arXiv:hep-th/0309257 v2 2 Oct 2003

Representation Theory of Twisted Group Double

D. Altschuler^1 , A. Coste^2 and J-M. Maillard^{3 4}

Abstract

This text collects useful results concerning the quasi-Hopf algebra D^ω(G). We give a review of issues related to its use in conformal theories and physical mathematics. Existence of such algebras based on 3-cocycles with values in R/Z which mimic for finite groups Chern-Simons terms of gauge theories, open wide perspectives in the so called ”classification program”. The modularisation theorem proved for quasi-Hopf algebras by two authors some years ago makes the computation of topological invariants possible. An updated, although partial, bibliography of recent developments is provided.

PACS: 02.20.Uw, 03.65.F

Key-words: Quantum algebra, Quasi-Hopf algebra, Quasi-triangular quasi-Hopf algebra, Chern-Simons, Anyons, Twisted group double, Fusion, Topological invariants, Coproducts, Surgery of 3-manifolds, Knots and Links, Wirtinger presentations.

14 rue Beausite,CH 1203 Genève, Suisse 2LPT CNRS UMR 8627, batiment 210-211, Université d’Orsay, F 91405 Orsay Cedex 3LPTHE, Tour 25, case 7109, 2 Place Jussieu, 75251 Paris Cedex 05 4e-mail: maillard@lpthe.jussieu.fr

Introduction

Lattice statistical models with boundary conditions or quantum field theories with boundary conditions, have been extensively studied in the last ten years. In an integrable framework and from an algebraic point of view, different boundary conditions may lead to various interesting algebras.

Because of dynamical interactions between excitations, a phenomenon sometimes called “fusion of excitations together” takes place as a consequence of a non trivial geometric transformation. This idea lies at the heart of the celebrated Frobenius-Pasquier-Verlinde formula [1]. Later, R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde applied this to orbifolds.

Such a fusion corresponds, in the mathematical formalism, to a coproduct morphism being part of quasi-Hopf (or some quantum algebra) axioms.

Such a geometric transform can be a SL_n(Z) diffeomorphism of the ntorus, or a “tour”, along a non-trivial homological cycle. Note that more complicated manifolds are also a very fascinating field of research.

In two-dimensional integrable systems compatibility between the Yang- Baxter equations and the fusion is an interesting general issue.

To our knowledge, R. Dijkgraaf and E. Witten pioneered the use of group 3-cocycles as a discrete analogue of flat connections on 3-manifolds [2]. This viewpoint makes very clear the role of local gauge invariance in building up topological invariants. However, their paper remains in the framework of so-called “topological theories” and cobordism, which can be fruitfully associated with a more algebraic, and algorithmic, approach such as the one initiated by V. G. Drinfeld, M. Jimbo, T. Miwa, N. Reshetikhin, V. Turaev, and many others [3, 4]. This is the viewpoint we will detail here. In some conference proceedings [5], V. Pasquier et al. obtained a nice breakthrough when formulating a twisted double as a quasi-Hopf algebra, called D^ω (G). This is mostly this work that we revisit in this article^5, including new material and more general approach of classification problems.

In a series of papers D. Altschuler and A. Coste proved that N. Reshetikhin and V. Turaev functorial construction extends to quasi-Hopf algebras and therefore, the invariants from R. Dijkgraaf and E. Witten topological theories have been conjectured by them to be exactly recovered from a link-surgery Markov trace [2].

It is clear considering simple lens spaces that this equivalence goes between triangulation and Dehn surgery of the same 3-manifold. The proof of

5which is a developed version of the preprint IHES/M/99/52

these equalities, as well as consideration of Heegaard splitting presentation, has been provided to our knowledge by S. Piunikhin and followers [6].

