arXiv:hep-th/0309254 v2 12 Dec 2003

GENERAL UNITARY SU(1, 1) TFD FORMULATION

M. C. B. Abdalla^∗ and A. L. Gadelha^† Instituto de Física Teórica, Unesp, Pamplona 145, São Paulo, SP, 01405-900, Brazil

Abstract

In this work we discuss a generalization for the thermal Bogoliubov transformation in the context of a hermitian general SU(1, 1) transformation generator. The TFD tilde conjugation rules are redefined using an appropriated Tomita-Takesaki modular operator.

∗ mabdalla@ift.unesp.br † gadelha@ift.unesp.br

Since the original formulation of Thermo Field Dynamic (TFD) was presented [1, 2], it has been used to deal with a considerable number of physical systems. From the superconductivity [3] to string theory [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17], many branches of physics were approached by that formulation and it contributes to shed some light over physics fenomena as the Casimir effect [18], quantum dissipation [19], spontaneous symmetry breakdown [20], black hole radiation [21, 22], quantum information theory [23] and coherent states at finite temperature [24]. The latter is closely related with the systematic construction of thermal boundary states interpreted as D-branes at finite temperature [25, 26, 27, 28, 29]. Parallel with this development, the formulation itself has been subject of intense study as in the seminal work by Ojima [30] that shows the equivalence between TFD and the Gelfand-Naimark-Segal (GNS) [31] construction, more precisely with the Haag-Hugenholtz-Winnink (HHW) algebraic formulation [32]. The intrinsic structure of the formulation was explored and a thermal algebra arose [33], contributing, for instance, to a better understanding of the doubling of degrees of freedom as well as a systematic study of the Galilei and Poincaré groups [34], leading to many results as the relativistic Wigner density for Klein-Gordon and Dirac fields.

The algebraic nature of the formalism provides a powerful and suitable approach for the understanding of microscopic statistical properties, mainly when one makes the choice to deal with the canonical quantum formulation. In that context, the TFD is the only possible construction to lead systems at zero temperature to a temperature dependent one [35].

In TFD, the thermal effects appear through the mixing between elements of the original physical space and elements of an auxiliary space, identical to the original one, in such a way that the total (doubled) space is given by ^H = H ⊗ ~H. That mixing is promoted by a specific Bogoliubov transformation called thermal Bogoliubov transformation [36]. This transformation must be canonical in the sense that the algebra of the original system remains the same, keeping its dynamic. The temperature dependence comes from the transformation’s parameters.

Effectively, there are three generators that assure the transformation cited above. These generators satisfy a su(1, 1) algebra, in the case of a bosonic system, and a su(2) algebra for fermions [35]. A general formulation using those three generators was developed in such a way that, the transformation operator, whose generator is a combination of the three generators, commutes with the Tomita-Takesaki modular operator, which in turn defines the map between the physical and auxiliary systems. The tilde conjugation rules [32, 36] now remain unchanged. This development uses a non-unitary transformation, in the finite volume limit, to lead the system to a finite temperature and therefore, the elements of the transformed Fock space must be redefined.

The general formulation mentioned above is not the only one possible. Recently, a general unitary formulation was presented [27], following the one proposed by Elmfors and Umezawa [37]. In that work the authors introduced the possibility of constructing a general SU(1, 1) unitary transformation, at the finite volume limit, in a system with an infinite degrees of freedom, namely bosonic string theory, responsible for leading the system from zero to finite temperature. That construction presents an apparent inconvenience: the non invariance of the thermal vacuum under tilde conjugation rules. In Ref. [27] it was argued that a possible ambiguity in the choice of thermal states emerges. However, as pointed out in Ref. [37], it reflects the fact that under the construction, the Tomita-Takesaki modular operator does not commute with the transformation operator and this gives rise to an apparent ambiguity, for example, in the thermal vacuum choice, as presented in [27]. In this way, in order to keep the structure of the TFD formulation and to avoid ambiguities, the tilde conjugation rules must be redefined in the transformed space [37].

In this letter we present the general SU(1, 1) unitary transformation as well as the new (transformed) Tomita-Takesaki modular operator that maintain the TFD structure and eliminates any possible ambiguities coming from this general formulation. In the following, we consider just one degree of freedom, but our results can be easily extended to a field theory, as is the case in Ref. [27].

