arXiv:hep-th/0309265 v2 11 Dec 2003

UT-Komaba/03-17 hep-th/0309265 September, 2003

Towards Noncommutative Integrable Equations^1

Masashi Hamanaka^2 and Kouichi Toda^3

1Institute of Physics, University of Tokyo, Komaba, Meguro-ku, Tokyo 153-8902, Japan

2Department of Mathematical Physics, Toyama Prefectural University, Toyama 939-0398, Japan

Abstract

We study the extension of integrable equations which possess the Lax representations to noncommutative spaces. We construct various noncommutative Lax equations by the Lax-pair generating technique and the Sato theory. The Sato theory has revealed essential aspects of the integrability of commutative soliton equations and the noncommutative extension is worth studying. We succeed in deriving various noncommutative hierarchy equations in the framework of the Sato theory, which is brand-new. The existence of the hierarchy would suggest a hidden infinite-dimensional symmetry in the noncommutative Lax equations. We finally show that a noncommutative version of Burgers equation is completely integrable because it is linearizable via noncommutative Cole-Hopf transformation. These results are expected to lead to the completion of the noncommutative Sato theory.

1Talk given by K.T. at the fifth international conference on Symmetry in Nonlinear Mathematical Physics, Kiev, Ukraine, 23-29 June 2003.

2e-mail: hamanaka@hep1.c.u-tokyo.ac.jp 3e-mail: kouichi@yukawa.kyoto-u.ac.jp

1 Introduction

The extension of ordinary integrable systems to noncommutative (NC) spaces is one of hot topics in the recent study of integrable systems [1]-[27]. NC extension in gauge theories corresponds to the presence of background magnetic fields and leads to the discovery of many new physical objects and successful applications to string theories [29]. In particular, NC (anti-)self-dual Yang-Mills (YM) equations are integrable and important [30].

On the other hand, many typical integrable equations such as the Kadomtsev-Petviashvili (KP) equation [31], the Korteweg-de Vries (KdV) equation [32], and the Boussinesq equation [33], contain no gauge field and the NC extension of them perhaps might have no physical picture. NC extension of (1 + 1)-dimensional nonlinear equations introduces infinite number of time derivatives and it becomes very hard to define the integrability. Nevertheless, some of them actually possess integrable properties, such as the existence of infinite number of conserved quantities [3, 14]. Furthermore, a few of them can be derived from NC (anti-)self-dual YM equations by suitable reductions [8, 24]. This fact may give some physical meanings and good properties to the lower-dimensional NC field equations. Now it is time to study in detail whether they are actually integrable or not.

In this article, we present various NC equations which possess the Lax representations [34]. We mainly discuss the Lax-pair generating technique and applications of the Sato theory. The Sato theory is one of the most beautiful soliton theories and reveals various integrable aspects of soliton equations, such as the existence of multi-soliton solutions, the structure of the solution space and the hidden symmetry of them. Hence NC extension of the Sato theory is worth studying and the present discussions on it are all new. Here we prove the existence of various NC hierarchy equations, which would suggest hidden infinite-dimensional symmetries of NC equations. Finally we discuss the integrability of NC (1 + 1)-dimensional Burgers equation and prove that it is completely integrable due to the linearizability.

2 Noncommutative Field Equations

NC spaces are defined by the noncommutativity of the coordinates:

[x^i, x^j ] = iθ^{ij} , (2.1)

where θ^{ij} are real constants and called the NC parameters.

NC field theories can be defined by the replacement of ordinary products of fields in the commutative theories with the star-product. The star-product is defined for ordinary fields on commutative spaces and explicitly given by

f ⋆ g(x) := exp ( i 2 θ^{ij} ∂^{(x′)}_i ∂^{(x′′)}_j ) f(x^′)g(x^{′′}) | | x^′=x^{′′}=x, (2.2)

where ∂^{(x′)}_i := ∂/∂x^{′i} and so on. The star-product has associativity: f ⋆(g ⋆h) = (f ⋆g)⋆h and returns back to the ordinary product in the commutative limit: θ^{ij} → 0. The modification of the product makes the ordinary spatial coordinate “noncommutative,” that is, [x^i, x^j]_⋆ := x^i ⋆ x^j − x^j ⋆ x^i = iθ^{ij} .