A few heuristic recalls on Drinfeld’s Quantum Double

The interest of quasi-triangular Hopf algebras is that they produce naturally solutions of the Yang-Baxter equations in a “universal form”, in a first approach, without spectral parameter. One can build quasi-triangular Hopf algebras starting from any Hopf algebra introducing two Hopf algebras dual to each other (see for instance [7, 8]). Two Hopf algebras (isomorphic as vector space) are dual to each other if the product and co-product of the first Hopf algebra coincide with the co-product and product of the other one. Let e_a be the basis vectors of the first Hopf algebra, and e^a the basis vectors of the second Hopf algebra, we require :

e_a e_b = C^c_{a, b} · e_c , Δ(e^a) = C^a_{c, b} · e^b ⊗ e^c

e^a e^b = C̃^{a, b}_c · e^c , Δ(e_a) = C̃^{b, c}_a · e_b ⊗ e_c (1)

where the constants of structure C^c_{a, b} and C̃^{a, b}_c are such that the two Hopf algebras are co-algebras. The antipodes of the two Hopf algebras, γ and ρ :

γ(e_a) = γ^b_a · e_b , ρ(e^a) = ρ^a_b · e_b

are related by a simple matrix inversion : ρ = γ^{−1}.

One introduces a normal ordering when assembling together the two Hopf algebras (think for instance that one Hopf algebra corresponds to creation operators, and the other to annihilation operators). The coproduct of this double Hopf algebra can be defined as follows :

Δ(e_a e^b) = C̃^{c, d}_a · C^b_{e, f} · e_c e^f ⊗ e_d e^e (2)

The transposed coproduct in the double is just :

Δ^′(e_a e^b) = C̃^{c, d}_a · C^b_{e, f} · e_d e^e ⊗ e_c e^f (3)

The coproduct and the transposed coproduct are intertwined by the following R-matrix :

R Δ(x) = Δ^′(x) R , where : R = ∑ a e_a ⊗ 1 ⊗ 1 ⊗ e^a

The antipode in the double is an antihomomorphism that we will not write here. The prescription to get the normal ordering is that the product and coproduct are compatible. Drinfeld’s normal ordering is : : e^a e_b : = C^e_{f, d} · C^a_{e, g} · C̃^{h,i}_b · C̃^{c,f}_i · ρ^g_h · e_c e^d where we use the Einstein’s conventions for summation over up and down indices (contraction).

Identification of the representations of D^ω(G)

In two very dense papers V.G. Drinfeld [3] has developed the notion of quasi-triangular quasi-Hopf algebra, which seems particularly fruitful in Geometry and Physics [2, 4]. Examples of such a structure can be obtained as follows:

Let G be a finite group with unit e and order |G| . Let ø be a normalized 3- cocycle with values in U(1), i.e. ø is an application from G^3 to U(1) satisfying for any (g_1, g_2, g_3, g_4) ∈ G^4 :

ø(g_1, g_2, g_3) ø(g_1, g_2g_3, g_4) ø(g_2, g_3, g_4) = ø(g_1g_2, g_3, g_4) ø(g_1, g_2, g_3g_4) (4)

ø(g_1, g_2, e) = ø(g_1, e, g_2) = ø(e, g_1, g_2) (5)

Where e is the unit element of G. In this multiplicative notation ω is the exponential of an additive cocycle with values in i R/2πZ. These equations imply a number of identities which are derived in the appendix.

From these data one defines [5] a finite dimensional algebra over the complex numbers as the linear span of the |G|^2 generators (g|_x )_{(g,x)∈G}2 satisfying

the relations g1|_x · g2|_y = δ_{g1, xg2x}−1 θ_{g1} (x, y) where θ_g(x, y) = ø(g, x, y) ω(x, y, (xy)^{−1}gxy) ø(x, x^{−1}gx, y)^{−1}. (6) D^ω (G) is associative by virtue of (20) and has unit element 1_Dω_{(G)} = ∑ g∈G g| e . It can be equipped with a ribbon quasi-Hopf quasi-triangular structure described in details in [5, 9] allowing one to compute topological invariants of links and three manifolds by the method explained in [4, 9]. Here we wish to present a study of the representations of D^ω (G) which are the objects ”colouring” the links in this method.

Proposition 1: Any finite dimensional representation of D^ω (G) is a direct sum of irreducible ones.

Proof: Let (π, V ) be a representation with a non trivial stable subspace W . Let P be any projector onto W (P^2 = P, ImP = W, KerP ⨁ W = V ).

Define P_o = 1 |G| ∑ (g,x)∈G^2 1 θ_g−1 (x, x^{−1}) π(x^{−1}g^{−1}x|_{x−1} )P π(g^{−1}|_x )

This formula implies ImP_o ⊂ ImP . Furthermore, because of (20) derived in the appendix below, θ_x−1_g−1_x(x^{−1}, x) = θ_{g−1} (x, x^{−1}) so that P_{o|ImP} = Id_{ImP} , implying ImP = ImP_o. One sees that KerP_o is such that V = W ⨁ KerP_o, allowing a proof of prop. 1 by induction on dimV .