Consider the bosonic creation and annihilation operators A^† and A, respectively, and their associated partners of the auxiliary space, denoted by a tilde. These two sets of operators satisfy an oscillator-like algebra. The generators for the thermal transformation are given by g_1 (θ) = θ_1 ( A ~A + ~A^†A^† ) , g_2 (γ) = iθ_2 ( A ~A − ~A^†A^† ) , g_3 (θ) = θ_3 ( A^†A + ~A ~A^† ) , (1)

with θ_1, θ_2 e θ_3 ∈ R. As it was said before, elements of the original space are mapped on those of the auxiliary tilde space, and vice-versa, using the Tomita-Takesaki modular operator, J, as follows ~A = JAJ, J ~AJ = A, (2) where we have used the property JJ = 1 [32]. These generators can be combined in order that they compose the total generator of the general SU(1, 1) unitary transformation as the following G (θ) = ∑ i g_i (θ) . (3)

Explicitly we have

G (θ) = λ_1 (θ) ~A^†A^† − λ_2 (θ) A ~A + λ_3 (θ) ( A^†A + ~A ~A^† ) , (4)

with the λ’s coefficients given by

λ_1 (θ) = θ_1 − iθ_2, λ_2 (θ) = −λ^∗_1, λ_3 (θ) = θ_3. (5)

Observing the generator expressed in equation (4), we note that

G (θ) = G^† (θ) , ~G (θ) = JG (θ) J = G^∗ (θ) ≠ −G (θ) . (6)

The first property exprimes that G(θ) is hermitian and assures that in the finite volume limit, the transformation is unitary. The second property indicates that the tilde substitution rules are not preserved and so, must be redefined. This is more clear when we observe the expressions for the transformed operators and the thermal state. As it was commented, the thermal operators are obtained by executing the thermal Bogoliubov transformation which is canonical. Using the notation Ă(θ), indicating the new mapping rules in the transformed space, similar to the tilde rules, the transformation for operators must take the following form A(θ) Ă^†(θ) = e^{−iG} A ~A^† e^{iG} = B A ~A^† , (7) ( A^†(θ) −Ă(θ) ) = ( A^† − ~A ) B^{−1} , (8)

where the SU(1, 1) matrix transformation is given by

B = u v v^∗ u^∗ , uu^∗ − vv^∗ = 1, (9)

with elements u = cosh (iΛ) + λ_3 Λ senh (iΛ) , v = λ_1 Λ sinh (iΛ) , (10) where Λ is defined by the following relation

Λ^2 = λ_1λ_2 + λ^2_3. (11)

The SU(1, 1) matrix transformation can be written in terms of the λ’s parameters as follows

B (θ) = cosh (iΛ) + senh (iΛ) Λ λ^3 λ^1 λ_2 −λ_3 . (12)

Under the above considerations, the thermal operators are given by

A (θ) = [ cosh (iΛ) + λ_3 Λ sinh (iΛ) ] A + λ_1 Λ sinh (iΛ) ~A^† = u (θ) A + v (θ) ~A^†, (13)

Ă (θ) = [ cosh (iΛ) + λ_3 Λ sinh (iΛ) ] ~A + λ^1 Λ sinh (iΛ) A^† = u (θ) ~A + v (θ) A^†, (14)

A^† (θ) = [ cosh (iΛ) − λ_3 Λ sinh (iΛ) ] A^† + λ_2 Λ sinh (iΛ) ~A = u^∗ (θ) A^† + v^∗ (θ) ~A, (15)

Ă^† (θ) = [ cosh (iΛ) − λ_3 Λ sinh (iΛ) ] ~A^† + λ^2 Λ sinh (iΛ) A = u^∗ (θ) ~A^† + v^∗ (θ) A. (16)

In the above expressions, for thermal operators, we have an explicit evidence that in fact Ă(θ) ≠ ~A(θ). To determine the new rules, in the transformed space, we must execute the

thermal Bogoliubov transformation over the Tomita-Takesaki modular operator J: J(θ) = e^{−iG}Je^{iG} = e^{−iG}e^{−iG∗} J = Je^{iG∗} e^{iG}, (17) where we have used the property JJ = 1 and the anti-linearity of J [32]. Noting that [G^∗]^† = G^∗, the expression (17) clearly gives us that J(θ) = J^†(θ). Furthermore, it is easy to show that J(θ)J(θ) = 1. To see how this transformed operator works, let’s take the expression for A(θ) given at (13), and apply the J(θ) over it: J(θ)A(θ)J(θ) = ( e^{−iG}e^{−iG∗} J ) ( e^{−iG}Ae^{iG} ) ( Je^{iG∗} e^{iG} ) , (18)

where we have made use of the expressions given at (17). From the expression above we have J(θ)A(θ)J(θ) = e^{−iG}JAJe^{iG} = e^{−iG} ~Ae^{iG} = Ă(θ), (19) with Ă(θ) given in (14).