We note that the fields themselves take c-number values as usual and the differentiation and the integration for them are well-defined as usual. A nontrivial point is that NC field equations contain infinite number of derivatives in the nonlinear terms. Hence the integrability of the equations are not so trivial as in commutative cases. For detailed discussion on it, see [24].

3 Noncommutative Lax Equations

A given NC differential equation is said to have the Lax representation if there exists a suitable pair of operators (L, B) so that the following equation

[∂_t − B, L]_⋆ = 0, (3.1)

is equivalent to the given NC differential equation. Here the star-product does not affect the derivative operator, for example, ∂_t ⋆ ∂_x = ∂_t∂_x. The pair of operators (L, B) and the equation (3.1) are called the Lax pair and the NC Lax equation, respectively.

On NC spaces, the meaning of Lax representations would be vague [24]. However, they actually have close connections with the bi-complex method [2] which leads to infinite number of conserved quantities, and the (anti)-self-dual YM equation which is integrable in the context of twistor descriptions and ADHM constructions [30].

Now let us construct NC Lax equations by the Lax-pair generating technique. The technique is a method to find a corresponding B-operator for a given L-operator and based on the following ansatz for the B-operator

B = ∂^n_i L^m + B^′. (3.2)

Then the problem reduces to that for the B^′-operator which is determined by hand so that the Lax equation should be a differential equation without bare differential ∂_i.

In order to explain the steps, for example, let us consider the KdV equation on NC (1+ 1)-dimensional space-time where the coordinate and the noncommutativity are denoted by (x, t) and [t, x] = iθ, respectively. NC KdV equation [3, 8, 17, 21]

The L-operator for KdV equation is given by L_{KdV} = ∂^2_x + u(x, t). The ansatz for the operator B is of the following type:

B_{KdV} = ∂_xL_{KdV} + B^′ = ∂^3_x + u∂_x + u_x + B^′, (3.3)

where u_x := ∂u/∂x. The Lax equation (3.1) leads to the equation for the unknown operator B^′:

[∂^2_x + u, B^′] = u_x∂^2_x + u_x ⋆ u − u_t. (3.4)

Here the bare derivative term u_x∂^2_x is troublesome. In order to delete it, let us take the following ansatz for B^′:

B^′ = X∂_x + Y, (3.5)

where X and Y are polynomial of u, u_x, u_t, u_{xx} := ∂^2u/∂x^2 etc. The Lax equation (3.1) reduces to

(2X − u)_x∂^2_x + (X_{xx} + [u, X] + 2Y_x)∂_x + (Y_{xx} + [u, Y ] − X ⋆ u_x + u_t − u_x ⋆ u) = 0. (3.6)

The condition that the coefficients of ∂^2_x and ∂_x should vanish yields differential equations for X and Y , which are easily solved by X = 1 2 u, Y = − 1 4 u_x. (3.7)

Now the Lax equation (3.1) becomes a differential equation, that is, the NC KdV equation:

u_t = 1 4 u_{xxx} + 3 4 (u ⋆ u)_x, (3.8)

where (u ⋆ u)_x := u_x ⋆ u + u ⋆ u_x. The nonlinear term becomes symmetric and the equation shows just a conservation law. In the star-product formalism, the spatial integration is well-defined. Hence the spatial integrations of current densities are conserved quantities as in commutative cases [24]. Here Q := ∫ dxu is conserved, that is, ∂_tQ = 0.

In this way, we can generate wide class of Lax equations on NC (2 + 1) and (1 + 1)- dimensional space-times. In particular, this method is suitable for higher-dimensional extension both on commutative spaces [35] and NC spaces [17]. Here we present some results of (2 + 1)-dimensional NC Lax equations where the coordinate are denoted by (x, y, t). The noncommutativity is basically introduced in space-space directions: [x, y] = iθ. For more discussions and examples, see [17, 21]. NC Kadomtsev-Petviashvili (KP) equation [11, 17, 21]

u_t = 1 4 u_{xxx} + 3 4 (u ⋆ u)_x + 3 4 ∂^{−1}_x u_{yy} + 3 4 [u, ∂^{−1}_x u_y ]_⋆, (3.9)

where ∂^{−1}_x f(x) := ∫_x dx^′f(x^′). The Lax pair is given by

L_{KP} = ∂^2_x + u(x, y, t) + ∂_y =: L^′_{KP} + ∂_y , B_{KP} = ∂_xL^′_{KP} + X∂_x + Y = ∂^3_x + 3 2 u∂_x + 3 4 u_x − 3 4 ∂^{−1}_x u_y. (3.10)