We shall use the following group theoretical setup: {C_A}_{A=1,...,P} the set of conjugacy classes of G, |C_A| the number of elements in C_A and Γ = {g_A}_{A=1,...,P} a system of representatives of these classes. For any A, p_A will be the order of g_A, N_A = {h ∈ G/hg_Ah^{−1} = g_A} the centralizer of g_A , |N_A| its number of elements equal to |G|/|C_A|, χ_A = {x_{A,j} }_{j=1,...,|CA|} a system of representatives of G/N_A (e being one of the x_{A,j} ), < g_A >= {e, g_A, ..., g^{pA−1}_A } the cyclic subgroup generated by g_A, H_A = {h_{A,a}}_{a=1,...,|NA|/pA} a system of representatives of N_A/ < g_A >.

Equivalently, for any g ∈ G there exist a unique couple (A, j) such that g = x_{A,j} g_Ax^{−1}_{A,j} and p_A = inf{n/g^n = e}. A being fixed, any x ∈ G can be written uniquely x = x_{A,j} h , x_{A,j} ∈ χ_A , h ∈ N_A and any h ∈ N_A can be written uniquely h = g^k_Ah_{A,a} = h_{A,a}g^k_A , k ∈ {0, ..., p_A − 1} , h_{A,a} ∈ H_A. When working within a given class C_A we will denote x_{A,j} and h_{A,a} simply by x_j and h_a.

Proposition 2: the left regular representation of D^ω (G) is the direct sum of |G| representations (W_g)_{g∈G} : D^ω (G) = ⨁ g∈G W_g, where W_g = Span{k|_x /x^{−1}kx = g}; dim(W_g) = |G|. If g and g^′ are conjugate, W_g and W_g′ are equivalent representations.

Proof: W_g is the image of D^ω (G) by the projection a −→ a · ε_g where the elements ε_g = g|_e form a decomposition of 1_Dω_{(G)} into a sum of orthogonal

idempotents.

Denote a given g_o ∈ G g_o = x_og_Ax^{−1}_o where x_o is one of the x_{A,j} (x_o = e if g_o = g_A); then a basis of W_{go} is ( x_j g_Ax^{−1}_j | x_j hx^{−1}_o ) (h,x_j )∈N_A×χ_A . An intertwiner Φ^{go}_{gA} from W_{gA} to W_{go} is Φ^{go}_{gA} ( x_j g_Ax^{−1}_j | x_j h ) = θ_{xj gAx}−1_j (x_j h, x^{−1}_o ) xj g_Ax^{−1}_j |_{xj hx−1o} The commutativity of Φ^{go}_{gA} with left multiplication by g1|_{x1} results from identity (20) below with (g, x, y, z) = (g_1, x_1, x_j , x^{−1}_o ).

Proposition 3: Each W_{go} (g_o = x_og_Ax^{−1}_o ) splits into p_A subrepresentations (W_{go,lA,i} )_{i=1,...,pA} which are eigenspaces for the action of the central element v^{−1} = ∑ k∈G k| k with eigenvalues l_{A,i} (denoted in short l_i ) which are the p_Ath-roots of ø_A = ∏_{pA−1} n=0 ø(g_A, g^n_A, g_A). For (g, y) ∈ G^2 such that y^{−1}gy = g_o, set ψ_{li,g,y} = p_A−1∑

k=0 l^{pA−1−k} i k−1∏ n=0 ø(g, g^ny, y^{−1}gy)g|_{gk y} . (7)

Then v^{−1} · ψ_{li,g,y} = l_iψ_{li,g,y} (8) and ψ_{li,g,gy} = l_i ø(g, y, y^{−1}gy) ψ_{li,g,y}, (9) so that a basis of W_{go ,li} is (ψ_{li,xj gAx}−1_{j ,xj hax}−1_o )_{(xj ,ha)∈χA×HA} . Proof: For any g|_y ∈ W_{go} , and for any k ∈ {0, ..., p_A − 1}, set : ϕ_k = ∏_{k−1} n=0 ø(g, g^ny, y^{−1}gy)g|_{gk y} . The characteristic polynomial of the action of v^{−1} on the space spanned by the ϕ_k’s is then (cf (23) : det(l − ρ_{reg}(v^{−1})) = l^{pA} − p_A−1∏ n=0 ø(g, g^ny, y^{−1}gy) = l^{pA} − ø_A, leading to eigenvectors ψ_{li,g,y} which, altogether, are a generating system of W_{go,li} . Each eigenspace W_{go ,li} is stable under the action of D^ω (G) because v^{−1} is central and the l_i’s are distinct.

