarity). Therefore one expects that there is a non-perturbative formulation along the lines followed by Eden et al. in the last chapter of their book [4], which would be interesting to work out in detail. Such a formulation, besides being non-perturbative, would also give us an extension of the Cutkosky rules to the non-physical domain and to topologies distinct from the one considered in the proof of Section 4.

Another open issue is to formulate a complete theory of perturbative renormalization with boundaries. In the perturbation theory around the Neumann boundary condition, it seems relatively easy to perform arguments similar to those in bulk theories, e.g. power counting analysis of divergent graphs. We only considered one-loop renormalization in boundary sine- Gordon theory in Appendix B, which was enough for a comparison with semiclassical results in the literature. It would be interesting to have a thorough investigation of renormalizability, proof of locality of counter-terms, investigation of possible anomalies of symmetries and so on. Such an investigation could provide e.g. a proof that the tadpoles indeed restore the correct vacuum expectation value of the field in the generic case (as shown for the toy model in Appendix A) thereby strengthening the derivation of analytic results from perturbation theory.

Finally let us remark that Dirichlet boundary conditions cannot be reached by perturbation theory from the Neumann case, as this would require taking some coupling constants to infinity. However, it is rather trivial to extend the formalism of the paper to this case, which only requires the inclusion of a minus sign in the reflected propagator for fields satisfying Dirichlet boundary conditions. One also needs to require that the corresponding asymptotic fields satisfy Dirichlet boundary conditions, since if one insisted on an asymptotic Neumann boundary condition, that would mean adiabatic switching off for an infinitely strong interaction, which would be a rather odd notion. Instead, taking the asymptotic field to satisfy Dirichlet boundary condition enables one to carry all the formalism over to this case. We only omitted this from the main text to maintain the arguments and the notation as simple as possible.

Acknowledgments

This work was partially supported by the Hungarian research funds FKFP 0043/2001, OTKA D42209, T037674, T034299, T034512 and T043582. GT was also supported by a Széchenyi István Fellowship, while GB and ZB by Bolyai János Research Fellowships. We acknowledge useful comments made by M. Mintchev.

A A toy model

In our approach, the free field has Neumann boundary conditions, and all the boundary interactions (including their quadratic part) are taken into account perturbatively. To illustrate how this procedure reproduces the interacting boundary conditions, we consider a toy model of a real scalar field Φ. For simplicity, we take 1 + 1 spacetime dimensions (generalization to D + 1 is straightforward, see at the end of the section). We take the Lagrangian to be quadratic in the field L = ∫_0 −∞ dx [ 1 2 (∂_tΦ)^2 − 1 2 (∂_y Φ)^2 − m^2 2 Φ^2 ] − λ 2 Φ(y = 0, t)^2

so the model is exactly solvable. We remark that this toy model has already been used in the literature to illustrate several issues of boundary field theory [24].

A.1 Exact solution

The equations of motion are

−∂^2_t Φ + ∂^2_y Φ − m^2Φ = 0 , ∂_y Φ|_{y=0} = −λΦ(y = 0, t) (A.1)

with the following solution for the modes of the field:

f_κ(y) = 1 √ 2π (κ^2 + λ^2) ( (κ + iλ)e^{iκy} + (κ − iλ)e^{−iκy} ) . For λ < 0, there also exists a normalizable mode

f_B (y) = √ 2|λ|e^{−λy} The field has the mode expansion

Φ(y, t) = ϕ_B (t)f_B(y) + ∫_∞ 0 dκϕ_κ(t)f_κ(y) .

where dynamics of the modes is

d^2ϕ_κ(t) dt^2 = −(κ^2 + m^2)ϕ_κ(t)

d^2ϕ_B(t) dt^2 = −(m^2 − λ^2)ϕ_B (t)