There is seen to be a nontrivial deformed term [u, ∂^{−1}_x u_y]_⋆ in the equation (3.9), which vanishes in the commutative limit. This reduces to the NC KdV equation (3.8) setting “∂_y = 0” and taking space-time noncommutativity. NC Bogoyavlenski-Calogero-Schiff (BCS) equation [17, 21]

u_t = 1 4 u_{xxy} + 1 2 (u ⋆ u)_y + 1 4 u_x ⋆ (∂^{−1}_x u_y) + 1 4 (∂^{−1}_x u_y ) ⋆ u_x + 1 4 [u, ∂^{−1}_x [u, ∂^{−1}_x u_y]_⋆]_⋆, (3.11)

whose Lax pair and the ansatz are

L_{BCS} = ∂^2_x + u(x, y, t), B_{BCS} = ∂_yL_{BCS} + X∂_x + Y = ∂^2_x∂_y + u∂_y + 1 2 (∂^{−1}_x u_y )∂_x + 3 4 u_y − 1 4 ∂^{−1}_x [u, ∂^{−1}_x u_y ]_⋆. (3.12)

This time, a nontrivial term is found even in the B-operator. In commutative limit, this coincides with the BCS equation [36] which has multi-soliton solutions [37]. This reduces to the NC KdV equation (3.8) setting x = y and taking space-time noncommutativity.

4 Noncommutative Hierarchy Equations and the Sato Theory

In this section, we derive various noncommutative hierarchy equations in the framework of the Sato theory [38] introducing the pseudo-differential operator.

Let us introduce the following Lax operator as a (first-order) pseudo-differential operator:

L = ∂_x + u_2∂^{−1}_x + u_3∂^{−2}_x + u_4∂^{−3}_x + · · · , u_k = u_k(t_1, t_2, t_3, . . .). (4.1) The action of the operator ∂^n_x on a multiplicity operator f is given by

∂^n_x · f := ∑ i≥0 ( n i ) (∂^i_xf)∂^{n−i} := ∑ i≥0 n(n − 1) · · · (n − i + 1) i(i − 1) · · · 1 (∂^i_xf)∂^{n−i}. (4.2) We note that the definition can be extended to negative n. The examples are, ∂^{−1}_x · f = f∂^{−1}_x − f_x∂^{−2}_x + f_{xx}∂^{−3}_x − · · · , ∂^{−2}_x · f = f∂^{−2}_x − 2f_x∂^{−3}_x + 3f_{xx}∂^{−4}_x − · · · , ∂^{−3}_x · f = f∂^{−3}_x − 3f_x∂^{−4}_x + 6f_{xx}∂^{−5}_x − · · · , where ∂^{−1}_x in the RHS acts as an integration operator ∫_x dx. Products of pseudo-differential operators are also well-defined and the total set of pseudo-differential operators forms an operator algebra. For more on pseudo-differential operators and the Sato theory, see e.g. [39].

The Lax representation for a hierarchy in Sato’s framework is defined as [∂_{tm} − B_m, L]_⋆ = 0, m = 1, 2, · · · , (4.3) where B_m is given here by B_m := (L ⋆ · · · ⋆ L m times

)_{≥0} =: (L^m)_{⋆≥0}. (4.4)

The suffix “≥ 0” represents the positive and 0-th power part of L^m. The examples are B_1 = ∂_x, B_2 = ∂^2_x + 2u_2, B_3 = ∂^3_x + 3u_2∂_x + 3(u_3 + u_{2x}), · · · . (4.5) The noncommutativity is introduced for infinite number of “time variables” (t_1, t_2, . . .).

As it can be taken arbitrarily, we do not fix the noncommutativity here.