Definition : A being fixed let (π, V ) be a projective representation of N_A on a vector space V , with cocycle θ_{gA} , one has in End(V ) : π(h_3)π(h_2) = θ_{gA} (h_3, h_2)π(h_3h_2) . (10) Then, following [5], we define the ”DPR-induced” of (π, V ) as the representation (ρ_π, C[χ_A] ⊗ V ) of D^ω (G) given by: ρ_π (g|_x )|x_j > ⊗|v >= δ_{g,xk gAx}−1_k θ_g(x, x_j ) θ_g(x_k, h_2) |x_k > ⊗ π(h_2)|v > (11) where |v >∈ V and (x_k, h_2) ∈ χ_A × N_A are defined by x x_j = x_k h_2.

Proposition 4: For any g_o ∈ C_A, (ρ_{reg}, W_{go} ) is equivalent to the representation DPR-induced from (π_{go} , C[N_A]) given by : π_{go} (h_2)|h_1 >= θ_{gA} (h_2, hx^{−1}_o )|h_2h > Proof: An explicit intertwiner Θ_{go} : W_{go} −→ C[χ_A] ⊗ C[N_A] is: Θ_{go} (xj gx^{−1}_j |_{xj hx−1o} ) = 1 θ_{xj gx}−1_j (x_j , hx^{−1}_o ) |x_j > ⊗|h > . (12) Also note that π_{go} is equivalent to π_{gA} with intertwiner Ψ : (π_{gA} , C[N_A]) −→ (π_{go} , C[N_A]), Ψ|h >= θ_{gA} (h, x^{−1}_o )|h >. Having these equivalences of representations we can now focus on the subrepresentations of the W_{gA} ’s :

Proposition 5: (ρ_{reg} , W_{gA,li} ) is equivalent to the representation DPRinduced from (π^{li} , C[H_A]) where : π^{li} (h_2)|h_a >= l^l_i ∏_{l−1} n=0 ø(g_A, g^n_A, g_A) θ_{gA} (h_2, h_a) θ_{gA} (h_b, g^l_A) |h_b > (13) (l, h_b) ∈ {0, ..., p_A − 1} × H_A being defined by h_2h_a = g^l_Ah_b .

Proof: The fact that π^{li} satisfies (10) results from (24). Ω(ψ_{li,xj gAx}−1_{j ,xj ha} ) = θ_{xj gAx}−1_j (x_j , h_a) Θ_{gA} (ψ_{li,xjgAx}−1_{j ,xj ha} ) (14) is an intertwiner W_{gA,li} −→ C[χ_A] ⊗ C[H_A], as a rather tedious computation shows.

Proposition 6: (π_{gA} , C[N_{gA} ]) is the direct sum of p_A θ_{gA} −projective representations N_{A,li} equivalent to the (π^{li} , C[H_A]), C[N_{gA} ] = ⨁_{pA−1} i=0 N_{A,li} . Proof: Π|h_a >= p_A−1∑ m=0 θ_{gA} (h_a, g^m_A ) ∏_{m−1} n=0 ø(g_A , g^n_A, g_A) l^m_i |g^m_A h_a > (15)

is an intertwiner (π^{li} , C[H_A]) → (π_{gA} , C[N_{gA} ]) whose image we call N_{A,li} . P|g^k_Ah_a >= l^k_i ∏_{k−1} n=0 ø(g_A, g^n_A, g_A)θ_{gA} (h_a, g^k_A)

|h_a > (16)

is an intertwiner (π_{gA} , C[N_{gA} ]) → (π^{li} , C[H_A]). Π ∘ P gives an explicit expression for the projector C[N_{gA} ] → N_{A,li} .