The next step is to analise the result of the transformed Tomita-Takesaki modular operator actuation over the thermal vacuum.

The thermal vacuum and its thermal dual are obtained by using the SU(1, 1) “desentanglement” theorem [38, 39] and have the following condensed state form |0 (θ)⟩ = e^{iG(θ)} |0⟩⟩ = 1 u e^{− vu ~A† A†} |0⟩⟩ , ⟨0 (θ)| = ⟨⟨0| e^{iG(θ)} = ⟨⟨0 | 1 u^∗ e^{− v∗u∗ ~AA}, (20) where, |0⟩⟩ = |0⟩ ⊗ | |~0⟩. In this way we have the thermal vacuum definition

A (θ) |0 (θ)⟩ = Ă (θ) |0 (θ)⟩ = 0, ⟨0 (θ)| A^† (θ) = ⟨0 (θ)| Ă^† (θ) = 0. (21)

Furthermore, these states satisfy the thermal state conditions [ A + v u ~A^† ] |0 (θ)⟩ = 0, [ ~A + v u A^† ] |0 (θ)⟩ = 0, (22) ⟨0 (θ)| [ A^† + v^∗ u^∗ ~A ] = 0, ⟨0 (θ)| [ ~A^† + v^∗ u^∗ A ] = 0. (23)

With the actuation J(θ), given in (17), over the thermal vacuum presented in (20), we have J(θ) |0 (θ)⟩ = ( e^{−iG}e^{−iG∗} J ) e^{−iG} |0⟩⟩ = e^{−iG} |0⟩⟩ = |0 (θ)⟩ . (24) This means that the thermal vacuum is invariant under J(θ). What we have now at hands is a completely well defined general unitary TFD formulation, which can be used for inserting temperature into physical systems. As the thermal Bogoliubov transformation is a canonical one, we have that all the properties of the Tomita-Takesaki modular operator at zero temperature are still valid at finite temperature.

Once established the general unitary SU(1, 1) TFD formulation, we can approach the results presented at Ref. [27] for bosonic strings and bosonic D_p-branes at finite temperature, in order to expose the real interpretation of those results.

We should say that the formulation presented in this letter was already been carried out [27]. However, in that work, the rules played by the Tomita-Takesaki modular operator as well as its transformation for a temperature dependent system was not completely accomplished. As a conclusion, the only necessary modification is to change ~A(β) → Ă(β), where β stands for the inverse of the temperature and explicites the operators (and states) dependence with respect to it. We would like to stress the fact that all the expressions in that reference under question are correctly calculated, because they were obtained by using the brute force, without making use of the tilde conjugation rules to map elements from one space in those of the other space. Now, after this letter, all we must to do is to exchange the symbol tilde by breve according to (7) and (8). Clarified this fact, it is easy to check that under the action of the transformed Tomita-Takesaki modular oparator, J(θ), the closed bosonic string thermal vacuum and the thermal boundary state, interpreted as a bosonic D_p-brane at finite temperature [27], remain invariant.

Note that once the transformation generator satisfies the properties as those presented in this letter in expressions (6), it is not necessary to explicit its form in terms of oscillators-like operator of the doubled space to check the main result of the work presented here: a consistent alternative general TFD formulation. Formulation that, in principle, seems to take the advantages of the α-degree of freedom [36, 40] on one hand and uses a unitary transformation, in the finite volume limite, on the other hand, stands as a suitable formulation in order to deal with thermal states obtained from the action of thermal operators over the thermal vacuum. That is the case of the system studied in Ref. [27], for example.

In this letter, we discuss a generalization for the thermal Bogoliubov transformation, the general SU(1, 1) unitary transformation, and show its consistency in the ambit of Thermo Field Dynamics. By redefinition of the tilde conjugation rules, we show how to use the general unitary SU(1, 1) TFD formulation without leading to ambiguous results, providing a useful tool for the study of thermal effects as well as quantum dissipation and information theory.