NC KP Hierarchy

The hierarchy (4.3) gives rise to NC KP hierarchy which contains the NC KP equation (3.9). The coefficients of each powers of (pseudo-)differential operators yield infinite series of NC “evolution equations,” that is, for m = 1 ∂^{1−k}_x ) u_{kt1} = u_{kx}, k = 2, 3, · · · ⇒ t_1 ≡ x, (4.6) for m = 2

∂^{−1}_x ) u_{2t2} = u_{2xx} + 2u_{3x}, ∂^{−2}_x ) u_{3t2} = u_{3xx} + 2u_{4x} + 2u_2 ⋆ u_{2x} + 2[u_2, u_3]_⋆, ∂^{−3}_x ) u_{4t2} = u_{4xx} + 2u_{5x} + 4u_3 ⋆ u_{2x} − 2u_2 ⋆ u_{2xx} + 2[u_2, u_4]_⋆, · · · (4.7) and for m = 3 ∂^{−1}_x ) u_{2t3} = u_{2xxx} + 3u_{3xx} + 3u_{4x} + 3u_{2x} ⋆ u_2 + 3u_2 ⋆ u_{2x}, (4.8) ∂^{−2}_x ) u_{3t3} = u_{3xxx} + 3u_{4xx} + 3u_{5x} + 6u_2 ⋆ u_{3x} + 3u_{2x} ⋆ u_3 + 3u_3 ⋆ u_{2x} + 3[u_2, u_4], · · · . These just imply the NC KP equation (3.9) with 2u_2 ≡ u, t_2 ≡ y, t_3 ≡ t. Important point is that infinite kind of fields u_3, u_4, u_5, . . . are represented in terms of one kind of field 2u_2 ≡ u as is seen in Eq. (4.7). This guarantees the existence of NC KP hierarchy and the infinite differential equations are called the NC (KP) hierarchy equations.

Putting the constraint L^l = B_l on the NC KP hierarchy (4.3), we get infinite set of NC hierarchies. We can easily show ∂u ∂t_{N l} = 0, N = 1, 2, . . . (4.9) because of B_{N l} = L^{N l}. The reduced NC hierarchy is called the l-reduction of NC KP hierarchy.

NC KdV Hierarchy (2-reduction of NC KP)

Taking the constraint L^2 = B_2, we get the KdV hierarchy. The Lax equation ∂u ∂t_m = [ B_m, L^2 ] ⋆ , (4.10) gives rise to the m-th NC KdV hierarchy equation which becomes, for example, the (third) NC KdV equation (3.8) with t_3 ≡ t and the 5-th NC KdV equation [17] u_{t5} = 1 16 u_{xxxxx} + 5 16 (u ⋆ u_{xxx} + u_{xxx} ⋆ u) + 5 8 (u_x ⋆ u_x + u ⋆ u ⋆ u)_x. (4.11)

In the Lax-pair generating technique, the B_m-operator is given by the ansatz B_m = ∂^{m−2}_x L_{KdV} + B^′.

NC Boussinesq Hierarchy (3-reduction of NC KP)

The 3-reduction L^3 = B_3 yields the NC Boussinesq hierarchy which contains the NC Boussinesq equation [17]: u_{tt} = 1 3 u_{xxxx} + (u ⋆ u)_{xx} + ([u, ∂^{−1}_x u_t]_⋆)_x. (4.12)

In this way, we can generate infinite set of the l-reduced NC hierarchies. Furthermore, if we take other set-up for the definition of pseudo-differential operator L and “timeevolution” operator B_m, we can get many other hierarchies as follows. NC modified KdV (mKdV) Hierarchy

If we take

L = ∂_x + u_1 + u_2∂^{−1}_x + u_3∂^{−2}_x + · · · , B_m = (L^m)_{⋆≥1}, (4.13)

and put the constraint L^2 = B_2, infinite kind of fields u_2, u_3, . . . are represented in terms of one kind of field 2u_1 ≡ v. We can easily see ∂_{t2N} v = 0. The set of Lax equations

[B_m − ∂_{tm} , L^2]_⋆ = 0 (4.14)

yields NC mKdV hierarchy which implies the NC mKdV equation for m = 3 with t_3 ≡ t: ∂v ∂t = 1 4 v_{xxx} − 3 8 v ⋆ v_x ⋆ v + 3 8 [v, v_{xx}]_⋆. (4.15)

We note that the NC mKdV equation (4.15) is different from that in [3] from NC KdV equation (3.8) via NC Miura map u = −v_x − v ⋆ v. The NC mKdV hierarchy can be considered as the 2-reduction of NC mKP hierarchy. However the existence of the NC mKP hierarchy seems to be nontrivial because it can not be represented in terms of one kind of field. (The NC mKP equation given in early versions of [21] is incorrect.) For the same reason, the higher reduction of the NC mKP hierarchy seems to be hard to obtain. NC Burgers Hierarchy [24]