We now reach our main point:

Proposition 7 : The irreducible representations of D^ω (G) are (up to equivalence) characterized by a couple (A, α) where A is the label of a conjugacy class in G and (α, V_α) is an irreducible projective representation of N_{gA} with 2-cocycle θ_{gA} which can be realized as a subrepresentation of (π_{gA} , C[N_{gA} ]). Furthermore α(g_A) = l_i Id_{Vα} , for one l_i, so that (α, V_α) is equivalent to a subrepresentation of N_{A,li} (∼ π^{li} ). Then the corresponding representation of D^ω (G) is equivalent to the DPR-induced (ρ_α, V_{Aα} = C[χ_A] ⊗ V_α).

Proof: This is clear once one has noticed that:

π^{li} (g_A) = l_i θ_{gA} (g_A, h_a) θ_{gA} (h_a, g_A) Id_{C[HA]} = l_i Id_{C[HA ]} (so that π^{li} is θ_{gA} -projective, and g^{pA}_A = e implies l^{pA}_i = ø_A ) and dimD^ω (G) = ∑ A |C_A|dimW_{gA} = ∑ A |C_A||χ_A|dimC[N_{gA} ] (17) = ∑ A |χ_A|^2 ∑ α dim^2(V_α) = ∑ Aα dim^2(V_{Aα}) . (18)

From (11) one gets:

Proposition 8 : The characters of the representations of D^ω (G) are: χ_{A,α}(g|_x ) = δ_{g∈CA} δ_{x∈Ng} θ_g(x, x_j) θ_g(x_j , h) χ_α(h) (19)

where N_g is the centralizer of g, and (x_j , h) ∈ χ_A × N_{gA} are defined by g = x_j g_A x^{−1}_j , x = x_j h x^{−1}_j .

Summary of the results.

These eight propositions, which concatenated in Spinoza’s style some partly available results, first proved the semi simplicity of the twisted double algebra. They also described the irreducible representations from the regular representation and used an interesting generalization of character theory for quasi-Hopf algebras.

Perspectives

These results allow the computation of the Verlinde S matrix using the ribbon functor applied to the coloured Hopf link. The complete formulae, involving a number of phases (i.e. exponentials of the additive 3-cocycle)are presented in [10]. These phases are absolutely non trivial in the general case of any non abelian group and in the so-called ”non cohomologically trivial” situation.

It is worth noticing that such rather complicated objects appear, if one wants to classify conformal theories. Classifying such theories with a small number of primary fields will use classification of finite groups (and computing their 3-cocycles) with a small number of conjugacy classes, a task performed, up thirteen classes, by [11]. It has been noticed, at least since E. Landau that there are only a finite number of finite groups with a given number of classes (but how many ? may be physicists inspired by recent classifications or statistical approaches could give interesting comments to this question). Then, there seems to be many more modular invariant partition functions than in the affine case.

These 3-cocycles have been considered in the context of string and membranes studies using names such that ”orbifolds with finite torsion”. One idea is that any CFT can live on a string worldsheet, and our algebra encodes twisted boundary conditions, in the sense of G. t’Hooft and C.P. Korthals- Altes, which is known to relate to non-commutative geometry.

Acknowledgements: One of us (A.C) would like to thank P. Bantay, T. Gannon, P. Roche, P. Ruelle, V. Pasquier, J. B. Zuber for interesting discussions, and also J. P. Bourguignon and IHES for kind hospitality.

Appendix : Group cohomology identities θ_g defined above satisfies: θ_g(x, y) θ_g(xy, z) = θ_g(x, yz) θ_x−1_{gx}(y, z) (20) Proof: For instance simplify successively (20) with the help of (1) written with (g_i)_{i=1,...,4} = (x, y, z, (xyz)^{−1}gxyz); (x, y, (xy)^{−1}gxy, z); (g, x, y, z) and finally (x, x^{−1}gx, y, z). For any g, y k−1∏ n=0 ø(g, g^ny, y^{−1}gy) = θ_g(g^k, y) k−1∏ n=0 ø(g, g^n, g) (21)