We remark that periodicity of the boundary mode in time requires λ^2 < m^2 i.e. −m < λ < 0 (otherwise the vacuum Φ = 0 is unstable under perturbations in the direction of the boundary mode). The Lagrangian can be written in terms of modes as L = 1 2 ∫_∞ 0 dκ ( ϕ̇_κ(t)^2 − (k^2 + m^2)ϕ_κ(t)^2 ) + 1 2 ( ϕ̇_B (t)^2 − Ω^2ϕ_B (t)^2 ) , Ω = √ m^2 − λ^2

We can quantize the theory by introducing the conjugate momenta

π_κ(t) = ϕ̇_κ(t) , π_B(t) = ϕ̇_B (t)

Creation/annihilation operators can be introduced:

ϕ_κ(t) = 1 √ 2ω_κ ( a(κ)e^{−iωκ t} + a^†(κ)e^{iωκt} ) , ω_κ = √ κ^2 + m^2

ϕ_B(t) = 1 √ 2Ω ( be^{−iΩt} + b^†e^{iΩt} )

and satisfy [ a(κ), a^†(κ^′) ] = δ(κ − κ^′) , [ b, b^† ] = 1 .

For the case λ > 0 (i.e. no bound states) the propagator takes the form ⟨0| T ( Φ(y, t)Φ(y^′, t^′) ) |0⟩ = θ(t − t^′) ⟨0| Φ(y, t)Φ(y^′, t^′) |0⟩ + θ(t^′ − t) ⟨0| Φ(y^′, t^′)Φ(y, t) |0⟩ = ∫_∞ −∞ ∫_∞ −∞ dωdκ (2π)^2 i ω^2 − κ^2 − m^2 + iϵ ( e^{iκ(y−y′ )−iω(t−t′)}

+ κ − iλ κ + iλ e^{iκ(y+y′ )−iω(t−t′ )} )

from which we can read off the reflection factor R(κ) = κ − iλ κ + iλ which has a bound state pole at κ = m sinh ϑ = −iλ where ϑ is the rapidity. Introducing u = −iϑ

sin u = − λ m For a bound state pole in the physical strip 0 < u <^π_2 we need −m < λ < 0. When this is satisfied, we get an additional term in the propagator. This can be obtained by continuing λ to negative values or by explicitely adding the contribution of the bound state mode, both of which gives ⟨0| T ( Φ(y, t)Φ(y^′, t^′) ) |0⟩ = θ(t − t^′) ⟨0| Φ(y, t)Φ(y^′, t^′) |0⟩ + θ(t^′ − t) ⟨0| Φ(y, t)Φ(y^′, t^′) |0⟩ = ∫_∞ −∞ ∫_∞ −∞ dωdκ (2π)^2 i ω^2 − κ^2 − m^2 + iϵ ( e^{iκ(y−y′ )−iω(t−t′)}

+ κ − iλ κ + iλ e^{iκ(y+y′ )−iω(t−t′ )} )

+ |λ| Ω e^{−λ(y+y′ )} ( θ ( t − t^′ ) e^{−iΩ(t−t′ )} + θ ( t^′ − t ) e^{−iΩ(t′−t)} ) (A.2)

The bound state term can also be written in the form ∫_∞ −∞ dω 2π i ω^2 − Ω^2 + iϵ e^{−iω(t−t′ )} f_B (y)f_B(y^′) which means that (apart from the y dependence) the boundary bound state behaves as a free boundary field of mass Ω propagating in 0 + 1 dimensions (i.e. a harmonic oscillator) just as we postulated for the boundary degrees of freedom in our general exposition of perturbation theory, except that here the boundary degree of freedom arises as a boundary bound state and not from a separate field introduced in the Lagrangian. As a result, it is not sharply localized to the boundary, but its contribution decreases exponentially away from y = 0.

A.2 Boundary perturbation theory The reflection factor can be expanded in the coupling λ

R(κ) = 1 + 2 ∞∑ n=1 ( − iλ κ )_n (A.3)

We now proceed to show that this is correctly obtained using the perturbation theory introduced above. We suppose that λ > 0, so that no boundary bound state exists, which would be a non-perturbative effect which perturbation theory is not expected to reproduce.