If we take

L = ∂_x + u_1 + u_2∂^{−1}_x + u_3∂^{−2}_x + · · · , B_m = (L^m)_{⋆≥1}, (4.16) and put the constraint L = ∂_x + v, the hierarchy ∂_{tm} v = [B_m, L]_⋆ (4.17) yields the NC Burgers hierarchy which implies the NC Burgers equation ∂v ∂t_2 = [B_2, L]_⋆ = [∂^2_x + 2v∂_x, ∂_x + v]_⋆ = v_{xx} + 2v ⋆ v_x. (4.18) and the third order NC Burgers equation ∂v ∂t_3 = [B_3, L]_⋆ = v_{xxx} + 3v ⋆ v_{xx} + 3v_x ⋆ v_x + 3v ⋆ v ⋆ v_x (4.19) and so on. The nonlinear terms are not symmetric, which will be proved to be a key point in the linearization in the next section. The B_m-operator is given in the Lax-pair generating technique by B_m = ∂^{m−1}_x L + B^′. This time, the generated equations contain some parameters and thus covers wider class of Lax equations [24].

5 Integrability of Noncommutative Burgers Equation

In this section, we discuss the integrability of the Burgers equation (4.18) on NC (1 + 1)- dimensional space-time where the coordinate and the noncommutativity are denoted by (x, t) ≡ (t_1, t_2) and [t, x] = iθ, respectively.

In commutative case, it is well known that the Burgers equation [40] is linearized by the Cole-Hopf transformation [41]. The discussion can be extended to noncommutative case [24, 25]. NC Burgers equation (4.18) can be linearized by the following noncommutative analogue of the Cole-Hopf transformation v = ψ^{−1} ⋆ ψ_x. (5.1) The linearized equation is a (NC) diffusion equation ψ_t = ψ_{xx}. (5.2) The naive solution of the NC diffusion equation (5.2) is

ψ(t, x) = 1 + N∑ i=1 h_ie^{k2i t} ⋆ e^{±ki x} = 1 + N∑ i=1 h_ie^{i2 k3i θ} e^{k2i t±ki x}, (5.3) where h_i, k_i are complex constants. In the commutative limit, this reduces to the N-shock wave solution in fluid dynamics. The final form in (5.3) shows that the N-shock wave solution is deformed by e^{i2 k3i θ} due to the noncommutativity. The explicit representation in terms of v is hard to obtain because the derivation of ψ^{−1} is nontrivial. However we can discuss the asymptotic behaviors at t → ±∞ and actually see the effect of the NC deformation. In fact, the exact solutions for N = 1, 2 are obtained in [25] and nontrivial effects of the NC-deformation are reported. We note that NC one shock-wave solutions can always reduce to the commutative ones because f(t − x) ⋆ g(t − x) = f(t − x)g(t − x) [24].

The results show that the NC Burgers equation (4.18) is completely integrable even though the NC Burgers equation contains infinite number of time-derivatives in the nonlinear term. The linearized equation is a differential equation of first order with respect to time and the initial value problem is well-defined. This is a surprising result. The (NC) diffusion equation can be solved for arbitrarily boundary conditions by the Fourier transformation. Furthermore, we note that the form of the nonlinear term in the NC Burgers equation (4.18) is crucial for the linearization. If it becomes symmetric like the NC KdV equation (3.8), the linearization is proved to be impossible [24].

6 Conclusion and Discussion

In this article, we presented various NC Lax equations and proved the existence of many NC hierarchies. The NC extension of the Sato theory is new. We also confirmed that NC Burgers equation is linearizable and completely integrable even though it is a differential equation of infinite order with respect to time. The linearized equation is a (NC) diffusion equation and can be solved in usual ways.

NC extension of the Ward conjecture [42] would be very interesting [21] though we have omitted it in this article because of limitations of space. Some NC equations are actually derived from NC (anti-)self-dual YM equations by reduction [8, 24] and embedded [9, 12, 43] in N = 2 string theory [44]. This guarantees that NC integrable equations would have a physical meaning and might be helpful to understand new aspects of the corresponding string theory.

The next step is NC extension of Hirota’s bilinearization [45]. This could be realized as a simple generalization of the Cole-Hope transformation whose extension to NC spaces are already successful as shown in Sec. 5. Hirota’s bilinearization leads to the theory of tau-functions. The Sato theory is based on the existence of hierarchies and tau-functions. We have just revealed the existence of hierarchies and the completion of the NC Sato theory would be drawing near at hand.