Proof: Let us form the product of the k identities obtained from (1) with (g_i)_{i=1,...,4} = (g, g^n, y, y^{−1}gy) for n = 0, ..., k − 1, and divide it by a similar product for (g_i) = (g, g^n, y, y^{−1}gy) : k−1∏ n=0 ø(g, g^ny, y^{−1}gy) = θ_g(y, y^{−1}g^ky) k−1∏ n=0 ø(y^{−1}gy, y^{−1}g^ny, y^{−1}gy) (22) Proof: Let us build similar products of identities for (g_i) = (g, y, y^{−1}g^ny, y^{−1}gy), (y^{−1}, gy, y^{−1}g^ny, y^{−1}gy), (y^{−1}, y, y^{−1}g^ny, y^{−1}gy) and simplify a factor involving five ø’s by the identity written with (g_i) = (y^{−1}, y, y^{−1}gy, y^{−1}g^ky). When k = p_A and g ∈ C_A (g^{pA} = e) (21) and (22) insure that p_A−1∏ n=0 ø(g, g^ny, y^{−1}gy) = p_A−1∏ n=0 ø(g, g^n, g) = p_A−1∏ n=0 ø(g_A, g^n_A, g_A) = ø_A (23)

For any positive integers k, l and any g ∈ G: k+l−1∏ n=0 ø(g, g^n, g) = θ_g(g^l, g^k) k−1∏ n=0 ø(g, g^n, g) l−1∏ n=0 ø(g, g^n, g) (24)

and this implies the symmetry : θ_g(g^k, g^l) = θ_g(g^l, g^k). (25) Proof: Set Q_k = θ_g(g^l, g^k) ∏_{k+l−1} n=k ø(g, g^n, g) ,

(1) with (g_i) = (g, g^l, g^k, g); (g^l, g, g^k, g) implies that Q_{k+1} = Q_k, therefore equal to Q_0 = 1/ ∏_{l−1} n=0 ø(g, g^n, g). Note for completeness the corresponding identity with negative powers: k+l−1∏ n=0 ø(g, g^{−n}, g) = ø(g, g^{−l}, g) θ_g(g^{−l}, g^{1−k}) k−1∏ n=0 ø(g, g^{−n}, g) l−1∏ n=0 ø(g, g^{−n} , g) (26)

and the relation between positive and negative powers : l∏ n=0 ø(g, g^{−n}, g) = θ_g(g^{−l}, g^l) l−1∏ n=0 ø(g, g^n, g) (27)

Proof: by induction and use of (1) with (g_i) = (g, g^{−l−1}, g^{l+1}, g) (g, g^{−l−1}, g, g^{l+1}) (g^{−l}, g, g^l, g)(g, g^{−l}, g^l, g).

References

[1] E. Verlinde, Fusion rules and modular transformations in 2D conformal field theory, Nucl. Phys. B 300 (1988) 360

[2] R. Dijkgraaf and E. Witten, Comm. Math. Phys. 129 (1990) 393.

[3] V. G. Drinfeld, Leningrad (St Petersburg) Math. J. 1 (1990) 321; 1 (1991) 1419.

[4] N. Reshetikhin and V. G. Turaev, Comm. Math. Phys. 127 (1990) 1;

Invent. Math. 103 (1991) 547.

[5] R. Dijkgraaf, V. Pasquier and P. Roche, in proc. workshop Integrable Systems and Quantum Groups’ Pavia, 1990; and in proc. Int. coll. on Modern Quantum Field Theories, Tata Institute, Bombay, 1990.

[6] S. Piunikhin, Reshetikhin-Turaev and Kontsevich-Kohno-Crane invariants for 3-manifolds coincide, J. Knot Theory and its Ramif. 2, (1993) 65-95

[7] F. Hausser and F. Nill, Commun. Math. Phys. 199, 547-589, Doubles of Quasi-Quantum Groups

[8] S.P. Novikov,Russian Math Surveys 47 198-199, (1992), Various doublings of Hopf Algebras. Algebras of Operators on Quantum Groups and Complex Cobordisms, math-ph/0004016

[9] D. Altschuler and A. Coste CERN-TH 6360/92 , published in Comm.

Math. Phys. 150, 83-1107 (1992); CERN-TH 6204/91 published in proc. XXth conf. ”Diff. Geom. Methods in Theor. Phys.” June 1991, New York City (World Scientific); ibid., J. of Geometry and Physics 11, 191 (1993).

[10] A. Coste, T.Gannon, P.Ruelle Nuclear Physics B 581 (2000) 679-717;

available at xxx.hep-th . A. Coste habilitation in preparation.

[11] A. Vera López and J. Vera López, Israel J. Math. 51, 305 (1985); ibid 56, 188 (1986).

[12] C. Vafa and E. Witten, J. Geom. Phys. 15, 189 (1995).