A.2.1 First order correction

The interacting propagator can be written as G(y, t; y^′, t^′) = ⟨0| T ( Φ(y, t)Φ(y^′, t^′) ) exp { − iλ 2 ∫_∞ −∞ dτ : Φ(0, τ)^2 : } |0⟩ = ∞∑ n=0 1 n! ( − iλ 2 )_n ⟨0| T ( Φ(y, t)Φ(y^′, t^′) )^n∏ i=1 ∫_∞ −∞ dτ_i : Φ (0, τ_i)^2 : |0⟩

the first order correction is

G^{(1)}(y, t; y^′, t^′) = − iλ 2 ∫_∞ −∞ dτ ⟨0| T ( Φ(y, t)Φ(y^′, t^′) ) : Φ (0, τ)^2 : |0⟩ = −iλ ∫_∞ −∞ dτ G(y, t, 0, τ)G(y^′, t^′, 0, τ)

Figure A.1: First order Feynman graphs for the propagator of the toy model

where G(y, t, y^′, t^′) = ∫_∞ −∞ dκ 2π ∫ dω 2π e^{−iω·(t−t′)} ω^2 − κ^2 − m^2_a + iε ( e^{iκ(y−y′ )} + e^{iκ(y+y′ )} )

is the sum of the direct and reflected propagators. This contribution corresponds to the Feynman graphs in Fig. A.1.We can integrate τ out to obtain ∫_∞ −∞ dτ G(y, t−τ)G(y^′, τ−t^′) = 4 ∫ dκ dκ^′ dω (2π)^3 i ω^2 − κ^2 − m^2 + iϵ i ω^2 − κ^{′2} − m^2 + iϵ e^{iκy+iκ′ y′ −iω(t−t′ )} The integral over κ^′ can be performed using the residue theorem; since y^′ < 0, the contour must be closed in the lower half plane ℑm κ^′ < 0. Some further manipulation yields 4 ∫ dκ dω (2π)^2 1 2κ i ω^2 − κ^2 − m^2 + iϵ e^{iκ(y+y′ )−iω(t−t′ )} which means that the reflection factor becomes, at this order

R(κ) = 1 − 2iλ κ which agrees with (A.3).

A.2.2 Summing up to all orders

At the nth order we get the contribution

G^{(n)}(y, t; y^′, t^′) = 1 n! ( − iλ 2 )_n ⟨0| T ( Φ(y, t)Φ(y^′, t^′) )^n∏ i=1 ∫_∞ −∞ dτ_i : Φ (0, τ_i)^2 : |0⟩

The relevant graphs are of the form shown in Fig. A.2 . The number of contractions can be easily calculated: first one has to decide the order in which the vertices are to be connected starting from one end to the other: this can be done n! ways. Since each vertex has two identical legs, one has an additional factor of 2^n. Collecting all the terms we have

G^{(n)}(y, t; y^′, t^′) =

2^nn! n! ( − iλ 2 )_n ∫_∞ −∞ dτ_1 . . . ∫_∞ −∞ dτ_n G(y, t − τ_1) × (_{n−1} ∏ i=1 G (0, τ_{i+1} − τ_i) ) G(y^′, τ_n − t^′)

= (−iλ)^n ∫_∞ −∞ dτ_1 . . . ∫_∞ −∞ dτ_n G(y, t − τ_1) (_{n−1} ∏ i=1 G (0, τ_{i+1} − τ_i) ) G(y^′, τ_n − t^′)

Figure A.2: A typical diagram of order λ^n. To obtain all the diagrams, every line should be allowed to be either a direct bulk (solid) or a reflected bulk (dashed) line, which results in 2^{n+1} terms.