Acknowledgements

We would like to thank M. Kato, I. Kishimoto, A. Nakamula and T. Tsuchida for discussion. The work of M.H. was supported in part by JSPS Research Fellowships for Young Scientists (#15-10363). That of K.T. was financially supported by Grant-in-Aid for Scientific Research (#15740242).

References

[1] T. Curtright, D. Fairlie and C. K. Zachos, Phys. Lett. B 405 (1997) 37 [hep-th/9704037]; C. K. Zachos, D. Fairlie and T. Curtright, “Matrix membranes and integrability,” hep-th/9709042.

[2] A. Dimakis and F. Müller-Hoissen, Int. J. Mod. Phys. B 14 (2000) 2455 [hep-th/0006005]; “A noncommutative version of the nonlinear Schroedinger equation,” hep-th/0007015; Lett. Math. Phys. 54 (2000) 123 [hep-th/0007160]; J. Phys. A 34 (2001) 2571 [nlin.si/0008016]; J. Phys. A 34 (2001) 9163 [nlin.si/0104071].

[3] A. Dimakis and F. Müller-Hoissen, Phys. Lett. A 278 (2000) 139 [hep-th/0007074].

[4] A. Kapustin, A. Kuznetsov and D. Orlov, Commun. Math. Phys. 221 (2001) 385 [hep-th/0002193].

[5] K. Takasaki, J. Geom. Phys. 37 (2001) 291 [hep-th/0005194].

[6] D. J. Gross and N. A. Nekrasov, JHEP 0007 (2000) 034 [hep-th/0005204].

[7] N. A. Nekrasov, “Noncommutative instantons revisited,” hep-th/0010017.

[8] M. Legare, “Noncommutative generalized NS and super matrix KdV systems from a noncommutative version of (anti-)self-dual Yang-Mills equations,” hep-th/0012077; J. Phys. A 35 (2002) 5489.

[9] O. Lechtenfeld, A. D. Popov and B. Spendig, JHEP 0106 (2001) 011 [hep-th/0103196].

[10] D. H. Correa, G. S. Lozano, E. F. Moreno and F. A. Schaposnik, Phys. Lett. B 515 (2001) 206 [hep-th/0105085].

[11] L. D. Paniak, “Exact noncommutative KP and KdV multi-solitons,” hep-th/0105185. [12] O. Lechtenfeld and A. D. Popov, JHEP 0111 (2001) 040 [hep-th/0106213]; Phys.

Lett. B 523 (2001) 178 [hep-th/0108118]; JHEP 0203 (2002) 040 [hep-th/0109209]; “Noncommutative monopoles and Riemann-Hilbert problems,” hep-th/0306263.

[13] K. C. Hannabuss, Lett. Math. Phys. 58 (2001) 153 [hep-th/0108228]. [14] M. T. Grisaru and S. Penati, Nucl. Phys. B 655 (2003) 250 [hep-th/0112246]. [15] S. Bieling, J. Phys. A 35 (2002) 6281 [hep-th/0203269]. [16] M. Wolf, JHEP 0206 (2002) 055 [hep-th/0204185].

[17] K. Toda, “Extensions of soliton equations to non-commutative (2 + 1) dimensions,” Proceedings of workshop on integrable theories, solitons and duality, Sao Paulo, Brazil, July 2002 [JHEP PRHEP-unesp2002/038].

[18] F. Franco-Sollova and T. Ivanova, J. Phys. A 36 (2003) 4207 [hep-th/0209153]. [19] Z. Horváth, O. Lechtenfeld and M. Wolf, JHEP 0212 (2002) 060 [hep-th/0211041]. [20] K. Furuta, T. Inami and M. Yamamoto, “Topics in nonlinear sigma models in D = 3,” hep-th/0211129.

[21] M. Hamanaka and K. Toda, Phys. Lett. A 316 (2003) 77 [hep-th/0211148]. [22] I. Cabrera-Carnero and M. Moriconi, “Noncommutative integrable field theories in 2d,” hep-th/0211193.

[23] M. Ihl and S. Uhlmann, Int. J. Mod. Phys. B 18 (2003) 4889 [hep-th/0211263]. [24] M. Hamanaka and K. Toda, J. Phys. A 36 (2003) 11981 [hep-th/0301213].

[25] L. Martina and O. K. Pashaev, “Burgers’ equation in non-commutative space-time,” hep-th/0302055.