Acknowledgements

The authors would like to thanks Ion V. Vancea and Ademir E. Santana for useful discussions. M. C. B. A. was supported by the CNPq grant 302019/2003-0, A. L. G. was supported by a FAPESP post-doc fellowship.

[1] L. Leplae, F. Mancini and H. Umezawa, Phys. Rev. B2 (1970)3594. [2] Y. Takahashi and H. Umezawa, Collective Phenom. 2(1975)55.

[3] H. Umezawa, H. Matsumoto, M. Tachiki, Thermo Field Dynamics and Condensed States (North-Holland Plublishing Company, Amsterdan, 1982).

[4] Y. Leblanc, Phys. Rev. D38(1988)3087. [5] Y. Leblanc, Phys. Rev. D36(1987)1780.

[6] Y. Leblanc, Phys. Rev. D37(1988)1547. [7] Y. Leblanc, Phys. Rev. D39(1989)1139. [8] Y. Leblanc, Phys. Rev. D39(1989)3731.

[9] Y. Leblanc, M. Knecht and J. C. Wallet, Phys. Lett. B 237(1990)357. [10] H. Fujisaki and K. Nakagawa, Prog. Theor. Phys. 82(1989)236. [11] H. Fujisaki and K. Nakagawa, Prog. Theor. Phys. 82(1989)1017. [12] H. Fujisaki and K. Nakagawa, Prog. Theor. Phys. 83(1990)18. [13] H. Fujisaki and K. Nakagawa, Europhys. Lett. 20(1992)677. [14] H. Fujisaki and K. Nakagawa, Europhys. Lett. 28(1994)471. [15] H. Fujisaki, Il Nuovo Cimento, 108A(1995)1079. [16] H. Fujisaki and K. Nakagawa, Europhys. Lett. 35(1996)493. [17] M. C. B. Abdalla, E. Graça and I. V. Vancea, Phys. Lett. B53(2002)114. [18] J. C. da Silva, A. Matos Neto, H. Q. Placido, M. Revzen and A. E. Santana, Physica A 292(2001)411.

[19] E. Celeghini, M. Rasetti and G. Vitiello, Annals Phys. 215(1992)156. [20] H. Matsumoto, H. Umezawa, N. Yamamoto and N. J. Papastamatiou, Phys. Rev.

D34(1986)3217.

[21] W. Israel, Phys. Lett. A57(1976)107. [22] I. Tanaka, Phys. Lett. B516(2001)403.

[23] A. E. Santana, F. C. Khanna and M. Revzen, Phys. Rev. A65(2002)032119. [24] A. Mann, K. Nakamura, M. Revzen, H. Umezawa and Y. Yamanaka, J. Math. Phys.

30(1989)2883.

[25] I. V. Vancea, Phys. Lett. B487(2000)175.

[26] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D64(2001)086005. [27] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D66(2002)065005. [28] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Int. J. Mod. Phys. A18(2003)2109. [29] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, arXiv:hep-th/0308114. [30] I. Ojima, Ann. Phys. 137(1981)1.

[31] G. G. Emch, Algebraic Methods in Statistical Mechanics and Quantum Field Theory, John Wiley e Sons, Inc, New York, 1972).

[32] N. P. Landsman e Ch. C. Van Weert, Phys. Rep. 145(1987)141.

[33] A. E. Santana and F. C. Khanna, Phys. Lett. A203(1995)68.

[34] A. E. Santana, A. Matos Neto, J. D. M. Vianna and F. C. Khanna Physica A 280(2000)405. [35] H. Chu and H. Umezawa, Int. J. Mod. Phys. A9(1994)2363.

[36] H. Umezawa, Advanced Field Theory: Micro, Macro and Thermal Field (American Institute of Physics, 1993).

[37] P. Elmfors e H. Umezawa, Physica A 202(1994)577. [38] K. Wódkiewicz and J. H. Eberly, J. Opt. Soc. Am. B3(1985)485. [39] S. Chaturvedi, V. Srinivasan and G. S. Agarwal, J. Phys. A32(1999)1909. [40] H. Umezawa and Y. Yamanaka, Phys. Lett. A 155(1991)75.