The propagators G are the sum of the direct and reflected piece, so the formula contains 2^{n+1} terms, which turn out to give identical contributions in this case. The τ integrals can be performed one by one, using the same method as for the first-order contribution, with the result:

G^{(n)}(y, t; y^′, t^′) = ∫ dκ dω (2π)^2

2^{n+1} ( − iλ 2κ )_n i ω^2 − κ^2 − m^2 + iϵ e^{iκ(y+y′ )−iω(t−t′)} (A.4) Summing up all the contributions, we obtain G(y, t; y^′, t^′) = ∞∑ n=0 G^{(n)}(y, t; y^′, t^′) = ∫_∞ −∞ ∫_∞ −∞ dωdκ (2π)^2 i ω^2 − κ^2 − m^2 + iϵ ( e^{iκ(y−y′ )−iω(t−t′)} + R(κ) e^{iκ(y+y′ )−iω(t−t′ )} )

where R(κ) = 1 + 2 ∞∑ n=1 ( − iλ κ )_n = κ − iλ κ + iλ which is exactly the result we expected. This means that the interacting boundary field, built by summing up the perturbative expansion around the free field with Neumann boundary conditions, does indeed satisfy the correct boundary conditions (A.1).

We remark that this result can be continued analytically to λ < 0: the pole at κ = iλ then crosses the contour of the κ integral, and we obtain the result (A.1), which includes the contribution from the boundary bound state. So in this model, although the boundary bound state cannot be obtained by perturbation theory, it can be obtained by analytically continuing the resummed perturbative result from the regime where there is boundary bound state. It is important to resum the perturbation series: to any finite order the nontrivial singularity at κ = −iλ in the reflection factor is absent.

A.2.3 Concluding remarks

From (A.4) it is apparent that there is an infrared divergence at κ = 0. This is a general feature of the perturbation theory around the Neumann boundary condition. The perturbative expansion is a series in λ/κ and so it is convergent only for κ > λ. For long wavelength modes the expansion must be summed up and analytically continued. The physical manifestation of this problem is that R(κ = 0) = −1, while the Neumann reflection factor is identically +1 for any κ. The effective strength of the boundary interaction increases with the wavelength.

To calculate the coordinate space two-point function (A.4) one needs to integrate over all wavelengths and this can only be performed after summing up to all orders. In fact, the proper expression for the two-point function must include an infrared regulator, which can be removed only after summing up the leading behaviour of the function around κ = 0. As an alternative, one can perform the whole calculation in momentum space, where every contribution is finite.

For any finite order in perturbation theory, the amplitudes display a singularity at κ = 0, which is in fact a solution to the Landau equations of Section 3.1 with all the bulk internal lines being on-mass-shell, and can be accounted for using the general formalism. Summing up the perturbation series moves this singularity to κ = −iλ, and in the regime −m < λ < 0 it describes a boundary excited state.

Finally we note that the whole analysis can be generalized to D + 1 dimensions. The D + 1-momentum can be written as (ω,⃗k, κ) and calculations for any mode with a given value of ⃗k are isomorphic to a calculation in the 1 + 1 dimensional case, with the particle mass m replaced by √ ⃗k2 + m2. A.3 Extension of the toy model: background fields

We can extend the toy model to include a linear coupling at the boundary. This means that there is a classical background field in the vacuum, which poses an interesting question, since our perturbation theory works in an expansion around the Neumann boundary condition, which has no such fields. The question is whether with an appropriate re-summation in the boundary coupling we can get back to the correct value of the background field. Our Lagrangian is L = ∫_0 −∞ dx [ 1 2 (∂_tΦ)^2 − 1 2 (∂_y Φ)^2 − m^2 2 Φ^2 ] − αΦ(y = 0, t) − λ 2 Φ(y = 0, t)^2

while the equations of motion take the form

−∂^2_t Φ + ∂^2_y Φ − m^2Φ = 0 , ∂_y Φ|_{y=0} = −α − λΦ(y = 0, t) (A.5)

which has the classical vacuum solution ϕ_{vac}(x, t) = − α m + λ e^{mx} (A.6)

Let us try to compute this in perturbation theory in both α and λ, i.e. around the Neumann boundary condition. The diagrammatic expression is