[26] H. Nishino and S. Rajpoot, Phys. Lett. B 572 (2003) 91 [hep-th/0306290].

[27] N. Wang and M. Wadati, J. Phys. Soc. Jap. 72 (2003) 1366; J. Phys. Soc. Jap. 72 (2003) 1881; J. Phys. Soc. Jap. 72 (2003) 3055.

[28] A. Zuevsky, “Continual Lie algebras and noncommutative counterparts of exactly solvable models,” J. Phys. A (to appear).

[29] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2002) 977 [hep-th/0106048];

R. J. Szabo, Phys. Rept. 378 (2003) 207 [hep-th/0109162] J. A. Harvey, “Komaba lectures on noncommutative solitons and D-branes,” hep-th/0102076 and references therein.

[30] K. Furuuchi, “Topological charge of U(1) instantons on noncommutative R^4,” hep-th/0010006; N. A. Nekrasov, “Trieste lectures on solitons in noncommutative gauge theories,” hep-th/0011095; A. Konechny and A. Schwarz, Phys. Rept. 360 (2002) 353 [hep-th/0107251]; M. Hamanaka, “Noncommutative solitons and Dbranes,” Ph. D thesis, hep-th/0303256 and references therein.

[31] B. B. Kadomtsev and V. I. Petviashvili, Sov. Phys. Doklady 15 (1970) 539.

[32] D. J. Korteweg and G. de Vries, Phil. Mag. 39 (1895) 422.

[33] J. Boussinesq, Comptes Rendus Acad. Sci. Paris 72 (1871) 755.

[34] P. D. Lax, Commun. Pure Appl. Math. 21 (1968) 467.

[35] K. Toda and S-J. Yu, J. Math. Phys. 41 (2000) 4747; J. Nonlinear Math. Phys.

Suppl. 8 (2001) 272; Inverse Problems 17 (2001) 1053 and references therein.

[36] O. I. Bogoyavlenskii, Math. USSR-Izv. 34 (1990) 245; F. Calogero, Lett. Nuovo Cim.

14 (1975) 443; J. Schiff, “Integrability of Chern-Simons-Higgs vortex equations and a reduction of the selfdual Yang-Mills equations to three-dimensions,” NATO ASI Ser. B 278 (Plenum, 1992) 393.

[37] S-J. Yu, K. Toda, N. Sasa and T. Fukuyama, J. Phys. A 31 (1998) 3337; S-J. Yu, K. Toda and T. Fukuyama, J. Phys. A 31 (1998) 10181.

[38] M. Sato and Y. Sato, “Soliton equations as dynamical systems on infinite dimensional Grassmann manifold,” in Nonlinear Partial Differential Equations in Applied Sciences (North-Holland, 1982) 259.

[39] T. Miwa, M. Jimbo and E. Date, (translated by M. Reid), Solitons : differential equations, symmetries and infinite dimensional algebras (Cambridge UP, 2000); M. Błaszak, Multi-Hamiltonian Theory of Dynamical Systems (Springer, 1998); B. Kupershmidt, KP or mKP : noncommutative mathematics of Lagrangian, Hamiltonian, and integrable systems (AMS, 2000); Y. Ohta, J. Satsuma, D. Takahashi and T. Tokihiro, Prog. Theor. Phys. Suppl. 94 (1988) 210.

[40] J. M. Burgers, Adv. Appl. Mech. 1 (1948) 171.

[41] E. Hopf, Comm. Pure Appl. Math. 3 (1950) 201; J. D. Cole, Quart. Appl. Math. 9 (1951) 225.

[42] R. S. Ward, Phil. Trans. Roy. Soc. Lond. A 315 (1985) 451; “Multidimensional integrable systems,” Lect. Notes Phys. 280 (Springer, 1986) 106; “Integrable systems in twistor theory,” in Twistors in Mathematics and Physics (Cambridge UP, 1990) 246.

[43] O. Lechtenfeld, A. D. Popov and B. Spendig, Phys. Lett. B 507 (2001) 317 [hep-th/0012200].

[44] H. Ooguri and C. Vafa, Mod. Phys. Lett. A 5 (1990) 1389; Nucl. Phys. B 361 (1991) 469; Nucl. Phys. B 367 (1991) 83.

[45] R. Hirota, Phys. Rev. Lett. 27 (1971) 1192.