[13] M. Douglas, “D-branes and discrete torsion” (preprint, hep-th/9807235).

[14] D. Altschuler, A. Coste, Cern and Marseille preprint CPT-91/P.2502, unpublished;

[15] V. Kac, Infinite dimensional Lie algebras, Cambridge University Press, Cambridge, 1990.

[16] V.G. Kac, M. Wakimoto, Adv. Math. 70, 156 (1988).

[17] A. Cappelli, C. Itzykson and J.-B.Zuber, Commun. Math. Phys. 113, 1 (1987).

[18] P. Di Francesco, P. Mathieu and D. Sénéchal, Conformal Field Theory, Springer, New York, 1997. J.M. Drouffe, C. Itzykson Statistical Field Theory french original: presses du CNRS, Paris.

[19] A.N. Schellekens and S. Yankielowicz, Nucl. Phys. B327, 673 (1989). [20] D. Bernard, Nucl. Phys. B288, 628 (1987).

[21] V.G. Drinfeld, Proc Int Cong Math (1986-Berkleley), vol 1 Amer Math Soc Publ 798-820 (1987 [22] P. Degiovanni, Commun. Math. Phys. 127, 71 (1990). [23] A. Coste, T. Gannon, Phys. Lett. B323 (1994) 316–321. J. Lascoux, E. Buffenoir, A. Buhot, A. Coste, P. Degiovanni, Ann. Inst. H. Poincaré 63 (1995) 41-79.

[24] M. Kreuzer and A.N. Schellekens, Nucl. Phys. B411, 97 (1994). [25] J. Fuchs, B. Gato-Rivera, A.N. Schellekens and C. Schweigert, Phys.

Lett. B334, 113 (1994).

[26] M.A. Walton, Phys. Lett. B241, 365 (1990). [27] J. Fuchs, Commun. Math. Phys. 136, 345 (1991).

[28] E.J. Mlawer, S.G. Naculich, H.A. Riggs, and H.J. Schnitzer, Nucl. Phys.

B352, 863 (1991).

D. Altschuler, M. Bauer and C. Itzykson, Commun. Math. Phys. 132, 349 (1990).

[29] D.F. Holt and W. Plesken, Perfect Groups, Clarendon Press, Oxford, 1989.

[30] K.S. Brown, Cohomology of groups, Springer, 1982.

[31] M. de Wild Propitius, Topological interactions in broken gauge theories, Ph.D. thesis, University of Amsterdam, 1995.

[32] M. de Wild Propitius, Spontaneously broken Abelian Chern-Simons , Nucl. Phys. B 489 (1997) 297-359.

[33] T.H. Koornwinder, F.A. Bais, B.J. Schroers and J.K. Slingerland, Fourier transform and the Verlinde formula for the quantum double , math.QA/9904029.

[34] T. Hsu, Quilts,(...) and Finite Groups, LNM 1731, Springer.

[35] P. de la Harpe, Topics in Geometric Group Theory, Chicago Univ. Press Lectures in Math. (London ), paperback (2000).

[36] T. Gannon, Nucl. Phys. B491, 659 (1997).

[37] J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices and Groups, 2nd edition, Springer, New York, 1992.

[38] V. G. Drinfeld, Leningrad Math. J. (continued as St Petersburg Math.

J.) 1 (1991) 1419.

[39] S. Mac Lane, ”Categories for the working mathematician”, 2d ed. (1999) Springer.

[40] G. Mack, V. Schomerus, Phys. Lett. B267 (1991) 213. [41] C. Dong, H. Li, G. Mason, Modular-invariance of trace functions in orbifold theory , q-alg/9703016.

[42] M. Asano, S. Higuchi, Tokyo preprintTIT/HEP-255, hep-th/9405099. [43] A. Bruguieres,Catégories prémodulaires, modularisations et invariants des 3-variétés, Math. Annalen 316 (2000) 236.

[44] M. Müger, Galois theory for braided categories... Adv. in Math. 150 (2000) 151, available on math.CT/9812040.

[45] G. Masbaum, H. Wenzl, Integral modular categories and(...) invariants at roots of unity , J. Reine Angew. Math. 505 (1998) 209-235.

[46] C. Sorger, La formule de Verlinde, Séminaire Bourbaki 794, (1994), 87-114, Asterisque 237, SMF Paris.