⟨Φ(x, t)⟩ =

where the diagrams must be understood as classes in which every bulk line can be a direct or a reflected line (see Section 4). There is only a first order contribution in α, while the sum of all orders in λ can be easily seen to give the result of the previous section for the two-point function, with a single α vertex attached to it and integrated over the boundary: ⟨Φ(x, t)⟩ = −iα ∫_{+∞} −∞ dt ∫_{+∞} −∞ dω 2π ∫_{+∞} −∞ dκ 2π i ω^2 − κ^2 − m^2 + iϵ e^{−iωt} [ e^{iκx} + R(κ)e^{−iκx} ]

R(k) = κ − iλ κ + iλ The t and ω integrals can be trivially performed, and amount to substituting ω = 0 in the integrand, while the κ integral can be easily performed using the residue theorem with the final result ⟨Φ(x, t)⟩ = − α m + λ e^{mx} which is fully consistent with (A.6).

Obviously, in a general theory if there is a nontrivial vacuum solution to the equations of motion, this means that we are going to have nontrivial tadpole diagrams in the perturbation expansion around the free field with Neumann boundary condition. It would be possible to eliminate tadpoles by expanding in fluctuations around this classical background field, but that would mean space dependent bulk couplings, which would make analytic investigation of perturbation theory extremely difficult. Therefore we choose to expand around the Neumann boundary condition, since re-summation of tadpoles should give us the same result as the background field method, as illustrated in the above example. In the toy model it can be easily seen (just by drawing all diagrams and using the above result for the one-point function) that all the higher correlation functions also get the correct tadpole contributions from perturbation theory.

B One loop renormalization in sine-Gordon theory

In [17] Kormos and Palla considered the semiclassical quantization of the two lowest energy static solutions of the boundary sine-Gordon model: V = m^2 β^2

∫_0 −∞ (1 − cos βΦ) ; U = M_0(1 − cos β 2 (Φ − φ_0))

In their work the semiclassical energy corrections are obtained by summing up the contributions of the oscillators associated to the linearized fluctuations around the static solutions. The appearing standard UV divergences, which are due to the non normal ordered nature of the Lagrangian, are canceled by counter terms: the coupling constants are renormalized m^2 → m^2 +δm^2 and M_0 → M_0 +δM_0. δm^2 is chosen the same as in the bulk theory (obtained in standard perturbation theory), since due to the local nature of the counter term it cannot depend on the presence of the boundary. To determine δM_0 they impose the cancellation of logarithmic divergences. As a result the renormalized quantities of order β^2 take the following form δm^2 = − m^2β^2 4π ∫_Λ 0 dk √ k^2 + m^2

; δM_0 = −

M_0β^2 8π ∫_Λ 0 dk √ k^2 + m^2

, (B.1)

where Λ is the momentum cutoff.

(a) (b)

Figure B.1: Bulk divergence (a) and counter-term (b) at one loop

Similar considerations lead to the same counter-terms in the analytically continued sinh- Gordon theory [15, 16]. The aim of this appendix is to derive these conjectured formulae in our systematic perturbative framework. We expand the Lagrangian to the appropriate order in β^2: V = m^2 2 Φ^2 − m^2β^2 4! Φ^4 , U =

M_0β^2 2 · 2^2

Φ^2 −

M_0β^4 4! · 2^4

Φ^4

where for simplicity we take φ_0 = 0. The divergent term at order m^2β^2 comes from diagram B.1 (a), which is regularized by a momentum cutoff, and is canceled by a counter-term of the form V_{CT} = δm^2 2 Φ^2

(diagram B.1 (b)).

To compute δm^2 we observe that on diagram B.1 (a) the momentum (k, ω) is incoming and outgoing in the same time, that is it does not contribute to the delta function: the integration is unconstrained (as opposed to the case where the loop propagator is changed to the reflected one, which results in a diagram that is not divergent at all). As a result the delta function factor is the same for both diagrams and from the cancellation of the vertex contribution we have 2 · δm^2 2 = −4 · 3 ·

−m^2β^2 4! ∫_Λ −Λ dk 2π ∫_∞ −∞ dω 2π i ω^2 − k^2 − m^2 + iϵ (with the combinatorial factors given explicitly). Performing the ω integration we recover the standard result. We have three other divergent diagrams in this order, which can be obtained from B.1 (a) by changing any or both of its external legs to the reflected propagator. Performing the same changes on diagram B.1 (b), however, results a diagram which removes the required divergence.

The divergent diagrams originating from the boundary term are of order M_0β^4 and are canceled by a counter term of the form U_{CT} = δM_0β^2 2 · 2^2

(a) (b) (c)

Figure B.2: Divergent contributions (a,b) and counter term (c) for the boundary interaction

The related Feynman graphs are presented on diagram B.2 (a), (b) and (c).

There are two differences compared to the bulk vertices. First of all, β has been replaced by^β_2 . More importantly, there is no momentum conservation in the boundary vertices and as a consequence not only diagram (a) but also diagram (b) is divergent, moreover they have the same contribution. Summing up these two terms the counter-term acquires a factor 2 (in addition to β →^β_2 ) compared to the bulk computation and confirms the result (B.1).

References

[1] S. Coleman and H.J. Thun, Commun.Math.Phys. 61: (1978) 31. [2] P. Dorey, R. Tateo, G. Watts, Phys.Lett. B448 (1999) 249-256. [3] P. Dorey and P. Mattsson, J.Phys. A33: (2000) 9065-9094.

[4] R.J. Eden, P.V. Landshoff, D.I. Olive, J.C. Polkinghorne: The analytic S-matrix, Cambridge University Press 1966.

[5] C. Itzykson and J-B. Zuber, Quantum Field Theory, McGraw-Hill Book Co. 1980. [6] J.D. Kim, Phys. Lett. B353 (1995) 213.

[7] J.D. Kim: Boundary Reflection Matrix for ade Affine Toda Field Theory, hep-th/9506031. [8] N. Topor, Mod. Phys. Lett. A Vol.12 No. 38 (1997) 2951. [9] M. Perkins, P. Bowcock, Nucl.Phys. B538 (1999) 612-630. [10] E Corrigan, Int.J.Mod.Phys. A13 (1998) 2709-2722. [11] A. Chenaghlou, Int.J.Mod.Phys. A15 (2000) 4623-4654. [12] A. Chenaghlou, Int.J.Mod.Phys. A16 (2001) 4613-4636.

[13] A. Chenaghlou and E. Corrigan, Int.J.Mod.Phys. A15 (2000) 4417-4432. [14] M. Ablikim and E. Corrigan, Int.J.Mod.Phys. A16 (2001) 625. [15] E. Corrigan, G.W. Delius, J.Phys. A32 (1999) 8601-8614. [16] E. Corrigan, A. Taormina, J.Phys. A33 (2000) 8739-8754. [17] M. Kormos, L. Palla, J.Phys. A35 (2002) 5471-5488. [18] Z. Bajnok, G. Böhm and G. Takács, J.Phys. A35 (2002) 9333. [19] S. Coleman and R.E. Norton, Nuovo Cim. 38: (1965) 438-442.

[20] S. Ghoshal and A.B. Zamolodchikov, Int.J.Mod.Phys. A9 (1994) 3841-3886. Erratum:

ibid. A9 (1994) 4353.

[21] S. Ghoshal, Int.J.Mod.Phys. A9 (1994) 4801-4810.

[22] Z. Bajnok, L. Palla, G. Takács and G.Zs. Tóth, Nucl. Phys. B622 (2002) 548-564. [23] Z. Bajnok, L. Palla and G. Takács, Nucl. Phys. B614 (2001) 405-448. [24] A. Liguori, M. Mintchev and L. Zhao, Comm. Math. Phys. 194 (1998) 569-589, hepth/9607085.

M. Mintchev, E. Ragoucy and P. Sorba, hep-th/0303187.